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Ordering and association of patchy particles in quasi-one-dimensional channels
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We show that the formalism of Wertheim’s first-order thermodynamic perturbation theory can be generalized
for the fluid of rotating sticky particles with anisotropic hard core confined to a quasi-one-dimensional channel.
Using the transfer-matrix method, we prove that the theory is exact if the hard-body interaction is additive, only
the first neighbors interact, and the particles can stick together only along the channel. We show that the most
convenient treatment of association in narrow channels is to work in the NPT ensemble, where all structural and
thermodynamic quantities can be expressed as a function of pressure and fraction of sites unbonded.
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I. INTRODUCTION

Self-assembly of patchy particles has been a hot topic for
a while due to many practical applications and fundamen-
tal issues of condensed matter [1,2]. One key issue is how
to synthesize anisotropic building blocks so that they self-
organize into a target structure [3]. It is also unclear how
the confinement affects the self-organization of the building
blocks [4,5]. Theory and simulation can be very helpful in
answering these questions, because they can provide useful
results starting from particle-particle and particle-confinement
interactions. However, these interactions are anisotropic due
to orientation-dependent features of the system such as the
molecular shape, the directional bonding of the patches, and
the geometry of confinement [6,7]. To overcome the time-
consuming calculations, it is advisable to consider toy models
that can be solved exactly or the effects of different properties
can be well decoupled from each other [8].

It is well known that one-dimensional (1D) systems pro-
vide the best playground to get insight into the structural
and thermodynamic properties of strongly confined two- and
three-dimensional fluids, because they mimic more or less
the properties of realistic systems and can often be studied
exactly using statistical mechanics [9-13]. Particles in 1D
confinement can form vapor, liquid, and even solid phases
if the pair interaction is very long ranged [14] and the ap-
plied external field is periodic [15]. The effect of association
can be studied exactly in some patchy systems, such as
the 1D fluid of two-faced Janus particles [16]. It is also
possible to study the orientational ordering [17,18], nucle-
ation [19], glass formation [20,21] and the jamming [22,23]
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in some quasi-one-dimensional (q1D) systems. It turns out
that the most powerful methods to study qlD systems are
the Laplace transformation method [24], the transfer-matrix
method (TMM) [25,26], the neighbor distribution method
[27] and the classical density-functional theory (DFT) [28].
Among these methods, DFT is the most widely used method
for the investigation of thermodynamic and structural proper-
ties of inhomogeneous liquids, liquid crystals, and solids, as it
can be extended to higher-dimensional systems [29,30]. The
development of it is highly due to the 1D model systems for
which the bulk and structural properties can be determined
exactly if pair interaction is very short- or very long ranged
[9]. The famous system is the 1D fluid of hard rods, where
the particles are not allowed to overlap with each other and to
rotate out of the confining line. This was the first system for
which exact DFT was developed in the presence of arbitrary
external field thanks to Percus [31]. Later, he derived an exact
density functional for sticky hard rod, where both ends of the
rod particle were decorated by attractive patches [32]. Along
this line, Kierlik and Rosinberg extended the list of exact
density functionals with the dimerizing- and chain-forming
sticky hard rods, where the rods could flip between two ori-
entations [33]. Later, the above DFTs were generalized for
sticky hard-rod mixtures [34—-37]. Noteworthy, those exact
DFTs are derived for some rod systems moving on a 1D lattice
[38], which mimic the form of the well-known fundamental
measure theory (FMT) used mainly in higher dimensions [39].
Apart from the above list, no exact density functionals are
available for several 1D fluids such as the well-known 1D
Lennard-Jones fluid, for which approximate DFTs are found
using machine-learning technique [40]. In the framework of
FMT, several DFTs were devised to describe the structural
properties of bulk and confined spherical and nonspherical
patchy particles [41]. However, even the 1D binary mixture of
nonadditive hard rods cannot be described exactly using the
FMT [42]. In addition, the out-of-line orientational freedom
gives extra difficulty in the application of FMT [43], which
means that only approximate density functionals are available
even for studying freely rotating patchy hard spheres moving
on a line [44,45].
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One possible solution to overcome the weakness of the
DEFT is to use the TMM, which is an exact method for the
calculation of the isobaric partition function if only few (first,
second, etc.) neighbor interactions are present [46,47]. There-
fore, it can be used for several single-file fluids such as the
colloidal particles in cylindrical nanopores [48] and fullerenes
encapsulated into carbon nanotube [49]. Along this line, there
are two main classes of TMM applications: (1) particles inter-
acting with isotropic pair potentials in a narrow channel [26]
and (2) particles interacting with anisotropic pair potentials
confined to a straight line [17]. These two classes are of the
same level of complexity, as only the out-of-line positional
freedoms need to be replaced by orientational ones when
moving from the first to the second class. However, the only
commonality in these two classes is that they are both q1D
systems. The differences can be summarized briefly as fol-
lows. For example, the q1d system of hard spheres in narrow
channel undergoes a fluid-solid—like structural change with
emerging jamming, glass formation, and caging phenomena
[50,51], while the rodlike particles on a straight line exhibit
peculiar close-packing behavior with diverging orientational
and positional correlation lengths [52,53]. Only recently it
has become clear that orientational disorder-order structural
change is also taking place, which can be localized by the
peak occurring in the pressure ratio of freely rotating and
perfectly ordered systems. [54,55]. As far as the patchy par-
ticles are concerned, they can belong to the second class,
since the pair interaction is directional, even if the shape of
the particle is spherical. The case of one and two patches on
the surface of a hard sphere was investigated in the sticky
limit for that special case where the centers of the particles
are confined to a straight line [56]. Using the TMM, it was
found that orientational ordering is accompanied with dimer
formation in the case of a single patch, while in the case of two
patches, even long chains and first-order phase transitions can
occur [56]. Later, instead of the exact TMM, the well-known
Wertheim’ first-order thermodynamic theory (TPT1), which
is not an exact theory, was applied for some q1D fluids of
hard spheres with two patches [44]. The comparison of TPT1
and simulation results showed that TPT1 describes quite well
the enhanced association and the orientational ordering of
the patchy particles in the channel [44]. This suggests that
TPT1 could perhaps be modified to be exact with suitable
extension for inhomogeneous fluids. The recent application
of TMM for qld hard rectangles with two patches at the tips
shows that the particles align along the confining channel at
low and intermediate densities to maximize the number of
bonds, while the bonds between the particles break and the
particles take perpendicular directions at very high densities
to minimize their length along the channel [57]. Competition
between association and orientation-ordering effects can lead
to a more complex phase behavior than the two classes men-
tioned above if the bonding sites are selective and the particle
shape is more complicated (disklike, rodlike, or nonconvex).

In this work, we investigate some q1D fluids consisting of
patchy particles with the goals of (1) extending the class of
patchy models that can be solved exactly, (2) boosting simu-
lation studies, and (3) contributing with exact bulk free energy
in the construction of density functionals for anisotropic
patchy particles. To achieve this goal, we rely on the TMM,

which is tractable if only close neighbors interact, such as
first neighbor, second neighbor, etc., interactions are present
in the q1D array of particles. We realize this by constraining
the centers of particles to a straight line and making the
patchy attraction extremely short ranged. We distribute the
patches on anisotropic hard particles and assume that all bonds
between patchy particles are located on a line. This occurs
when the point of contact of two adjacent particles falls on
the confining line. The most common geometric shapes that
meet this criterion are the circle and the sphere. Even regular
and irregular polygons and polyhedra can satisfy this crite-
rion if the possible orientations of the particle are limited to
those angles that result in an additive contact distance. The
consequence of this orientational restriction is that the maxi-
mum number of patches is limited to the number of possible
orientations. Without specifying the molecular shape and the
number of patches, we derive analytical expressions for the
Gibbs free energy, the equation of state, order parameter, and
the average length of the cluster. Using these equations, we
devise an orientation-dependent free-energy formalism, where
the density is angle dependent and the resulting mass-action
law and the association free-energy term keeps the format
of Wertheim’s association theory of isotopic fluids. In our
generalized equations the association terms are weighted with
the orientational distribution of particles. The minimization of
the free-energy density with respect to the angle-dependent
density and the fraction of sites unbounded provides a set
of coupled equations for the equilibrium orientational dis-
tribution and the fraction of sites unbounded. We show that
choosing pressure as the independent variable instead of den-
sity significantly reduces the computational burden, and that
the generalized Wertheim theory is identical to the TMM for
the q1D sticky patchy-particle systems. We do not make an
attempt to apply this theory for specific systems, because the
number of possible systems diverges with the number of ori-
entations. The possible applications is left for future studies.

II. PATCHY MODELS AND DISTRIBUTION FUNCTIONS

We study q1D systems of patchy particles, where the in-
teraction between the particles consists of additive hard-body
repulsion and sticky attraction along the confining line. We
assume that a given point of the particle is constrained to a
line (x axis) with continuous positional freedom. The position
of this point of particle n is denoted by x,. Around this point,
the particle is allowed to rotate into m possible orientations
that are labeled by i, i.e., i € {1, ..., m}. These orientations
can be arbitrary in either two or three dimensions. For a given
orientation i, the opposite orientation, when the particle is
mirrored to the plane perpendicular to x, so the left and right
sides are interchanged, is denoted by 7, as can be seen in
Fig. 1.

The shape of the hard body is described by orientation-
dependent radii. In orientation i the “right radius” of a particle
is denoted by o;, while the “left radius” is denoted by o7; see
Fig. 1. Therefore, the occupied length (diameter) of a particle
along the x axis is d; = d; = o; + o7 both in orientations i and
7. Moreover, the contact distance between a left particle with
orientation i and a right particle with orientation j is o;; =
o; + o3. Therefore, the additive hard-body (HB) repulsion is
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FIG. 1. An example of q1D systems of anisotropic sticky hard
particles. The particle has six possible orientations and bonding sites.
The orientational unit vector is denoted by thick brown arrow, which
is in a 2D plane in this example but can be arbitrary in 3D in general.
The bonding sites are denoted by blue circles. A trimer (3 particles
are in bond) is also shown with filled circles of binding pair of
sites, numbered with (4,2) and (5,3), respectively. The numbering of
orientations and sites is harmonized such a way that in orientation i,
sites i (on the right) and 1 (on the left) are allowed to form bond. All
the relevant information about the shape of the particle bounded by
the red curve is contained in the o; radii (shown by the blue skeleton),
because they determine the contact distance. The intersection of the
blue lines is considered as the position of the particle, which is
constrained to the x axis.

defined by the following pair potential:

oo if —oj <x <oy

ViR (x) = , (1

0 otherwise

where x = x,; — x,, and x,, (x,y) are the positions of the parti-
cles with orientations i ().

Besides the hard-body interaction, particles are decorated
with bonding sites, which can interact selectively with the
other sites. The strength of this interaction can even be zero,
including the possibility that the particle (or one side of it) be-
haves as a simple hard body. All orientations are accompanied
by two bonding sites along the x axis. We use the following
convention: for a given orientation i, the site on the right side
of the particle is denoted by i and the site on the opposite side
by 1 as shown in Fig. 1. Note that the roman letters are used
for the sticky sites while the italics are for the orientations.
Because of the short-range nature of the interaction, bond can
only occur between the bonding sites facing each other. Thus,
a particle in the orientation i can bond with its right neighbor
through the site i and with its left neighbor through the site 1,
and all its other sites are unbonded.

Now we define the interaction between two patchy parti-
cles. To do this, let us consider two anisotropic hard particles
in positions x, and x,; and orientations i and j, respectively,
and calculate e #Ys®) where x = x,, — x,,. The pair potential,
V;j(x), is the sum of hard-body and attractive terms. First, we
assume that the bonding sites k and 1 interact with square-well
attraction having "' depth and 8 range. Based on Fig. 2, we
can write that

0 if —o;<x<oy

B i _ (o <x< —ogs
e BV — € , if (0ji +8) Sx < —0oj 2
efeif 0;; K x<o0;5+46
1 otherwise.

In this paper we study only the sticky limit of this attraction
potential [58], when the range of the square wells goes to zero,

o= BVis (@)

ij,,
e’e

Bei®
eda -+

FIG. 2. Boltzmann factor of associating hard particles as a func-
tion of x' —x, where x (x) is the position of the particle with
orientation 7 (j). The interaction is hard repulsive in the overlapping
region, while the interaction between bonding sites is square-well
attraction in the regions with § length. The area of the right (left)
shaded regions is forced to be ¥ (37" in the sticky limit: § — 0,
el — 0o, and &' — oo.

8 — 0, and the depth of them goes to infinity, X! — oo, while
the condition 8ef¢" = M is held. Here, the symmetric matrix
yX! describes the strength of the interaction (relative to the
temperature) between the site k and 1. Since the square wells
become Dirac delta in the contact points, therefore

e P = 0(—x — ;1) +0(x — o7)
+YI8(x + o) + Y T8(x — 0iy), (3)

where 0 is the Heaviside step function. Now we introduce the
bond matrix,

Lo 8B (e — 1) dx
if k=iand I=7)or(k=71and I1=j) ,

0  otherwise

k. _
AY =

“
where gMB(x) is the radial distribution function of the 1D
hard-body fluid which has the same density as the system
under study. In Eq. (4), as defined above, i and j denote the
orientations of the particles, while k and 1 refer to sites on
these particles. Thus, A}‘} describes the interaction of the bond
k of a particle with orientation i with the bond I of another par-
ticle with orientation j. Note that while y* describes purely
the interaction of sites k and 1 (therefore it is symmetric), Ai‘jl
also takes into account the steric incompatibility of the sites
when the orientations of the particles are fixed. Therefore, in
general A%‘} #* A?}; however, A%‘} = Alﬁ Inserting Eq. (3) into
Eq. (4), it is easy to show that for sticky particles

yH

A}(} = m(akislj + 8iidyj)s (%)
where we used that gfB(oy) = ﬁ with 1 being the 1D
packing fraction [24].

Besides the interaction between the particles, we take into
account that particles can interact with a uniform external
field; that is, a particle with orientation i has external energy
U;.

Now we introduce some bulk and structural quantities.
Let N; be the number of particles with orientation i, (i €
{1,...,m}), and N = ), N, is the total number of particles.
Niuk is similar to N; with the condition that the site k of the
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particle is unbonded. N;; is the number of nearest-neighbor
pairs, where the left particle has i and the right one has j
orientations. Ni‘; is the same but the pair is unbonded, i.e., x >
o0i3. The density is p = N/L and p; = (N;)/L, where L is the
length of the system and the (-) denotes the ensemble average.
Then, the 1D packing fraction is given by n =), pid;. We
can define the normalized orientational distribution function
(ODF) as
(Ni) _ pi

fi= N (6)
which is, in other words, the probability of finding a given
particle (e.g., particle 1) in the orientation i. With the help of
the partial nearest-neighbor pair-distribution function, fl.(jz) (x),
(which is the probability density distribution of finding a
nearest-neighbor pair with distance x, where the left particle’s
orientation is i and right particle’s orientation is j) we can
define some useful distribution functions as follows:

Ny [
7= S0 = [ P M
0
NY) x
2)u ._( gl 2)
o= _g%/wﬁj Wdx.  ®
and
Qu —
(s >t ifk=i
%= N =X ifk=T ©
(N;)/N otherwise.

Moreover, the total nearest-neighbor pair-distribution function
is given by

2
[Pk = foj g (10)
)
It is also important to define the key quantity of Wertheim’s
association theory [59-63],
uk
Xk .= i/ ), (11)
’ (Ni)
which is the fraction of particles with unbonded site k among
the particles with orientation i. Because a particle with ori-
entation i can interact only with its right and left neighbors
through its sites i and 1, while all other sites of it are unbonded,
therefore N** = N; and X¥ = 1ifk ¢ {i, 1}.

If two, three, or more particles are in contact, they form
dimers, trimers, etc., molecules. We denote the total number of
molecules by A/, and p™' = (NV)/L is the molecule density.
Every molecule (chain of particles) has a single left (and right)
end, which is a particle with an unbounded left (right) site;
therefore, one can show that

Pt =) pXi =) piX. (12)

III. TRANSFER-MATRIX METHOD

One-dimensional models of the kind we consider here can
be solved exactly using the transfer-matrix formalism, which
is briefly summarized below. In the calculation of isobaric
partition function, Z(N, P, T'), imposing periodic boundary

.. N
conditions such that xy; =x; and L = anl Xn.n+1, Where
Xpntl = Xpt1 — X, We obtain that

00 00
Z(N,P,T):/ dx1,2-~-/ o, Y3
0 0 i in

X e*ﬂ Zﬁ;l (Vi,,inH nnt1)+Uiy +PXp pg1)
N
=YY KiyooKii, =TekN. (13)
i iy

Note that the 1/N! prefactor is discarded due to x; < x
< -+ - < xy condition being satisfied. In Eq. (13) P is the pres-
sure; the summation index i, = 1, ..., m is the orientation of
particle #; and the transfer matrix K is defined by

Kij /Do dx e—ﬁ(Vi,(X)+Ui+PX)
0
PO gy 14
= 4P 1+ BPy?), (14)
where in the second equality we used Eq. (3).
In the case of the models we study, K is not necessarily
a symmetric matrix; therefore, in general there is no or-
thonormalized basis formed by the eigenvectors of K, i.e.,
the eigenvectors are usually not orthogonal to each other.
Moreover, the number of the eigenvectors can be less than
the number of the rows of K. However, all elements of K are
positive; thus, the Perron-Frobenius theorem [64] guarantees
that K has at least one right and one left eigenvector, which
are denoted by ¥® and ', respectively, and the correspond-
ing eigenvalue, which is the so-called dominant eigenvalue
(because any other eigenvalues of K are strictly smaller in
absolute value) is denoted by A. They satisfy the following
left- and right-hand side eigenvalue equations:

> WiK =yt (15a)
j

D Ky =ayf. (15b)
J

All the coordinates of these eigenvectors are positive, and the
absolute values of all the other eigenvalues of K are necessar-
ily strictly less than A. The eigenvectors are determined up to
an arbitrary constant, but as a normalization convention, we
fix that >, YRy f = 1.

It also follows that the one-dimensional subspace gener-
ated by ¥R [denoted by Vy = L(®)] is an invariant subspace
of K, and the orthogonal complement of the one-dimensional
subspace generated by y* [denoted by V; = (L(¥R))*] is
also an invariant subspace of K. Denoting the projection
along V| onto Vy by Py and the projection along V; onto
Vi by Py, it is clear that Py + P; = 1 and PyP; = PPy = 0.
Furthermore, K = Ky + K;, where K, := PhKPy = AP, and
K; := PKP;. Since all eigenvalues are smaller than A, it can
be proved, based on the Jordan normal form of the matrix,
that |(p|K;|¢')| < cAl{p|¢’)| for any vector ¢ and ¢, where
0 < ¢ < 1. It also follows that

(@I 1) | < "AV(plg')l,  where Je| < 1. (16)
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This inequality allows us to extend the transfer-matrix formal-
ism to nonsymmetric matrices, because Z can be written as

N N N TrK{V
ZWN.PT)=Teky +Tek =3 (14 =5 ). a7

In the thermodynamic limit, when N — oo, the second term
vanishes because of Eq. (16); therefore,

Z(N, P, T) = AV, (18)

Note that the Gibbs free energy can be calculated with A,
because BG = —InZ(N, P, T). As G/N corresponds to the
chemical potential ., we get that A = e P,

We mention that in the absence of external field there
is a simple relation between the right and left eigenvectors,
namely, ¥ = ¥X. This equation can be easily proved based
on the left and right eigenvalue equations, Egs. (15), and using
that the reflection on the y axis does not change the energy of
a nearest-neighbor pair of particles when the external field is
zero; therefore, K;; = Kj;. But this is not true in general, when
U; # U;.

In the transfer-matrix formalism, the orientation distribu-
tion function can be computed in a similar way as the partition
function, because the integrals are factorized and can again be
expressed using the transfer matrix, and we obtain

1 o0 [e ]
fi:Z/(; dxl,Z"'/O de,l;"'%:aiil

x e P S Wiyt Conn ) Usy +P 1)

1 (KN)ii
=z Z e Lz:Kiizl(izz} < Kiy iy Kiyi = Z (19)
2 N

Hence, in thermodynamic limit, based on Eq. (16) and that
KN =K} + KV, similarly as Eq. (18) was obtained from
Eq. (17), we conclude that

fi = vyl (20)

In a similar way, the probability density, which defined for
x> 0as f7(x) = (8(x — x12)8;,i8,). that is,

1 o0 o0
fz‘jZ)(x):Zf dxl,z"'/ de,lZ"‘ZS(x_xl,Z)
0 0 : o

N
X 81-1 isizje_ﬁ Zn:l (‘/};x/,l+1 (1) Uiy +PXpny1) , (2 1 )

can be calculated in the thermodynamic limit as follows [65]:

1

2

fy'0) =7 2 2 KoK
3 IN

.. .I(iNiliNI(iNie*ﬁ(Vij(x)JrUhLPx)
L./ R
= %e_ﬂ(vij(x)ﬁ‘ljﬁ’f)x)’ (22)

and using Eq. (3), taking into account that x > 0, the nearest-
neighbor pair-distribution function is

it I
T’[e(x —017) + YI8(x — 6;7)]e PUHPD),

(23)

P =

From Egs. (7) and (23) it immediately follows that
Lo _ Y e

Y A BP
and from Egs. (8) and (23)

s _ WU P .
) gp
Using the above distribution functions, we can get all
important quantities. For example, in the transfer-matrix for-
malism the equation of state is generally obtained from
the standard thermodynamic relation between the Gibbs
free energy and the pressure, which leads to the formula
pl = —%. However, based on the nearest-neighbor dis-
tribution functions derived above, there is an alternative way,
since the average distance between two neighboring particles
(x) is the inverse of the density; thus,

1_ (x) = / xfPx)dx = Z / xfPydx.  (26)
ij

(14 BPyY), 24)

IV. GENERALIZED WERTHEIM’S TPT1 THEORY

The well-known Wertheim’s TPT1 [59—-63] seems to be the
most natural choice for the study of q1D associating liquids,
as it has proven to be very successful in determining the
phase equilibrium, structure, size distribution, and equilib-
rium constant of hydrogen-bonded molecular liquids [66—68]
and patchy colloids [69]. Its application is also justified by
its incorporation into density-functional theories to describe
the inhomogeneous structure of network-forming associating
particles in confinement [70-72], and its generalization to
dimerizing and hydrogen-bonding anisotropic particles form-
ing liquid-crystal phases [73]. However, we cannot afford to
use any of the existing TPT1 versions because, unlike TMM,
they are only perturbative theories. Here, we devise a formal-
ism, which provides the exact thermodynamic properties of
q1D fluids of anisotropic patchy particles in the sticky limit.

To be as close as possible to the concept of Wertheim
[59-63], we work in the canonical ensemble, and we start
from a free-energy equation, which can describe the phase
behavior of m component mixture having m associating sites
in the presence of homogeneous external field, which acts
on all particles. Now the index i represents the component
i, which will be the orientation of the particle in the end. We
also use the fraction of a site not bonded, which is the key
quantity of the Wertheim theory. The input of our starting
equation is the number densities, p;, and the bond matrix, Af}
[see Egs. (4) and (5)], while the fraction of a site k not bonded
on component i, that is XX, is the output of the theory. We
assume that the free-energy density is given by

F
ﬁT =Y pilinp; = 1) = pIn(l — n)

+Y pi(InXf —XxF+1) — % > pipiXEX] Al
ik ijkl

+3" UL @7
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In Eq. (27) the first term is the ideal-gas part, the second one
is the hard-body exclusion part, the third and the fourth terms
together take into account the association, and the last term
is the external-field contribution. The ideal- and the external-
field contributions are known to be are exact in Eq. (27). The
hard-body contribution is exact only for additive mixtures, but
not for nonadditive ones [42,74]. Regarding the association
terms, we will show later that it is also exact if all bonding
sites are sticky.

In order to obtain the equilibrium properties of the associat-
ing fluid, the free-energy density [Eq. (27)] must be minimised
with respect to XX, i.e.,

S(BF/L)
——=0. 28

e (28)
After the substitution of Eq. (27) into Eq. (28) and using
the A}} = Al¥ symmetry property, we end up with the well-

known mass- actlon law for X, which is given by
— =1+ Z PiXIAY. (29)

In principle, this equation corresponds to m? coupled equa-
tions, because i,k € {1, ..., m}. However, there are only 2m
nontrivial equations, because only two sites of all compo-
nents can be bonded, while the other sites are never bonded.
Equation (29) shows that X} = 1 if the elements of A} ap-
pearing in Eq. (29) are all zero. It can be also seen from
Eq. (29) that if Az‘ll > 0, Eq. (29) provides physically mean-
ingful results for Xik, because Xl-k is forced to be between
0 and 1. Therefore, 2m solutions of Eq. (29) are X} and
X!, (i € {1, ..., m}), which satisfy the 0 < X/, X! < 1 condi-
tion, while Xl.k =1 for k ¢ {i, 1}. Our free-energy expression
[Eq. (27)] can be rewritten into the well-known form derived
by Wertheim [59-63] if the bond-matrix term of Eq. (27) is
expressed with the help of Eq. (29). After the combination of
Egs. (27) and (29), we get that

F
%Tzzyﬁmm—n—NMLw)

Xk 1
+Zm@ﬁ—j+ﬁ+2mm,om
ik i

which is shorter than Eq. (27) and does not contain Af}

Moreover, it can be seen clearly that if Xik =1 (the case of
no bond) the association term of the free energy is zero; see
the third term of Eq. (30).

Now we continue with the chemical potential of compo-
nent { of the mixture, which can be obtained either from
Eq. (27) or Eq. (30) as u; = £ As Xik depends on the

an, |T,L,N,-¢,»'
component densities, it can be shown that Su; = w +

)3 S(BF/L) ax
i axF
practical because together with Eq. (28), only the explicit

dependence of Eq. (27) from p; contributes to Bu;. We get

. This equation shows that Eq. (27) is more

that

Bu; =In p; — In(1 — r])~|- — —I— X:InXk

Z'OJ

Note that the use of mass-action law [Eq. (29)] made it
possible to get rid of A%‘} in Bu;. We can also express the
pressure of the system using the relationship between the free
energy, the chemical potentials, and the pressure as P =
lﬂ + >, piBui. Using Eqs. (30), (31), and (6), we find that

'O_%Zik'oi(l - X!

l—n

5) + BU;. 31)

pP =

fn§:ﬁ&ﬁ (32)

We can see from Egs. (30), (31), and (32) that the bond
matrix, Al-‘}, does not have explicit contribution to the thermo-
dynamics of 1D associating mixtures, but it has implicit effect
through the fractions of sites not bonded; see Eq. (29). There-
fore, the phase behavior of m-component 1D mixture with
the input of component densities py, ..., p, (or equivalently
total density and mole fractions) can be examined with the
solution of Eq. (29) for X to get the free energy, the chemical
potentials, and the pressure from Eqgs. (30)—(32), which is the
standard procedure in the Wertheim theory.

The reason for choosing m bonding sites for all particles
in the m-component mixture in the above description was that
the mixture can be viewed as an orientationally frozen state of
a one-component fluid, where the particles have m different
orientations in the channel. Therefore, if a particle is frozen in
the orientation i, then it belongs to component i, but it still
has m bonding sites. Now we show that the above theory
can be applied for the one-component fluid of sticky and
anisotropic hard bodies having m different orientational states.
If the particle can rotate into m different orientational states,
the chemical potential of all states must be the same, i.e., our
condition is that u = Bu; = Bus = - - - = BUy. Using this
condition and Eq. (31), we can express the mole fraction of
component #, which corresponds to the orientational distribu-
tion function, as follows:

| o B~ (-1 (X))

fi=s XiXT

; (33)

where we used that [], X* = XX, because X* =1 if k ¢
{i,1}. The normalization constant ¢ can be obtained from
> . fi=1. We can see that Eq. (33) corresponds to m cou-
pled equations involving the variables f; and X*. As p; =
pfi, we can express all quantities (7, X*, BF/L, B, and BP)
as a function of p. Therefore, the procedure to obtain the
equilibrium properties of the one-component system with m
orientational states using the density o and bond matrix A%‘}
as input is to solve the set of equations of Eq. (29) and
Eq. (33) to get X* and f;. In the most general case the num-
ber of equations is 3m, because Eq. (29) corresponds to 2m
equations, while Eq. (33) corresponds to m equation. Having
obtained the equilibrium XX and f;, we get BF/L, B, and
BP from Egs. (30)-(32). In the next section we show that it
is worthwhile to choose pressure as the independent variable
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instead of density to reduce the computational burden and to
prove that our formalism is exact.

V. THE EQUIVALENCE OF TMM
AND GENERALIZED TPT1

Our aim now is to compare the transfer-matrix method and
the generalized TPT1 theory and to show that the results are
the same, i.e., the two theories are in fact equivalent.

There are two important differences between the two the-
ories. On the one hand, our generalized TPT1 theory is
formulated on the canonical (N, L,T') ensemble, while the
TMM is on the isobaric (N, P, T') ensemble. Therefore, in the
spirit of the TMM, we rewrite the equations of the generalized
TPT1 to consider pressure as an independent variable. We will
see that it helps to simplify the working equations [Eqgs. (29)
and (33)]. Thus, the important message of TMM is that the
isobaric ensemble is more convenient than the canonical one,
because equations are simpler. On the other hand, in the for-
malism of Wertheim theory, the fraction of sites unbounded,
XX, plays an important role. Therefore, we will reformulate
the results of the TMM in the language of Xik. In this way,
the equations of the TMM give a different look, a different
message, and at the same time help to prove the equivalence of
the two formalisms. Although the TMM and the generalized
TPT1 theory are defined in different ensembles, we emphasize
here that we study only bulk properties, where the ensembles
are equivalent.

First, we carry out the reformulation of the equations of
the generalized TPT1 using the pressure. The comparison of
Egs. (32) and (33) shows that the ODF can be rewritten in the
following simpler form:

1 ¢~ PWU+Pd) o~ BWU+Pd)

e h = _ 34
fi ¢ XX where ¢ Z XX (34)

This equation shows that we can determine the ODF if Xk
is known; that is, the fraction of sites unbounded plays the
central role in the Wertheim theory. It is important to point
out here that we do not reformulate the generalized TPT1
theory in the language of the (N, P, T) ensemble, i.e., we do
not define a Gibbs free energy instead of the Helmholtz free
energy given by Eq. (27). We use only the relation between
density, packing fraction, and pressure [Eq. (32)], which is in
fact the equation of state, to express p/(1 — 1) as a function
of P. Technically, we can say the following. The generalized
TPT1 theory is a perturbation theory that describes the behav-
ior of a system relative to a reference hard-body system. The
radial distribution function of the reference system, g"®(x),
is explicitly included in the definition of the bond matrix,
A}‘]l-; see Eq. (4). Although g"®(x) depends on the density of
the hard-body system, we emphasize here that if we switch
viewpoints and choose pressure as the independent variable,
then g"B(x) is the radial distribution function of the hard-body
system whose density, but not pressure, is the same as that of
the patchy system under study.

To see the connection with the TMM, we should ex-
press the ODF with Xik, instead of ;. For this reason, from

Egs. (20) and (25) we get

2)u R _B(U v,
. ZJN:; _ ij,'j _ Z lﬁj 1 e~ BWUitPoi)

)(-i == RN ) 35
TN T 7S T
and similarly,
YN WYL 1 e=BWUAPo)
Xi = J J = Z —JL—— (36)
N; via  BP

J

It is important to note that from Egs. (35) and (36) it follows
that X; = X when the external field is zero. Using the additiv-
ity of the hard-body repulsion, o;; = 0; + 07, it follows from
Eq. (35) that

i —BU; R
ﬁe—ﬁP(oj—m)% — w_jR’ (37)
Xj e Py

and on the same way from Eq. (36) that
(38)

Taking the product of the above two equations, using Eq. (20),
furthermore, by summing over the values of the index j, and
using that the ODF is normalized, we obtain Eq. (34). Thus,
we have proved that the ODF coming from the generalized
TPT1 theory, Eq. (34), and so Eq. (33) is exact.

In Eq. (34) the ODF at a given pressure is explicitly ex-
pressed in terms of Xik. It shows that using the pressure instead
of the density, the coupled equations of Eqgs. (29) and (33)
can be decoupled, and the mass-action law should be written
in terms of Xik and P only, without f;. For this reason, we
substitute Af} from Eq. (5) into Eq. (29), then substitute the
factor p/(1 — 1) expressed as a function of P from Eq. (32),
and we get that

1 |4 pP > [iXjy (b + Suady)
YK 7 .
X 2 fiX]

Finally, the ODF dependence of Eq. (39) can be eliminated
using Eq. (34) as follows:

(39)

e PWUj+Pd))

Loy ﬂPZﬂ i
vk WU, +Pd;)
X; Zj e );jJ j

M (88 + Siady)

(40)

We note that only Xii and X are the unknown quantities,
because, as can be also seen from the above equation, Xik =1
if k ¢ {i, 1}; therefore, Eq. (40) gives a closed system of 2m
equations for Xii and X/ at a given pressure. We mention that
in the absence of external field, it is also valid that X = X/,
and Eq. (40) corresponds only to m coupled equations.

To derive the mass-action law from the transfer-matrix
formalism, the dominant eigenvalue from equation Eq. (15b)
is substituted into equation Eq. (35), and using the specific

033094-7



PETER GURIN AND SZABOLCS VARGA

PHYSICAL REVIEW RESEARCH 7, 033094 (2025)

form of the transfer matrix, Eq. (14), we have

RPN L Lo A N s Ll
Xil Zj efﬂPUi; -(p-R Zj ijJJ
J 1]
:1+ﬂPZ /%, —, 1)
Zj ijj

where in the second equality we used Eq. (38) and Eq. (20),
and in the last equality we used the second equality of
Eq. (12). In a similar way we can derive that

1 £xdy it
F=1+ﬂP—Z’fJ f}; :
i ijij

We can see that Egs. (41) and (42) are identical with (39)
for k =1 and k = 1. Finally, when k ¢ {i, 1}, it comes from
Eq. (39) that Xik = 1, which is trivial in our q1D model and
does not need to be proved.

We have shown that both the generalized TPT1 and TMM
lead to the same mass-action law [Eq. (39)], which determines
the fraction of sites unbounded at a given pressure. Moreover,
both formalisms lead to Eq. (34), which determines the ori-
entational distribution function. Finally, we show that also the
same form of the equation of state can be derived in the frame-
work of the two theories. Since the packing fraction is given
by n = p Y, fid;, therefore the equation of state [Eq. (32)] can
be rewritten as

(42)

-_Zf,<—+d> 3)

The same equation can be derived from the TMM if we use
Eq. (26). Using fi(j?)(x) from Eq. (23), we can write that

wLwR e PU+Po) [ |
A(Az) d — L J
[EGEIEES pP [ﬂP

+ 033 (1+pPyY )]
(44)

therefore, taking into account Eqgs. (24) and (25), we obtain
that

1

- ,BPZfl(]z)u +Zﬁ(,2)0w Zﬁ<—+d1), 45)

0

2 _ 2) _ Qu _ pui i
where }, /7 =3, fi’ = /i and szu = fM = fiX]
are used; moreover, the interaction is additive, 0;; = 0; + 03.
With the help of Eq. (12) the equation of state can be written
in the following simple form

mol

P
1-n

BP = (46)

Finally, we show that e’* can also be expressed by the
central quantity of the generalized TPT1 theory, namely by
Xl-k. The comparison of Eqs. (31) and (32) shows that

fz Xl B(U;+Pd;)

ﬂP _rT x Xleﬂ(U +Pd) 47)
Z £ixi

where Xik =1 if k ¢ {i,1} is applied. Furthermore, from
Eq. (34) we have

s e~BUHPd) [ (XiXT)
S 0K X I

From the combination of Egs. (47) and (48), the dominant
eigenvalue of the transfer matrix can be expressed as

(4%)

e e—BWU;+Pd))
h=e _Z BPX} )
J J
Note that this equation reduces to A of the additive hard-
body system if all Xik =1 [52]. Moreover, the above result
highlights that the key quantities are P and Xik. We note that
Eq (49) can be obtained also directly from TMM based on
Eq. (35) and then using Eq. (37).
We can also determine the average length of the molecules,
(£), as follows:

> Nidi = N (0). (50)

As the number of molecules, A, is equal to the number of
particles with unbounded right site, i.e., N' = Zi N,-"i, we get
that
Zi fidi
XX
Using Eq. (34) we find the average length as a function of
pressure and XX

In summary, we have managed to prove that general-
ized TPT1 and TMM are equivalent in thermodynamic limit,
where the ensembles are equivalent, so it becomes irrelevant
that the generalized TPT1 is defined in (N, L, T'), while the
TMM is defined in (N, P, T') ensembles. In the case of gener-
alized TPT1, instead of solving 3m coupled equations for f;,
X,-i and X] (i € {1, ..., m}) [Eqgs. (29) and (33)], it is enough to
solve only 2m coupled nonlinear equations of the mass-action
law to get Xii and X! [Eq. (40)]. After that, f; is given by
Eq. (34), p by Eq. (43), A by Eq. (49), and (¢) by Eq. (51)
at a given pressure. In contrast, in the case of the TMM,
the solution of the eigenvalue problem of an m x m matrix
provides the dominant eigenvalue, A, and the corresponding
right and left eigenvectors, ¥X and ¥F, respectively. This
is a nontrivial, usually numerical, task. Having obtained the
dominant eigenvalue and the corresponding right and left
eigenvectors, the ODF is given by Eq. (20) taking into account
the normalization constraint, Zi fi = 1; moreover, we get
X!, XI and p from Egs. (35), (36), and (43). These results
highlight the fact that the key quantities are the Xii, X! and
P to study q1D system of sticky hard bodies.

(&) = (51)

VI. STICKY PARTICLES WITH CONTINUOUS
ORIENTATIONAL FREEDOM

Here we show that the generalization of our results for
particles with continuous orientational degrees of freedom
is straightforward. In this case the orientation of a particle
is described by a two- or a three-dimensional orientational
unit vector, w, instead of a discrete orientational index i.
We assume an additive contact distance between particles,

033094-8



ORDERING AND ASSOCIATION OF PATCHY PARTICLES ...

PHYSICAL REVIEW RESEARCH 7, 033094 (2025)

i.e., 0(w1, ®) = o(w;) + o(@,), where particle 1 with w,
orientation is on the left side, while particle 2 with @, is on
the right side along the channel. Here we follow our previous
convention, i.e., ® and & denote the opposite orientations:
when the particle is mirrored and the left and right sides
are interchanged, thus o (@) and o (@) are the right and left
“radius” of the particle with orientation @. We mention that
o (w) is not necessarily a shape of a real hard body; it is just
an approximate model of a hard-body-like interaction. Note
that among real hard bodies, only spherical shapes exhibit
additivity. Using that o(®;, ®;) is a natural generalization
of oj;, the hard-body repulsion can be defined analogously
with Eq. (1). In a similar way we can define the contin-
uous generalization of the square-well attractive interaction
energy, £(w|, @;). Here we suppose that, as in the discrete
case, in each orientation, w, the particle has a unique point,
denoted also by @, which can be in contact with its right-hand
neighbor, irrespectively of the orientation of the neighboring
particle. (Assuming a real hard-body shape, this again only
occurs in the spherical case.) After this we can write the
continuous analogy of Eq. (2); then, in the sticky limit we can
define the stickiness parameter as before in the discrete case,
y(®), @) = lim;_ §e#*@ 2 Finally, using the definition
Eq. (4) we get the analogy of Eq. (5):

A(wr, @2; @3, @4) =y(1w+:“)[5(w3 — w1)8(w4 — @)
+6(w3 — @1)5(w4 — @2)]. (52)

Hereafter, all calculations can be repeated analogously to
the discrete case, but all sums, Zi, must be replaced by
integrals, [ dw. The eigenvalue equation of the transfer matrix
become an integral equation; the right- and left-hand side
eigenvectors are functions of w, but the results Eqs. (20),
(23)—(26) are the natural generalizations of the previous
results. Similarly, in the generalized TPT1 theory the free-
energy density [Eq. (27)] becomes a functional of p(w) =
pf(w) and X(w;, w,), where f(w) is the orientational dis-
tribution function and X (@i, @) is the fraction of sites w,
unbounded among the particles with orientation @ .

VII. CONCLUSION

We derived the working equations for the orientational
ordering and bulk properties of q1D sticky and anisotropic
particles, where the particles are confined to a straight line but
allowed to rotate and bond in m different orientational states.
With the guidance of the transfer-matrix method (TMM), we
devised an exact association theory for patchy particles in the
sticky limit. The full minimization of the free energy provides
the orientational distribution of particles and the fraction of
particles not bonded at all m sites. The free energy contains
translational, orientational, packing, and association terms
separately. Interestingly, the association term is identical to
that of Wertheim’s first-order thermodynamics perturbation
theory (TPT1). This means that our association theory can
be considered as a generalization of the Wertheim TPT1 for
patchy particles with anisotropic hard core. This is especially
true when the orientation of the particles is restricted to a

Sasie0

FIG. 3. Some orientationally discrete (cube and rectangular
board), partially discrete (cylinder), and continuous (2D disk and
sphere) hard bodies with some patches whose q1D systems can be
studied exactly using TMM or generalized TPT1.

few discrete possibilities, while the additivity of the hard-core
interaction implies spherical shape in the case of continuous
rotational degrees of freedom. What is surprising in these
results is that while TPT1 is approximate in higher dimen-
sions with limited applicability, it can be made exact in one
dimension. There are two crucial conditions in this regard. On
the one hand, it is well known that ring formation and double-
bond formation (when one site bonds to two sites at the same
time) limit the applicability of TPT1 theory. These effects
are excluded in one dimension, so it is clear that one of the
most important reasons for the exactness of the generalized
TPTI in our case is the dimensional restriction. On the other
hand, and less intuitively, the stickiness of the interaction is
also important for making the theory exact. We have checked
that the generalized TPT1 theory is not exact in its present
form for a system of particles interacting with a finite-range
square-well potential.

The historical relevance of our work is that we managed to
find a link between TMM and TPT1. In the case of TMM,
which is devised in the isobaric ensemble, it is found that
the pressure and the fraction of sites unbounded are the most
natural variables, because even the dominant eigenvalue and
the corresponding eigenvector of the eigenvalue problem can
be expressed analytically with the help of them. In our asso-
ciation theory, which is developed in the canonical ensemble,
the number of equations for orientational distribution function
and the fraction of sites unbounded for m-state sticky particles
can be reduced from 3m to 2m when density is expressed as a
function of pressure, the latter being the independent variable.

Our generalized TPT1 together with the TMM opens
an avenue for studying exactly the self-assembly and chain
formation in q1D associating molecular fluids and patchy col-
loids. Some possible examples are shown in Fig. 3, where the
orientation of the particles can be discrete, partially discrete,
and continuous. In the discrete case, the maximum number
of different sticky systems goes with 2""/2t™/2 if patch-patch
interactions can be either on or off. This means that the max-
imum number of different systems is 8 for 2-state, 1024 for
4-state, and 2097 152 for 6-state systems. We can see from
these numbers that it would be a big challenge to study even
all possible systems of four-state sticky particles. Therefore,
we must select the interesting systems from the list. It can be
shown that dimers, trimers, and even m-mers can be formed
by a specific choice of bonding interactions. While the dimer
formation can be studied with bonds occurring only between
the same type of sites (like-like bond), both like-like and
unlike-unlike bonds are needed for the formation of m-mers.
For example, only monomer, dimers, trimers, and 4-mers
are allowed to form with one like-like (y?* # 0) and one
unlike-unlike (y'# # 0) bond in the four-state models (other
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yX = 0). However, the length of the aggregates can grow to
infinity with only one unlike-unlike (y'* # 0) bond in the
same 4 state-model. In the case of m orientational states, it
can be shown that the longest molecule consists of either
m segments or infinite segments. This shows that the fluid
structure of sticky particles can be very rich depending on the
type of bonds.

Of course, there are limits of the application of our general-
ized TPT1 for q1D associating fluids. It is exact only for sticky
particles if the bonds are possible along the confining line and
the hard-body interaction is additive. Although generalized
TPT1 can be extended easily for association sites with finite
thickness, it can provide only approximate results. It is also
nontrivial to extend it for systems with out-of-line positional
fluctuations such as the patchy particles in cylindrical nan-
otubes. It is also an issue whether our generalized TPT1 can
be extended to be a density-functional theory. Based on the
work of Kierlik and Rosinberg [33] and that of Brannock
and Percus [35] this is quite feasible, as exact functionals are
available for two-state sticky hard rods and sticky hard-rod
mixture with the association term being TPT1-type functional.
In this development, the determination of the pair-distribution
function will be crucial, which can be determined exactly with
other 1D methods such as the neighbor distribution method
[27].

Regarding the TMM, it is exact in the form presented in
this work if only nearest-neighbor interactions are present.
However, TMM can be applied for nonadditive hard-body
interactions and finite-range bond sites, too. Moreover, bonds
can form out-of confining line and one site can bond to two or
more other sites in the same time. It can be also extended for
out-of-line positional freedoms. Therefore, TMM provides a

possible way to get exact results for more realistic associating
molecular fluids and patchy colloids in nanoconfining envi-
ronments. We think that by using the pressure and the fraction
of sites unbonded, it will be possible to derive a more general
mass-action law that is exact for more general cases.

In summary, our work can be a guide for future simulation
and density-functional theory studies to get reliable results
for the association and self-assembly of systems being be-
tween one and two dimensions. It is also possible to devise
a variable range statistical associating fluid theory (SAFT-
VR)-type perturbation theory [75], where the particles are
anisotropic, decorated with finite range of association sites,
and they interact with both short-range hard-body and attrac-
tive interactions.
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