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Kramers dichroism in PT -symmetric magnets
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The quantum states in doubly degenerate Kramers pairs can act as an internal degree of freedom. Here, we
uncover a Kramers dichroism in PT-symmetric magnets: interband transitions induced by circularly polarized
light irradiation can selectively polarize Kramers partnered states allowing to control the Kramers degree
of freedom. In contrast, Kramers pairs optically excited by linearly polarized light remain in a completely
mixed state. Strikingly, we find a class of second-order nonlinear responses that directly track the polarization
between Kramers partnered states. Such Kramers nonlinearities can be pronounced producing large second-order
nonlinear layer polarization responses activated by Kramers degeneracy in layered antiferromagnets. Together
with Kramers dichroism, these render optical responses a novel means for accessing the Kramers degree of
freedom and diagnosing their quantum state.
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I. INTRODUCTION

Spin and its transformation properties under time reversal
(T) place strong constraints on electronic states. A case in
point is Kramers degeneracies: in the presence of T symmetry,
states with odd half-integer spin occur in orthogonal pairs with
the same energy [1]. Interestingly, Kramers pairs can persist
even in magnetic materials. When both T and inversion, P,
symmetries are broken but their composite PT symmetry is
preserved, Kramers degeneracies survive with each electronic
Bloch state at least doubly degenerate [2,3]. Such Kramers
pairs are PT protected [4]. As a result, quantum pseudospin
polarization between the PT-partnered states can act as an in-
ternal Kramers degree of freedom. Nevertheless, in its ground
state, PT symmetry ensures that each Kramers pair exists in a
completely mixed state with zero coherence.

Here, we argue that the Kramers degree of freedom can be
directly accessed and addressed by light. We find that when
photoexcited by circularly polarized light, a Kramers pseu-
dospin polarization of the PT-partnered Kramers pairs natu-
rally develops, allowing chiral light to control the Kramers
degree of freedom. In contrast, linearly polarized light only
pumps the total population of the Kramers pair. We term chiral
optical control of Kramers pairs “Kramers dichroism.”

Critically, we identify a class of observables—PT-odd
observables—that are sensitive to the internal Kramers degree
of freedom. PT-even observables such as (the well-studied)
charge current [5–12] possess the same expectation value
for both states in each Kramers pair and are blind to
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the pseudospin polarization between eigenstates in the
Kramers pair. In contrast, PT-odd observables [e.g., electric
polarization, magnetization, or spin polarization (SP)] possess
distinct values for states in each Kramers pair allowing
to directly probe the Kramers degree of freedom. When
combined with Kramers dichroism, we uncover a range of
Kramers nonlinearities: second-order nonlinear responses
that are sensitive to the Kramers degree of freedom; Kramers
nonlinearities are chiral manifesting only for chiral light and
switching sign for opposite chiralities. For absorptive events
(i.e., resonant transitions), Kramers nonlinearities are the only
second-order chiral responses for PT-odd observables. This
enables to readily differentiate from other types of responses
and renders Kramers nonlinearities a useful means of tracking
Kramers dichroism.

Our work is situated in a current surge of interest in
PT-symmetric magnetic materials and devices [3,4,13–
16]. While often treated as a spectator degree of freedom,
we find that quantum pseudospin polarization sustained
between states in the Kramers pairs is essential and
can be optically addressed; they lead to pronounced
second-order nonlinearities that readily manifest in a range
of PT-symmetric magnetic materials. For instance, we find
that even-layered MnBi2Te4 (MBT) [4,13] antiferromagnets
can realize pronounced Kramers nonlinearity such as a
light-induced nonlinear layer polarization (LP) that can be
switched by both helicity and underlying Néel order. This
illustrates how Kramers nonlinearities are a powerful means
of controlling the layer degree of freedom and probing the
underlying antiferromagentic order in quantum materials.

II. KRAMERS DEGREE OF FREEDOM AND PAIR
TRANSITIONS

We begin by analyzing a Bloch Hamiltonian H0(p)
with Bloch eigenstates |un(p)〉 and energy εn(p). Here,
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p is the momentum. For materials with PT symmetry,
PTH0(p)(PT)−1 = H0(p) ensures that electrons (odd spin-
half particles) occur in doubly degenerate Kramers pairs: at
every p, there exist two orthogonal states |un(p)〉 and |un̄(p)〉
with the same energy εn(p) = εn̄(p).

This degeneracy produces an internal Kramers degree of
freedom. To see this, consider the block density matrix within
the Kramers subspace of {|un(p)〉, |un̄(p)〉} that describes its
occupation:

ρ̂{n,n̄} =
∑

i j∈{n,n̄}
ρn

i j |ui(p)〉〈u j (p)|, ρn
i j = [ρn

0I + κn · σn
]

i j,

(1)

σn = (σx, σy, σz ) are Pauli matrices in the n, n̄ Kramers
subspace, 2ρn

0 is the total occupation of Kramers states,
and κn is a three-dimensional Kramers Bloch vector in the
Kramers subspace. Since superpositions of Kramers pairs
are equally good eigenstates, we find H0(p)[ρ̂]i j∈{n,n̄} =
εn(p)[ρ̂]i j∈{n,n̄}. Importantly, the total energy in the Kramers
subspace Tr(H0(p)[ρ̂]i j∈{n,n̄}) = 2ρn

0εn(p) is blind to κn. As a
result, κn describes a Kramers degree of freedom: deviations
away from equal occupation of the Kramers pair that do not
change its energy.

Notice that |κn| cannot be gauged away. Even as the
Kramers states within the degenerate subspace can be unitar-
ily rotated (e.g., via SU(2) gauge transformation), the Kramers
block density matrix contains two gauge-invariant quantities:
Tr[ρ̂n] = 2ρn

0 and det[ρ̂n] = (ρn
0 )2 − |κn|2. As a result, |κn|

is also gauge invariant and captures the pseudospin polariza-
tion sustained between the Kramers pairs. Notice that finite
|κn| drives Kramers pairs away from a completely mixed
state. As such, |κn| encodes a type of “coherence” inside the
Kramers pair. Nevertheless, in the ground electronic state of
PT-symmetric materials, κ is zero for every Kramers pair en-
sured by its PT symmetry: the ground state is in a completely
mixed state.

Nonzero κn, as we now argue, can be readily induced in ex-
cited states by photoexcitation. To show this, we consider the
stroboscopic (drive period average) pumping of the Kramers
vector κn. Under a periodic drive V̂ (t ) = eE(t ) · r̂eηt with an
oscillating electric field E = (E+e−iωt + E−eiωt )/2, we find
that the rate of change of the Kramers block density matrix
〈∂tρ

n
i j〉t = ∫ T

0 [limη→0 ∂tρ
n
i j]dt/T as

〈
∂tρ

n
i j

〉
t = πe2

2h̄

∑
ν=±1

Eα
−νEβ

ν

∑
l∈{l,l̄}

rα
il r

β

l j fliδ(ν h̄ω − εli ), (2)

where fli(p) = f [εl (p)] − f [εi(p)] is the difference of Fermi
functions, with εl (p) the energy of state with momentum p in
band l ∈ {l, l̄}. Here, the interband Berry connection is rα

il =
Aα

il = 〈i, p|i∂α
p |l, p〉 and η is an adiabatic turn-on parameter.

Equation (2) describes Kramers pair transitions. Unlike
systems with nondegenerate electronic bands, the interband
transitions for Kramers degenerate systems inevitably involve
four states: from valence band {|uv (p)〉, |uv̄ (p)〉} subspace to
conduction band {|uc(p)〉, |uc̄(p)〉} subspace, e.g., Fig. 1(a)
and Eq. (2) taking i, j ∈ {c, c̄} and l ∈ {v, v̄}. The optical
transition process in Kramers degenerate bands described in
Eq. (2) cannot in general be understood as a simple sum of

FIG. 1. Kramers Pair Optical Transitions. (a) Optical interband
transitions in PT electronic bands involve Kramers pairs of de-
generate states from (v, v̄) to (c, c̄). (b), (c) The quantum state
after interband transition can be visualized in a Bloch sphere of
the Kramers subspace, e.g., for (c, c̄). (b) Linearly polarized light
produces a completely mixed state in the Kramers subspace; black
blurred dot denotes the trace of the density matrix in the Kramers
subspace [Eq. (1)]. (c) In contrast, circularly polarized light produces
a pseudospin polarization of the Kramers partnered states character-
ized by a Kramers Bloch vector κ (red, blue) [Eq. (1)]; κ can be
switched by the helicity of light denoted by red and blue. We term
the contrast between the quantum states induced by different light
polarizations “Kramers Dichroism.”

transitions in two independent sets of nondegenerate bands.
Instead, Kramers pair optical transitions are readily under-
stood to occur from one degenerate (valence) subspace to
another degenerate (conduction) subspace.

These Kramers pair transitions are essential in capturing a
nonzero light-induced κ. Comparing Eq. (2) with Eq. (1), we
obtain the rate of change of Kramers Bloch vector magnitude
as

|〈∂tκ
n〉t | =

√∣∣wn
nn̄

∣∣2 +
(
wn

n̄n̄ − wn
nn

)2
4

, wn
i j ≡ 〈∂tρ

n
i j

〉
t , (3)

demonstrating how the light-induced Kramers pair transi-
tions induce pseudospin polarization in the Kramers doublet.
Critically, |〈∂tκ

n〉t | in Eq. (3) is nonzero only for circularly
polarized irradiation. In contrast, the achiral component of
irradiation pumps 〈∂tρ

n
0 〉t the total population of the Kramers

subspace (see Appendixes A and B). This means that ∂tκ
n = 0

for linearly polarized light, with ρ{n,n̄} in a completely mixed
state. This shows that circularly polarized light irradiation al-
lows to engineer the pseudospin polarization of Kramers pairs,
optically controlling from maximally mixed (in the ground
state) to partially coherent (in the excited state).

III. KRAMERS DICHROISM AND PT-ODD OBSERVABLES

How do we track the Kramers degree of freedom encoded
in κ? To proceed, we first note that PT symmetry places
strong constraints on the matrix elements of PT-odd/even

033046-2



KRAMERS DICHROISM IN PT -SYMMETRIC MAGNETS PHYSICAL REVIEW RESEARCH 8, 033046 (2026)

observables PTÔ(±)(PT)−1 = ±Ô(±) (see Appendix A):

O(±)
nn (p) = ±O(±)

n̄n̄ (p), O(±)
nn̄ (p) = ∓O(±)

nn̄ (p), (4)

where (±) superscript indicate observables that are PT even
(odd), respectively, and Onm(p) = 〈n, p|Ô|m, p〉 is the matrix
element for an observable Ô. Using Eq. (4), we find that
PT-even observables Ô(+) are blind to κn. For example, the
charge current or the charge density Ô(+) = {ev̂, e} is PT even.
Evaluating their expectation value in the Kramers subspace
yields Tr(Ô(+)ρ̂{n,n̄}) = 2ρ0O(+)

nn (p).
In contrast, we find that PT-odd observables directly de-

pend on κn. Evaluating the PT-odd observable expectation
value in the {n, n̄} Kramers subspace produces

Tr[Ô(−)ρ̂{n,n̄}] = 2[O(−)
n ] · κn, O(−)

n = 1
2 Tr[σnÔ(−)], (5)

which depends not only on the magnitude of κn but also the
angle it subtends with O(−)

n . Notice that such expectations
values are impossible without the Kramers subspace; without
Kramers degeneracy, matrix elements of Ô− vanish for PT-
symmetric systems [see Eq. (4)].

As a result, optically pumped κn between the Kramers pairs
in Eq. (3) can be directly probed by an injection nonlinearity
for PT-odd observables. Using Eq. (2) and summing over
initial and final states, we write the injection rate for O(−)

observables as

dO(−)

dt
= πe2

2h̄

∑
ν=±1

Eα
−νEβ

ν

∑
p,i jl

rα
il r

β

l jO
(−)
ji fliδ(ν h̄ω − εli ), (6)

which captures coherent Kramers pair transitions. Note that
l ∈ {l, l̄}, εi(p) = ε j (p), and the p dependence of the quanti-
ties in Eq. (6) is implicit. Equation (6) vanishes for linearly
polarized or achiral light but is turned on circularly polarized
light directly mirroring the behavior of Eq. (3). We term the
injection rate in Eq. (6) “Kramers injection (KI)” because not
only does it depend on κ, it also vanishes in PT-symmetric
systems without Kramers degeneracy. This further under-
scores the critical role of the Kramers degree of freedom.

Interestingly, we find that Eq. (6) is controlled by [E−ω ×
Eω] (see Appendix B), changing signs for light with opposite
circular polarization. Comparing with Eq. (5), this shows how
changing the chirality of circularly polarized light flips the
sign of light-induced κ and tracks a Kramers dichroism: op-
posite chiralities of light produce opposite κ vectors. Notice
that PT-odd observables are zero in the ground state of PT-
symmetric materials. This makes PT-odd observables (e.g.,
polarization and spin magnetization) ideal markers to track
the internal Kramers degree of freedom and its hidden circular
(Kramers) dichroism.

IV. KRAMERS NONLINEARITIES AND QUANTUM
GEOMETRY

In the previous section, we focused on individual Kramers
subspaces to illustrate the role of the Kramers dichroism. The
responses associated with Kramers dichroism also naturally
emerge from an analysis of the full density matrix where
a natural separation into degenerate subspace responses and
nondegenerate subspace response emerges; this analysis is
discussed in full in Appendix C.

TABLE I. Table of O(−) second-order nonlinearities in PT-
symmetric systems that contrast responses of Kramers degener-
ate (spinful, deg) versus nondegenerate (spinless, non-deg) PT-
symmetric systems. Here, circular indicates difference between left
hand and right hand. Note that while the Shift resonant (SR) and Shift
Fermi sea responses do not require degeneracy to manifest, never-
theless, their formulas are affected by degeneracy (see Appendixes C
and D).

PT deg nondeg Light Equation

Kramers injection
√

✗ circular (8)
Kramers Fermi sea

√
✗ circular (10)

Shift resonant
√ √

linear (C8)
Shift Fermi sea

√ √
circular (C9)

We now focus on how PT-odd observables can be con-
nected to quantum geometry [8–12,17–23]. We do this by
considering the set of Hamiltonians: Heff (λ, p) = H0(p) +
λÔ(−) parametrized by λ with Bloch eigenenergies εn(p, λ)
and eigenstates |Un(p, λ)〉. Writing Ô(−) = ∂λHeff produces an
identity for Õ(−)

nm (p, λ) = 〈Un(p, λ)| Ô(−) |Um(p, λ)〉:
Õ(−)

nm (p, λ) = ∂λεn(p, λ)δnm + iεnm(p, λ)Aλ
nm(p, λ), (7)

where εnm(p, λ) = εn(p, λ) − εm(p, λ), and the λ-Berry con-
nection is Aλ

nm = 〈Un(p, λ)| i∂λ |Um(p, λ)〉. While λ 	= 0
breaks PT symmetry, thereby lifting degeneracy, Heff (λ →
0, p) = H0(p) restores its Kramers pairs. In what follows, we
will take λ → 0 in our final expressions so that Õ(−)

nm (p, λ →
0) = O(−)

nm (p), with energies εn(p, λ → 0) = εn(p) and Bloch
states |Um(p, λ → 0)〉 = |um(p)〉. Importantly, geometrical
phases accrued in Aλ

nm persist even as λ → 0, enabling to
characterize O(−) nonlinearities with the quantum geometry
of its states.

We proceed by systematically enumerating the second-
order nonlinearites of PT-odd observables O(−). To do so, we
employ the standard quantum Liouville treatment of nonlinear
response [6,7,24] but generalized to PT-symmetric degener-
ate bands (see Appendix C for full details). Here, we report
the main results for Kramers-induced second-order nonlinear
susceptibilities of 〈O(−)〉 = e2

∫
dω Eα

−ωEβ
ωχαβ .

We identify four second-order nonlinearities of PT-odd
observables Ô(−) (see Table I) associated with interband pro-
cesses (see also below). The first is the Kramers injection
nonlinearity [discussed above in Eq. (6)]. Using Eq. (7), the
Kramers injection nonlinearity can be expressed in a compact
geometrical form

χ
αβ

KI = τπ

4

∫
p

∑
nm

δ(h̄ω − εmn) fnmi
(
vα;λ

nm Aβ
mn − vα

nmAβ;λ
mn

)
,

(8)
where vα

nm is an interband velocity matrix element and (; λ)
denotes the generalized derivative

Lα;λ
mn = limλ→0[Dλ, L̂α]mn, Dλ = ∂λ − iAλδE (9)

of an operator L̂α (e.g., position or velocity). Note
that limλ→0 〈Un(p, λ)|AλδE |Um(p, λ)〉 ≡ Aλ

nmδεnεm and
[∂λ, L̂]mn ≡ ∂λLmn. Importantly, the generalized derivative
naturally sums across the degenerate Kramers states: it is
U(2) covariant. As a result, when contracted with vα

nm,Aβ
nm,
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it produces a gauge-invariant value. Just like other injection
nonlinearities, the KI susceptibility in Eq. (8) is extrinsic and
depends on an effective relaxation rate τ or pulse widths in
an ultrafast measurement [22,23,25,26]. Notice that Kramers
degeneracy modifies the constraint δεnεm , yielding a shift
response consistent with Kramers gauge invariance (see also
below).

The second O(−) Kramers nonlinearity we find is a
Kramers Fermi sea (KFS) susceptibility that is present even
for a filled Fermi sea:

χ
αβ

KFS = h̄

2

∫
p

∑
nm

fnmiP vα;λ
nm Aβ

mn − vα
nmAβ;λ

mn

(h̄ω − εmn)2
. (10)

Like the Kramers injection nonlinearity, it similarly vanishes
in the absence of Kramers degeneracy for PT-symmetric sys-
tems. To see this, note that for nondegenerate PT-symmetric
materials, the quantity vα;λ

nm Aβ
mn − vα

nmAβ;λ
mn when contracted

with electric fields becomes proportional to iAα
nmAβ

mn(O(−)
nn −

O(−)
mm ); since O(−)

nn is zero in PT-symmetric nondegenerate
electronic bands, χ

αβ

KFS vanishes. In the same fashion as the
KI nonlinearity, KFS only arises for circularly polarized light
since χ

αβ

KI,KFS(ω) = −χ
αβ

KI,KFS(−ω) in PT-symmetric materi-

als: This makes χ
αβ

KI,KFS pure imaginary and antisymmetric
under α ↔ β. In contrast to KI nonlinearity in Eq. (8),
however, KFS does not require optical absorption and is
nondissipative in nature, mirroring a dissipationless photocur-
rent nonlinearities that have attracted intense recent interest
[6,24,27,28].

The last two O(−) nonlinearities we find in PT-symmetric
materials are shift resonant (requires optical absorption) and
shift Fermi sea nonlinearities (occurs even for frequencies un-
der the gap) (see detailed discussion in Appendix C). Unlike
KI and KFS, such shift resonant and shift Fermi sea O(−)

nonlinearities persist even in nondegenerate PT-symmetric
materials and do not directly track κ. As shown in Table I,
shift resonant O(−) in PT-symmetric systems manifests for
linearly polarized light and can be readily distinguished from
the KI and KFS responses via helicity-dependent irradiation.
In contrast, shift Fermi sea O(−) is helicity sensitive. Even as
such shiftlike nonlinearities do not need Kramers degeneracy
to manifest, the presence of Kramers degeneracy neverthe-
less necessitates modifications to the expressions for shiftlike
nonlinearities from its naïve nondegenerate form in much the
same way as that of gyration photocurrents [9]. For a discus-
sion of how the shift formulas are affected by degeneracy, see
Appendixes C and D.

We note that the interband nonlinearities discussed above
are present for both insulators and metals; in metals, however,
additional nonlinearities associated with intraband processes
become activated [29].

Finally, we note that while we have focused on presenting
our results for Ô(−) nonlinearities in the main text, our general
density matrix formulation that treats both nondegenerate and
degenerate cases found in Appendix C can be used for other
observables as well. See Appendixes C and D for a full dis-
cussion including a discussion on its correspondence with the
literature [9,12].

V. LIGHT-INDUCED NONLINEAR POLARIZATION
IN MnBi2Te4

To illustrate Kramers dichroism, we examine even-layer
MnBi2Te4: a PT-symmetric antiferromagnet (AFM). For sim-
plicity, we focus on bilayer MBT; our qualitative conclusions
are valid for other even layers. The electronic states of bilayer
MBT can be captured by an effective eight-band Hamilto-
nian [30]: HMBT

0 (p) = [h1(p), t ; t†, h2(p)]. Here, hl (p) are
layer Hamiltonians (layer index l ∈ {1, 2}) that can be writ-
ten as hl = hN (p) − x(−1)l hAFM(p) [16,30]; t describes a
p-independent interlayer coupling that is PT symmetric (see
Appendix E).

hN (p) describes a normal component that is the same
in both layers: it is P and T invariant. It takes on the fa-
miliar Bernevig-Hughes-Zhang (BHZ) form [31]: hN (p) =
ε0(p)τ0σ0 + m(p)τzσz + v(pxτ0σy + pyτ0σx ), with ε0(p) and
m(p) the dispersive and massive contributions, and v is a
velocity. Here, τ and σ are Pauli matrices that describe orbital
and spin degree of freedom in each layer. In contrast, hAFM =
1
2 diag[m1,−m2, m2,−m1] captures the Néel order; x = ±1
captures two distinct antiferromagnetic ground states with the
same energy (see Fig. 2). Indeed, −x(−1)l hAFM breaks P and
T symmetry but preserves PT symmetry. HMBT

0 (p) produces
a band structure that is doubly degenerate at each p (Fig. 2,
inset). Material parameters can be found in Appendix E.

To demonstrate Kramers dichroism in MBT, we now fo-
cus on circularly polarized light-induced Ô(−) nonlinearities.
These nonlinearities are PT odd. This is distinct from Ô(+)

observables such as the in-plane current [9] or indeed the anti-
ferromagentic Néel order, both of which are PT even. We note
that helicity-dependent optical control of antiferromagnetic
order in MBT has recently been demonstrated experimentally
[14].

A natural Ô(−) observable in MBT is its layer polariza-
tion [29,32], p̂z = diag[I4,−I4]. LP is odd under PT and
possesses an expectation value that vanishes in the equilib-
rium state of PT-symmetric MBT. We numerically compute
the O(−) nonlinearities described above of LP for HMBT

0 in
Fig. 2(a) fixing the Fermi energy in the gap (see Appendix E
for numerical details). We find that KI (blue)/KFS (purple)
only manifest as a helicity-dependent response described by
Im[χ xy

LP(ω)] and display a large and peaked response for
frequencies close to transitions about the band extrema. In
contrast, the shift Fermi sea nonlinear response for LP (shown
in red) is almost two orders of magnitude smaller, demonstrat-
ing the dominant role that KI/KFS play in Ô(−) nonlinearities
allowing track the Kramers dichroism. Naturally, τ plays a
critical role in the size of the nonlinearities. Here, we take on
a phenomenological approach: in Appendix F, we plot other
τ values from 1 fs to 1 ps that indicate that KI/KFS readily
dominate over the shift Fermi sea response [19].

Another natural Ô(−) observable in MBT is spin polar-
ization: ŝz = h̄

2 × diag[σzτ0, σzτ0]. Similar to LP, Kramers SP
nonlinearities are also helicity dependent [Fig. 2(b)]. How-
ever, unlike SP, Im[χ xy

LP] exhibits a Néel order sensitivity,
flipping sign when Néel order changes from x = +1 to x =
−1 [Fig. 2(b)]. In contrast, Im[χ xy

SP] retains its sign for both
Néel orders; instead, its sign is locked to the helicity of the
incident electro-magnetic field. This distinction between Ô(−)
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FIG. 2. Kramers activated second-order nonlinear responses in MBT. (a) Helicity-dependent nonlinear interlayer polarization susceptibility
tensor of bilayer MnBi2Te4 (τ = 0.25 ps [19], μ = 0.01 eV; for the complete set of parameters, see Appendix E). Note that the KI response
is the only circular response in the absorptive regime. While Fermi sea shift responses also display circular polarization sensitivity (orange),
their effect is small as compared with KI (blue-cyan) and KFS (purple). Bilayer MBT band structure (left inset). (b) Schematic illustration
of the interlayer polarization and spin responses for distinct circular (left-hand/right-hand) polarizations (red circular arrows) and Néel order
parameters x = ±1, alternating according to the boxed arrow direction.

observables comports with the transformation properties of p̂z

and ŝz: P flips p̂z and Néel order but preserves light helicity,
while T flips ŝz, Néel order, and light helicity.

Kramers dichroism affords the ability to optically induce
pseudospin polarization of Kramers partnered states in PT-
symmetric magnets. While we have focused on the above
bandgap noninteracting single-particle interband transitions,
we anticipate pseudospin polarization between Kramers part-
ners may persist also in the presence of interactions, e.g., in
excitonic bound states that are formed from the superposition
of particle-hole excitations between valence and conduction
bands. Importantly, intra-Kramers-pair pseudospin polariza-
tion produces a class of second-order nonlinearities that allow
to directly track optically induced superpositions. We find that
they dominate the nonlinear response of layer polarization
responses in MBT antiferromagnets. For instance, KI/KFS
polarization susceptibilities Im[χ xy

LP] of order 100 e/V2 readily
dominate the interlayer polarization response of MBT; such
KI/KFS nonlinearities are orders of magnitude larger than
those recently found for twisted bilayer graphene [32]. Anal-
ogous to other optical responses, KI/KFS nonlinearities may
also experience enhancements close to phase transitions [33]
that can be readily controlled in two-dimensional magnetic
platforms [34]. Kramers dichroism and nonlinearity together
form a toolbox that can be used to prepare and map out super-
positions of Kramers quantum states. We anticipate that this
can open up the possibility of exploiting such coherences in
a new type of quantum optoelectronics based off the Kramers
degree of freedom.
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APPENDIX A: SYMMETRY PROPERTIES OF OPERATORS
AND ZERO KRAMERS BLOCH VECTOR IN

PT-SYMMETRIC GROUND STATE

In this Appendix, we will examine the constraints that PT
symmetry places on states and matrix elements. We first note
that for PT-partnered states |un〉 and |un̄〉, we can write

PT |un〉 = eiφnn̄ |un̄〉, PT |un̄〉 = eiφn̄n |un〉, (A1)

where φ angles are a general phase factor associated with the
transformation. Since (PT )2 = −1 (for fermionic electronic
states), we have (PT )2|un〉 = PTeiφnn̄ |un̄〉 = e−iφnn̄ PT |un̄〉;
thus, ei(φn̄n−φnn̄ ) = −1.

Using the above, we can now examine the constraints that
PT symmetry imposes on matrix elements of an operator Ô.
We will consider two sets of operators: PT even (ξ = +1)
and PT odd (ξ = −1) so that PT Ô(ξ )(PT )−1 = ξ Ô(ξ ). We find
that matrix elements of this operator satisfy

〈um|Ô|un〉 = eiφm̄m e−iφn̄nξ 〈PTum̄|PT Ô(PT )−1|PTun̄〉
= ei(φm̄m−φn̄n )ξ 〈PTum̄|PT Ô|un̄〉
= ei(φm̄m−φn̄n )ξ 〈Ôun̄|um̄〉
= ei(φm̄m−φn̄n )ξ 〈um̄|Ô|un̄〉∗

= ei(φm̄m−φn̄n )ξ 〈un̄|Ô|um̄〉. (A2)

Using Eq. (A2), we can directly examine matrix elements in
the Kramers subspace {n, n̄}. Substituting the diagonal case
m = n as well as off diagonals m = n̄, we obtain Eq. (4),
reproduced here for the convenience of the reader:

O(±)
nn (p) = ±O(±)

n̄n̄ (p), O(±)
nn̄ (p) = ∓O(±)

nn̄ (p). (A3)
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Importantly, we find that off-diagonal matrix elements for PT-
even operators O(+)

nn̄ vanish. Similarly, its on-diagonal matrix
elements are equal.

This can be directly applied to the density matrix in a
PT-symmetric ground state. Notice that in the PT-symmetric
ground state, the density matrix PTρ̂{n,n̄}[PT]−1 = ρ̂{n,n̄} is PT
even. Hence, its off-diagonal matrix elements must vanish. As
a result, κn

x,y vanish. Similarly, its PT-even character means
that its on-diagonal matrix elements in the Kramers subspace
are equal. As a result, we conclude that κn

z = 0 also vanishes
in the PT-symmetric ground state. Notice κ can be nonvanish-
ing in the excited state. Indeed, as discussed in the main text,
Kramers dichroism allows finite κ to develop.

APPENDIX B: RATE OF CHANGE OF KRAMERS BLOCK
DENSITY MATRIX

The density matrix in the Kramers subspace can be directly
obtained using a standard quantum Liouville approach (see
discussion below). Focusing on the Kramers subspace {n, n̄}
(i.e., εm(p) = εn(p)), we find

ρ
(2)
nm∈{n,n̄}(t ) =

∫∫
ω1,ω2

e−i(ω1+ω2 )t+2ηt/h̄ e2Eα (ω2)Eβ (ω1)

h̄(ω1 + ω2) + 2iη

×
∑

c

[
rβ

ncrα
cm fnc

h̄ω2 − εcn + iη
− rα

ncrβ
cm fcn

h̄ω2 − εnc + iη

]
,

(B1)

where
∫
ω

≡ ∫∞
−∞ dω/(2π ). For monochromatic light E(ωi ) =

2π
∑

ν=±1 Eνδ(νω − ωi )/2, with E− = (E+)∗, the Kramers
block density matrix above has the following rate of change:

∂tρ
(2)
nm∈{n,n̄}(t )

= −ie2

4h̄

∑
ν,ν ′=±1

Eα
ν E

β

ν ′e−i(ν+ν ′ )ωt+2ηt/h̄

×
∑

c

[
rβ

ncrα
cm fnc

h̄νω − εcn + iη
− rα

ncrβ
cm fcn

h̄νω − εnc + iη

]
. (B2)

Focusing on the rectified component (e.g., ν + ν ′ = 0), we
find Eq. (2). We note that this Kramers block density matrix
is 2 × 2. To facilitate comparison with Eq. (1), we decompose
into a trace and Kramers Bloch vector components as

〈∂tκ
n〉t · σ =

∫ T

0

dt

T
[∂tκ

n · σ] =
(

wn
nn−wn

n̄n̄
2 wn

nn̄

wn
n̄n

wn
n̄n̄−wn

nn
2

)
,

(B3)

where 2〈∂tρ
n
0 〉t = wn

n̄n̄ + wn
nn and wn

i j ≡ 〈∂tρ
n
i j〉t denote indi-

vidual components of the rate of change of the Kramers block
density matrix written out for the convenience of the reader:

wn
i j = πe2

2h̄

∑
ν=±1

Eα
−νEβ

ν

∑
c

rα
icrβ

c j fciδ[εci − ν h̄ω]

= πe2

2h̄ω2

∑
ν=±1

Eα
−νEβ

ν

∑
c

vα
icv

β
c j fciδ[εci − ν h̄ω], (B4)

where after relabeling dummy index (α ↔ β ) we have also
used the identity v = (i/h̄)[r, H], where v = h̄−1∂pĤ (p), and
for εi(p) 	= εc(p), we have h̄vα

ic = iεicrα
ic.

Applying Eq. (A2), we find that nonzero κn can be accessed
only via the circularly polarized light irradiation. For the con-
venience of the reader, we show this explicitly. First, we apply
Eq. (A2) onto∑

ν=±1

Eα
−νEβ

ν

∑
c

vα
icv

β
c j fciδ[εci − ν h̄ω]

=
∑
ν=±1

Eα
−νEβ

ν

∑
c

ei(φīi−φ j̄ j )vα
c̄īv

β

j̄ c̄
fciδ[εci − ν h̄ω]

=
∑
ν=±1

(
Eα

−νEβ
ν

)∗∑
c

ei(φīi−φ j̄ j )vα
j̄cv

β

cī
fciδ[εci − ν h̄ω],

(B5)

where for the last line of Eq. (B5) we used dummy relabel-
ing (α ↔ β ). Notice that relabeling (c̄ → c) does not affect
energies.

We first examine the off-diagonal elements of the Kramers
block density matrix j = ī in Eq. (B4). Applying Eq. (B5)
(note that ei(φīi−φiī) = −1), we find

wn
iī = πe2

2h̄ω2

∑
ν=±1

Eα
−νEβ

ν

∑
c

vα
icv

β

cī
fciδ[εci − ν h̄ω]

= πe2

4h̄ω2

∑
ν=±1

Eα
−νEβ

ν

∑
c

vα
icv

β

cī
fciδ[εci − ν h̄ω]

− πe2

4h̄ω2

∑
ν=±1

(
Eα

−νEβ
ν

)∗∑
c

vα
icv

β

cī
fciδ[εci − ν h̄ω]

= iπe2

2h̄ω2

∑
ν=±1

Im
[
Eα

−νEβ
ν

]∑
c

vα
icv

β

cī
fciδ[εci − ν h̄ω].

(B6)

We can apply the same treatment to κz component:

wn
ii − wn

īī = πe2

2h̄ω2

∑
ν=±1

Eα
−νEβ

ν

∑
c

vα
icv

β
ci fciδ[εci − ν h̄ω]

− πe2

2h̄ω2

∑
ν=±1

Eα
−νEβ

ν

∑
c

vα
īcv

β

cī
fciδ[εci − ν h̄ω]

= πe2

2h̄ω2

∑
ν=±1

Eα
−νEβ

ν

∑
c

vα
icv

β
ci fciδ[εci − ν h̄ω]

− πe2

2h̄ω2

∑
ν=±1

(
Eα

−νEβ
ν

)∗∑
c

vα
icv

β
ci fciδ[εci − ν h̄ω]

= iπe2

h̄ω2

∑
ν=±1

Im
[
Eα

−νEβ
ν

]∑
c

vα
icv

β
ci fciδ[εci − ν h̄ω],

(B7)

where in the second line we also employed Eq. (B5). From
this calculation, we conclude that circularly polarized light
controls Kramers degree of freedom in PT materials [see Eq.
(B3)]. Importantly, as discussed in the main text, Eqs. (B7)
and (B6) together with Eq. (B3) demonstrate that the direction
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of the Kramers vector is reversed under switching the circular
light polarization.

In contrast, for rate of change of the trace of the Kramers
block density matrix, we find

wn
ii + wn

īī = πe2

h̄ω2

∑
ν=±1

Re
[
Eα

−νEβ
ν

]∑
c

vα
icv

β
ci fciδ[εci − ν h̄ω],

(B8)

which is light helicity blind.

APPENDIX C: SYSTEMATIC QUANTUM LIOUVILLE
APPROACH FOR NONLINEAR RESPONSE

In order to systematically derive the optical response
of an electronic insulator (being careful to include the ef-
fects of Kramers degeneracy), we perturbatively solve the
Liouville equation ih̄dt ρ̂(k, t ) = [Ĥ0(k) + V̂ (k, t ), ρ̂(k, t )],
assuming that in equilibrium Bloch states are ther-
mally populated 〈n(k)| ρ̂eq(k) |m(k)〉 = fFD[εn(k)]δnm. Here,
ρ̂(k, t ) is the density matrix. At second order, the cor-
rection to the rectified density matrix in the frequency
domain is

ρ̂ (2)
mn = e2

∫
ω

Eα
−ωEβ

ω e2ηt/h̄

[
1

εnm + 2iη
i∂α

k

Aβ
mn fnm

h̄ω − εmn + iη

+ 1

εnm + 2iη

∑
c

{
Aα

mcAβ
cn fnc

h̄ω − εcn + iη

− Aβ
mcAα

cn fcm

h̄ω − εmc + iη

}]
. (C1)

The nonlinear rectified response of any observable O repre-
sented by an operator Ô is given by 〈O〉 = ∫p

∑
nm Onmρmn.

We write such explicitly by contracting Eq. (C1) with Onm to
find

O(2)
inter = e2

∫
p

∫
ω

Eα
−ωEβ

ω e2ηt/h̄
∑
nm

[
Onm

εnm + 2iη
i∂α

k

× Aβ
mn fnm

h̄ω + εnm + iη
+ Aβ

mn fnm

h̄ω + εnm + iη

×
∑

c

{
OncAα

cm

εnc + 2iη
− Aα

ncOcm

εcm + 2iη

}]
. (C2)

We note that the nonlinear susceptibility tensor χαβ (ω) in∫
dω Eα

−ω Eβ
ω χαβ has a “gauge” freedom. This is because

when χαβ (ω) contracted with a pair of electric fields, the
physical response is symmetric under α ↔ β, ω ↔ −ω:∑

αβ

∫
ω

Eα
−ωEβ

ωχαβ (ω) = 1

2

∑
αβ

∫
ω

Eα
−ωEβ

ω (χαβ (ω)

+ χβα (−ω)). (C3)

In what follows, as well as in the main text, we write the
susceptibility tensors in a symmetrized form.

Interestingly, altermagnets [35] provide another inter-
esting platform for physics involving degenerate pairs, as
XT-protected degeneracies could in principle enable analo-
gous pseudospin polarization-induced nonlinear responses.

However, their quantitative contribution depends on the
phase-space measure of the degenerate manifold. When
degeneracies occur only at isolated points or lines, their con-
tribution is expected to be small.

1. Kramers nonlinearities

The different terms of Eq. (C2) represent distinct non-
linearities. We first focus on the second term in the square
brackets of Eq. (C2). Importantly, the first term in curly
brackets when εc = εn and the second term for εc = εm are
proportional to 1/η. For small η, these terms are large. As
we will now see, these terms form Kramers nonlinearities.
Focusing on these nonlinear response terms in Eq. (C2) and
writing them in a symmetrized form, we obtain

O(2)
Kramers = e2

2

∫
p

∫
ω

Eα
−ωEβ

ω e2ηt/h̄
∑
nm

Aβ
mn fmn

(h̄ω + εnm)2 + η2

×
{ ∑

c,εc=εn

OncAα
cm −

∑
c,εc=εm

Aα
ncOcm

}
. (C4)

Next, we observe the following identity:

lim
η→0

1

(h̄ω + εnm)2 + η2
= lim

η→0

η2

((h̄ω + εnm)2 + η2)2

+ lim
η→0

(ω + εnm)2

((h̄ω + εnm)2 + η2)2

= π

2η
δ(h̄ω + εnm) + P 1

(h̄ω + εnm)2
.

(C5)

Applying the above identity to Eq. (C4), we obtain the KI
nonlinearity as

O(2)
KI = πe2

4η
e2ηt/h̄

∫
ω

Eα
−ωEβ

ω

∫
p

∑
nm

δ(h̄ω − εmn)

× fmnAβ
mn

{ ∑
c,εc=εn

OncAα
cm −

∑
c,εc=εm

Aα
ncOcm

}
, (C6)

and KFS nonlinearity as

O(2)
KFS = e2

2

∫
ω

Eα
−ωEβ

ω e2ηt/h̄
∫

p

∑
nm

P Aβ
mn fmn

(h̄ω − εmn)2

×
{ ∑

c,εc=εn

OncAα
cm −

∑
c,εc=εm

Aα
ncOcm

}
. (C7)

Note that taking a time derivative of the Kramers injec-
tion nonlinearity in Eq. (C6) in the limit of η → 0 yields
Eq. (6). This corresponds to the resonant (absorptive) part of
of Eq. (C4). As we will see below, by using the λ formulation,
the quantum geometric content of Eq. (C6) can be revealed
[see, e.g., Eq. (8)].

Equation (C7) corresponds to the Fermi sea component of
Eq. (C4) and arises even in the absence of any absorption.
By using the λ formulation, this KFS nonlinearity in Eq. (C7)
produces Eq. (10). The above forms are numerically friendly,
and was employed to produce Fig. 2.
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2. Shift resonant and shift Fermi sea nonlinearities

Considering the rest of the terms in Eq. (C2), we find two sets of shift nonlinearities: a shift resonant and a shift Fermi sea
contribution. After integrating by parts for ∂α

k in Eq. (C2), we find an SR and SFS components as

δO(2)
SR = πe2

∫
ω

Eα
−ωEβ

ω

∫
p

∑
nm

δ(h̄ω − εmn)Aβ
mn fmn

[
∂α

k
Onm

εnm
− i

{ ∑
c,εc 	=εm

Aα
nc

Ocm

εcn
−
∑

c,εc 	=εn

Onc

εnc
Aα

cm

}]
, (C8)

δO(2)
SFS = e2

∫
ω

Eα
−ωEβ

ω

∫
p

∑
nm

P iAβ
mn fmn

h̄ω − εmn

[
∂α

k
Onm

εnm
− i

{ ∑
c,εc 	=εm

Aα
nc

Ocm

εcn
−
∑

c,εc 	=εn

Onc

εnc
Aα

cm

}]
, (C9)

where we have used the identity limη→0 1/(x + iη) = P(1/x) − iπδ(x) to separate the contributions.
A numerically friendly form of the expression in the brackets is

∂
β

k

Omn

εmn
− i

⎡
⎣ ∑

c,εc 	=εn

Aβ
mc

Ocn

εcn
−
∑

c,εc 	=εm

Omc

εmc
Aβ

cn

⎤
⎦ = 〈m| ∂Ô

∂kβ |n〉
εmn

+ 1

ε2
mn

[ ∑
c,εc=εn

vβ
mcOcn −

∑
c,εc=εm

vβ
cnOmc

]

+ 1

εmn

⎡
⎣ ∑

c,εc 	=εm

Omcv
β
cn

εmc
−
∑

c,εc 	=εn

vβ
mcOcn

εcn

⎤
⎦. (C10)

3. Nonlinear responses for current

In the above, we showed a general formulation for
treating second-order responses. In this Appendix, we
demonstrate how our formulation naturally applies for
the PT-even observables, in particular, photocurrent. Using
O = ev̂ with h̄v

γ
nm = δnm∂

γ

k εn + iεnmAα
nm, we find that Eqs.

(C6) and (C7) reduce to the standard resonant injection
current [9,12]:

jγinjection = πe3

4η
e2ηt

∫
p

∫
ω

Eα
−ωEβ

ω

∑
nm

δ(h̄ω − εmn)

× Aβ
mnAα

nm fmn
(
vγ

nn − vγ
mm

)
, (C11)

and injection current principal part [9]:

jγinjection principal = e3

2

∫
p

∫
ω

Eα
−ωEβ

ω e2ηt

×
∑
nm

P Aβ
mnAα

nm fmn

(h̄ω − εmn)2

(
vγ

nn − vγ
mm

)
.

(C12)

The set of shift nonlinearities as shown in Eqs. (C8) and (C9)
is also consistent with Refs. [9,12]. To see this for the shift
photocurrent, we employ the identity

∂
β

k

h̄v
γ
mn

εmn
− i

[ ∑
c,εc 	=εn

Aβ
mc

h̄v
γ
cn

εcn
−
∑

c,εc 	=εm

h̄v
γ
mc

εmc
Aβ

cn

]

= i∂γ

k Aβ
mn +

( ∑
c,εc=εm

Aγ
mcAβ

cn −
∑

c,εc=εn

Aβ
mcAγ

cn

)
, (C13)

where we used ∂
γ

k Aβ
mn − ∂

β

k Aγ
mn = i

∑
c{Aγ

mcAβ
cn − Aβ

mcAγ
cn}.

Our formulation naturally takes care of degeneracies allowing
to transparently produce the subtle U(2) gauge-invariant
form of circular shift currents in PT-symmetric systems
(see Ref. [9]). Notice that for nondegenerate systems,
condition εn = εm implies n = m; thus, we identify the shift

vector as i∂γ

k Aβ
mn + Aβ

mn(Aγ
mm − Aγ

nn) = Aβ
mnRγ ;β

mn , where
Rγ ;β

mn = i∂γ

k arg[Aβ
mn] + Aγ

mm − Aγ
nn. Once substituted in Eq.

(C8), we find the resonant shift photocurrent as in Eq. (4)
of Ref. [12]. Notice that for O = ev̂, Eq. (C9) produces
an off-resonant principal part of the shift current; when
combined with the injection current principal part, it produces
a Fermi surface term consistent with Refs. [9,26].

APPENDIX D: KRAMERS QUANTUM GEOMETRY
AND λ FORMULATION

In this Appendix, we massage the KI, KFS, and shiftlike
nonlinearities to their compact geometrical form as shown
in the main text. As in the main text, we examine the set of
parametric Hamiltonians Heff (λ, p) = H0(p) + λÔ(−), allow-
ing us to write Ô(−) = ∂Heff/∂λ, with the matrix elemets as in
Eq. (7).

It is important to note that the λ term lifts the exact
PT symmetry protected degeneracy of Kramers states, since
Ô(−) is PT odd. In order to explicitly track the states that
in the limit of λ → 0 become Kramers degenerate, it is
useful to denote such states via εn ≈ εc. Naturally, in the
limit λ → 0, the exact degeneracy of the equality is re-
stored: ≈→=. Using this notation, we write the Kramers
nonlinearities as

δO(2)
Kramers = e2

2

∫
ω

Eα
−ωEβ

ω

∫
p

∑
nm

[
Aβ

mn fmn

(h̄ω − εmn)2 + η2

×
{ ∑

c,εc≈εn

OncAα
cm −

∑
c,εc≈εm

Aα
ncOcm

}]
. (D1)

Employing the covariant derivative with respect to λ as

Sα;λ
mn ≡ ∂λSα

mn − i

[ ∑
c,εc≈εm

Aλ
mcSα

cn −
∑

c,εc≈εn

Sα
mcAλ

cn

]
, (D2)
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FIG. 3. Second-order nonlinear responses for PT-odd observables in MBT. Helicity-dependent nonlinear interlayer polarization suscepti-
bility tensor of bilayer MnBi2Te4 for μ = 0.01eV and (a) τ = 1 ps, (b) τ = 50 fs, (c) τ = 25 fs, and (d) τ = 1 fs; for the complete set of
parameters, see Appendix E. Similar to the result displayed in Fig. 2(a), for the relaxation times shown, Kramers nonlinearities (KI and KFS)
are larger than the shift Fermi sea nonlinearity. Notice that shift resonant contribution is helicity blind; as a result, 1

2 δO(2)
SR(LH) − 1

2 δO(2)
SR(RH)

vanishes in a PT-symmetric material.

we find the following identity:

h̄∇λv
α
nm − iεnm∇λAα

nm = i
∑

c,εc≈εn

OncAα
cm − i

∑
c,εc≈εm

Aα
ncOcm.

(D3)

In order to obtain the susceptibilities in the main text, we
first note that the rectified responses of PT-odd observables to
monochromatic electric fields of frequency � can be written
generally as

δO(2) = e2 (EαE∗β + E∗αEβ )︸ ︷︷ ︸
helicity blind

1

2
[χαβ (�) + χαβ (−�)]

+ e2 (iEαE∗β − iE∗αEβ )︸ ︷︷ ︸
helicity sensitive

1

2i
[χαβ (�) − χαβ (−�)].

(D4)

After substitution of Eq. (D3) into Eq. (D1) and using Eq.
(C5), we find the KI and KFS susceptibilities displayed in
Eqs. (8) and (10), respectively. Notice that PT symmetry
means that χKI(ω) = −χKI(−ω) and χKFS(ω) = −χKFS(−ω),
which combined with Eq. (D4) implies that both are helicity
dependent.

We now turn to the shift resonant and shift Fermi sea
response. Using the fact that

∑
c,εc 	≈εn

=∑c −∑c,εc≈εn
,

and the following identity for the Berry connections:

∂α
k Aλ

nm − i
∑

c[Aα
ncAλ

cm − Aλ
ncAα

cm] = ∂λAα
nm, we can rewrite

two shift nonlinear susceptibilities as

χ
αβ

SR (ω) = π

2

∫
p

∑
nm

δ(h̄ω − εmn) fmni
(
Aα;λ

nm Aβ
mn − Aα

nmAβ;λ
mn

)
,

(D5)

χ
αβ

SFS(ω) = 1

2

∫
p

∑
nm

(
Aα;λ

nm Aβ
mn + Aα

nmAβ;λ
mn

)
P fnm

h̄ω − εmn
.

(D6)

Much like Eq. (8), both shift resonant and shift Fermi sea
nonlinearities in Eqs. (D5) and (D6) depend on a generalized
covariant derivative that includes the Kramers pairs. Impor-
tantly, PT symmetry restricts shift resonant response to be
helicity blind: χSR(ω) = χSR(−ω), and thus, it identically
vanishes in Figs. 2 and 3. In contrast, however, the shift Fermi
sea is helicity sensitive, since for PT, we have χSFS(ω) =
−χSFS(−ω). Unlike Eq. (8), Eq. (D6) can be nonvanishing
for PT-symmetric nondegenerate energy bands only leading
to the restriction χ

αβ

SFS(ω) = χ
βα

SFS(ω) = χ
αβ

SFS(−ω). Notice that
by replacing the label for the Hamiltonian parametrization
λ → k, one reproduces the standard shift nonlinearity as in
Refs. [9,12].

Interestingly, although both the KFS contribution in
Eq. (C7) and the SFS contribution in Eq. (D6) are intrinsic,
their ratio does not appear to carry a particular universal
significance. In analogy with the nondegenerate case, the KFS
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term tracks the λ derivative of the band energy, whereas the
SFS term involves the covariant λ derivative of the interband
Berry connection.

APPENDIX E: MBT HAMILTONIAN

In our numerical calculations of nonlinearities of MBT, we
adopted low-energy effective Hamiltonian [16,30], with the
normal and AFM components of the Hamiltonian in the spin-
orbital basis (|p+

z,Bi,↑〉 , |p−
z,Te,↓〉 , |p−

z,Te,↑〉 , |p+
z,Bi,↓〉)T .

Explicitly, the normal components of the Hamiltonian and
the interlayer couplings are

hN (k) = ε0(k)I4 +

⎛
⎜⎜⎝

m(k) iαk−
−iαk+ −m(k)

−m(k) iαk−
−iαk+ m(k)

⎞
⎟⎟⎠,

(E1)

t =

⎛
⎜⎜⎝

t1 0 −λ 0
0 t2 0 λ

λ 0 t2 0
0 −λ 0 t1

⎞
⎟⎟⎠, (E2)

with k± = kx ± iky, the dispersive part ε0(k) = γ0 + γ k2

and massive part m(k) = m0 + β0k2. The set of

parameters adopted was extracted from Ref. [16] that
was recently used to capture the effective electronic
behavior of antiferromagnetic even MBT layers. For
the convenience of the reader, the parameters are as
follows: γ = 17.0 eV Å2, m0 = −0.04 eV, β0 = 9.40 eV Å2,

α = 3.20 eV Å, m1 = 0.05 eV, m2 = 0.09 eV, t1 = −0.0533
eV, t2 = 0.0463 eV, λ = 0.0577 eV.

As we have in our model, the layer Hamiltonian is

hl = hN (k) − (−1)l hAFM(k). (E3)

APPENDIX F: COMPARISON OF PT-ODD OBSERVABLE
NONLINEARITIES FOR DIFFERENT τ

Kramers injection response in Eq. (8) is highly sensitive to
the scattering time τ . In the main text, we considered τ = 0.25
ps as an illustration. Here, in Fig. 3, we display additional
simulation results for τ = 1 ps, 50 fs, 25 fs, 1 fs to cover
the range of realistic scattering times [19]. Importantly, for
larger scattering times, the Kramers nonlinearities become
systematically dominant, showing that they are the leading
layer polarization nonlinearities in MnBi2Te4, which is the
same behavior as discussed in the main text.
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