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Nonreciprocal interaction between two spatially separated subsystems plays a crucial role in signal processing
and quantum networks. Here, we propose an efficient scheme to achieve nonreciprocal interaction and entan-
glement between two qubits by combining coherent and dissipative couplings in a superconducting platform,
where two coherently coupled transmon qubits simultaneously interact with a transmission line waveguide. The
coherent interaction between the transmon qubits can be achieved via capacitive coupling or via an intermediary
cavity mode, while the dissipative interaction is induced by the transmission line via reservoir engineering. With
high tunability of superconducting qubits, their positions along the transmission line can be adjusted to tune the
dissipative coupling, enabling to tailor reciprocal and nonreciprocal interactions between the qubits. A unidirec-
tional interaction can be achieved when the separation between the two qubits is (4n 4 3)A¢/4, where n is an
integer and A is the photon wavelength. This nonreciprocal interaction enables the generation of nonreciprocal
entanglement between the two transmon qubits. Furthermore, applying a drive field to one of the qubits can
stabilize the system into a nonreciprocal steady-state entangled state. Remarkably, the nonreciprocal interaction
in this work does not rely on the presence of nonlinearity or any explicitly nonreciprocal elements, which has
more potential applications in designing nonreciprocal quantum devices, processing quantum information, and

building quantum networks.

DOI: 10.1103/213g-sqxf

I. INTRODUCTION

Reciprocity means that a physical system performs the
same responses when sources and detectors are exchanged
[1-4]. By breaking this symmetry, nonreciprocity can be
achieved in various ways, such as optomechanical interactions
[5-9], chiral quantum optics [10-17], and hot atoms [18-21].
These approaches have also facilitated the development of
nonreciprocal devices such as isolators [22-28] and circula-
tors [29-34]. The realization of nonreciprocity in the classical
domain can be categorized into three main groups: utilizing
the Faraday effect in magnetic materials [35-37], applying
temporal and spatial modulation [38—48], and exploiting non-
linearity [49-52].

Recently, there has been growing interest in nonreciprocity
within the quantum regime [53-61]. By spinning the res-
onator to induce the Sagnac effect, various nonreciprocal
quantum phenomena have been explored, including quantum
entanglement [62,63], photon and phonon blockade [64-67],
phase transitions [68—70], topological phonon transfer [71],
and multiquanta emission [72]. Another strategy utilizes an
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engineered reservoir to induce dissipative coupling [73-75],
enabling nonreciprocity to arise from a balance between
coherent and dissipative interactions [76-78], thereby facili-
tating applications in quantum batteries [79]. However, most
existing researches have focused on nonreciprocal phenom-
ena, predominantly within bosonic systems. The study of
nonreciprocal interactions and entanglement between qubits
within a simple framework remains largely unexplored, de-
spite the fact that these interactions and entanglement are not
only key components of quantum computing networks but
also essential resources for one-way quantum communication
[80].

As an emerging field focusing on the interaction be-
tween quantum emitters and waveguides with continuous
electromagnetic field modes, waveguide quantum electrody-
namics (WQED) has garnered significant interest in recent
years [81-84]. In the optical regime, these light-matter in-
teraction paradigms have been explored in various physical
systems, including atoms [85-90], molecules [91], quantum
dots [92,93], and spin defect centers [94—96] coupled to opti-
cal waveguides. At microwave frequencies, superconducting
qubits coupled to transmission line waveguides have been
investigated extensively [97-100], revealing phenomena such
as giant atoms [101-105], collective effects [106—109], direc-
tional emission [110,111], and chiral quantum interconnects
[112]. As promising candidates for quantum information pro-
cessing, superconducting qubits feature advantages such as
flexible scalability, in situ tunability [113,114], and precise
controllability [115], making them well suited for various
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FIG. 1. (a) Schematic of diverse interactions between two qubits. (b) A pair of superconducting qubits interacting with a one-dimensional
transmission line. (c) Circuit implementation with two transmon qubits Q; (left, black) and Q, (right, black) capacitively coupled to a
meandering transmission line (top, gray), resulting in dissipative coupling. Direct coherent coupling is achieved via a capacitance C,.

quantum tasks [116—125]. Moreover, transmission lines can
act as engineered reservoirs through the continuum of elec-
tromagnetic field modes, providing nonlocal damping and
thereby inducing controllable dissipative interactions between
qubits. These advances provide the experimental foundation
for our setup, since it is feasible to achieve both coherent
and dissipative interactions simultaneously on superconduct-
ing quantum platforms.

In this work, we explore nonreciprocal interaction and
entanglement between two qubits by balancing coherent and
dissipative couplings in a superconducting quantum circuit
[Fig. 1(a)], consisting of two transmon qubits and a trans-
mission line. By introducing a coherent interaction between
two qubits to precisely balance the dissipative interaction, we
achieve a completely unidirectional qubit-qubit interaction. It
is not feasible to achieve the required balance between the
two types of couplings, when they are induced solely by a
single waveguide or medium, which is necessary for realiz-
ing directionality. The coherent interaction can be achieved
through a capacitor or via an intermediary cavity mode, while
the dissipative interaction is introduced through reservoir en-
gineering. With high tunability of superconducting platforms,
the phase difference between the transmon qubits can be pre-
cisely tuned by altering their separation along the transmission
line, which is essential for adjusting the dissipative coupling.
This enables the competition between two types of couplings
and tailors reciprocal and nonreciprocal interactions. Rather
than applying the input-output theory and focusing on how
collective effects between qubits influence the transmission
and reflection of input light via the system [126], we are
concerned about the nonreciprocal properties between two
qubits. Furthermore, our findings reveal that nonreciprocal
interaction can induce novel quantum phenomena, such as
nonreciprocal entanglement between two qubits. Under com-
plete isolation, entanglement arises when one qubit is initially
excited, but fails to form when the other qubit is excited,
thus challenging the conventional perception that two iden-
tical qubits play the same role in forming a two-particle
entangled state. Moreover, this nonreciprocal entanglement
can be stabilized by applying a resonant drive to one of
the qubits.

Unlike the directionality of emission resulting from quan-
tum interference between different pathways, or the chirally
coupled two-qubit module to the waveguide, the nonreciproc-
ity of interaction and entanglement studied in our work

arises from the competition between coherent and dissipa-
tive interactions. Moreover, rather than the scheme [127]
that requires a microwave circulator in the waveguide to re-
alize a chiral waveguide, our scheme eliminates the need
for additional circulators or any explicitly nonreciprocal el-
ements, which enhances the experimental feasibility of our
setup.

Different from previous studies that generate stabilized
entanglement purely by the dissipative interaction, such as
entanglement between spin qubits mediated by a magnetic
environment [128] or entanglement between qubits within
the wQED regime [112,127,129], our scheme incorporates
both coherent and dissipative interactions, allowing the sta-
bilized entanglement to exhibit nonreciprocity. Specifically,
the nonreciprocity of stabilized entanglement in our scheme
arises from the precise balance between coherent and dissipa-
tive interactions, a phenomenon that has not been previously
explored. And this nonreciprocal feature may facilitate the de-
velopment of information transmission in quantum networks.
Featuring a simple configuration, our scheme eliminates
the need for magnetic materials, nonlinearity, or explicitly
nonreciprocal elements. This distinguishes it from previous
methods and highlights its potential as a promising candidate
for generating nonreciprocal interaction and entanglement be-
tween qubits.

II. THE MODEL

As illustrated in Fig. 1(b), two superconducting transmon
qubits Q; and Q,, with an energy level splitting wy, are cou-
pled to a transmission line at positions x| and x,, respectively.
Our goal is to realize a nonreciprocal interaction between
two qubits by balancing coherent and dissipative interactions.
For transmon qubits, the coherent interaction can be readily
achieved via a capacitor C,, as depicted in Fig. 1(c). The
Hamiltonian for coherent coupling takes the form (/i = 1)

Heon = J6,76, + He., (1)

where J denotes the direct coupling strength [see more details
in Appendix A]and 6. (n = 1, 2) are the raising and lowering
operators, with subscripts 1 and 2 corresponding to Q; and
0>, respectively. The total Hamiltonian of the system can be
expressed as

Hiow = Hyp + Hyerd + Hi. 2
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Here, the first term,

5 wo ~z A
qu = 7 n;Z o, + Hgp, 3)

represents the free and coherent Hamiltonian of two qubits.
The second term,

Hiea =) wqdtjay, )
q

corresponds to the Hamiltonian of the electromagnetic field
modes, where w, is the frequency with wave vector g and
&; (a,) is the photon creation (annihilation) operator. The
last term, Hj, describes the interaction Hamiltonian between
the qubits and the electromagnetic field in the waveguide,
given by

Hi= ) [6,E,.1)+ Hcl, 5)
n=1,2
where
E(r) =) 8g(@,e™™ + afe™"™), 6)
q

and g, is the qubit-field coupling strength.

The dissipative interaction arises from continuous elec-
tromagnetic field modes in the transmission line. Applying
the Born-Markov approximation and tracing out the photonic
degrees of freedom, the dissipative part of the master equation,
described with the reduced density operator pg, is given as

Lo(ps) =D Jum(6, ps6,y — ps6,46,7) +He.  (7)

n,m

where the collective decay rates J, ,, are defined by [130,131]

_ L ignin -,
Jom = > € . ®)
Note that the collective decay rates of two qubits positioned
at x; and x, depend on their separation Ax = |x, — x;|. The
influence on phase in J,, can be absorbed into the jump
operator, enabling the control of dissipative interaction by
varying ¢ = 2w Ax/iy with Ay = 27 /q(wy) the photon wave-
length. Thus, the dissipative part of the Lindblad operator
takes the form £, = I'D[é; + e"“’c}z’ 10s, where the super-
operator is defined by D[o]p = 0po’ — L0'0p — 3po'0. A
detailed derivation is provided in Appendix B. Consequently,
the evolution of the two-qubit system is governed by the

following master equation [73,132,133]:

%ﬁs — —ilHuon, ps]+ TDI6] + %65 1ps.  (9)
The first term in Eq. (9) describes the direct coherent interac-
tion between two qubits. In contrast, the second term denotes
the dissipative coupling characterized by the decay rate T,
where the phase difference ¢ can be tuned to engineer col-
lective effects between the qubits. Since the qubit dephasing
and local decay do not influence the nonreciprocity between
qubits, we consider the ideal case, and a detailed discussion
about the nonideal case is provided in Sec. VI.

III. NONRECIPROCAL INTERACTION

To realize nonreciprocal interaction between the two
qubits, a precise balance between the coherent and dissipative
coupling is essential. The evolution of the qubit operators,
derived from Eq. (9), is governed by the following equations:

d r r .
(67) = —=(67) + (ij + 5e"”>(6f62>,

dt 2
d r r .
E(62—) = _5(&2—> + (iJ* + Ee—"ﬂ)@;&,—). (10)

In fact, the influence of the engineered reservoir in the two
operators is analogous to the effects of coherent interaction.
The coefficients of the last term in Eq. (10) describe the effect
from one qubit to the other, which can be regarded as a damp-
ing effect [73]. Here, we define the damping coefficient as
A,m, indicating that the evolution of qubit n depends on qubit
m. To quantify the degree of nonreciprocal interaction, the
unidirectional index AA is defined in terms of the damping
coefficient as

ARl = Ay

AA = 22 T 18l
[Ar] + Azl

an

where |Az| = |iJ + %e""| denotes how strongly Q, affects
the dynamic of Q; while |A| = |iJ* 4+ Le™*| denotes how
strongly O, is affected by Q;. Obviously, the unidirectional
index A A lies in the interval [—1, 1]. Thus, Eq. (11) provides
a metric for determining whether the interaction between the
two qubits is nonreciprocal. When the unidirectional index
AA =0, we have |Ajz| = |Aj1|, which implies the interac-
tion between the two qubits is reciprocal. In contrast, |AA| =
1 denotes the interaction is unidirectional. To be specific,
AA = —1 and AA =1 correspond to unidirectional inter-
actions from Q; to @, and from @, to Q;, respectively.
Other cases when 0 < |AA| < 1 imply that the interaction
between two qubits is nonreciprocal. Although both qubits
cannot be completely decoupled from the other qubit, the
effects of the damping coefficient on two qubits are not equal
(JA12] # |Az1])- The unidirectional index A A is then plotted
as a function of the coupling strength ratio I'/J and the phase
difference ¢ in Fig. 2(a). When I" = 2J, the unidirectional
index reaches its minimum value of AA = —1 at ¢ = (4n +
3)7 /2 and maximum value of AA =1atgp = 4n+ 1) /2,
corresponding to a complete unidirectionality. In addition, the
reciprocal interaction occurs at ¢ = nrw (n € Z),i.e., AA = 0.
A detailed discussion of the cases of complete nonreciprocity
and reciprocity follows. The nonlocal damping induced by the
engineered reservoir results in the asymmetric coupling, thus
allowing the nonreciprocity between qubits. Considering the
case where only one qubit is initially in the excited state, we
simulate the time evolution of the population expectation val-
ues (676 ) for both qubits, as depicted in Figs. 2(b), 2(c), and
2(d). We first examine the reciprocal case, AA = 0, where
the separation between two qubits corresponds to niy/2 with
n € Z, resulting in a phase difference of ¢ = nwr. Under these
conditions, the evolution of two qubits is identical, as illus-
trated in Fig. 2(b). Next, we consider the case of unidirectional
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FIG. 2. (a) Contour maps of the unidirectional index A A versus
the ratio I"/J (dissipative to coherent coupling strength) and phase
difference ¢. Time evolution of the population for two qubits: (b)
¢ = 1 (reciprocal case); [(c) and (d)] ¢ = 37 /2 (completely non-
reciprocal case), with (c) only Q; initially excited, and (d) only
Q> initially excited. The subscripts 1 and 2 in Pije represent the
populations of Q; and Q,, respectively, while the superscripts 1e and
2e denote which qubit is initially excited. The parameters used in (b),
(c),and (d) are I" = 2J.

interaction from Q; to Q. By choosing

J =il (12)
=i—e",

2
(67) is effectively decoupled from (6, ), consistent with the
criterion of AA = —1. This configuration ensures that the

dynamics of (6, ) is only confined to the first subsystem itself
(|A12] = 0). In contrast, the time evolution of qubit operators
of O, generally depends on both subsystems (|A;;| # 0).
Thus, the interaction between two qubits is completely unidi-
rectional, as Q strongly affects O, but remains unaffected by
the other. Under complete isolation, the population dynamics
of each qubit can be described as

d ... .

S (6760 = —T(567),

d At s — At s — i At a— —lp A— At
E(z ) =—1(6,6,) —Te¥(6,76,) —Te (6, 6,).

13)

To achieve ¢ = (4n + 3) /2 with n € Z, the required separa-
tion is (4n 4 3)A¢/4. Specifically, we set the coupling strength
I' = 2J and phase ¢ = 37 /2 to satisfy the condition of com-
plete isolation in Eq. (12). Consequently, AA = —1 and the
population dynamics of qubits exhibit distinct behaviors, as
shown in Figs. 2(c) and 2(d). When Q; is excited, O, can
receive excitation from Q;, but Q; remains unaffected by ex-
citing Q5. Therefore, a unidirectional influence is established,
where Q, is influenced by Q;, but not vice versa. Alterna-
tively, a separation of (4n + 1)A¢/4 enables unidirectional
interaction from Q, to Q.

This configuration enables information to transfer unidi-
rectionally between two qubits, while inhibiting transfer in the
reverse direction. The phase difference along the transmission
line is determined by the separation between qubits. As the
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FIG. 3. Time evolution of concurrence for the case of (a) com-
pletely nonreciprocal transient entanglement with phase ¢ = 37 /2,
and (b) reciprocal entanglement with phase ¢ = 0. The superscript 1
or 2 in C' represents the concurrence for initially excited Q; or Q,.
Other parameters used are I' = 2J.

separation varies, different phases accumulate, causing the
population dynamics of two qubits to always evolve in differ-
ent ways until the phase difference ¢ = nm. In other words,
adjusting the phase difference facilitates the conversion be-
tween reciprocal and nonreciprocal interaction. It should be
noted that, although qubit dephasing has been neglected in
the above discussion, it does not affect the nonreciprocity be-
tween qubits. Because it has no influence on the nonreciprocal
interaction, which is consistent with Eq. (12).

IV. NONRECIPROCAL ENTANGLEMENT

A. Nonreciprocal transient entanglement

So far, we have achieved nonreciprocal interaction between
two qubits by balancing coherent and dissipative couplings.
Building on this nonreciprocal interaction, we present a quan-
tum phenomenon: the nonreciprocal transient entanglement.
To quantify the degree of entanglement between two qubits,
we introduce concurrence C defined by Wootters [134]. For a
separable state, the concurrence has the value C = 0, while for
a maximally entangled state, C = 1. Similar to the discussion
on population dynamics, we plot time evolution of concur-
rence with different separations between the qubits in Fig. 3.
The blue and red lines represent the concurrence when Q; or
Q> is initially excited. When the separation is (4n + 3)Aq/4
[equivalent to the phase of (4n + 3)m /2], the emergence of
transient entanglement depends on which qubit is initially
excited.

Specifically, the concurrence C'¢ evolves to a maximum
value, while C? remains at zero, indicating no entangle-
ment occurs when Q, is excited, as shown in Fig. 3(a).
Although other parameters remain the same, the dynamics of
concurrence exhibit different behaviors depending on which
qubit is initially excited. This difference indicates that the
entanglement is influenced by the nonreciprocal interaction.
Physically, this phenomenon can be explained as follows:
Due to both coherent and dissipative interactions, O, receives
excitation transferred from Q, resulting in a transient entan-
glement between them. In contrast, when the other qubit Q; is
excited and the parameters satisfy the criterion for AA = —1,
the damping coefficient from Q, to Q; is |Az| = 0; thus
the evolution of Q; remains completely independent of Q.
However, the entanglement resulting from two different initial
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FIG. 4. Concurrence versus time when a driving term is applied
to (a) the initially excited qubit and (b) the other qubit, which is
initially in the ground state. The C'¢ denotes the concurrence for
which the initial state is |Y) = |e),|g), while C?* denotes that for
[Y0) = |g)1le)2. The parameters used are 2, ~ 8J/11, in complete
isolation.

states can exhibit identical behavior by adjusting the separa-
tion to nXg/2, as shown in Fig. 3(b).

B. Nonreciprocal stabilized entanglement

Furthermore, we consider the case where a drive is applied
to a qubit to provide a continuous excitation. The driving
term is given by Hyive = Qq(6; e + 6 ¢/®") with the
drive strength 2, and frequency w,. By rotating the refer-
ence frame and setting wy; = wo to achieve resonance, we
obtain the time-independent driving term in the interaction
picture: H!. = Qu(6% 4 6 7). Therefore, the master equa-

drive

tion [Eq. (9)] becomes

%ﬁs = —i[Heon + Hyyer Ps] + TDI6; + €965 1ps. (14)
When the drive is applied, the transient entanglement
eventually evolves to a stable value, as depicted in the blue
shaded regions of Fig. 4. Remarkably, this stabilized entangle-
ment exhibits nonreciprocal characteristics. The blue line in
Fig. 4(a) shows that when Q) is initially excited and the drive
is applied, the concurrence C'¢ rises from zero to a maximum
value and eventually stabilizes. In contrast, no entanglement
occurs when the drive is applied to the other initially excited
qubit, @, as shown by the red line in Fig. 4(a). Another
scenario we consider is when the drive is applied to a qubit
that is initially in the ground state, as illustrated in Fig. 4(b).
The red line in Fig. 4(b) depicts the case where O, is ex-
cited initially while Q) is driven. Although no entanglement
is present initially, the concurrence gradually emerges over
time and eventually stabilizes. Conversely, when the drive is
applied to Q,, the concurrence decays to zero regardless of
how O, evolves, as the population of Q; decays over time.
This behavior arises because, when the unidirectional
index AA = —1, the evolution of Q; remains entirely in-
dependent of (,, whereas O, depends on both qubits.
Comparing Figs. 4(a) and 4(b), we conclude that once the
direction of unidirectional interaction is established, nonre-
ciprocal stabilized entanglement can be achieved by driving
the qubit that evolves independently, regardless of the initial
state. Furthermore, it is crucial to note that applying a drive
in our work serves solely to evolve the transient nonrecip-
rocal entanglement into a stabilized one. The nonreciprocal
entanglement between two qubits is an intrinsic property of
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FIG. 5. (a) Effective processes of the system. The coherent
Hamiltonian causes the interactions with itself with an effective
strength J. The qubits decay through the transmission line via two
paths: one from |E) to |4) and from |4) to |G) with an effective
decay rate of \/T'/2(1 + €'); the other from |E) to |—) and from |—)
to |G) with effective decay rates of /T /2(—1 + ¢¥) and /T /2(1 —
'), respectively. Time evolution of the respective population P, Py,
P_, and P; from different initial states |E), |+), |—), and |G) under
different phase difference (b) ¢ =37 /2, (c) ¢ =0, and (d) ¢ = 7.
The parameters used are I' = 2J.

this system under completely isolated conditions, and does not
rely on applying a drive.

V. COLLECTIVE STATE BASIS

To have a better understanding of the nonreciprocal dy-
namics, we introduce the collective state basis for the two
transmon qubits: {|E) = |e)1le)o, |&) = (1/v/2)(le)1lg)2 +
lg)1le)2), |G) = |g)1]g)2}. In this basis, the coherent Hamil-
tonian H,, and the Lindblad operator £, = I'Dl6; + ei‘pﬁz_]
are expressed as

Hon = J(H)(+] = [=)(=]), (15)
% =T /2[(1 + €)+)E| + (1 + €“)|G)(+]
+ (=149 =NE|+ (1 —e9)|G)(—[].  (16)

The effective processes of how coherent and dissipative inter-
actions influence the two qubits are illustrated in Fig. 5(a).
The coherent interaction does not cause the two qubits to
decay, while the dissipative interaction induces decay through
two paths with different rates. Specifically, when the phase is
¢ = (2n + 1) /2 [the complete isolation, shown in Fig. 5(b)],
two decay paths are identical, and their decay rates have
the same magnitude. If the phase is set to ¢ = nm, one of
the collective states |+) or |—) can be completely decoupled
from the dynamics of the remaining three states depending on
whether 7 is even or odd, as depicted in Figs. 5(c) and 5(d).
So far, the influences of coherent and dissipative Hamil-
tonians have been discussed above. Now we consider the
case with an additional driving term. Figures 6(a) and 6(b)
depict the dynamics of the respective population of collective
states Pg, Py, P_, and P; when applying the driving Q4
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FIG. 6. Time evolution of the respective population Pg, P, P_,
P with the drive applied to Qj, starting from two different initial
states: (a) |E) and (b) |G). Time evolution of the respective concur-
rence Cg, C,, C_, and C; from different initial states |E), [+), |—),
and |G) with the same drive applied to different qubits: (c) driving
01, (d) driving Q,. The parameters used are 2; ~ 8J/11, in the
complete isolation (¢ = 37 /2 and I" = 2J).

on Q), starting from two different initial states |E) and |G).
Notably, the populations of collective states eventually reach
specific values, independent of the choice of initial states. In
other words, the system evolves to the same stationary state
irrespective of the initial states. Furthermore, we simulate the
concurrence between two qubits from different initial states
|E), |+), |—), and |G). When Q; is driven with a strength of
Q4 under complete isolation, the corresponding concurrence
converges to the same value, independent of the initial states,
as shown in Fig. 6(c). However, when the drive is applied
on O, using the same parameters, as shown in Fig. 6(d), the
concurrence always decays to zero eventually, indicating that
completely nonreciprocal entanglement is achieved by driving
a different qubit.

VI. NONIDEAL CONDITIONS

A. Qubit dephasing and energy relaxation

As discussed above, we have explored the time evolution
of the qubit population and concurrence under nonreciprocal
and reciprocal conditions in ideal cases, where we neglect
qubit dephasing and energy relaxation by setting the rates
to zero and approximating superconducting transmon qubits
as two-level systems. In this section, we incorporate local
decoherence influence and approximation into the analysis
and show how these nonidealities impact on our setup.

Taking qubit dephasing and energy relaxation into consid-
eration, the master equation in Eq. (9) is given by

d A e ioan
TS =" i[Heon, ps] + D[] + €6, 1ps

+n§2 5 D6 ]7s +n§2 wDI6, 1ps,  (17)

where «, and y, characterize qubit dephasing and energy re-
laxation rates of qubit n, respectively. For simplicity, we take
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FIG. 7. Time evolution of the population for two qubits: (a) only
0, initially excited and (b) only Q, initially excited. Time evolution
of the concurrence when a driving term is applied to (c) the initially
excited qubit and (d) the other qubit which is initially in the ground
state. The subscripts decay in P,:i ¢ decay AN C jecay denote the popula-
tion of Q; and the concurrence between qubits, respectively, where
Q; is initially excited and both dephasing and energy relaxation
are considered. The dashed lines indicate ideal cases for y = 0 and
«x = 0, while the solid lines represent nonideal cases for y = 0.02J
and « = 0.02J. Other parameters used are 2, ~ 8J/11, ¢ = 37/2,
and " = 2J.

k1 = kp = k and y; = y» = y. The evolution for expectation
values of the qubit lowering operators can thus be expressed
as

d . F+]/ n_ . r i A7 oA —
E(Ul ) = _(T +K>(01 ) + <l]+ Ee‘”)(ofaz )

d r+ - o T N
E(%):_(Ty +K>(O’2)+<1J —i—Ee “’)(0201 )-
(18)

As evident from Eq. (18), the parameters y and « explicitly
appear in the first term of the motion equations, but do not
affect the second term that denotes the effect from another
qubit.

When extending the analysis to include both qubit de-
phasing and energy relaxation, the dashed curves in Fig. 7
represent the qubit populations under dephasing and energy
relaxation, with the solid curves corresponding to the ideal
case as a benchmark. The comparisons between dashed and
solid curves in Figs. 7(a) and 7(b) reveal that local decoher-
ence only reduces population values. The population of Q; in
Fig. 7(b) persists at zero, confirming that its dynamics remain
decoupled from Q, despite dephasing and energy relaxation.
Similarly, the effect of local decoherence on stabilized entan-
glement causes a slight amplitude reduction in concurrence
values while preserving the nonreciprocal entanglement, as il-
lustrated in Figs. 7(c) and 7(d). Moreover, realistic parameters
for superconducting transmon qubits in a wQED regime have
be demonstrated with the rates for qubit dephasing around
300 kHz and energy relaxation around 10 kHz [108], thereby
supporting the feasibility of the parameters employed in our
simulations.
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Therefore, the nonreciprocity between qubits remains in
the presence of dephasing and energy relaxation, which is
consistent with the completely isolated condition described by
Eq. (12) and supports the conclusion that balancing the coher-
ent and dissipative interactions can realize the nonreciprocal
interaction between two quantum systems.

B. Two-level approximation

In this section, we consider the impact of the two-
level approximation and neglect the local decoherence. The
Hamiltonian of transmon qubits in the occupation number
representation is given by [135,136]

Hsansmon = 3 hwaBb + 555 b,b. (19)

9 n"n
n=1,2

where b, and bf are annihilation and creation operators of
Q;, respectively. The anharmonicity ¢ = wi, — wp; quantifies
the frequency differences between the lowest three energy
levels. In our scheme, the transmon qubits can be designed and
fabricated with the qubit frequency around 6 GHz and with
anharmonicity of —300 MHz [106].

The coherent interaction between two qubits is ex-
pressed as Heon =J 13'{ 132 + H.c., while the interaction between
transmon qubits and the waveguide takes the form H; =
Zn 1. 2[l; E (x1,1) + H.c.]. Considering the weak nonlinear-
1ty condition o] < oy, the evolution of the nonlinear term
Hy=Y_ 12 2b bib,b, in Eq. (19) can be ignored in the

n-n
transformation operation U (t) = e'fwmmont I ry ¢l L2 Onbybnt

Consequently, the operator b, in the interaction picture
evolves as b,(r) = e“p,. The influence of the nonlinear
term manifests in the unitary evolution of the master equation.
The Lindblad operator is given by L, = FD[El + ei‘ﬁEz],?)s,
following a similar derivation in Appendix B. Now the master
equation takes the form
%f’s = —i[Heon + Hu, ps] + T Dby + “brlps.  (20)
Using the master equation, we obtain the Ehrenfest
equations governing the time evolution of qubit operator ex-
pectation values in the Heisenberg picture:

A A r . ~
1) — ioe(b}bby) — (z‘J + 5e’*")<bz>,

2

While the nonlinear Hamiltonian H, introduces the term
—ia(lA),TllAJ,,lAan) in Eq. (21), it remains independent from the
damping coefficient A,,. Consequently, the nonreciprocity
criterion established in the two-level approximation regime is
preserved.

The simulation of (Bfll;,,) can also prove the validity of the
two-level approximation. Figure 8 presents a comparison of
population expectation values between two-level approxima-
tion (P,), and the case considering the nonlinear term (P,").
It is evident that the results obtained using the two-level ap-
proximation are completely coincident with those considering
nonlinear term.

—
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FIG. 8. Time evolution of the population for two qubits: (a) only
0, initially excited with |y) = |1)1]0), and (b) only O, initially
excited with |o) = |0);|1),. The superscripts nl in P,"! denote the
population of Q; considering the nonlinear term with o = —20J.
Other parameters used are ¢ = 3w /2,and I" = 2J.

Considering the case for applying a drive to the qubit, the
two-level approximation is still valid. The driving term be-
comes Hyive = Qd(éje_"‘“”’ + bie"). And Eq. (14) in such a
case takes the form

d A A i0f 1a
E'DS [ coh + Hiive + Hul, ps] + I'Dlby + by 1ps
A . 22)
Here Hénve = Qq(b} + b;) is the form of Hysive in the interac-

tion picture. Applying the drive to O under complete isolation
conditions and following the similar derivation in Eq. (21), we
have

d - r . P .

E(bl) = _E<bl) — i {byb1by) — i,

d . C o o

E(bZ) = _E(bZ) — ia(bybyby) — Te™(by). (23)

And the dynamics of (l;;l;n) is given by
d

r —(blby) = —T'(b}b1) — iQq (b)) + iQua(b1),
d an o o o
E(bgbz) —T(biby) — Te™(bihy) — Te (bybT). (24)

Building on Eq. (23), the nonlinear contribution is implicitly
encoded in the dynamics of (B;Bn). Since it is difficult to
solve Eq. (24) analytically, we show a comparison via numer-
ical simulations between the two-level approximation and the
original nonlinear model under proper experimental param-
eters, as depicted in Figs. 9(a) and 9(b). Here, we employ an
experimentally feasible anharmonicity « = —300 MHz [106],
exceeding the driving strength €2,;. As shown in Fig. 9, the
two-level approximation is valid even when applying a drive.

Extending transmon qubits to a bosonic system with higher
energy levels, the concurrence previously used to quantify en-
tanglement becomes invalid. Instead, we adopt the logarithmic
negativity Eys, defined as Exr(p)=log, || 0™ ||, with the trace
norm of the partial transpose p™* of the bipartite mixed state p
[137]. As illustrated in Figs. 9(c) and 9(d), the comparison of
logarithmic negativity between the two-level approximation
(E}\ef), and the case considering the nonlinear term (Ej‘{}’"l)
shows that adopting the two-level model is reasonable as an
approximation in nonreciprocal entanglement.

When applying the two-level approximation, the an-
nihilation and creation operators transform as b, — 6,

and b‘ — &%, respectively. Under this approximation, the
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FIG. 9. Time evolution of number operators for initial state in
(a) |¥o) = [1)1]0), and (b) |¥o) = |0);|1),. Time evolution of the
logarithmic negativity Enr when a driving term is applied to (c) the
initially excited qubit and (d) the other qubit, which is initially in the
ground state. The superscripts in E/i\c,'nl denote the logarithmic nega-
tivity between qubits with Q; initially excited and the anharmonicity
o = —20J. Other parameters used are Q; ~ 8J/11, ¢ =37 /2, and
r=2J.

transmon qubit Hamiltonian takes the form Hivansmon =
> ne12 hw,67/2, which we use in Eq. (3). Here & is the
Pauli Z operator. Therefore, the anharmonicity of the trans-
mon qubit in experiments ensures the validity of the two-level
approximation in our scheme, making it available to achieve
the nonreciprocal interaction and stabilized entanglement be-
tween qubits.

VII. EXPERIMENTAL FEASIBILITY

We consider the experimental feasibility of this scheme
using superconducting quantum circuits. The operating tem-
perature of our circuits is around 10 mK, using a dry dilution
refrigerator to maintain the superconductivity and minimize
dephasing and other noises [111]. Within the framework of
wQED, it is readily accessible to achieve qubit-waveguide
coupling efficiencies exceeding 99% [108,138]. The specific
implementation consists of two transmon qubits, capacitively
coupled to a microwave transmission line with a characteris-
tic impedance of Zy ~ 50 Q2 [99]. Each transmon qubit can
be controlled with a dedicated flux line [139], and can be
measured by a readout resonator with a Purcell filter [140].
The drive applied on qubits can be realized with microwave
control lines [141]. The separation of two qubits along the
waveguide can also be adjusted by tuning the qubit frequency.
Specifically, Q; and Q, are tuned to a frequency of 4.8 or
6.4 GHz, corresponding to a separation of 31 /4 or Ay with A
the photon wavelength, respectively [106]. The waveguide’s
lateral dimension is on the order of 10 um while its wave-
length is on the order of 10 mm [142]. These components are
typically patterned on sapphire substrates [143].

A recent experiment has achieved the value of relaxation
time 77 up to 500 us for tantalum-based transmon qubits
using a dry etching process [144]. Additionally, millisecond

coherence times are attainable via optimization of materi-
als and circuit geometry modifications [145]. It has been
demonstrated in experiment that the relaxation rate between
transmon qubit and transmission line can be set at I' =
30MHz [108]. Due to the tunability of capacitive coupling
between the two qubits, the coherent coupling strength can be
adjusted to J = I'"/2 = 15 MHz [146]. From Fig. 4, the time
for our system to reach stabilized entanglement is about J1 <
5, i.e., T =~ 0.33 us, which is much shorter than the coher-
ence time. The decoherence rate of a qubit, 'y = I'/2 + [y,
includes contributions from radiative coupling I' and nonra-
diative decoherence rate I'y, = I'}./2 + k, with nonradiative
energy loss I';. and pure dephasing «, [107]. By measur-
ing the waveguide transmission or reflection in scattering
experiments, both the coupling rate to the waveguide I" and
nonradiative decoherence rate I',,, can be determined [147].
In our setup, the parasitic decoherence rate due to damping
and dephasing to other channels apart from the waveguide
is on the order of 100 kHz [108], which is much smaller
than the coupling rate and can be estimated. Here, we select
the transmon as qubits in our model for its prevalence and
the flexibility of cQED architectures. Additionally, transmon
qubits offer a reduced complexity and fewer new decoherence
sources compared to other different elements [148], making
them particularly suitable for our setup.

VIII. CONCLUSION

We propose how to achieve the nonreciprocal interaction
between two quantum two-level systems on a superconduct-
ing platform and explore how this nonreciprocity results in
nonreciprocal entanglement. In our scheme, the nonreciprocal
interaction is achieved through a balance of coherent coupling
via a capacitor, and dissipative coupling via a transmission
line which provides the engineered reservoir. The high tun-
ability of qubit parameters, such as their positions along the
transmission line and their frequencies, enables the design
of tailored reciprocal and nonreciprocal interactions between
qubits. A unidirectional interaction is achieved with a separa-
tion of (4n 4 3)Ao/4, where X is the photon wavelength. To
quantify the asymmetry between two directions, we introduce
a criterion to identify the nonreciprocal interaction. Induced
by nonreciprocal interaction, a completely nonreciprocal tran-
sient entanglement emerges unidirectionally, existing when
0 is excited while vanishing when the other qubit is excited.
Furthermore, by applying a drive to the qubit, nonrecipro-
cal stabilized entanglement can also be achieved through the
joint action of three types of interactions. We also explain
the aforementioned nonreciprocity with the collective state
basis, providing a means to deepen our understanding of these
quantum nonreciprocal interactions. Moreover, we discuss
some nonideal scenarios, including the potential impact of
local decoherence on our scheme and the validity of two-
level approximation. With a minimum number of components
required and simple state initialization, our scheme offers a
potential pathway for investigating directional quantum in-
formation transmission and developing designs for one-way
quantum devices [7,149-151].
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APPENDIX A: THE COHERENT COUPLING

Now we consider the concrete form of two transmon qubits
in coherent couplings. For each transmon qubit, it can be
described as

Hisansmon = 4Ec(it — ng)* — Ej cos((). (A1)

Here, Ec = ¢*/2C5x denotes the charging energy, with Cx =
C; + Cs the total capacitance, including C;, the capacitance
of the junction, and Cs, the shunt capacitance. The opera-
tor 7 = Q/2e denotes the charge number, while the operator
& = (27 /D)P denotes the phase and n, = Q,/2e for a pos-
sible offset charge. In the transmon regime, the frequency
of the first energy level is insensitive to the variations in
the offset charge n, = Q,/2e; thus, it is ignored in the sub-
sequent discussion. It is useful to introduce creation and
annihilation operators (b' and b) for quantization in analogy to
the quantization of harmonic oscillators; thus, the phase and
charge operators are given by ¢ = (2E¢/E Y 4(13T + 13) and
n=1i(Ey /2Ec)1/4(l3T — 5)/2. Therefore, in a frame rotating
at w,, Eq. (A1) has the form Hyansmon ~ ha,b'h — %IQTBT%,
with hw, = /S8EcE; — Ec. For two transmon qubits via a
capacitive coupling, with the Hamiltonian of two qubits de-
scribed as H. 1 and 1-72, respectively, the whole Hamiltonian can
be described as

[-7 = I:il + 1‘72 + ﬁcoupling (A2)

To be specific, the two transmon qubits have the following
forms of Hamiltonian:

H, = hw,bTh, — %bﬁbiblbl,

Y — honblh Ec, psrip 2 A
H2 = a)tzbzbz — szbzbzbz, ( 3)
where w;; denotes the frequency of the ith transmon qubit, and
b; (blT) denotes the annihilation (creation) operator. And the
coupling term, arising from the capacitor C,, can be written as
[152]

g _2EciEe (En o Ep
coupling EC(. ) EC] ) EC2

1/4
)(ﬁ@+m@x

(A4)
where Ec; (Ecy) and Ej (Ej;) are the charging and Joseph-
son energies of two transmon qubits, and E¢, = ¢?/2C. is the
charging energy of the capacitance C,. Supposing that the two
transmon qubits are tuned in resonance and in a frame rotating
at the frequency of qubits wg = w;; = wy», the coupling term
takes the form

Heon = J (6,765 + 67 65). (A5)

APPENDIX B: THE DISSIPATIVE COUPLING

In this section, we provide a detailed derivation of the
dissipative part of the Lindblad operator. Since collective
dissipation cannot be directly represented by a Hamiltonian,

we apply the Lindblad master equation formalism to model
the dissipative interaction induced by the transmission line.
One can assume that the coupling between the subsystems
and the reservoir is weak (Born approximation), and that the
correlation times of the reservoir are much shorter than the
characteristic timescales of the system, thus making the pro-
cess Markovian [153]. After tracing out the photonic degrees
of freedom, the dynamics of the reduced density operator pg
for the qubits are generally formulated as [132,133]

d o0 n .
Eﬁs(l) = —/0 ds Trr{[Hin (1), [Hin(t — 5), ps(1) @ prI1},
B1)

where ps = Trr(p) with subscript S for qubits and R for the
electromagnetic field. The dipolar coupling between qubits
and the transmission line, Hj = Zn:m[&n’ﬁ (xn) + H.c]
with E(x) =Y . 84(a4€" + aje™'%"), can be transformed and
subsequently expressed in the interaction picture as

Af = ) (8, E(x,,1) + Hel (B2)
n=1,2

with E(x, 1) = Y, gg(@,e " + aje~*+i*') and g, the
qubit-field coupling strength.

Substituting the specific form of interaction Hamiltonian
Hl into Eq. (B1), the Lindblad operator for the dissipative part
is given by

Lo(ps) =Y Jum(6, ps6, — ps6,56, ) +He.  (B3)

n.m

Here, the collective decay rates J,, ,, are defined as
2 [ ; 4 o
J,,_m = Z |gq| / ds(eﬂwos + etwm)eﬂquequxnfxm\’ (B4)
0
q

assuming the field is in vacuum, thus satisfying (&;&q) =0.To
derive an explicit expression for J, ,,, we perform additional
calculations and make specific assumptions. In the continuum
limit, we approximate the series sum as an integral and ap-
ply the dispersion relation for a one-dimensional waveguide,
wy = cq. Consequently, the collective decay rates are simpli-
fied to [130,131]

gy = L git@b—l (B5)
' 2
Here we define I' = y(wg), with the function y(w) =
gz(w)D(a)) /m and the electromagnetic field state density
D(w) = 27 /L)|dq(w)/dw|, with L the quantization length.
The collective decay rates J, ,, depend on the separation
Ax = |x, — x,,| between the two qubits, enabling the dissipa-
tive interaction to be easily tuned by adjusting their positions.
To simplify the exponential part, we introduce ig to replace
the ig(wp)|x, — x| in Eq. (BS), where ¢ = 27 |x, — x,u|/ Ao
is defined by the photon wavelength Ay = 27 /g(wy). Further-
more, the specific formulations of collective decay rates, such
as Ji; and Jp, are expressed with ¢. Moreover, the phase
effect of the collective decay rates J, , can be absorbed into
the jump operator, resulting in the following specific form for
the dissipative interaction:

L, =TDI[é] + €965 1ps. (B6)
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