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Adiabatic gauge potential as a tool for detecting chaos in classical systems
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The interplay between chaos and thermalization in weakly nonintegrable systems is a rich and complex
subject. Interest in this area is further motivated by a desire to develop a unified picture of chaos for both
quantum and classical systems. In this work, we study the adiabatic gauge potential (AGP), an object typically
studied in quantum mechanics that describes deformations of a quantum state under adiabatic variation of
the Hamiltonian, in classical Fermi-Pasta-Ulam-Tsingou (FPUT) and Toda models. We show how the time
variance of the AGP over a trajectory probes the longtime correlations of a generic observable and can be
used to distinguish among nearly integrable, weakly chaotic, and strongly chaotic regimes. We draw connections
between the evolution of the AGP and diffusion and derive a fluctuation-dissipation relation that connects its
variance to longtime correlations of the observable. Within this framework, we demonstrate that strongly and
weakly chaotic regimes correspond to normal and anomalous diffusion, respectively. The latter gives rise to a
marked increase in the variance as the time interval is increased, and this behavior serves as the basis for our
probe of the onset times of chaos, which is interpreted as a “mixing” time. Numerical results are presented
for FPUT and Toda systems that highlight integrable, weakly chaotic, and strongly chaotic regimes. Further, a
hierarchy of tLyapunov < tchaos < tthermalization is found in these models. We conclude by commenting on the wide
applicability of our method to a broader class of systems.
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I. INTRODUCTION

Many natural processes exhibit chaotic behavior under
deterministic dynamics, even when isolated from external ran-
domness [1]. Unpredictable motion can arise even in small
systems, such as a double pendulum [2] or the three-body
problem [3]. Classical chaos is characterized by a system’s
sensitivity to small variations in its initial conditions. This
sensitivity is quantified by Lyapunov exponents, which mea-
sure the exponential divergence of initially close trajectories
in phase space [4,5]. Numerous studies [6–9] have used Lya-
punov exponents to characterize chaotic behavior in classical
systems, and there exist widely used numerical methods to
compute them [10,11]. We note that this discussion is lim-
ited to nonrelativistic systems since Lyapunov exponents are
observer-dependent under Lorentz transformations, and thus
require more careful treatment in relativistic settings [12–14].

While chaos and ergodicity were thought to arise from
nonlinearities in classical models, the famous Fermi-Pasta-
Ulam-Tsingou (FPUT) experiment apparently challenged that
assumption [15]. It was observed that a one-dimensional sys-
tem of nonlinearly coupled oscillators, when initialized in a
long-wavelength mode, showed recurrent behavior [16–18].
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The energy remained confined to only a few modes, instead
of being distributed equally over the system, and the system
periodically returned close to its initial state (see Fig. 1, where
the original FPUT experiment is reproduced). It is now un-
derstood that the FPUT system does indeed thermalize, but
over incredibly long times [19]. The system goes through a
long-lived, nonthermal, “metastable” phase, akin to a glassy
state [20–22]. Eventually, the metastable state breaks down
and the FPUT system moves towards equipartition [23,24].
It is interesting to note that the thermalization time of the
original FPUT experiment is thought to be well beyond our
current computational capabilities. Studies of the Lyapunov
exponents in FPUT systems have suggested the existence of
strong and weak chaos regimes [25].

On the other hand, defining chaos in quantum systems is
a harder problem. Quantum mechanics deals with transition
probabilities and not trajectories; therefore, it is not clear how
to define a counterpart of Lyapunov exponents in quantum
systems. One of the widely recognized definitions of quantum
chaos is the Bohigas-Giannoni-Schmit (BGS) conjecture
[26], built on Wigner’s surmise [27] and the Berry-Tabor
conjecture [28], and states that the energy level statistics
of systems with chaotic classical limits are described by
random matrices. This was later further generalized to the
eigenstate thermalization hypothesis (ETH) [29,30]. Some
other suggested probes of chaos in quantum systems are
out-of-time-order correlators (OTOCs) [31], and the growth
of operators in Krylov space [32].

Recently, Pandey et al. proposed that quantum chaos
can be probed via adiabatic eigenstate deformations [33].
They argued that the eigenstates of a chaotic quantum
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FIG. 1. Results of the original FPUT experiment with cubic
nonlinearities, reproduced from [15]. The energies of the first four
linear modes of the system are plotted as a function of time (blue,
orange, green, and red, respectively). The system starts with all of its
energy confined to the first mode, and almost all of it returns back
periodically.

system show complex changes when the system is perturbed
adiabatically. The complexity of these deformations is cap-
tured by the so-called “adiabatic gauge potential (AGP)”
operator [34,35], and the tendency towards chaos is mea-
sured via the variance of the AGP over the state space.
Further, the scaling of the AGP with the system size has
revealed distinct regimes of chaos in many quantum systems
[33,36–40]. Note that the AGP has previously been studied
in the context of counter-diabatic driving and shortcuts to
adiabaticity [41–46].

Unifying our understanding of chaos in classical and quan-
tum systems is an exciting current challenge. It has been
shown that the AGP can be extended and used as a probe
in classical spin systems [47]. Akin to quantum systems, it
has been suggested that the behavior of the spectral function’s
low-frequency tail would reveal the chaotic nature of the clas-
sical system. In this work, we take a dynamical approach to
the AGP and show that it can indeed be used to study chaos in
classical FPUT systems. We claim that this probe allows us to
time the transitions of trajectories in the phase space between
the near-integrable, weak, and strong chaos regimes. We draw
an analogy to diffusion, and derive a fluctuation-dissipation
relation describing the growth of the AGP over distributions
in the phase space. We generalize this to an “observable
diffusion hypothesis” and show that the different regimes of
chaos are related to anomalous diffusion of observables in the
phase space of a classical system. The sensitivity of this probe
is demonstrated by implementing it in the α-FPUT, β-FPUT,
and Toda systems.

The remainder of this paper is organized as follows. We
present a brief review of the quantum AGP in Sec. II. This
is then extended to classical systems in Sec. III, where
we introduce the dynamical fidelity susceptibility. Here, a
fluctuation-dissipation relation is derived, and anomalous dif-
fusion of the AGP is related to different regimes of chaos.
These ideas are numerically studied in FPUT systems in
Sec. IV. Finally, we summarize and discuss our results
in Sec. V.

II. ADIABATIC GAUGE POTENTIAL
IN QUANTUM SYSTEMS

In this section, we review briefly the AGP in quantum
systems; see [33,34] for more detailed discussions. Consider
a system with Hamiltonian H (λ) that depends on a nonlinear
parameter λ. The AGP is defined to be the generator of eigen-
state deformations under adiabatic changes in λ:

Aλ|n(λ)〉 = ih̄∂λ|n(λ)〉, (1)

where the |n(λ)〉 are the instantaneous eigenstates of the sys-
tem, H (λ)|n(λ)〉 = E (λ)|n(λ)〉. Nondegenerate perturbation
theory allows one to calculate the off-diagonal elements of
the AGP:

〈n|Aλ|m〉 = i

ωmn
〈n|∂λH |m〉, (2)

where ωmn = Em−En
h̄ . There is a gauge freedom in choosing

the diagonal elements of the AGP, which are conventionally
set to zero. Note that the above expression is ill-defined when
there are degeneracies. To eliminate this problem, the AGP is
defined with respect to a regularizer:

〈n|Aλ(μ)|m〉 = iωmn

ω2
mn + μ2

〈n|∂λH |m〉. (3)

Alternatively, the above expression can be reformulated
as [48]:

Aλ(μ) = 1

2

∫ ∞

−∞
dτ sgn(τ )e−μ|τ |∂λH (τ ), (4)

with ∂λH (τ ) = eiHτ/h̄∂λHe−iHτ/h̄. This expression is often
used to compute the AGP as a function of μ, and its behavior
as μ → 0 is studied [47].

Furthermore, it can be shown that the AGP satisfies the
following identity:

[Gλ, H] = 0, where, Gλ = ∂λH + i

h̄
[Aλ, H]. (5)

In many quantum systems, when the exact AGP cannot be
computed, a variational approach is employed to compute an
approximate AGP by minimizing the norm of the operator
Gλ [49–55]. In terms of the regularizer, this operator can be
expressed as

Gλ(μ) = μ

2

∫ ∞

−∞
dτ e−μ|τ |∂λH (τ ). (6)

An object of interest while probing chaos in quantum sys-
tems is the fidelity susceptibility (also called the norm of the
AGP [45,56]), which is defined as

χλ(μ) = tr
{
A2

λ(μ)ρ
} − tr{Aλ(μ)ρ}2, (7)

where the average is taken over a suitable probability distribu-
tion ρ. We will refer to this fidelity as the “regularized” fidelity
susceptibility to distinguish it from the “dynamical” fidelity
susceptibility introduced in the next section. This regularized
fidelity χλ is often expressed in terms of the spectral function
φλ(ω) as

χλ(μ) =
∫ ∞

−∞
dω

ω2

(ω2 + μ2)2
φλ(ω), (8a)
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FIG. 2. (a) The figure depicts a subsection of the phase space of an 8-particle α-FPUT system. The variance of the AGP over trajectories
starting on this plane, within a time window of T = 103, is plotted as a function of the amplitudes of the first two modes (with all other mode
amplitudes and momenta set to zero). There is a sharp drop in the variance along a narrow line in the figure. (b) Amplitudes of the first two
modes of seed mode k0 = 1 q-breathers in the α- model [57–59]. These periodic orbits correspond exactly to the drop in the variance of the
AGP. With increasing T , the variance is observed to increase everywhere in the phase space, except in the KAM regions.

φλ(ω) =
∑

n

ρn

4π

∫ ∞

−∞
dt eiωt 〈n|{∂λH (t ), ∂λH (0)}|n〉c,

(8b)

where {. . . } is the anti-commutator and 〈n|∂λH (t )∂λH (0)
|n〉c = 〈n|∂λH (t )∂λH (0)|n〉 − 〈n|∂λH (t )|n〉〈n|∂λH (0)|n〉 is
the connected part of the correlation function. Numerical
computations of the AGP in certain spin-chains [33,37] have
shown that the low frequency behavior of the spectral function
reveals the chaotic nature of the system

φλ(ω → 0) ∼
⎧⎨
⎩

0, integrable,
ω−1+1/z, z > 1, intermediate,
constant > 0, ergodic.

(9)

Equivalently, the dependence of the fidelity on the regular-
izer can be extracted from Eq. (8a):

χλ(μ → 0) ∼
⎧⎨
⎩

constant, integrable,
1/μ2−1/z, z > 1, intermediate,
1/μ, ergodic.

(10)

III. CLASSICAL AGP AND DYNAMICAL FIDELITY

Much of the discussion of the AGP in quantum systems
can be translated to classical systems. The classical AGP is
a function of the phase-space coordinates and can be defined
through a Wigner-Weyl transform of the quantum operator:

Aλ(q, p) =
∫

dy e−ipy/h̄〈q + y/2|Aλ|q − y/2〉. (11)

The Wigner-Weyl transform maps the quantum AGP
operator to a semi-classical function of the phase-space coor-
dinates [60]. An expression for the AGP in classical systems is
obtained by taking the semiclassical limit of Eq. (5), replacing
commutators with Poisson brackets [61]

{Gλ, H} = 0, Gλ = ∂λH − {Aλ, H}. (12)

In integrable systems, the AGP generates canonical trans-
formations that preserve the adiabatic invariants. As shown
in [47], the Hamiltonian deformation H (λ) → H (λ + δλ) is
equivalent to shifting the Hamiltonian by a conserved function
H (λ) → H (λ) + δλ Gλ, along with the canonical transforma-
tion qλ → qλ+δλ, pλ → pλ+δλ, given by:

∂qλ

∂λ
= −∂Aλ

∂ pλ
,

∂ pλ

∂λ
= ∂Aλ

∂qλ
. (13)

Thus, the AGP describes deformations to trajectories in the
phase space under adiabatic changes. “Large” deformations
under adiabatic changes and, therefore, large variations of the
AGP along trajectories, are expected to indicate chaos. We
claim that the variance of the AGP over a trajectory, measured
in a finite time window, serves as a dynamical probe of chaos
along that trajectory:

σ 2(T ; q, p) = 1

T

∫ T

0
dt A2

λ(t ) −
(

1

T

∫ T

0
dt Aλ(t )

)2

. (14)

This trajectory is initialized at the point (q, p) in the phase
space and evolved with the Hamiltonian H (λ). The variance,
σ 2, is computed over a finite window of time, T . The evolution
of the variance can reveal transitions between near-integrable
and chaotic regimes and facilitate the computation of thermal-
ization times. As a simple demonstration of its usefulness,
see Fig. 2, where trajectories are initialized in a section of
the phase space of an α-FPUT system, and the variance of
the AGP over a time window of 103 is plotted. A sharp drop
in σ 2(T ; q, p) is observed in the vicinity of periodic orbits.
We expect “near-integrable” regions, where trajectories per-
sist for long times, to be found around stable periodic orbits,
while chaos is expected in regions further away. Although
the AGP variance in chaotic regions is “large” compared to
near-integrable regions, there is no absolute scale that can
be used to determine whether a trajectory is chaotic or not.
Rather, as we will show later, whether a region is chaotic or in-
tegrable can be determined by how the AGP variance evolves
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with time: as T → ∞, the AGP variance stays bounded
in integrable regions, while it grows without bound in
chaotic ones.

In many cases, averaging the variance of the AGP over an
initial, nonstationary probability distribution ρ(q, p) proves
useful, as the AGP is often highly sensitive to the initial
conditions. This motivates us to define a “dynamical” fidelity
susceptibility as

χλ(T ) =
∫

dq d p ρ(q, p) σ 2(T ; q, p). (15)

To compute this dynamical fidelity, we need to obtain the
AGP as a function of time along a single trajectory. Using
Eq. (12), the equation of motion for the AGP along a trajectory
can be written as

dAλ

dt
= {Aλ, H} = −∂λH + Gλ. (16)

As shown in Appendix A, this equation can be integrated
to get

Aλ(t ) = Aλ(0) −
∫ t

0
dτ (∂λH (τ ) − ∂λH ), (17)

where ∂λH (τ ) is ∂λH evaluated at time τ along the trajectory
initialized by (q, p), and ∂λH is its time average over the
entire trajectory. A similar equation is derived in [61], where
the AGP is referred to as the generator of parallel transport.
The advantage of this expression is that if the AGP at t = 0 is
known, then it is very easy to compute the AGP at any other
point on the trajectory. In fact, even if the initial AGP cannot
be computed, the fidelity susceptibility depends only on the
variation of the AGP over the trajectory. Thus, our object of
interest is �Aλ = Aλ(t ) − Aλ(0), given by:

�Aλ(t ) = −
∫ t

0
dτ (∂λH (τ ) − ∂λH ). (18)

Note that the time average of ∂λH over a bounded
trajectory must converge to a finite value, implying that∫ t

0 dτ ∂λH (τ ) = t ∂λH + C(t ), where limt→∞ C(t )
t = 0.

Therefore, �Aλ(t ) = −C(t ) and the AGP records sublin-
ear deviations of the time integral

∫ t
0 dτ ∂λH (τ ). Following

Eq. (15), this means that the fidelity susceptibility must grow
slower than O(T 2).

A. AGP diffusion

Equation (17) allows us to draw parallels with diffusion
processes. Consider an ensemble of Brownian particles and let
x(t ) and v(t ) denote the position and velocity of an individual
particle at time t , respectively. By definition,

x(t ) = x(0) +
∫ t

0
dτ v(τ ). (19)

The above expression has the same form as Eq. (17).
The diffusion of Brownian particles is measured through
the mean-squared displacement, �x2(t ) = 〈{x(t ) − x(0)}2〉,
where 〈. . . 〉 denotes the ensemble average. In contrast, the ve-
locity autocorrelation function 〈v(t )v(0)〉 is a measure of the
fluctuations in the system. The fluctuation-dissipation relation
(FDR) relates the spread of the Brownian particles to these

fluctuations [62]:

�x(t )2 = t
∫ t

0
dτ 〈v(τ )v(0)〉. (20)

When velocities at different times are uncorrelated and the
Brownian particle performs a random walk, linear growth of
�x(t )2 is observed. This situation is called normal diffusion.
On the other hand, anomalous diffusion corresponds to non-
linear growth of the mean squared displacement and can result
from slow decaying velocity autocorrelations.

Similarly, Eq. (17) describes the transport of the AGP over
individual trajectories, and the fidelity susceptibility serves
as a measure of its mean variance. Under the assumption
that the auto-correlation function of ∂λH depends only on the
separation in time, so that

〈(∂λH (t ) − ∂λH )(∂λH (t ′) − ∂λH )〉 = K (t − t ′), (21)

where the average 〈. . . 〉 is taken over the distribution ρ(q, p)
at t = 0, a FDR for the AGP can be formulated:

χλ(T ) = T 2

6

∫ 1

−1
dx (1 − |x|)3K (xT ); (22)

see Appendix B for a detailed derivation of this result. Given
K (t ), the FDR enables the computation of the dynamical
fidelity susceptibility. The longtime behavior of the auto-
correlation function, and consequently that of the fidelity
susceptibility, is expected to reveal the chaotic nature of the
system. Therefore, three distinct regimes can be identified.
When the trajectory is highly chaotic, the auto-correlation
function K (t ) must decay rapidly. Thus, we expect to ob-
serve normal diffusion of the AGP [63] and, therefore, the
strong chaos regime can be defined as corresponding to linear
growth of the fidelity. On the other hand, integrable systems
remain confined to tori, as described by their integrals of mo-
tion. Consequently, we expect the fidelity of near-integrable
trajectories to asymptotically approach a finite value. The in-
termediate regime corresponds to anomalous diffusion, where
the growth of the fidelity is nonlinear [64]. We will refer to this
regime as “weak chaos”. Thus when a state transitions from
a near-integrable regime to a chaotic regime (either strong or
weak), χλ(T ) diverges. This facilitates the computation of the
“onset time of chaos”. Note the similarity of this proposition
to the regularized version [47]. We compute specific examples
in Secs. III B and III C, with the results summarized in the
table below.

K (t → ∞) χλ(T → ∞)

Integrable
∑

n hn cos ωnt O(T 0)

Weak Chaos ∼ 1
|t |γ (γ � 1) > O(T )

Strong Chaos ∼δ(t ), e−|t/tS |, 1
|t |γ (γ > 1) O(T )

It is also useful to note the dependence of the fidelity on
the spectral function:

χλ(T ) =
∫ ∞

−∞
dω

φλ(ω)

ω2

(
1 − sinc2 ωT

2

)
, (23)

where sincθ is the usual sinc function sin θ
θ

and K (t ) =∫ ∞
−∞ dω e−iωtφλ(ω). Compare this with Eq. (8a). The
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integration time T plays the role of the regularizer since it sup-
presses contributions from the low-frequency tail ω << 1/T .

In general, we expect the timescale of chaos computed via
the norm of the AGP to be larger than the Lyapunov timescale.
While the Lyapunov time characterizes the exponential diver-
gence of infinitesimally close trajectories, finite perturbations
can remain bounded for significantly longer periods [65].
Therefore, the Lyapunov exponent is not a reliable indicator of
the timescales over which trajectories truly “mix” in the phase
space. In contrast, mixing timescales can be more accurately
captured by the onset of growth in the fidelity susceptibility,
which signals that trajectories are transitioning from an in-
tegrable region to other, more chaotic regions of the phase
space.

In fact, all the arguments made in this section also apply to
any general observable of the system, and chaos can be probed
via “observable diffusion”. To study chaos in a system with
Hamiltonian H , consider adding a perturbation λO, where O
is some observable, so that H (λ) = H + λO [37]. The AGP
along a trajectory with respect to this perturbation is simply:

AO(t ) = AO(0) −
∫ t

0
dτ (O(t ) − O), (24)

and the FDR describes the diffusion of the AGP associated
with the observable O:

χO(T ) = T 2

6

∫ 1

−1
dx (1 − |x|)3〈O(xT )O(0)〉c. (25)

Assuming the observable O to be a smooth function
of the phase-space variables (q, p), we can state the fol-
lowing. In integrable systems, the autocorrelation function
〈O(t )O(0)〉c must be quasi-periodic, since all trajectories are
quasi-periodic. Thus, the AGP variance of any observable
in an integrable system must approach a finite value in the
longtime limit. Conserved quantities are special, since their
AGP variance is always zero. This is true in chaotic systems as
well; an observable such as the total energy itself is not a good
candidate for probing chaos. Almost all other observables in
chaotic systems are expected to have a growing AGP variance,
but whether the associated timescale of chaos is the same for
all observables in a given system cannot be said.

B. Integrable systems

All motion in an integrable system is quasi-periodic and,
therefore, the auto-correlation function can be written as a
Fourier series:

K (t ) =
∑

n

hn cos ωnt . (26)

Here, ωns are some linear combinations of the action-angle
frequencies. We assume that the frequencies are incommen-
surate and that K (t ) has no zero-frequency component. We
compute the fidelity from Eq. (22) and find that:

χλ(T ) =
∑

n

hn

ω2
n

+ 2hn

ω4
nT 2

[cos ωnT − 1]. (27)

As expected, when T → ∞, the second term in the above
equation vanishes and the fidelity approaches a constant value.

C. Strong and weak chaos

Correlations in nonintegrable systems are expected to de-
cay over time. However, certain systems (such as the FPUT
system) are known to go through long intermediate phases,
where the motion appears to be quasi-periodic. We consider
a simple model of such a system which appears integrable
below a cut-off time tc, but the correlation decays with a power
law at longer times:

K (t ) =
{∑

n hn cos ωnt, t < tc,
h

|t |γ , t > tc.
(28)

The fidelity susceptibility at times T � tc can be computed
using Eq. (22), and the leading order term is given by:

χλ(T → ∞) →

⎧⎪⎨
⎪⎩

C1T 2−γ , γ < 1,

C2T ln T, γ = 1,

C3T, γ > 1,

(29)

where C1 = 2h
(1−γ )(2−γ )(3−γ )(4−γ ) , C2 = h

3 and C3 =
[
∑

n
hn

3ωn
(sin ωntc − 1) + h

3tγ−1
c (γ−1)

]. Thus, the system exhibits

weak chaos for γ � 1 and strong chaos otherwise.
A strongly chaotic system can also have an exponentially

decaying correlation function: K (t → ∞) → he−|t/tS |, where
tS is a measure of the correlation time. The fidelity grows
linearly with time in this case, as well:

χλ(T → ∞) → htS
3

T . (30)

The slope of the fidelity contains information about the
strength of chaos. Stronger chaos leads to a shorter correlation
length, resulting in a smaller slope.

IV. NUMERICAL COMPUTATIONS IN FPUT SYSTEMS

Before presenting our numerical results in FPUT systems,
we provide a brief review here of these and related sys-
tems. Consider a system of N particles described by the
Hamiltonian:

H =
N∑

n=1

1

2
p2

n +
N∑

n=0

V (qn+1 − qn), (31)

where fixed boundary conditions are assumed
(q0 = qN+1 = 0). Here, V (x) describes interactions between
neighbors, and Vα-FPUT(x) = 1

2 x2 + 1
3αx3, Vβ-FPUT(x) =

1
2 x2 + 1

4βx4, and VToda(x) = 1
(2α)2 [e2αx − 2αx − 1] corre-

spond to the α-FPUT, β-FPUT [15], and Toda systems
[66], respectively. Note that the Toda system is integrable
[67] and is parametrized by the nonlinearity α. In fact,
for small α, VToda(x) = Vα-FPUT(x) + O(α2), and the
Toda model can approximate the short-time behavior
of the α-FPUT system. This fact has been used in [20]
to probe the breakdown of the metastable state in the
α- model.

The linear normal modes are introduced by the following
canonical transformation:(

Qk

Pk

)
=

√
2

N + 1

N∑
n=1

sin

(
πnk

N + 1

)(
qn

pn

)
, (32)
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where Qk and Pk are the mode amplitude and momentum of
the kth linear mode. The α- and β-FPUT Hamiltonians can be
written in the mode space as

Hα-FPUT =
N∑

k=1

P2
k + ω2

k Q2
k

2
+ α

3

N∑
i, j,k=1

Ai jkQiQjQk, (33a)

Hβ-FPUT =
N∑

k=1

P2
k + ω2

k Q2
k

2
+ β

4

N∑
i, j,k,l=1

Bi jkl QiQjQkQl ,

(33b)

where ωk = 2 sin( πk
2(N+1) ), and

Ai jk = ωiω jωk√
2(N + 1)

∑
±

[δi± j±k,0 − δi± j±k,2(N+1)], (34a)

Bi jkl = ωiω jωkωl

2(N + 1)

∑
±

[δi± j±k±l,0 − δi± j±k±l,±2(N+1)].

(34b)

At zero nonlinearity the normal mode energies Ek = P2
k +ω2

k Q2
k

2
are conserved independently. The nonlinear terms in both
Hamiltonians couple multiple normal modes together and fa-
cilitate the exchange of energy. The distribution of the energy
between the normal modes of the system can be measured by
the spectral entropy S, defined as

S = −
N∑

k=1

εk ln εk, where, εk = Ek∑N
k′=1 Ek′

. (35)

If all the energy of the system is confined to only a single
mode, then S = 0. On the other hand, in the thermal state we
expect the energy to be distributed equally among all modes
on average and, therefore, S ≈ ln N .

A natural choice of the nonlinear parameter λ is α in
the α-FPUT and Toda models and β in the β-FPUT model.
Therefore, we define the AGP in these systems with respect to
the following perturbations:

α-FPUT: ∂λH = 1

3

N∑
n=0

(qn+1 − qn)3, (36a)

β-FPUT: ∂λH = 1

4

N∑
n=0

(qn+1 − qn)4, (36b)

Toda: ∂λH =
N∑

n=0

1 − e2α(qn+1−qn )

2α3

+ (qn+1 − qn)(1 + e2α(qn+1−qn ) )

2α2
. (36c)

It is convenient to scale the Hamiltonian by the energy,
H → H/E , so that the energy of the new Hamiltonian is
simply 1. In doing so, the phase-space coordinates and the
nonlinearities must also be scaled: Qk → Qk/

√
E , Pk →

Pk/
√

E , α → α
√

E , and β → βE . Thus, the dynamics of the
FPUT system depend only on the nonlinear parameters Eα2

and Eβ. It should be noted that the AGP can be rescaled
as Aλ → Aλ/E3/2 in the α-FPUT and Toda systems, and as
Aλ → Aλ/E2 in the β-FPUT system. All of our numerical

FIG. 3. The variance of the AGP over individual trajectories in
the α-FPUT (left) and Toda (right) models with 8 particles. The
plots correspond to nonlinearities Eα2 = 0.090 (dashed blue line)
and Eα2 = 0.096 (solid red line). Each trajectory starts in the first
mode with Q1(0) =

√
2E

ω1
, and P1(0) = 0. Note that in the α- model,

although the metastable state with the larger nonlinearity breaks
down at T ≈ 0.2 × 106, the system goes through multiple integrable
regions.

simulations in the rest of this paper have been performed in
systems with E = 1, which allows us to study this rescaled
AGP as a function of Eα2 and Eβ.

We employed fourth-order and sixth-order symplectic
Runge-Kutta integrators [68,69] in our simulations. Lyapunov
times were calculated by evolving tangent vectors using stan-
dard QR decomposition and taking the inverse of the maximal
Lyapunov exponent [10,70]. On the other hand, thermaliza-
tion times were measured from the saturation of the spectral
entropy, as described in [24]. Both time scales have been
computed and compared in [71].

A. α-FPUT and toda systems

In the original FPUT experiment, the system was initial-
ized in a long-wavelength state, and recurrent motion was
observed [15]. It is now understood that this almost-integrable
behavior of the FPUT system is a result of its getting trapped
in a long-lived, nonthermal, “metastable” state [20,21]. The
metastable state slowly moves towards equilibrium, and it has
been suggested that the life-time of this state has a power law
dependence on the nonlinearity [23,24]. This metastable dy-
namics is reflected in the AGP variance over such trajectories.
As shown in Fig. 3, σ 2(T ; q, p) over individual trajectories
in the α- model, with initial conditions Qk (t = 0) =

√
2

ω1
δk,1

and Pk (t = 0) = 0, appears to saturate at intermediate times,
but unlike the Toda model, show a sharp divergence once
the metastable state breaks down. Moreover, each trajectory
goes through multiple “metastable regions”, as suggested by
the plateaus in the graph. These subsequent near-integrable
regions are almost impossible to identify from the behavior
of the spectral entropy and, therefore, only the first region is
conventionally referred to as the metastable state. This behav-
ior is reminiscent of Lévy flights [72], in which a particle
undergoing a random walk remains spatially localized for
extended periods but occasionally takes large, abrupt steps.

Computing the AGP on trajectories with different ini-
tial phases, Qk (t = 0) =

√
2

ω1
cos φ δk,1 and Pk (t = 0) = √

2
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FIG. 4. (a) Variance of the AGP over trajectories with different initial phases (gray) in a 32-particle α-FPUT system with Eα2 = 0.09.
The initial condition of each trajectory is Q1(0) =

√
2E

ω1
cos φ, and P1(0) = √

2E sin φ. The red line is the average over the phase φ. (b) Phase-
averaged fidelity susceptibilities at different nonlinearities in a 32-particle α-FPUT system. Transitions from the near-integrable to the weak
chaotic regime are observed. The growth rate of the fidelity increases with the nonlinearity.

sin φ δk,1, we observe a sensitive dependence on the initial
condition Fig. 4(a). Therefore, we find it useful to define the
fidelity susceptibility by taking an average of the variance
over the phase of the initial mode, φ. The initial distribution
is defined so that φ is uniformly distributed over [0, 2π ). In
practice, we average over 1000 different initial conditions,
with φ chosen randomly from this range. We see that the
phase-averaged fidelity susceptibility varies smoothly with
time and shows a power-law growth at large times. This pro-
cess is repeated for a wide range of nonlinearities and, for each
α, the initial distribution is evolved independently with H (α).
The rate of growth of the fidelity is observed to increase with
the nonlinearity Fig. 4(b).

Note that the fidelity appears to saturate to a finite value
at intermediate times, indicating that the system is confined
to an integrable region. The system is considered to leave this
region and enter a chaotic one when χα (T ) grows beyond a
reasonable threshold. We set this threshold at ∼1000 in our
simulations. The time at which the system enters a chaotic
region, tc, is plotted as a function of nonlinearity in Fig. 5(a),

and a power-law dependence is observed. This onset of chaos
is compared to both the Lyapunov time and the thermalization
time ttherm in Fig. 5(b). As expected, tLyapunov < tc < ttherm.
The Lyapunov time is a measure of exponential separation of
infinitesimally close trajectories; however, tc being larger than
tLyapunov indicates that these trajectories are still confined to an
integrable region at the Lyapunov time. Beyond tc, the trajec-
tories leave the integrable region and explore the rest of the
phase space. They eventually become ergodic and thermalize
at ttherm.

B. β-FPUT

The β-FPUT model offers an advantage over the α-FPUT
model due to its quartic potential, which is bounded from
below and prevents the system from entering a negative
potential. This feature enables the study of systems with
significantly high nonlinearities and facilitates the visual-
ization of strong chaotic regions. Like the α- model, we
examine phase-averaged fidelity susceptibilities along trajec-

FIG. 5. (a) Onset time of chaos as a function of nonlinearity in the α-FPUT system with sizes N = 32, 64, 128, 256. (b) Comparison
between the Lyapunov time, thermalization time, and the time at which the system enters a chaotic region in a 64-particle α-FPUT system.
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FIG. 6. (a) Transition from the near-integrable regime to the weakly chaotic regime in a 32-particle β-FPUT system. The fidelity
susceptibility is constant near integrability, while its growth is faster than linear in the weak regime. The growth rate increases with the
nonlinearity. (b) Transition from the weak to the strong regime in the same β-FPUT system. The fidelity grows linearly in the strong regime,
and its rate of growth decreases with increasing nonlinearity.

tories initialized in the first mode. Our observations reveal
near-integrable, weakly chaotic, and strongly chaotic regions,
as illustrated in a 32-particle system in Fig. 6. Weak chaos
is observed in systems with β < 1, and the fidelity exhibits a
power-law growth in this regime. The growth rate is observed
to increase with the nonlinearity. On the other hand, systems
with β > 1 exhibit transitions from the weak to the strong
regime. The strongly chaotic regime is characterized by linear
growth of the fidelity. Above a certain critical value βcrit, the
FPUT system bypasses weak chaos entirely.

Unlike the α- model, the short-time behavior of the β-
FPUT system cannot be described by a related integrable
system. Therefore, it is harder to probe the breakdown of the
metastable state in the β- model using tools developed for the
α- model [20]. However, the “onset time of weak chaos” tc
can be determined in a manner similar to that used for the α-
model in the previous section. See Fig. 7, where this time is
again compared with the Lyapunov and thermalization times.
The system is considered to enter the weakly chaotic regime

FIG. 7. Lyapunov time, thermalization time, and onset time of
weak chaos as a function of nonlinearity in a 32-particle β-FPUT
model.

when the fidelity crosses a threshold of ∼100N . Again, we
find that tLyapunov < tc < ttherm.

Recall that according to Eq. (30), growth of the fidelity
in the strong regime is inversely proportional to the strength
of chaos. This is evident from Fig. 8, which plots the slope
of the fidelity in the strong regime. Thus, as β is increased
above βcrit, the fidelity crosses the threshold at increasingly
later times. Of course, this is not a measure of the “onset
time of strong chaos”, since the system starts in the strong
regime at t = 0, as suggested by the linear growth of χβ (T ) at
all times.

C. Spectral function

The growth of the fidelity susceptibility is strongly driven
by the longtime correlations of observables over the consid-
ered time interval, and as such it probes the low-frequency
behavior of the spectral function. Previous works studying

FIG. 8. The rate of growth of the fidelity
∂χβ

∂T as a function of the
nonlinearity in the strong regime of a 32-particle β-FPUT model. As
expected from Eq. (30), the growth rate decreases with increasing β.
The slope is observed to decay with a power law:

∂χβ

∂T ∝ (Eβ )−2.
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FIG. 9. Low frequency tail of the spectral function for the β-
FPUT system with N = 32 sites, averaged over 1000 initial states,
prepared in the first linear mode with random phases. Increasing
values of the nonlinearities, Eβ = 0.5, 0.57, 2.0, present low-
frequency behaviors representative of the integrable, weakly chaotic,
and strongly chaotic regimes, respectively. Markers omitted at higher
frequencies for clarity.

the fidelity susceptibility in quantum spin chains [33], or both
quantum and classical spin systems [47], have focused heavily
on the low-frequency tail of the spectral function.

In our case, we find results consistent with these previous
studies, in that the different scaling behaviors of the fidelity
susceptibility can be linked to the low-frequency behavior
of the spectral function. In particular, the strong growth of
the fidelity susceptibility in the weak integrability breaking
case follows from the increased spectral weight at the lowest
frequencies present in our time window.

In Fig. 9, the spectral function is plotted for three of
the nonlinearities shown in Figs. 6(a) and 6(b) representing
the integrable, weakly chaotic, and strongly chaotic regimes.
For the weakest nonlinearity, Eβ = 0.5, the spectral function
contains sharp peaks and is small otherwise. Note that in
the integrable case, asymptotically, the spectral function must
vanish no slower than φλ(ω) ∼ ω2 as ω → 0 in order for the
fidelity susceptibility to not grow indefinitely with time. In our
case, the spectral function in the integrable regime saturates
to a finite but relatively small value. At intermediate nonlin-
earity, Eβ = 0.57, the spectral function roughly follows that
of Eβ = 0.5 at high frequencies, but deviates prominently as
ω → 0. For Eβ = 2.0, the spectral function is nearly uniform,
indicative of strong chaos. At low frequencies, it approaches
a value between the regular and weakly chaotic regimes.

V. CONCLUSIONS

In this work, we have demonstrated how the AGP can be
used as a dynamical probe of chaos in classical systems. Un-
like previous studies, where the low frequency behavior of the
spectral function and the scaling of the AGP with the system
size were used to probe the chaos in the entire system, we have
shown that the variance of the AGP on individual trajectories
in the phase space can be used to identify transitions between
different regimes. By studying the growth of the dynamical

fidelity susceptibility, which is the mean variance of the AGP
over trajectories in a certain distribution, one can differentiate
between near-integrable, strong-, and weak-chaos regimes.
The AGP is observed to “diffuse” over trajectories, while the
fidelity either asymptotically converges to a finite value, grows
linearly, or exhibits nonlinear growth in the three regimes,
respectively. We claim that this probe of chaos can be general-
ized to an observable diffusion hypothesis, in other words, we
expect the results to hold for generic observables, which could
serve as perturbations to the Hamiltonian. In this work, we
considered perturbations corresponding to varying the nonlin-
ear coupling, but many other choices could be made, and in-
vestigating the behavior of the AGP derived from other types
of observables would be an interesting topic for future study.

The method presented in this work provides a general
approach to probing chaos. Equation (17) enables straight-
forward computation of the AGP’s evolution along a given
trajectory based on the evolution of the perturbation. Com-
pared with Lyapunov exponents, this quantity may be more
amenable to measure experimentally, as it can be performed
without needing to prepare a nearly identical copy of the
system. It is also numerically more efficient, since it does not
require the evolution of tangent vectors. Further, the onset of
trajectories mixing in the phase space can be identified by a
nonlinear growth of the fidelity.

We perform simulations in the α-FPUT, β-FPUT, and Toda
systems and probe the breakdown of the metastable state. The
transition from near-integrable to weak chaos is timed in the
FPUT systems, and a power law dependence on the nonlin-
earity is observed. This transition time is found to be smaller
than the thermalization time, but the difference shrinks with
increasing nonlinearity. As expected, the fidelity grows non-
linearly in the weak regime and linearly in the strong one.
On the other hand, the fidelity in the Toda system always
asymptotically approaches a finite value.

Exploring both discrete and continuous classical systems
that exhibit metastable behavior, such as the KdV [73], mKdV
[74], and related equations, would be of interest. Additionally,
this method can be applied to investigate the emergence of
chaos in open systems. Further, this method could be applied
to discrete-time maps. Even though such systems cannot be
described by a Hamiltonian, the diffusion of a suitable ob-
servable can serve as a probe of chaos. Since these maps may
exhibit features absent in Hamiltonian systems, such as attrac-
tors, repellors, and limit cycles, we anticipate discovering new
fidelity behaviors. These questions remain to be addressed in
future work.
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APPENDIX A: AGP ALONG A CLASSICAL TRAJECTORY

The classical limits of Eqs. (4) and (6) are [47,76]:

Aλ(q, p) = lim
μ→0+

1

2

∫ ∞

−∞
dτ sgn(τ )e−μ|τ |∂λH (τ ), (A1a)

Gλ(q, p) = lim
μ→0+

μ

2

∫ ∞

−∞
dτ e−μ|τ |∂λH (τ ), (A1b)

where ∂λH (τ ) is ∂λH evaluated at time τ along the trajectory
initialized by (q, p). Although Eq. (A1a) might not converge
as μ → 0, Eq. (A1b) is always finite on bounded trajectories.
To see this, we express Gλ(q, p) as

Gλ(q, p) = lim
μ→0+

μ

∫ ∞

0
dτ e−μτ

(
∂λH (τ ) + ∂λH (−τ )

2

)
.

(A2)

The integral in the above expression H̃ (μ) = ∫ ∞
0

dτ e−μτ ( ∂λH (τ )+∂λH (−τ )
2 ) is simply a Laplace transform of

∂λH (τ )+∂λH (−τ )
2 . If we assume that the orbit is bounded (i.e.,

it does not fall into a negative potential) such that |∂λH (τ )| <

M, then H̃ (μ) < M
μ

. This means that H̃ (μ) has no poles on

the positive real axis and that limμ→0+ μnH̃ (μ) = 0 for n > 1.
Using the final value theorem for Laplace transforms [77], Gλ

simply becomes a time average of ∂λH on the trajectory:

Gλ(q, p) = lim
T →∞

1

2T

∫ T

−T
dτ ∂λH (τ ). (A3)

Therefore, the equation of motion of the AGP, Eq. (16),
becomes:

dAλ

dt
= {Aλ, H} = −∂λH + 〈∂λH〉, (A4)

which can be easily integrated to get Eq. (17).

APPENDIX B: CLASSICAL FIDELITY SUSCEPTIBILITY

To compute the classical fidelity susceptibility, we start
with its definition, Eq. (15), which is reproduced below:

χλ(T ) =
〈

1

T

∫ T

0
dt �A2

λ(t )

〉

−
〈(

1

T

∫ T

0
dt �Aλ(t )

)2
〉
, (B1)

where the average is taken over the initial distribution ρ(q, p).
Further, we assume Eq. (21) for the correlation function of
∂λH . Under these assumptions, let us calculate the following

quantity:

〈�Aλ(t1)�Aλ(t2)〉 =
〈[

−
∫ t1

0
dτ1 (∂λH (τ1) − ∂λH )

]

×
[
−

∫ t2

0
dτ2 (∂λH (τ2) − ∂λH )

]〉

=
∫ t1

0
dτ1

∫ t2

0
dτ2 K (τ1 − τ2)

=
∫ ∞

−∞
dω

∫ t1

0
dτ1

∫ t2

0
dτ2

× φλ(ω)e−iω(τ1−τ2 )

=
∫ ∞

−∞
dω

φλ(ω)

ω2
(e−iωt1 − 1)(eiωt2 − 1).

(B2)

Here, K (t ) = ∫ ∞
−∞ dω φλ(ω)e−iωt . And therefore,〈(

1

T

∫ T

0
dt �Aλ(t )

)2
〉

= 1

T 2

∫ T

0
dt1

∫ T

0
dt2 〈�Aλ(t1)�Aλ(t2)〉

=
∫ ∞

−∞
dω

φλ(ω)

ω2

[
4 sin2 ωT

2

ω2T 2
− 2 sin ωT

ωT
+ 1

]
, (B3)

and〈
1

T

∫ T

0
dt �A2

λ(t )

〉
= 1

T

∫ T

0
dt

〈
�A2

λ(t )
〉

=
∫ ∞

−∞
dω

φλ(ω)

ω2

[
2 − 2 sin ωT

ωT

]
.

(B4)

Combining the above two equations, we get:

χλ(T ) =
∫ ∞

−∞
dω

φλ(ω)

ω2

[
1 − sinc2 ωT

2

]
. (B5)

We can plug φλ(ω) = 1
2π

∫ ∞
−∞ dt K (t )eiωt back into the

above equation and get:

χλ(T ) = 1

2π

∫ ∞

−∞
dt

∫ ∞

−∞
dω

eiωt K (t )

ω2

[
1 − sinc2 ωT

2

]

= 1

6T 2

∫ T

−T
dt (T − |t |)3K (t )

= T 2

6

∫ 1

−1
dx (1 − |x|)3K (xT ). (B6)
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