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Predominant electronic order parameter for structural chirality:
Role of spinless electronic toroidal multipoles in Te and Se
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We discuss predominant order parameters for structural chirality and demonstrate that time-reversal-even
axial quadrupole plays a key role in stabilizing a chiral structure. Using the symmetry-adapted closest Wannier
model of the trigonal Te and Se, we quantify the evolution of the spin-independent (spinless) and spin-dependent
(spinful) electric toroidal (ET) (axial) multipole moments across the transition from an achiral to a chiral
structure. Our results clearly identify that a spin-independent off-diagonal real hopping between p orbitals,
which corresponds to the bond-cluster spinless ET quadrupole of (3z2 − r2) type Gu, is the predominant order
parameter in stabilizing helical structures. We further elucidate that the above itinerant spinless ET quadrupole
induces a monopolelike orbital angular momentum texture in the momentum space, which can be observed via
circular dichroism in soft x-ray photoemission spectroscopy measurement. Our findings highlight a critical role
of the orbital angular momentum in chiral materials rather than less dominant spin angular momentum arising
from the relativistic spin-orbit coupling.

DOI: 10.1103/1zq8-pqh8

I. INTRODUCTION

Chirality is ubiquitous in nature, which breaks all of
mirror symmetries as well as spatial inversion symmetry. This
symmetry-broken state is caused by an emergence of a time-
reversal T -even and spatial-inversion P-odd pseudoscalar that
is expressed by an inner product of vectors with the same T
and different P parities [1,2]. The chiral spin-orbit coupling
(SOC), k · σ, is such an example, where crystal momen-
tum k and spin σ of an electron are T -odd polar and axial
vectors, giving rise to hedgehog-type spin texture in chiral
materials [3,4].

Such spin-dependent electronic state caused by T -even
pseudoscalar is considered as an origin of chirality-induced
phenomena such as current-induced optical activity [5],
kinetic magnetoelectric (Edelstein) effect [6–10], rotation-
field-induced electric polarization [11] (called rotoelectricity
in Ref. [12]), and so on. For a quantitative understanding of
such phenomena, it is quite important to examine an electronic
order parameter of chirality, which is also responsible for sta-
bilizing a chiral structure. Once an electronic order parameter
is identified quantitatively, it could open a way to control
crystal chirality via the most dominant coupling to external
fields with T -even pseudoscalar property, such as the optical
chirality, Zilch E · (∇ × E ) + B · (∇ × B) [13–18], and the
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inner product J · B of an electric current J and a magnetic
field B [18], which is a source of electric magnetochiral
anisotropy [19–26], and so on.

Recent extensive investigations on chirality-induced spin
selectivity (CISS) [27–30] stimulate significance of electron
spin in chiral materials. CISS is characterized by consider-
ably high spin polarization or accumulation through a chiral
material in which the sign of the polarized spin depends
on the handedness of chiral material. These phenomena
have been widely observed in molecules [31–40], as well
as organic and inorganic crystals [41–46]. Accordingly, the
spinful electronic order parameters have been proposed to
quantify material chirality. For instance, recent theoretical
studies have attempted to quantify electronic chirality using
a spinful quantum mechanical operator with the T -even pseu-
doscalar symmetry based on density functional theory (DFT)
calculations [11,16,47–49].

Nevertheless, in considering that the relativistic SOC is the
microscopic origin of these spinful quantities, an energy gain
from spinful order parameters must be one or two orders of
magnitude smaller than that from spinless quantities, such
as spin-independent crystalline electric fields and electron
hoppings. With regard to the current-induced magnetization
in elemental Te, it is suggested that the orbital contribution
is more significant than the spin magnetization [50,51]. Fur-
thermore, the observation of monopolelike orbital angular
momentum (OAM) texture in the momentum space has been
reported in the cubic B20 family of chiral crystals in Sohncke
space group, such as PdGa, PtGa, and CoSi, using circular
dichroism (CD) in photoemission spectroscopy measurements
[52–54]. In light of these circumstances, the significance
of spinless chiral order parameter with orbital degrees of
freedom is realized, and it is necessary to investigate compre-

2643-1564/2025/7(3)/033250(15) 033250-1 Published by the American Physical Society

https://orcid.org/0000-0001-6429-6136
https://orcid.org/0000-0002-1542-6675
https://ror.org/03gv2xk61
https://ror.org/02e16g702
https://ror.org/02rqvrp93
https://crossmark.crossref.org/dialog/?doi=10.1103/1zq8-pqh8&domain=pdf&date_stamp=2025-09-15
https://doi.org/10.1103/1zq8-pqh8
https://creativecommons.org/licenses/by/4.0/


RIKUTO OIWA AND HIROAKI KUSUNOSE PHYSICAL REVIEW RESEARCH 7, 033250 (2025)

hensively a predominant and more suitable order parameter
among the class of the electric toroidal (ET) multipoles, which
break all of mirror and spatial inversion symmetries.

In this paper, we analyze the evolution of the ET multi-
poles across the achiral-to-chiral structure change by using the
symmetry-adapted closest Wannier (SymCW) model of the
trigonal Te and Se. The results show that the ET monopoles
and quadrupoles are finite only when the system is chiral and
their signs correspond to the handedness of the crystal. In
particular, we show that an itinerant spinless ET quadrupole
Gu, corresponding to the spin-independent off-diagonal real
hopping between p orbitals, is the predominant order parame-
ter in stabilizing the helical structure. We further show that this
itinerant spinless ET quadrupole is a source of the monopole-
like OAM texture in the momentum space, which can be
observed using CD in soft x-ray photoemission spectroscopy
measurements.

The subsequent sections of this paper are organized as
follows. In Sec. II, we begin with classifying electronic order
parameter candidates for each chiral point group based on
the symmetry-adapted multipole theory [55–59]. In Sec. III,
we present a comprehensive analysis of changes in the
crystal and band structures of Te and Se and discuss the
stability mechanism of the chiral structure based on the DFT
calculations. Section IV provides a detailed discussion of
the symmetry-adapted closest Wannier model used in this
study. The results are discussed in Sec. V, where we show the
evolution of each order parameter across the achiral-to-chiral
structure change. We then elucidate that the spinless ET
quadrupole Gu is the predominant order parameter in
stabilizing the helical crystal structures. In addition, we
show that Gu is the leading origin of the monopolelike OAM
texture in the momentum space. Finally, Sec. VI summarizes
our investigations and an outlook for future study.

II. ELECTRIC TOROIDAL MULTIPOLES AS ORDER
PARAMETERS FOR STRUCTURAL CHIRALITY

An entity of chirality can be discussed unambiguously
by using the symmetry-adapted multipole basis (SAMB)
[55–59]. According to the P and T parities, SAMBs are
classified into four types: electric (E), magnetic (M), magnetic
toroidal (MT), and ET multipoles [55,56,58,59]. The E, M,
MT, and ET multipoles are further characterized by the rank
of multipole l and the irreducible representation (IR) and
its component (�, γ ) under the point group symmetry of a
system, Xl�γ (X = Q, M, T, G).

Notably, a set of SAMBs {Xl�γ } constitutes the symmetry-
adapted complete basis set in the Hilbert space of molecules or
crystals [60,61]. Table I shows the symmetry properties of E,
M, MT, and ET dipoles (Q, M, T , G), and the ET monopole
G0 and quadrupole Gu in terms of the parities of T and P
as well as mirror operations perpendicular (parallel) to dipole
vector, M⊥(M‖).

The ET monopole G0 with (T , P , M⊥, M‖) = (+, –, –,
−) has the same symmetry properties as the T -even pseu-
doscalar. Since it only becomes the totally symmetric IR in the
11 chiral point groups: cubic (O, T), triclinic (C1), monoclinic
(C2), orthorhombic (D2), tetragonal (C4, D4), trigonal (C3,
D3), hexagonal (C6, D6) (see Table XVI in Ref. [56]), G0

TABLE I. Four types of dipole moments X (X = Q, M, T, G)
classified by the time-reversal T , spatial-inversion P , and mirror
M‖ (M⊥) operations parallel (perpendicular) to dipole vector. The
ET monopole G0 and quadrupole Gu moments are also shown. The
conjugate physical fields are given in the last column.

T P M⊥ M‖ Expression Conjugate field

Q + – – + T × M, Q × G Electric field E
Position (r)

Polarization (P)

M – + + – Q × T , G × M Magnetic field B
Orbital (l = r × p)

Spin (s)

T – – – + Q × M, G × T Electric current J

G + + + – Q(1) × Q(2) Rotational distortion
M (1) × M (2) ω = ∇ × u

G0 + – – – Q · G, T · M Zilch E · (∇ × E )

Gu + – – – 3QzGz − Q · G +B · (∇ × B)
3TzMz − T · M J · B
QxQyz − QyQzx

is an order parameter candidate of chirality. As mentioned
above, G0 can be expressed by the inner product of polar and
axial vectors with the same T parity, G0 = Q · G, or T · M.
Since Q is a category of an E dipole, such as position vector
r, G0 can be regarded as the flux structure of G as shown in
Fig. 1(a), and the divergence of the fluxes corresponds to the
handedness.

FIG. 1. (a) ET monopole G0 in terms of the flux structure of
the ET dipoles G, whose divergence corresponds to the handedness.
(b) Atomic ET dipole and (c) site/bond-cluster ET dipole, which is a
vortexlike alignment of the E dipoles Q at the atoms or bond centers,
where the orange vector represents the direction of Q. (d) Site/bond-
cluster ET quadrupole Gu, which is a vortexlike alignment of the E
quadrupoles, (Qyz, Qzx).
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When we consider electronic degrees of freedom within an
isolated atom, G0 is constructed only with the spin degree of
freedom; i.e., it is given by G0 = r · (l × σ), where G = l × σ

is the spinful ET dipole as shown in Fig. 1(b). When we re-
express G0 as G0 = (r × l ) · σ, the quantity t = r × l is the
spinless MT dipole.

On the other hand, when we consider the sublattice
degrees of freedom, G0 can be constructed without spin
degree of freedom. Since the position vector of ith atom,
Ri, belongs to the category of Q, we can also express G0

as
∑

i Ri · Gi. Similarly, given that the real and imaginary
hoppings correspond to E and MT multipoles from the
symmetry point of view [60], the ET monopoles of (Q · G)i j

and (T · M)i j (M = l, σ) can be accommodated in the (i j)
bond [11,48], as discussed in more detail in Sec. V A. The
Fourier transform of the latter corresponds to k · l and k · σ,
giving rise to the monopolelike OAM [52–54] and spin
angular momentum [3,4] textures, respectively.

In practical chiral crystals, there is only discrete rotational
symmetry. In such cases, the ET multipoles other than rank 0
also become totally symmetric IR. For example, in noncubic
point groups with monoaxial principal axis, the lowest-rank
ET multipole is the ET quadrupole of (3z2 − r2)-type Gu,
which has the same (T ,P,M⊥,M‖) properties as G0. Sim-
ilarly, in cubic chiral systems with threefold axes, the ET
hexadecanol G4 becomes the lowest-rank totally symmetric
IR other than G0.

As similar to the classical view that Gz is a vortexlike align-
ment of E dipoles, i.e., Gz = ∑

i[(Rx )i(Qy)i − (Ry)i(Qx )i], as
shown in Fig. 1(c), we can also express Gu as

Gu = QxQyz − QyQzx. (1)

From symmetry point of view, Q = (Qx, Qy, Qz ) can be re-
garded as either the position vector Ri or the real hopping,
and Qzx, Qyz can be regarded as either electronic quadrupole
moments or real hopping between (px, py) and pz orbitals. The
schematic picture of Eq. (1) is shown in Fig. 1(d), and the
outer or inner direction of vortex corresponds to the handed-
ness. Notably, Gu in Eq. (1) is also discussed as an electronic
order parameter candidate for the nonmagnetic ordered phase
of URhSn (see Eq. (1) in Ref. [62]).

In this way, there are several expressions of spinless and
spinful G0 and Gu, and all of them are the candidates of the
order parameter for structural chirality. In Sec. V, we elucidate
the predominant order parameter by using the symmetry-
adapted closest Wannier model of Te and Se as specific
examples. In these examples, we can quantitatively identify
the most dominant contribution of G0 or Gu in the model
Hamiltonian.

III. STABILITY OF CHIRAL STRUCTURES

In this section, we present an analysis of the stability
mechanism of the helical structure of Te and Se based on the
DFT calculations. Figure 2(a) shows the equilibrium right-
and left-handed chiral structures of bulk Te or Se with the
threefold helical chains composed of A, B, and C sublattices
in a unit cell. The in-plane and out-of-plane lattice constants
are slightly modified as a = 4.6 Å and c = 5.9 Å for Te
in order to open finite band gap at H point [63] and a =

FIG. 2. Crystal structures of Te and Se. (a) Equilibrium D4
3

(right-handed) and D6
3 (left-handed) chiral structures of Te. A unit

cell contains three sublattices, rA = (u, 0, 0), rB = (0, u, +τ/3), and
rC = (−u,−u, −τ/3), in the fractional coordinate, where u = r/a
is the dimensionless helix parameter and r is the distance between
the helical axis and each atom, and τ = ±1 corresponds to the
right- and left-handed structures. The red (blue) lines represent the
nearest-neighbor (next-nearest-neighbor) and next-nearest-neighbor
(nearest-neighbor) bonds in right- and left-handed structure, respec-
tively. (b) Achiral D5

3d (u = 1/3) and (c) D1
6h (u = 0) structures.

(d) First Brillouin zone of Te and Se. All figures for crystal structures
and wave functions in this paper are drawn by QtDraw [60].

4.3662 Å and c = 4.9536 Å for Se [64,65]. We introduce
a dimensionless helix parameter u = (r/a) (0 � u � 1/3),
where r is the distance between the helical axis and each
atom. The atomic positions of the A, B, and C sublattices are
rA = (u, 0, 0), rB = (0, u,+τ/3), and rC = (−u,−u,−τ/3)
in the fractional coordinate, where τ = ±1 corresponds to the
right- and left-handed structures belonging to the space groups
P3121 (#152, D4

3) and P3221 (#154, D6
3). When 0 < u < 1/3,

the crystal structure is chiral and the equilibrium value of u
is u = 0.268 for Te and u = 0.232 for Se. In the right-handed
chiral structure, each atom is covalently bonded to the two
intrachain nearest-neighbor (NN) atoms and is weakly bonded
to the four interchain next-nearest-neighbor (NNN) atoms, as
depicted by red and blue lines in the upper panel of Fig. 2(a),
while red and blue lines correspond to the NNN and NN bonds
in the left-handed structure as shown in the lower panel of
Fig. 2(a). As shown in Fig. 2(b), when u = 1/3, the lengths
of the NN and NNN bonds become the same and the crystal
structure belongs to achiral R-3m (#166, D5

3d), containing
right- and left-handed chains of the same size. On the other
hand, when u = 0, the A, B, and C sublattices constitute one-
dimensional straight chains with achiral structure in P6/mmm
(#191, D1

6h) as shown in Fig. 2(c).
We then perform fully relativistic self-consistent DFT

calculations to obtain total energy of Te and Se by using
Quantum ESPRESSO [66]. We use the PBE correlation func-
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FIG. 3. Band structures of Te and Se. The orbital dependence of the band dispersions obtained by CW models of (a)–(c) Te and (d)–(f)
Se, where the red, blue, and green lines represent the CW functions (CWFs) with s, pz, and px + py orbital-like symmetry, as shown in Fig. 5.
Panels (a) and (d) correspond to the equilibrium right-handed chiral structures of Te and Se, respectively, and the results are equivalent to those
obtained for their left-handed counterparts. The Fermi energy is set as the origin.

tional [67] and the full-relativistic optimized norm-conserving
Vanderbilt pseudopotential [68] downloaded from Pseu-
doDojo [69]. The kinetic energy cutoff of the Kohn-Sham
(KS) orbitals and the convergence threshold are set to be 90
and 1 × 10−12 Ry, and the k grid is taken as (N1, N2, N3) =
(12, 12, 16).

The DFT band structures of the D4
3, D5

3d, and D1
6h structures

of Te and Se are shown in Figs. 3(a)–3(c) and 3(d)–3(f),
respectively. The equilibrium Te and Se open finite band gap
at H point and become semimetallic [63] in order to reduce the
total energy of the system as shown in Figs. 3(a) and 3(d). On
the other hand, the band structures of the achiral D5

3d structure
are metallic and the electronic states at the Fermi level are de-
generate as shown in Figs. 3(b) and 3(e). Here, we introduce a
displacement parameter δu = u − 1/3. As shown in Figs. 4(a)
and 4(b), the equilibrium right- or left-handed structure of Te
with τδu = ∓0.06533 is energetically most stable and close
to the achiral D5

3d structure with δu = 0, whereas the achiral
D1

6h structure with metallic band structure is energetically
unstable. These results are consistent with the previous studies
[70,71]. Se exhibits similar behavior, becoming energetically
most stable at τδu = ∓0.1013, as shown in Figs. 4(c) and
4(d). Note that the closest Wannier (CW) model of Se with
the achiral D1

6h structure does not sufficiently reproduce the
DFT bands above the Fermi level. However, since only the
electronic states below the Fermi level are used in calculating
the expectation value of the SAMBs, this slight discrepancy
can be safely neglected. Therefore, the equilibrium chiral

structures of Te and Se can be regarded as arising from the
Peierls distortion with respect to the achiral D5

3d structure with
δu = 0 [72]. Indeed, the light-induced inverse Peierls distor-
tion from equilibrium chiral structure to metastable achiral
D5

3d one has been predicted theoretically [73,74] and reported
experimentally in Te using time-resolved optical second har-
monic generation [71]. Additionally, under high pressure, the
achiral D5

3d structure of Te becomes energetically more stable
than the chiral structure [75–77].

In order to identify which contribution in energy stabilizes
the chiral structure of Te and Se, we decompose the total
energy Etotal into four contributions as follows:

Etotal = Eone-e + Exc + EH + EEwald. (2)

Eone-e, Exc, EH, and EEwald are the one-electron contribution
(electronic kinetic energy plus the pseudopotential energy),
exchange-correlation energy, Hartree energy, and the Ewald
summation of ion-ion Coulomb repulsion energy, respectively
[78], which are given in the atomic units (e = h̄ = c = me =
1) by using the KS orbital ψKS

nk (r) and the electronic density
n(r) = ∑occupied

nk |ψKS
nk (r)|2 as

Eone-e =
∑

nk

∫
drψKS∗

nk (r)

(
− ∇2

2

)
ψKS

nk (r) +
∫

drVps(r)n(r),

(3)

Exc =
∫

drεxc(r)n(r), (4)
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FIG. 4. τδu (δu = u − 1/3) dependence of the total energy and its contributions (explained in detail in the main text) obtained by DFT
calculations for (a), (b) Te and (c), (d) Se. Panels (b) and (d) are the enlarged figures of the area surrounded by the pink solid line in panels
(a) and (c), respectively.

EH = 1

2

∫∫
drdr′ n(r)n(r′)

|r − r′| , (5)

EEwald = 1

2

Nn∑
I �=J

ZI ZJ

|RI − RJ | , (6)

where Vps(r) represents the pseudopotential and εxc(r) denotes
the exchange-correlation potential. ZI and ZJ are the charge
of the ionic core at RI and RJ , respectively. As shown in
Fig. 4, the dominant contribution in stabilizing the chiral
structure of Te and Se is the one-electron contribution Eone-e,
and the exchange-correlation term Exc gives a negligible con-
tribution comparatively. Meanwhile, the Hartree term EH and
the ionic contribution EEwald result in energy loss in the chi-
ral structure. Therefore, the chiral structure of Te and Se is
stabilized mainly by the symmetry breaking of the electronic
system that opens the one-body energy gap, as discussed
above. It is consistent with our analysis in Sec. V, where the
predominant order parameter for the chiral structure of Te and
Se arises from one-body spin-independent hopping terms.

IV. SYMMETRY-ADAPTED CLOSEST WANNIER MODEL

In this section, we construct the symmetry-adapted CW
model for Te and Se. Since the symmetry properties of the

CWFs are common to those of the original atomic orbitals
[79], SAMBs can be defined as the complete orthonormal
matrix basis set {Z j} in the Hilbert space of the CWFs,
Tr(ZiZ j ) = δi, j .

The CW model is constructed by using the CW method
[79] and our open-source Python library SymClosestWannier
[61]. With regard to the initial guess of the CWFs, the hy-
drogenic atomic s and three p orbitals for each Te or Se
atom are taken into account, as they primarily contribute to
the electronic states near the Fermi level. Figures 5(a)–5(d)
and 5(e)–5(h) represent the CWFs with s, px, py, and pz-like
character localized at A site of Te and Se, respectively. Due
to the closest property of the CWFs to the original atomic
orbitals used for the initial guess, the obtained CWFs are well
localized at each atom. Furthermore, it is confirmed that their
symmetry properties are common to those of the original ones.

Utilizing the completeness and orthonormality of SAMBs,
the 24 × 24 (1 + 3 orbitals, 2 spins, and 3 sublattices) CW TB
Hamiltonian matrix HCW is rewritten as a linear combination
of {Z j} as

HSymCW =
� j∈A1∑

j

z jZ j, (7)

z j = Tr[Z jH
CW], (8)
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FIG. 5. The CWFs with s, px , py, and pz-like character localized
at A site of (a)–(d) Te and (e)–(h) Se. They are obtained for the
equilibrium structures.

where {Z j} belong to the totally symmetric IR A1 in D3

point group, which are automatically generated by the Python
library MultiPie [60]. We refer to this symmetrized model
as the SymCW model. As shown later, Z j is expressed by
the linear combination of the direct product of the atomic
multipole bases X (a) and the site- or bond-cluster multipole
bases Y (s/b) [60]. In this study, by considering up to the 258
bond clusters (the maximum bond length is about the distance
between the home unit cell and the fourth neighbor unit cell)
and 15 252 independent SAMBs, the mean absolute errors
between the energy eigenvalues obtained from the SymCW

model and the DFT calculation for Te and Se are

L(z) =
∑

k

NB∑
n=1

∣∣εDFT
nk − ε

SymCW
nk

∣∣
NkNB

=
{

1.07 meV (Te),
0.258 meV (Se),

(9)

where εDFT
nk and ε

SymCW
nk are the nth energy eigenvalue of

the DFT band dispersion and our SymCW model. Nk =
2304 (12 × 12 × 16) and NB = 24 represent the number of
k points and the number of the eigenvalues, respectively.
Note that the similar mean absolute errors between the
energy eigenvalues obtained from the CW model and the
DFT calculation for Te and Se are 1.83 × 10−2 and
4.36 × 10−12 meV, respectively. The comparison of the en-
ergy dispersions is shown in Fig. 6, where the CW and
SymCW models well reproduce the DFT band dispersion.
Note that in the previous study [11], only 255 independent
parameters were used in Eq. (7), which was not enough to
accurately reproduce the DFT bands.

The linear coefficients of each SAMB {z j} (model parame-
ters) are determined through simple matrix projection given
by Eq. (8) without any iterative procedure. They are inter-
preted as the crystalline electric fields (CEFs), SOC, electron
hoppings, and so on. In this way, the present method enables
us to quantitatively identify the dominant electronic multipole
basis in HSymCW. In particular, we can quantitatively identify
the predominant order parameter for structural chirality by
evaluating the expectation value of the ET monopoles and
quadrupoles, 〈Z j〉, as discussed in the following sections.

FIG. 6. The comparison of the band dispersions among the DFT calculation, CW and SymCW models of (a)–(c) Te and (d)–(f) Se. Panels
(a)–(c) and (d)–(f) correspond to Figs. 3(a)–3(c) and 3(d)–3(f), respectively.
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FIG. 7. Schematic representations of SAMBs. (a) Site-cluster and (b) NN bond-cluster E monopoles, Z(Q0 )
10 and Z(Q0 )

3 . (c) Site-cluster and

(d) NN bond-cluster E octupoles, Z
(Q3γ )
1 and Z

(Q3γ )
4 . (e) Site-cluster ET quadrupoles, Z(Gu )

2 and Z(Gu )
13 , and (f) NN bond-cluster ET quadrupoles,

Z(Gu )
5 and Z(Gu )

17 . (g) Spin-independent off-diagonal real hopping between pz orbital at C site and py orbital at B site, which is induced by Z(Gu )
5 .

(h) NNN bond-cluster ET quadrupole, Z(Gu )
9 , where θ denotes the angle between the x axis and the NNN bond between the B site in the home

unit cell and the A site in the NN unit cell with R = −a1. (i) When the system is achiral D3d structure, the NN and NNN hoppings t1 and t2

become the same, whereas t1 �= t2 when the system is chiral structures. (j) NN bond-cluster ET monopoles, Z(G0 )
6 and Z(G0 )

15 . (k) Site-cluster ET
monopole, Z(G0 )

14 , and (l) bond-cluster ET monopole, Z(G0 )
18 .

V. RESULTS AND DISCUSSIONS

In this section, we present our analysis on the order pa-
rameters for structural chirality of Te and Se. To identify the
predominant order parameter, we compute the evolution of
order parameters with changing helix parameter τδu based
on the SymCW model [61]. Our main results are as follows:
(1) Both localized and itinerant spinless ET quadrupoles are
proper indicators of structural chirality, since they are nonzero
only when the system has chiral structure, and its sign depends
on the handedness of chiral structure; and (2) the itinerant
spinless ET quadrupole is the predominant order parameter
because its expectation value is largest among chiral order
parameters. Moreover, we elucidate that the monopolelike
OAM texture in the momentum space arises from the itinerant
spinless ET quadrupole without SOC.

A. Physical interpretation of SAMBs

Let us present the physical interpretation of each SAMB
and the computational results of the equilibrium right-handed
structure (τ = +1) of Te with u = 0.268 and Se with u =
0.232. Equation (7) is decomposed as

HSymCW = HCEF + HSOC +
258∑
n=1

(
H (bn )

hop + H (bn )′
hop

)
, (10)

where HCEF and HSOC are the CEF and SOC terms, while
H (bn )

hop and H (bn )′
hop are the spin-independent and spin-dependent

hopping terms in the nth bond cluster. There are 52 parameters
within the NN hopping: 6 CEF parameters, 10 SOC parame-
ters, and 36 NN intrachain hopping parameters. The spinless
terms are given by

HCEF = 	
(Q3γ )
1 Z

(Q3γ )
1 + 	

(Gu )
2 Z(Gu )

2 + · · · , (11)

H (b1 )
hop = t (Q0 )

3 Z(Q0 )
3 + t

(Q3γ )
4 Z

(Q3γ )
4 + t (Gu )

5 Z(Gu )
5

+ t (G0 )
6 Z(G0 )

6 + t (Gu )
7 Z(Gu )

7 + · · · , (12)

H (b2 )
hop = t (Q0 )

8 Z(Q0 )
8 + t (Gu )

9 Z(Gu )
9 + · · · , (13)

and the spinful terms are given by

HSOC = ξ
(Q0 )
10 Z(Q0 )

10 + ξ
(G0 )
11 Z(G0 )

11 + ξ
(Gu )
12 Z(Gu )

12

+ ξ
(Gu )
13 Z(Gu )

13 + ξ
(G0 )
14 Z(G0 )

14 + · · · , (14)

H (b1 )′
hop = α

(G0 )
15 Z(G0 )

15 + α
(Gu )
16 Z(Gu )

16 + α
(Gu )
17 Z(Gu )

17

+ α
(G0 )
18 Z(G0 )

18 + · · · . (15)

Among them, we focus on these significant contributions,
including the ET monopole G0 and quadrupole Gu SAMBs.
Note that the additional E multipole terms implicitly indicated
by the “dots” in Eqs. (11)–(15) are not explicitly shown be-
cause their linear coefficients (	, t , ξ , α) are negligibly small
as compared to those of the 18 SAMBs included, as a result of
numerical evaluations from the DFT data for Te and Se. The
explicit definitions of each SAMB are summarized in Table II,
and their schematic picture is shown in Fig. 7.

In Table II, the spinless atomic E monopole and
quadrupoles, Q(a)

0,p, Q(a)
v (v = x2 − y2), Q(a)

xy , Q(a)
yz , Q(a)

zx , and the
dimensionless orbital angular momentum l in the (px, py, pz )
orbitals are defined by

Q(a)
v = 1

2

⎛
⎝1 0 0

0 −1 0
0 0 0

⎞
⎠ ⊗ σ0, Q(a)

xy = 1

2

⎛
⎝0 1 0

1 0 0
0 0 0

⎞
⎠ ⊗ σ0,

(16)

Q(a)
yz = 1

2

⎛
⎝0 0 0

0 0 1
0 1 0

⎞
⎠ ⊗ σ0, Q(a)

zx = 1

2

⎛
⎝0 0 1

0 0 0
1 0 0

⎞
⎠ ⊗ σ0,

(17)
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TABLE II. SAMBs and their coefficients of equilibrium Te and Se in HCEF, HSOC, H (b1 )
hop , H (b2 )

hop , and H (b1 )′
hop . The symbols X (a) and Y (s/b)

represent the atomic multipole and site- or bond-cluster multipole bases [60], respectively. X (a) is defined in the 〈s|s〉, 〈s|p〉, and 〈p|p〉
orbitals, where the prime denotes the spinful term. The upper and lower parts separated by the line represent the spinless and spinful SAMBs,
respectively. The angle θ is defined in Fig. 7(h).

SAMB (H, cluster) Coefficients Weight in Te (eV) Weight in Se (eV)

HCEF Z
(Q3γ )
1 = 1√

2
(Q(s)

x ⊗ Q(a)
v − Q(s)

y ⊗ Q(a)
xy ) (〈p|p〉 , C) 	

(Q3γ )
1 5.71 × 10−2 −6.36 × 10−2

Z(Gu )
2 = 1√

2
(Q(s)

x ⊗ Q(a)
yz − Q(s)

y ⊗ Q(a)
zx ) (〈p|p〉 , C) 	

(Gu )
2 1.49 × 10−1 2.04 × 10−1

H (b1 )
hop Z(Q0 )

3 = Q(b1 )
0 ⊗ Q(a)

0,p (〈p|p〉 , b1) t (Q0 )
3 1.93 2.13

Z
(Q3γ )
4 = 1√

2
(Q(b1 )

x ⊗ Q(a)
v − Q(b1 )

y ⊗ Q(a)
xy ) (〈p|p〉 , b1) t

(Q3γ )
4 3.63 4.88

Z(Gu )
5 = 1√

2
(Q(b1 )

x ⊗ Q(a)
yz − Q(b1 )

y ⊗ Q(a)
zx ) (〈p|p〉 , b1) t (Gu )

5 6.76 9.35

Z(G0 )
6 = 1√

3
T (b1 ) · l (〈p|p〉 , b1) t (G0 )

6 3.43 × 10−3 4.53 × 10−2

Z(Gu )
7 = 1√

6
(3T (b1 )

z lz − T (b1 ) · l ) (〈p|p〉 , b1) t (Gu )
7 −3.69 × 10−2 −5.03 × 10−2

H (b2 )
hop Z(Q0 )

8 = 1√
2

[sin θ (Q(b2 )
x ⊗ Q(a)

yz − Q(b2 )
y ⊗ Q(a)

zx ) (〈p|p〉 , b2) t (Q0 )
8 −1.89 × 10−4 −5.43 × 10−2

+ cos θ (Q(b2 )
x2−y2 ⊗ Q(a)

yz − Q(b2 )
xy ⊗ Q(a)

zx )]

Z(Gu )
9 = − 1√

2
[cos θ (Q(b2 )

x ⊗ Q(a)
yz − Q(b2 )

y ⊗ Q(a)
zx ) (〈p|p〉 , b2) t (Gu )

9 4.10 3.11

− sin θ (Q(b2 )
x2−y2 ⊗ Q(a)

yz − Q(b2 )
xy ⊗ Q(a)

zx )]

HSOC Z(Q0 )
10 = Q(s)

0 ⊗ Q(a)′
0 (〈p|p〉 , C) ξ

(Q0 )
10 1.63 0.765

Z(G0 )
11 = Q(s)

0 ⊗ G(a)′
0 (〈s|p〉 , C) ξ

(G0 )
11 −4.53 × 10−4 −1.59 × 10−4

Z(Gu )
12 = Q(s)

0 ⊗ G(a)′
u (〈s|p〉 , C) ξ

(Gu )
12 −4.98 × 10−3 1.06 × 10−3

Z(Gu )
13 = 1√

2
(Q(s)

x ⊗ Q(a)′
yz − Q(s)

y ⊗ Q(a)′
zx ) (〈p|p〉 , C) ξ

(Gu )
12 8.42 × 10−3 7.05 × 10−3

Z(G0 )
14 = 1√

2
(Q(s)

x ⊗ G(a)′
x + Q(s)

y ⊗ G(a)′
y ) (〈p|p〉 , C) ξ

(G0 )
14 −3.33 × 10−3 1.87 × 10−4

H (b1 )′
hop Z(G0 )

15 = 1√
3

T (b1 ) · σ (〈p|p〉 , b1) α
(G0 )
15 −1.15 × 10−4 4.57 × 10−4

Z(Gu )
16 = 1√

6
(3T (b1 )

z σz − T (b1 ) · σ ) (〈p|p〉 , b1) α
(Gu )
16 4.92 × 10−6 2.28 × 10−3

Z(Gu )
17 = 1√

2
(Q(b1 )

x ⊗ Q(a)′
yz − Q(b1 )

y ⊗ Q(a)′
zx ) (〈p|p〉 , b1) α

(Gu )
17 7.02 × 10−2 1.43 × 10−2

Z(G0 )
18 = 1√

2
(Q(b1 )

x ⊗ G(a)′
x + Q(b1 )

y ⊗ G(a)′
y ) (〈p|p〉 , b1) α

(G0 )
18 −3.48 × 10−3 2.03 × 10−3

Q(a)
0,p = 1√

6

⎛
⎝1 0 0

0 1 0
0 0 1

⎞
⎠ ⊗ σ0, lz = 1

2

⎛
⎝0 −i 0

i 0 0
0 0 0

⎞
⎠ ⊗ σ0,

(18)

lx = 1

2

⎛
⎝0 0 0

0 0 −i
0 i 0

⎞
⎠ ⊗ σ0, ly = 1

2

⎛
⎝ 0 0 i

0 0 0
−i 0 0

⎞
⎠ ⊗ σ0,

(19)

where σ0 is the 2 × 2 identity matrix in the spin space. The
spinless MT dipole t = r × l in the s-p hybrid orbital space
〈s|p〉 is defined as

tx = 1√
2

(
i 0 0

) ⊗ σ0, (20)

ty = 1√
2

(
0 i 0

) ⊗ σ0, (21)

tz = 1√
2

(
0 0 i

) ⊗ σ0. (22)
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Furthermore, the spinful atomic multipole bases, Q(a)′
0 , Q(a)′

μν

(μ, ν = x, y, z), G(a)′ , G(a)′
0 , and G(a)′

u , are defined as

Q(a)′
0 = 1√

3
l · σ, (23)

Q(a)′
μν = 1√

2
(lμσν + lνσμ), (24)

G(a)′ = 1√
2
l × σ, (25)

G(a)′
0 = 1√

3
t · σ = (r × l ) · σ√

3
= r · (l × σ)√

3
= 1√

3
r · G(a)′ ,

(26)

G(a)′
u = 1√

6
(3tzσz − t · σ). (27)

Here, the spinful E monopole Q(a)′
0 ∝ l · σ corresponds to the

atomic SOC, while Q(a)′
μν and G(a)′ are the spinful E quadrupole

and ET dipole consisting of the symmetric and antisymmetric
product of the orbital and spin angular momenta, respectively.
The ET monopole G(a)′

0 is defined in the forms of both T · M
and Q · G, and they are depicted in Figs. 1(a) and 1(b). The
ET quadrupole G(a)′

u represents monoaxial anisotropy along z
axis. Note that G(a)′

0 is active in all chiral point groups, while
G(a)′

u is active only in monoaxial chiral point groups.
Q(s)

0 and Q(s)
μ (μ = x, y) are the site-cluster E monopole and

μ component of the E dipole, and Q(b1 )
μ (μ = x, y) and T (b1 )

μ

(μ = x, y, z) are the μ component of the NN bond-cluster
E and MT dipoles, which are defined in the ABC sublattice
space as

Q(s)
0 = 1√

3

⎛
⎝1 0 0

0 1 0
0 0 1

⎞
⎠, (28)

Q(s)
x = 1√

6

⎛
⎝2 0 0

0 −1 0
0 0 −1

⎞
⎠, Q(s)

y = 1√
2

⎛
⎝0 0 0

0 1 0
0 0 −1

⎞
⎠,

(29)

Q(b1 )
x = 1

2
√

3

⎛
⎝0 1 1

1 0 −2
1 −2 0

⎞
⎠, Q(b1 )

y = 1

2

⎛
⎝ 0 1 −1

1 0 0
−1 0 0

⎞
⎠,

(30)

Q(b1 )
0 = 1√

6

⎛
⎝0 1 1

1 0 1
1 1 0

⎞
⎠, T (b1 )

z = 1√
6

⎛
⎝ 0 −i i

i 0 −i
−i i 0

⎞
⎠,

(31)

T (b1 )
x = 1

2

⎛
⎝ 0 i i

−i 0 0
−i 0 0

⎞
⎠, T (b1 )

y = 1

2
√

3

⎛
⎝ 0 −i i

i 0 2i
−i −2i 0

⎞
⎠.

(32)

In the following, we explain each contribution of the
SAMB to the Hamiltonian of the equilibrium Te and Se, which
is summarized in Table II.

Let us first focus on the spinless terms in HCEF + H (b1 )
hop +

H (b2 )
hop . In HCEF, the E octupole Z

(Q3γ )
1 represents the CEF

in xy plane, where the anisotropic potential at each atom is
expressed by the E quadrupoles, Q(a)

v and Q(a)
xy , as shown in

Fig. 7(c). This term is active whenever the spatial inversion
symmetry is lost. On the other hand, Z(Gu )

2 is the localized
spinless ET quadrupole that is active only in chiral struc-
ture, and is described as the vortexlike alignment of the E
quadrupoles at each atom as shown in Fig. 7(e) [see Fig. 1(d)].
The outer or inner direction of vortex corresponds to the
handedness. As summarized in Table II, the weight of Z(Gu )

2

in Te (Se), 	
(Gu )
2 = 1.49 × 10−1 (2.04 × 10−1) eV, is largest

among the terms in HCEF and is much larger than that of
Z

(Q3γ )
1 , 	

(Q3γ )
1 = 5.71 × 10−2 (−6.36 × 10−2) eV.

In H (b1 )
hop , the E monopole Z(Q0 )

3 represents the NN spin-
less diagonal hopping between pμ (μ = x, y, z) orbitals at

two neighboring atoms, as shown in Fig. 7(b), while Z
(Q3γ )
4

represents the NN off-diagonal hoppings between in-plane p
orbitals pμ (μ = x, y) at two neighboring atoms, as shown
in Fig. 7(d). Moreover, Z(Gu )

5 is the itinerant spinless ET
quadrupole, i.e., the vortexlike alignment of E quadrupoles at
the centers of the NN bonds, as shown in Fig. 7(f), and the
outer or inner direction of vortex corresponds to the hand-
edness. As summarized in Table II, the weight of Z(Gu )

5 in
Te (Se), t (Gu )

5 = 6.76 (9.35) eV, is largest among the terms in
H (b1 )

hop , and its value is much larger than that of Z(Q0 )
3 , t (Q0 )

3 =
1.93 (2.13) eV and Z

(Q3γ )
4 , t

(Q3γ )
4 = 3.63 (4.88) eV. Note that

Z(Gu )
5 represents the spin-independent off-diagonal real hop-

ping between p orbitals at NN atoms. Specifically, as shown
in Fig. 7(g), for the hopping between B and C sites in the home
unit cell, Z(Gu )

5 is given by

t1(c†
pz,C,0cpy,B,0 + H.c.), (33)

where c†
pz,C,0 (cpy,B,0) is the creation (annihilation) operator of

the electron with pz (py) orbital at C (B) atom in the home
unit cell. Note that the NN off-diagonal hopping parameter
t1 of Te (Se) is related to t (Gu )

5 as t1 = 1/(2
√

3)t (Gu )
5 = 1.95

(2.70) eV, where the factor 1/
√

3 appears by taking account
of the number of the NN bonds. Additionally, in the NNN hop-
ping H (b2 )

hop , we can define the itinerant spinless ET quadrupole

Z(Gu )
9 , as shown in Fig. 7(h). As shown in Table II, the weight

of Z(Gu )
9 in Te (Se) is t (Gu )

9 = 4.10 (3.11) eV. Z(Gu )
9 represents

the spin-independent off-diagonal real hopping between p
orbitals at NNN atoms. For the hopping between A site in
the home unit cell and the C site in the NNN unit cell with
R = a1 + a2, Z(Gu )

9 is given by

t2(c†
pz,C,Rcpy,A,0 + H.c.). (34)

The NNN off-diagonal hopping parameter t2 of Te (Se) is re-
lated to t (Gu )

9 as t2 = 1/(2
√

6)t (Gu )
9 = 0.837 (0.634) eV, where

the factor 1/
√

6 appears due to the number of the NNN bonds
in the unit cell. Since the length of the NN bond is shorter
than the NNN bond in chiral structures, the magnitude of t1
is greater than t2, while t1 = t2 in the achiral D5

3d structure
since the lengths of the NN and NNN bonds are the same.
In addition, since δu of equilibrium Se is larger than that
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of Te, the ratio t1/t2 of Se is larger than that of Te, i.e.,
t1/t2 = 4.26 (Se) > 2.33 (Te). It should be noted that we have
confirmed that the magnitude of the coefficients decreases
rapidly for further neighbor hoppings.

In H (b1 )
hop , there are another itinerant ET monopole and

quadrupole, Z(G0 )
6 and Z(Gu )

7 , which have the forms of T · M
and 3TzMz − T · M. As shown in Fig. 7(j), Z(G0 )

6 represents
the spin-independent off-diagonal real hopping between p
orbitals at NN atoms, while the anisotropic term Z(Gu )

7 also
appears in the trigonal helical structure. Notably, the magni-
tude of the weight of Z(Gu )

7 of Te and Se is greater than that
of Z(G0 )

6 owing to the anisotropy along the helical axis, while
their values are much smaller than those of Z(Gu )

5 and Z(Gu )
9 , as

summarized in Table II.
Next, we discuss the spinful terms in HSOC + H (b1 )′

hop . In

HSOC, there is the spinful E monopole Z(Q0 )
10 ∝ l · σ repre-

senting the atomic SOC. Moreover, there are the spinful ET
monopole Z(G0 )

11 ∝ t · σ and quadrupole Z(Gu )
12 ∝ 3tzσz − t · σ

arising from the atomic SOC under chiral structure. There is
also the spinful ET quadrupole Z(Gu )

13 having the same form
as the spinless one Z(Gu )

2 , in which the spinless E quadrupoles
are replaced with the spinful ones given by Eq. (24). Z(Gu )

13
is a kind of spinful CEF existing only in helical structure.
Additionally, Z(G0 )

14 is the ET monopole having the flux struc-
ture of G(a)′ at each atom, which corresponds to Fig. 1(a)
and schematically shown in Fig. 7(k). Note however, that the
weights of these spinful multipoles except for Z(Q0 )

10 in Te
(Se) are much smaller than that of Z(Q0 )

10 , i.e., ξ
(Q0 )
10 = 1.63

(0.765) eV. Moreover, ξ
(Q0 )
10 (Te) > ξ

(Q0 )
10 (Se), since the SOC

of the 5p orbitals of Te is larger than that of 4p orbitals of Se.
In H (b1 )′

hop , the spinful itinerant ET monopole Z(G0 )
15 and

quadrupole Z(Gu )
16 are obtained by replacing the orbital an-

gular momentum l with the spin angular momentum σ in
Z(G0 )

6 and Z(Gu )
7 . As shown in Fig. 7(j), Z(G0 )

15 represents
the spin-dependent imaginary hopping. There also exists the
anisotropic term Z(Gu )

16 in the trigonal helical structure as
mentioned before. Eventually, the magnitude of these spinful
multipoles in Te and Se is negligibly small as compared with
the spinless itinerant ET monopole and quadrupole.

Here, it should be noted that the weight of Z(G0 )
15 was evalu-

ated as α
(G0 )
15 = 1.749 eV in the previous study [11]; however,

this was overestimated due to the lower precision of the pre-
vious method with the band dispersion fitting.

Additionally, the itinerant spinful ET quadrupole Z(Gu )
17 in

H (b1 )′
hop has the same form as the spinless one Z(Gu )

5 , where
the spinless E quadrupoles are replaced with the spinful ones
given by Eq. (24). Z(Gu )

17 is the spin-dependent off-diagonal
hopping between p orbitals at NN sites. Notably, as summa-
rized in Table II, the weight of Z(Gu )

17 in Te and Se is largest
among the terms in H (b1 )′

hop and is much larger than that of Z(G0 )
15

and Z(Gu )
16 . Z(G0 )

18 is the itinerant spinful ET monopole having
the flux structure of G(a)′ at each NN bond center as shown in
Fig. 7(l). Its weight in Te is the second largest among the terms
in H (b1 )′

hop , while the weight in Se is smaller than that of Z(Gu )
16

because of the strong anisotropy along z axis. Anyway, their

magnitude is negligibly small as compared with the itinerant
spinless ET monopoles and quadrupoles.

From the above results, we conclude that the dominant
contributions in HSymCW to the equilibrium Te and Se arise
from spinless ones: the localized ET quadrupole, Z(Gu )

2 , and
the NN and NNN itinerant ET quadrupoles, Z(Gu )

5 and Z(Gu )
9 ,

with the form of Eq. (1).
As discussed below, they also play a crucial role in stabi-

lizing the helical structure.

B. Electric toroidal quadrupole Gu as a measure of chirality

In order to identify the predominant order parameter for
structural chirality, let us discuss the evolution of each or-
der parameter across the achiral-to-chiral structure change
by changing τδu. Since the ET monopole and quadrupole
among SAMBs are the candidates of the predominant order
parameters, we evaluate their expectation value in the achiral
D1

6h (δu = ±1/3) and D5
3d (δu = 0) structures and the right-

handed (−1/3 < τδu < 0) and left-handed (0 < τδu < 1/3)
chiral structures,

〈Z j〉 = 1

Nk

∑
nk

f
(
ε

SymCW
nk

) 〈nk|Z j |nk〉 , (35)

where f (ε) = (eβε + 1)−1 is the Fermi-Dirac distribution
function (β = 1/T ) and |nk〉 is the nth eigenvector of HSymCW

at k point.
Figures 8(a) and 8(c) represent the τδu dependence of

the expectation value of the localized SAMBs in Te and Se,
respectively, where the temperature T is fixed at 0.02 eV.
Figures 8(a) and 8(c) indicate that the spinless localized ET
quadrupole 〈Z(Gu )

2 〉 is zero in the achiral structures, while
〈Z(Gu )

2 〉 �= 0 in the chiral structures and its value increases
linearly with increasing τδu from the achiral D5

3d structure.
Additionally, its sign is reversed depending on the chirality
τ = ±1. Thus, 〈Z(Gu )

2 〉 plays a proper indicator of chirality,
and its sign corresponds to the handedness of chiral structure.
On the other hand, the spinless localized E octupole 〈Z(Q3γ )

1 〉
and the spinful localized E monopole 〈Z(Q0 )

10 〉 are even func-
tions of τδu. Since the SOC of the 5p orbitals of Te is larger
than that of 4p orbitals of Se, 〈Z(Q0 )

10 〉 of Te is larger than that
of Se.

Figures 8(b) and 8(d) represent the τδu dependence of the
expectation value of the itinerant SAMBs in Te and Se, re-
spectively. As shown in Figs. 8(b) and 8(d), the NN and NNN
itinerant spinless ET quadrupoles, 〈Z(Gu )

5 〉 and 〈Z(Gu )
9 〉 /

√
2,

become identical when δu = 0, since the lengths of the NN
and NNN bonds are the same. On the other hand, their
difference,

φ = 〈
Z(Gu )

5

〉 − 1√
2

〈
Z(Gu )

9

〉
, (36)

becomes nonzero when the system is chiral, and its sign
corresponds to the handedness. Here, the coefficient 1/

√
2 of

〈Z(Gu )
9 〉 is taken into account, since the number of the NNN

bonds in the unit cell is twice the NN bonds. Figures 8(e)
and 8(g) represent the change of the net itinerant spinless ET

033250-10



PREDOMINANT ELECTRONIC ORDER PARAMETER FOR … PHYSICAL REVIEW RESEARCH 7, 033250 (2025)

FIG. 8. The displacement τδu dependence of the expectation value of the (a) localized and (b) itinerant SAMBs for the ground state of Te
and (c), (d) Se. The orange, green, red, and blue bars and lines in panels (a)–(d) correspond to the spinless E, spinless ET, spinful E, and spinful
ET multipoles, respectively. The τδu dependence of the expectation value of the net itinerant ET quadrupole φ of (e) Te and (g) Se. The variation
of the total energy of (f) Te and (h) Se, obtained by DFT calculation [see Eq. (2) and Fig. 4], as a function of φ = 〈Z(Gu )

5 〉 − 〈Z(Gu )
9 〉 /

√
2. The

total energy of the achiral D5
3d structure with δu = 0 is set as zero.

quadrupole φ as a function of τδu. As shown in Figs. 8(e)
and 8(g), φ increases linearly with increase of τδu from the
achiral D5

3d structure, and its value is largest among the ET
multipoles. On the other hand, as similar to the localized
E multipoles, the spinless E monopole 〈Z(Q0 )

3 〉 and octupole

〈Z(Q3γ )
4 〉 are even functions of τδu. Therefore, we conclude

that φ plays the predominant order parameter for structural
chirality of Te and Se.

Moreover, the NN itinerant spinless ET quadrupole Z(Gu )
5

in Eq. (36) plays a crucial role to form the strong covalent
bond among NN atoms in the unit cell, which contributes
to the energy gain through Eone-e in Eq. (2) to stabilize the
helical structure. In other words, φ becomes finite for 0 <

δu < 0.06533 (0.1013) in Te (Se), and therefore, the chiral
crystal structure becomes energetically stable, because the
energy gain from the kinetic energy exceeds the energy loss
from Coulomb interactions between ions and electrons. On
the other hand, as δu approaches 1/3, the system becomes un-
stable because the energy loss due to the Coulomb interactions
between ions and electrons exceeds the energy gain from the
kinetic energy. It should be noted that in realizing the helical
crystal structure of Te and Se, the presence of orbital degrees
of freedom is significant, otherwise the orbital-exchange hop-
pings corresponding to the itinerant spinless ET quadrupoles
Z(Gu )

5 and Z(Gu )
9 do not exist, and no kinetic energy gain is

obtained.
In order to further confirm that φ is the predominant order

parameter for structural chirality of Te and Se, we present
the change of the total energy as a function of φ, as shown
in Figs. 8(f) and 8(h). The total energy as a function of φ

reaches an extremum when φ coincides with its equilibrium
value φ∗, indicating clearly that φ plays a role of the order
parameter for structural chirality and stabilizing the helical
structures of Te and Se. Note that not only φ but also other ET
multipoles contribute to the minimization of the total energy.
For instance, the total energy is also minimized as a function
of the expectation value of the local ET quadrupole Z(Gu )

2 .
However, as shown in Fig. 8, the value of φ is approximately
twice as large as that of Z(Gu )

2 , and it is significantly larger
than those of the other ET multipole components. Therefore,
we conclude that φ is the predominant order parameter re-
sponsible for minimizing the total energy in Te and Se.

C. Gu as an origin of monopolelike OAM texture
in the momentum space

In this section, we show that the itinerant spinless ET
quadrupole Z(Gu )

5 as discussed in the previous subsection is
also the leading origin of the monopolelike OAM texture in
the momentum space.

In the chiral structure of Te and Se, the monopole-
like antisymmetric spin and orbital splittings, 〈nk|Mz|nk〉 =
− 〈n − k|Mz|n − k〉 (Mz = σz, lz), appear as shown in
Figs. 9(a)–9(c) and 9(d)–9(f), respectively. It should be em-
phasized that the large orbital splitting with ∼1.0 eV appears
irrespective of SOC as shown in Figs. 9(a) and 9(d). Since the
SOC of Se is much smaller than that of Te (see Table II), the
spin splitting of Se with ∼0.1 eV is much smaller than that
of Te, as shown in Figs. 9(c) and 9(f). Therefore, the orbital
splitting of Se is more prominent than that of Te.
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FIG. 9. Orbital and spin angular momentum textures along −A−�−A line of (a)–(c) Te and (d)–(f) Se obtained from the SymCW model
(a), (d) without SOC and (b), (c), (e), (f) with SOC. The colormap represents the z component of (a), (b), (d), (e) the orbital polarization
〈nk|lz|nk〉 and (c), (f) the spin polarization 〈nk|σz|nk〉. The Fermi energy is set as the origin.

Next, in the framework of the systematic analysis method
proposed in Refs. [80,81], we extract the important param-
eters in the SymCW model leading to the OAM texture by
evaluating the following quantity:

�i(k) = Tr[lz(HSymCW(k))i], (37)

where (HSymCW(k))i is the ith power of the Hamiltonian ma-
trices of the SymCW model. Using �i(k), the expectation
value of the OAM is expressed as

〈lz〉 = 1

Nk

∑
nk

f
(
ε

SymCW
nk

) 〈nk|lz|nk〉 ∝
∑

k

∑
i

�i�
i(k),

(38)

where �i is coefficient not including the model parameters.
Therefore, the essential parameters in the SymCW model
leading to the OAM texture can be extracted by evaluat-
ing �i(k). For simplicity, we consider only the dominant
SAMBs up to the NN bonds and ignore Z(G0 )

6 , Z(Gu )
7 , and

HSOC in Eq. (10), since their weights are negligibly small
as shown in Table II. We obtain the lowest order nontrivial
contribution as

�3(k) ∝ τ t (Q0 )
3

[(
t (Gu )
5

)2 − 2
(
t

(Q3γ )
4

)2]
sin (kz ), (39)

where τ = ±1 corresponds to the right- and left-handed struc-
tures. This result indicates that the dominant contribution to
the monopolelike OAM texture arises from the itinerant spin-
less E ocrupole Z(Q3γ )

4 and ET quadrupole Z(Gu )
5 . In particular,

in the equilibrium structure of Te and Se, t (Gu )
5 is about twice

as large as t
(Q3γ )
4 , as shown in Table II, suggesting that the

former is the leading origin of such OAM texture.
It is emphasized that, similar to the observations in the

cubic B20 family [52–54], the monopolelike OAM texture in
the momentum space is expected to be observed in trigonal
chiral materials such as Te and Se via CD signals in soft x-
ray photoemission spectroscopy measurements. As discussed
above, the monopolelike OAM texture in Te and Se is induced
by the itinerant spinless ET quadrupole, whereas in the cubic
B20 family, it must be related to the ET monopoles or the
fourth-rank of ET multipole as there is no monoaxial prin-
cipal axis. Although the CD signals in photoemission arise
from both orbital and spin splitting, the orbital contribution
would dominate over spin one especially in Se because of its
relatively weak SOC.

VI. CONCLUSION

In summary, we have demonstrated that for the typical
chiral crystals Te and Se, the itinerant spinless electric toroidal
quadrupole Gu, representing the spin-independent real orbital-
exchange hopping between (px, py) and pz, plays a significant
role in both stabilizing the helical structure and providing
monopolelike orbital angular momentum texture in momen-
tum space.

First, in the framework of the SAMB, we have clarified
that the order parameter of chirality in noncubic systems
is described by not only the ET monopole G0 but also the
ET quadrupole of (3z2 − r2)-type Gu, which belong to the
totally symmetric irreducible representation in monoaxial chi-
ral point groups. Next, using the symmetry-adapted closest
Wannier model constructed from the DFT calculations for the
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trigonal Te and Se, we have shown that the essential part of the
Hamiltonian is indeed expressed by the spinless and spinful
G0 and Gu SAMBs.

Then, we have evaluated the expectation values of these
spinless and spinful G0 and Gu as well as the other irrele-
vant achiral components, across the achiral-to-chiral structure
change. Our results have clearly demonstrated that the
expectation value of the itinerant spinless Gu is the pre-
dominant contribution to the essential aspects of chirality,
and its sign is reversed depending on the crystal chiral-
ity. The itinerant spinless Gu leads to the strong covalent
bond between nearest-neighbor atoms in the unit cell and
stabilizes the helical structure. Moreover, the difference be-
tween the itinerant spinless Gu for the nearest-neighbor
and next-nearest-neighbor bonds, called φ in the main text,
plays a role of the predominant order parameter for struc-
tural chirality of Te and Se. The same Gu gives rise to
the monopolelike orbital angular momentum texture in the
momentum space as well, which can be observed by the
circular dichroism in soft x-ray photoemission spectroscopy
measurement.

The present analysis procedure can be applied to other chi-
ral crystals, such as trigonal α-HgS [82] and MSi2 (M = Nb,
Ta) [43,44]. The predominant order parameter in the cubic
B20 family [52–54], such as PdGa, PtGa, and CoSi, is ex-
pected to be the ET monopole or ET hexadecapole, whose
investigation is left for future study. Our findings highlight the

importance of orbital degrees of freedom in chiral materials in
stabilizing chiral crystal structures and resulting band struc-
tures accompanied with considerably large orbital angular
momentum splitting. It sheds light on a deeper understand-
ing of chirality from the viewpoint of the interplay between
electronic and structural aspects.

ACKNOWLEDGMENTS

The authors thank Akane Inda, Shingo Kuniyoshi,
Satoru Hayami, Yuki Yanagi, Takayuki Ishitobi, Kazu-
masa Hattori, Ming-Chun Jiang, Hikaru Watanabe, Takuya
Nomoto, Ryotaro Arita, Yoshihiko Togawa, Yusuke Kato,
and Junichiro Kishine for fruitful discussions. This work
was done under the Special Postdoctoral Researcher Pro-
gram at RIKEN and supported by JSPS KAKENHI
Grants No. JP23K03288 and No. JP23H00091, and the
grants of Special Project (IMS program 23IMS1101), and
OML Project (NINS Program No. OML012301) by the
National Institutes of Natural Sciences.

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available. The data are available from the authors
upon reasonable request.

[1] L. D. Barron, Molecular Light Scattering and Optical Activity
(Cambridge University Press, Cambridge, 2004), 2nd ed.

[2] L. D. Barron, True and false chirality and absolute enantiose-
lection, Rend. Fis. Acc. Lincei 24, 179 (2013).

[3] M. Hirayama, R. Okugawa, S. Ishibashi, S. Murakami, and T.
Miyake, Weyl node and spin texture in trigonal tellurium and
selenium, Phys. Rev. Lett. 114, 206401 (2015).

[4] M. Sakano et al., Radial spin texture in elemental tellurium
with chiral crystal structure, Phys. Rev. Lett. 124, 136404
(2020).

[5] L. E. Vorob’ev, E. L. Ivchenko, G. E. Pikus, I. I. Farbshten,
V. A. Shalygin, and A. V. Shturbin, Optical activity in tellurium
induced by a current, JETP Lett. 29, 441 (1979).

[6] T. Yoda, T. Yokoyama, and S. Murakami, Current-induced or-
bital and spin magnetizations in crystals with helical structure,
Sci. Rep. 5, 12024 (2015).

[7] T. Yoda, T. Yokoyama, and S. Murakami, Orbital Edelstein
effect as a condensed-matter analog of solenoids, Nano Lett.
18, 916 (2018).

[8] V. A. Shalygin, A. N. Sofronov, L. E. Vorob’ev, and I. I.
Farbshtein, Current-induced spin polarization of holes in tel-
lurium, Phys. Solid State 54, 2362 (2012).

[9] T. Furukawa, Y. Shimokawa, K. Kobayashi, and T. Itou, Ob-
servation of current-induced bulk magnetization in elemental
tellurium, Nat. Commun. 8, 954 (2017).

[10] T. Furukawa, Y. Watanabe, N. Ogasawara, K. Kobayashi, and T.
Itou, Current-induced magnetization caused by crystal chirality
in nonmagnetic elemental tellurium, Phys. Rev. Res. 3, 023111
(2021).

[11] R. Oiwa and H. Kusunose, Rotation, electric-field responses,
and absolute enantioselection in chiral crystals, Phys. Rev. Lett.
129, 116401 (2022).

[12] V. Gopalan and D. B. Litvin, Rotation-reversal symme-
tries in crystals and handed structures, Nat. Mater. 10, 376
(2011).

[13] D. M. Lipkin, Existence of a new conservation law in electro-
magnetic theory, J. Math. Phys. 5, 696 (1964).

[14] T. W. B. Kibble, Conservation laws for free fields, J. Math.
Phys. 6, 1022 (1965).

[15] I. Proskurin, A. S. Ovchinnikov, P. Nosov, and J.-I. Kishine,
Optical chirality in gyrotropic media: Symmetry approach, New
J. Phys. 19, 063021 (2017).

[16] S. Hoshino, M.-T. Suzuki, and H. Ikeda, Spin-derived electric
polarization and chirality density inherent in localized electron
orbitals, Phys. Rev. Lett. 130, 256801 (2023).

[17] S. Hayami, R. Yambe, and H. Kusunose, Analysis of photo-
induced chirality and magnetic toroidal moment based on
Floquet formalism, J. Phys. Soc. Jpn. 93, 043702 (2024).

[18] H. Kusunose, J.-I. Kishine, and H. M. Yamamoto, Emergence of
chirality from electron spins, physical fields, and material-field
composites, Appl. Phys. Lett. 124, 260501 (2024).

[19] D. Portigal and E. Burstein, Magneto-spatial dispersion effects
on the propagation of electro-magnetic radiation in crystals,
J. Phys. Chem. Solids 32, 603 (1971).

[20] G. L. J. A. Rikken and E. Raupach, Observation of magneto-
chiral dichroism, Nature (London) 390, 493 (1997).

[21] T. Yokouchi, N. Kanazawa, A. Kikkawa, D. Morikawa, K.
Shibata, T. Arima, Y. Taguchi, F. Kagawa, and Y. Tokura,

033250-13

https://doi.org/10.1007/s12210-013-0224-6
https://doi.org/10.1103/PhysRevLett.114.206401
https://doi.org/10.1103/PhysRevLett.124.136404
https://doi.org/10.1038/srep12024
https://doi.org/10.1021/acs.nanolett.7b04300
https://doi.org/10.1134/S1063783412120281
https://doi.org/10.1038/s41467-017-01093-3
https://doi.org/10.1103/PhysRevResearch.3.023111
https://doi.org/10.1103/PhysRevLett.129.116401
https://doi.org/10.1038/nmat2987
https://doi.org/10.1063/1.1704165
https://doi.org/10.1063/1.1704363
https://doi.org/10.1088/1367-2630/aa6acd
https://doi.org/10.1103/PhysRevLett.130.256801
https://doi.org/10.7566/JPSJ.93.043702
https://doi.org/10.1063/5.0214919
https://doi.org/10.1016/0022-3697(71)90009-6
https://doi.org/10.1038/37323


RIKUTO OIWA AND HIROAKI KUSUNOSE PHYSICAL REVIEW RESEARCH 7, 033250 (2025)

Electrical magnetochiral effect induced by chiral spin fluctua-
tions, Nat. Commun. 8, 866 (2017).

[22] G. L. J. A. Rikken and N. Avarvari, Strong electrical mag-
netochiral anisotropy in tellurium, Phys. Rev. B 99, 245153
(2019).

[23] R. Aoki, Y. Kousaka, and Y. Togawa, Anomalous nonreciprocal
electrical transport on chiral magnetic order, Phys. Rev. Lett.
122, 057206 (2019).

[24] H. Ishizuka and N. Nagaosa, Anomalous electrical magnetochi-
ral effect by chiral spin-cluster scattering, Nat. Commun. 11,
2986 (2020).

[25] M. Atzori, C. Train, E. A. Hillard, N. Avarvari, and G. L. J. A.
Rikken, Magneto-chiral anisotropy: From fundamentals to per-
spectives, Chirality 33, 844 (2021).

[26] M. Suárez-Rodríguez, B. Martín-García, F. Calavalle, S. S.
Tsirkin, I. Souza, F. de Juan, A. Fert, M. Gobbi, L. E. Hueso,
and F. Casanova, Symmetry origin and microscopic mechanism
of electrical magnetochiral anisotropy in tellurium, Phys. Rev.
B 111, 024405 (2025).

[27] R. Naaman and D. H. Waldeck, Chiral-induced spin selectivity
effect, J. Phys. Chem. Lett. 3, 2178 (2012).

[28] D. H. Waldeck, R. Naaman, and Y. Paltiel, The spin selectivity
effect in chiral materials, APL Mater. 9, 040902 (2021).

[29] F. Evers et al., Theory of chirality induced spin selectivity:
Progress and challenges, Adv. Mater. 34, 2106629 (2022).

[30] B. P. Bloom, Y. Paltiel, R. Naaman, and D. H. Waldeck, Chiral
induced spin selectivity, Chem. Rev. 124, 1950 (2024).

[31] K. Ray, S. P. Ananthavel, D. H. Waldeck, and R. Naaman,
Asymmetric scattering of polarized electrons by organized or-
ganic films of chiral molecules, Science 283, 814 (1999).

[32] B. Göhler, V. Hamelbeck, T. Z. Markus, M. Kettner, G. F.
Hanne, Z. Vager, R. Naaman, and H. Zacharias, Spin selectivity
in electron transmission through self-assembled monolayers of
double-stranded DNA, Science 331, 894 (2011).

[33] O. Ben Dor, S. Yochelis, A. Radko, K. Vankayala, E. Capua, A.
Capua, S.-H. Yang, L. T. Baczewski, S. S. P. Parkin, R. Naaman,
and Y. Paltiel, Magnetization switching in ferromagnets by ad-
sorbed chiral molecules without current or external magnetic
field, Nat. Commun. 8, 14567 (2017).

[34] K. Michaeli, D. N. Beratan, D. H. Waldeck, and R. Naaman,
Voltage-induced long-range coherent electron transfer through
organic molecules, Proc. Natl. Acad. Sci. USA 116, 5931
(2019).

[35] R. Naaman, Y. Paltiel, and D. H. Waldeck, Chiral induced spin
selectivity gives a new twist on spin-control in chemistry, Acc.
Chem. Res. 53, 2659 (2020).

[36] M. Suda, Y. Thathong, V. Promarak, H. Kojima, M. Nakamura,
T. Shiraogawa, M. Ehara, and H. M. Yamamoto, Light-driven
molecular switch for reconfigurable spin filters, Nat. Commun.
10, 2455 (2019).

[37] S. Miwa, K. Kondou, S. Sakamoto, A. Nihonyanagi, F. Araoka,
Y. Otani, and D. Miyajima, Chirality-induced effective mag-
netic field in a phthalocyanine molecule, Appl. Phys. Express
13, 113001 (2020).

[38] A. Kato, H. M. Yamamoto, and J.-I. Kishine, Chirality-induced
spin filtering in pseudo Jahn-Teller molecules, Phys. Rev. B
105, 195117 (2022).

[39] K. Kondou, M. Shiga, S. Sakamoto, H. Inuzuka, A.
Nihonyanagi, F. Araoka, M. Kobayashi, S. Miwa, D. Miyajima,
and Y. Otani, Chirality-induced magnetoresistance due to

thermally driven spin polarization, J. Am. Chem. Soc. 144,
7302 (2022).

[40] S. Miwa, T. Yamamoto, T. Nagata, S. Sakamoto, K. Kimura,
M. Shiga, W. Gao, H. M. Yamamoto, K. Inoue, T. Takenobu,
T. Nozaki, and T. Ohto, Spin polarization driven by molecu-
lar vibrations leads to enantioselectivity in chiral molecules,
arXiv:2412.03082.

[41] A. Inui, R. Aoki, Y. Nishiue, K. Shiota, Y. Kousaka, H.
Shishido, D. Hirobe, M. Suda, J.-I. Ohe, J.-I. Kishine, H. M.
Yamamoto, and Y. Togawa, Chirality-induced spin-polarized
state of a chiral crystal CrNb3S6, Phys. Rev. Lett. 124, 166602
(2020).

[42] Y. Nabei, D. Hirobe, Y. Shimamoto, K. Shiota, A. Inui, Y.
Kousaka, Y. Togawa, and H. M. Yamamoto, Current-induced
bulk magnetization of a chiral crystal CrNb3S6, Appl. Phys.
Lett. 117, 052408 (2020).

[43] H. Shishido, R. Sakai, Y. Hosaka, and Y. Togawa, De-
tection of chirality-induced spin polarization over mil-
limeters in polycrystalline bulk samples of chiral disili-
cides NbSi2 and TaSi2, Appl. Phys. Lett. 119, 182403
(2021).

[44] K. Shiota, A. Inui, Y. Hosaka, R. Amano, Y. Ōnuki, M. Hedo, T.
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J. Sławińska, Long-range current-induced spin accumulation in
chiral crystals, npj Comput. Mater. 8, 243 (2022).

[52] Q. Yang, J. Xiao, I. Robredo, M. G. Vergniory, B.
Yan, and C. Felser, Monopole-like orbital-momentum lock-
ing and the induced orbital transport in topological chiral
semimetals, Proc. Natl. Acad. Sci. USA 120, e2305541120
(2023).

[53] S. S. Brinkman, X. L. Tan, B. Brekke, A. C. Mathisen, O.
Finnseth, R. J. Schenk, K. Hagiwara, M.-J. Huang, J. Buck, M.
Kalläne, M. Hoesch, K. Rossnagel, K.-H. Ou Yang, M.-T. Lin,
G.-J. Shu, Y.-J. Chen, C. Tusche, and H. Bentmann, Chirality-
driven orbital angular momentum and circular dichroism in
CoSi, Phys. Rev. Lett. 132, 196402 (2024).

033250-14

https://doi.org/10.1038/s41467-017-01094-2
https://doi.org/10.1103/PhysRevB.99.245153
https://doi.org/10.1103/PhysRevLett.122.057206
https://doi.org/10.1038/s41467-020-16751-2
https://doi.org/10.1002/chir.23361
https://doi.org/10.1103/PhysRevB.111.024405
https://doi.org/10.1021/jz300793y
https://doi.org/10.1063/5.0049150
https://doi.org/10.1002/adma.202106629
https://doi.org/10.1021/acs.chemrev.3c00661
https://doi.org/10.1126/science.283.5403.814
https://doi.org/10.1126/science.1199339
https://doi.org/10.1038/ncomms14567
https://doi.org/10.1073/pnas.1816956116
https://doi.org/10.1021/acs.accounts.0c00485
https://doi.org/10.1038/s41467-019-10423-6
https://doi.org/10.35848/1882-0786/abbf67
https://doi.org/10.1103/PhysRevB.105.195117
https://doi.org/10.1021/jacs.2c00496
https://arxiv.org/abs/2412.03082
https://doi.org/10.1103/PhysRevLett.124.166602
https://doi.org/10.1063/5.0017882
https://doi.org/10.1063/5.0074293
https://doi.org/10.1103/PhysRevLett.127.126602
https://doi.org/10.1038/s41586-022-05589-x
https://doi.org/10.1103/PhysRevLett.132.056302
https://doi.org/10.1002/ijch.202200049
https://doi.org/10.1063/5.0204254
https://doi.org/10.1103/PhysRevLett.134.226401
https://doi.org/10.1103/PhysRevB.97.035158
https://doi.org/10.1038/s41524-022-00931-3
https://doi.org/10.1073/pnas.2305541120
https://doi.org/10.1103/PhysRevLett.132.196402


PREDOMINANT ELECTRONIC ORDER PARAMETER FOR … PHYSICAL REVIEW RESEARCH 7, 033250 (2025)

[54] Y. Yen, J. A. Krieger, M. Yao, I. Robredo, K. Manna, Q.
Yang, E. C. McFarlane, C. Shekhar, H. Borrmann, S. Stolz,
R. Widmer, O. Gröning, V. N. Strocov, S. S. P. Parkin, C.
Felser, M. G. Vergniory, M. Schüler, and N. B. M. Schröter,
Controllable orbital angular momentum monopoles in chiral
topological semimetals, Nat. Phys. 20, 1912 (2024).

[55] S. Hayami and H. Kusunose, Microscopic description of elec-
tric and magnetic toroidal multipoles in hybrid orbitals, J. Phys.
Soc. Jpn. 87, 033709 (2018).

[56] S. Hayami, M. Yatsushiro, Y. Yanagi, and H. Kusunose, Classi-
fication of atomic-scale multipoles under crystallographic point
groups and application to linear response tensors, Phys. Rev. B
98, 165110 (2018).

[57] H. Watanabe and Y. Yanase, Group-theoretical classification of
multipole order: Emergent responses and candidate materials,
Phys. Rev. B 98, 245129 (2018).

[58] H. Kusunose, R. Oiwa, and S. Hayami, Complete multipole
basis set for single-centered electron systems, J. Phys. Soc. Jpn.
89, 104704 (2020).

[59] S. Hayami and H. Kusunose, Unified description of electronic
orderings and cross correlations by complete multipole repre-
sentation, J. Phys. Soc. Jpn. 93, 072001 (2024).

[60] H. Kusunose, R. Oiwa, and S. Hayami, Symmetry-adapted
modeling for molecules and crystals, Phys. Rev. B 107, 195118
(2023).

[61] R. Oiwa, A. Inda, S. Hayami, T. Nomoto, R. Arita, and H.
Kusunose, Symmetry-adapted closest Wannier modeling based
on complete multipole basis set, Phys. Rev. B 112, 035116
(2025).

[62] T. Ishitobi and K. Hattori, Purely electronic chirality without
structural chirality, arXiv:2502.13977.

[63] K. Nakazawa, T. Yamaguchi, and A. Yamakage, Nonlinear
charge transport properties in chiral tellurium, Phys. Rev. Mater.
8, L091601 (2024).

[64] W. D. Teuchert, R. Geick, G. Landwehr, H. Wendel, and W.
Weber, Lattice dynamics of trigonal selenium. I. Phonon spec-
tra, J. Phys. C: Solid State Phys. 8, 3725 (1975).

[65] M. Cheng, S. Wu, Z.-Z. Zhu, and G.-Y. Guo, Large second-
harmonic generation and linear electro-optic effect in trigonal
selenium and tellurium, Phys. Rev. B 100, 035202 (2019).

[66] P. Giannozzi et al., QUANTUM ESPRESSO: A modular and open-
source software project for quantum simulations of materials,
J. Phys.: Condens. Matter 21, 395502 (2009).

[67] J. P. Perdew, K. Burke, and M. Ernzerhof, Generalized gra-
dient approximation made simple, Phys. Rev. Lett. 77, 3865
(1996).

[68] D. R. Hamann, Optimized norm-conserving Vanderbilt pseu-
dopotentials, Phys. Rev. B 88, 085117 (2013).

[69] M. van Setten, M. Giantomassi, E. Bousquet, M. Verstraete, D.
Hamann, X. Gonze, and G.-M. Rignanese, The PSEUDODOJO:
Training and grading a 85 element optimized norm-conserving
pseudopotential table, Comput. Phys. Commun. 226, 39 (2018).

[70] P. Ghosh, J. Bhattacharjee, and U. V. Waghmare, The origin of
stability of helical structure of tellurium, J. Phys. Chem. C 112,
983 (2008).

[71] H. Ning, O. Mehio, C. Lian, X. Li, E. Zoghlin, P. Zhou, B.
Cheng, S. D. Wilson, B. M. Wong, and D. Hsieh, Light-induced
weyl semiconductor-to-metal transition mediated by Peierls in-
stability, Phys. Rev. B 106, 205118 (2022).

[72] P. Tangney and S. Fahy, Density-functional theory approach to
ultrafast laser excitation of semiconductors: Application to the
A1 phonon in tellurium, Phys. Rev. B 65, 054302 (2002).

[73] A. M.-T. Kim, C. A. D. Roeser, and E. Mazur, Modulation of
the bonding-antibonding splitting in Te by coherent phonons,
Phys. Rev. B 68, 012301 (2003).

[74] S. L. Johnson, E. Vorobeva, P. Beaud, C. J. Milne, and G.
Ingold, Full reconstruction of a crystal unit cell structure during
coherent femtosecond motion, Phys. Rev. Lett. 103, 205501
(2009).

[75] A. Decker, G. A. Landrum, and R. Dronskowski, Structural and
electronic Peierls distortions in the elements (a): The crystal
structure of tellurium, Z. Anorg. Allg. Chem. 628, 295 (2002).

[76] C. Hejny, S. Falconi, L. F. Lundegaard, and M. I. McMahon,
Phase transitions in tellurium at high pressure and temperature,
Phys. Rev. B 74, 174119 (2006).

[77] C. Marini, D. Chermisi, M. Lavagnini, D. Di Castro, C. Petrillo,
L. Degiorgi, S. Scandolo, and P. Postorino, High-pressure
phases of crystalline tellurium: A combined Raman and ab
initio study, Phys. Rev. B 86, 064103 (2012).

[78] P. P. Ewald, Die Berechnung optischer und elektrostatischer
Gitterpotentiale, Ann. Phys. 369, 253 (1921).

[79] T. Ozaki, Closest Wannier functions to a given set of localized
orbitals, Phys. Rev. B 110, 125115 (2024).

[80] S. Hayami, Y. Yanagi, and H. Kusunose, Bottom-up design of
spin-split and reshaped electronic band structures in antiferro-
magnets without spin-orbit coupling: Procedure on the basis of
augmented multipoles, Phys. Rev. B 102, 144441 (2020).

[81] R. Oiwa and H. Kusunose, Systematic analysis method for non-
linear response tensors, J. Phys. Soc. Jpn. 91, 014701 (2022).

[82] K. Ishito, H. Mao, Y. Kousaka, Y. Togawa, S. Iwasaki, T. Zhang,
S. Murakami, J.-I. Kishine, and T. Satoh, Truly chiral phonons
in α-HgS, Nat. Phys. 19, 35 (2023).

033250-15

https://doi.org/10.1038/s41567-024-02655-1
https://doi.org/10.7566/JPSJ.87.033709
https://doi.org/10.1103/PhysRevB.98.165110
https://doi.org/10.1103/PhysRevB.98.245129
https://doi.org/10.7566/JPSJ.89.104704
https://doi.org/10.7566/JPSJ.93.072001
https://doi.org/10.1103/PhysRevB.107.195118
https://doi.org/10.1103/2s5q-p42x
https://arxiv.org/abs/2502.13977
https://doi.org/10.1103/PhysRevMaterials.8.L091601
https://doi.org/10.1088/0022-3719/8/22/013
https://doi.org/10.1103/PhysRevB.100.035202
https://doi.org/10.1088/0953-8984/21/39/395502
https://doi.org/10.1103/PhysRevLett.77.3865
https://doi.org/10.1103/PhysRevB.88.085117
https://doi.org/10.1016/j.cpc.2018.01.012
https://doi.org/10.1021/jp077070d
https://doi.org/10.1103/PhysRevB.106.205118
https://doi.org/10.1103/PhysRevB.65.054302
https://doi.org/10.1103/PhysRevB.68.012301
https://doi.org/10.1103/PhysRevLett.103.205501
https://doi.org/10.1002/1521-3749(200201)628:1<295::AID-ZAAC295>3.0.CO;2-T
https://doi.org/10.1103/PhysRevB.74.174119
https://doi.org/10.1103/PhysRevB.86.064103
https://doi.org/10.1002/andp.19213690304
https://doi.org/10.1103/PhysRevB.110.125115
https://doi.org/10.1103/PhysRevB.102.144441
https://doi.org/10.7566/JPSJ.91.014701
https://doi.org/10.1038/s41567-022-01790-x

