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Quantum correlations can be harnessed to improve the precision in parameter estimation beyond classical
capabilities. Under a standard interferometric or rotation protocol, it is well established that the optimal single-
mode Gaussian state is a standard squeezed vacuum, which enables Heisenberg-limited precision. In this work,
we investigate the potential metrological advantage of two distinct families involving high-order squeezing,
namely, mth-phase and multisqueezed states. Our results show that these non-Gaussian states can grant a
significant metrological advantage with respect to the optimal squeezed vacuum under equivalent conditions,
i.e., at equal occupations. Their advantage holds at both low and large occupations, but its behavior critically
depends on the chosen family of high-order squeezing. While higher squeezing orders enhance the advantage,
this comes at the cost of higher-order observables in the measurement for full metrological performance. Finally,
we study their robustness to standard decoherence channels, i.e., pure dephasing and zero-temperature damping.
Employing standard squeezing as reference state, our results indicate a reasonable robustness against damping
up to a certain noise strength, while their metrological advantage becomes fragile under pure dephasing. Our
work shows the potential enhancement in quantum metrology beyond Gaussian states, carefully detailing the
main challenges and limitations.
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I. INTRODUCTION

Quantum metrology is one of the most active research areas
within quantum technologies [1–6]. The main goal consists
in devising protocols to improve the precision in parameter
estimation to overcome the so-called standard quantum limit
(SQL). Indeed, by harnessing quantum resources, such as
entanglement, it has been shown that the SQL can be beaten
[1,7], leading to the Heisenberg limit for precision. A quantum
advantage is achieved in this scenario since the variance of the
estimated parameter scales as 1/N2 (Heisenberg limit) rather
than as 1/N for the SQL, where N refers to the number of
probes. Depending on how the target parameter is encoded in
the quantum state and on the probe interactions, the precision
may be enhanced even further [8].

The quantum Fisher information (QFI) plays a pivotal role
when characterizing the metrological usefulness of a particu-
lar protocol. Indeed, as dictated by the celebrated Cramér-Rao
bound, the inverse of the QFI sets the ultimate precision limit
in parameter estimation. In this manner, different strategies
have been proposed to boost the QFI under equivalent number
of resources, such as number of probes. One of the standard
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metrological protocols consists in preparing a state ρ̂, which
then undergoes a time evolution where the target parameter
is the accumulated phase θ . This evolution imprints a depen-
dence on the target parameter, ρ̂θ . Depending on the nature
of the state ρ̂, the precision to estimate θ can be increased
with respect to a classical scenario. This standard metrological
scheme is commonly known as interferometric or rotation
protocol.

The number N of different spinlike quantum register is a
good quantity to analyze the dependence of the QFI. Indeed,
certain entangled states among N qubits enable to saturate the
Heisenberg limit for precision, allowing even to define opti-
mal states for quantum metrology [9]. In continuous-variable
systems, however, a quantification of the available metrolog-
ical resources must focus on the average occupation, which
is typically related to—and limited by—their energy [10–13].
In this manner, the standard is to compute the QFI in terms of
the average number of bosonic excitations 〈n̂〉, establishing an
analogy with the number of registers N in discrete quantum
systems. Hence, the key figure of merit consists in maximiz-
ing the QFI for a fixed occupation number 〈n̂〉. Among all
possible states, those with a Gaussian Wigner function are
of particular relevance [14], such as standard coherent and
squeezed states. Indeed, the squeezed vacuum is known to be
the optimal Gaussian state for metrological tasks in a rotation
protocol [15,16]. By harnessing quantum correlations among
Fock states, such squeezed states feature a QFI reaching the
Heisenberg limit as their average occupation increases. The
natural question is therefore whether departing from Gaus-
sian states can grant any meaningful metrological advantage
over squeezed vacuum states, and if so, for what type of
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non-Gaussian families. It is worth mentioning that, although
states featuring large fluctuations in the occupation num-
ber can surpass the performance of squeezed vacuum states
[17], they may remain ineffective under specific measurement
schemes [18].

In this article, we tackle this precise question, analyzing
two distinct families of non-Gaussian states. In particular,
we focus on two nonequivalent generalizations of coher-
ent and squeezed states to higher-order bosonic operators,
namely, mth-phase and multisqueezed states. Such non-
Gaussian states display a large amount of Wigner negativity.
The interest in these states began in the 1980s with a discus-
sion about their existence and properties [19–23]. Recently,
they have attracted considerable attention [24–28], since they
can be generated in spin-boson systems [29–33]. In particular,
one of the states within the mth-phase family, the cubic-
phase state plays a key role in quantum computation with
continuous-variable systems as it unlocks universal compu-
tation [34–36]. Here, we focus on the potential metrological
advantage, and as we show, both families can improve the
optimal Gaussian QFI, i.e., that of squeezed vacuum states.
The mth-phase family presents a better QFI than the squeezed
vacuum at any occupation, leading to a Heisenberg-limited
precision. Yet, multisqueezed states of order m > 2 demand
a careful numerical study to ensure numerical convergence,
requiring to explicitly include a pump field that enables the
corresponding m-photon down-conversion [22]. Under these
conditions, we find that the QFI also surpasses that of the
squeezed vacuum for reasonably low occupations, displaying
a remarkably different behavior with respect to mth-phase
states. A further study of the sensitivity under a restricted set
of measurements indicates a useful advantage, at the expense
of measuring complex combination of observables. Finally,
we also analyze the robustness under two relevant decoher-
ence mechanisms, namely, dephasing and zero-temperature
damping. As expected, the metrological advantage for both
families of high-order squeezing is fragile under dephasing,
while it is shown to be more robust against zero-temperature
damping.

The article is organized as follows. First, in Sec. II,
we introduce the standard interferometric protocol and the
quantum Fisher information. In Sec. III, the mth-phase and
multisqueezed states are defined, studying their maximum
metrological capabilities, emphasizing the improvement with
respect to squeezed vacuum states at a fixed average occu-
pation. The useful metrological advantage of such families of
non-Gaussian states is discussed in Sec. IV, where we analyze
the sensitivity for measurements resulting from an optimal lin-
ear combination over a set of observables. In Sec. V, we show
the results of two relevant decoherence channels. Finally, the
main results and conclusions of this work are presented in
Sec. VI.

II. INTERFEROMETRIC PROTOCOL AND QUANTUM
FISHER INFORMATION

As mentioned above, we consider a standard rotation or
interferometric metrological protocol. Here, we briefly review
this theoretical framework, introducing the QFI. In this stan-
dard protocol, a single-bosonic mode is initialized in a state

ρ̂, described in terms of the usual annihilation and creation
operators â and â†, fulfilling [â, â†] = 1. Then, the target
parameter θ is encoded as a phase shift or rotation of the state
ρ̂, so that

ρ̂θ = Ûθ ρ̂Û †
θ , (1)

where Ûθ = e−iθĤ , with Ĥ being the generator of the ro-
tation. In this manner, the parameter θ is encoded in the
quantum state of the system. The sensitivity of the state,
or more precisely its metrological usefulness, is intimately
related with the distinguishability between the states ρ̂θ and
ρ̂θ+δθ

. Therefore, the sensitivity is directly related to the QFI,
which according to the Cramér-Rao bound quantifies the best
achievable precision in parameter estimation [1–3,37]. The
QFI with respect to the target parameter θ can then be written
in general as [37,38]

FQ = −4
∂2F (ρ̂θ , ρ̂θ+δθ

)

∂ δ2
θ

∣∣∣∣
δθ =0

, (2)

in terms of the state fidelity F (ρ̂, σ̂ ) = Tr[
√√

ρ̂σ̂
√

ρ̂]. This
rotation protocol encodes the target parameter as a uni-
tary transformation, thus diagonalizing the state as ρ̂ =∑d

k=1 pk|ψk〉〈ψk|, with d being the dimension of the Hilbert
space; this expression simplifies to

FQ = 2
d∑

k,l

pk,l |〈ψk|Ĥ |ψl〉|2, (3)

with

pk,l =
{

0, if pk = pl = 0,

(pk−pl )2

pk+pl
, otherwise.

(4)

For pure states, ρ̂ = |ψ〉〈ψ |, FQ further simplifies to

FQ = 4(〈ψ |Ĥ2|ψ〉 − |〈ψ |Ĥ |ψ〉|2); (5)

that is, the QFI is simply proportional to the variance of the
operator Ĥ over the initial state |ψ〉.

To better quantify the role of the QFI, one must carefully
analyze its behavior in terms of the employed resources [2].
In discrete or spinlike systems, the number of probes or reg-
isters N appears as the key resource. This allows to identify
quantum-enhanced metrological regimes, that is, scenarios
that can surpass the classical limit FQ ∝ N (SQL), to reach
a Heisenberg-limited QFI, FQ ∝ N2 [2]. Although this notion
is blurred in bosonic systems, the average occupation number
〈n̂〉 ≡ 〈â†â〉 plays here the role of the resources or number of
probes in discrete systems. In this manner, the key figure of
merit consists in maximizing the QFI for a fixed 〈n̂〉.

Under this rotation protocol, considering Ĥ = â†â, one
recovers the well-known results for single-mode Gaus-
sian states, i.e., coherent and standard squeezed states (see
Appendix A). Coherent states |α〉 = eαâ†−α	â|0〉 feature a QFI
given by

FC
Q = 4〈n̂〉, (6)

while the corresponding QFI for a squeezed vacuum |ζ 〉 =
e

1
2 (ζ 	â2−ζ â†,2 )|0〉 reads as

F S
Q = 8(〈n̂〉2 + 〈n̂〉). (7)
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In the following, we will refer to the squeezed vacuum as
the standard squeezed state, in order to stress the difference
with respect to the other families of generalized and high-
order squeezing. The superscripts C and S denote coherent
and standard squeezed states, respectively. For 〈n̂〉 � 1, the
standard squeezed states provide a Heisenberg-limited preci-
sion (F S

Q ∝ 〈n̂〉2), while coherent states saturate at the SQL
(FC

Q ∝ 〈n̂〉), with standard squeezed states being the opti-
mal Gaussian states for quantum metrology in a rotation
protocol [15,16].

III. METROLOGY WITH NON-GAUSSIAN STATES

Since standard squeezed states are optimal when restrict-
ing to Gaussian states, this raises the natural question on to
what extent this metrological enhancement can be improved
when departing from this restrictive set, i.e., considering
non-Gaussian states. Such potential improvement must be
analyzed under equal resources, which in this case denotes
a fixed occupation 〈n̂〉.

Non-Gaussian states are characterized for having negativ-
ity regimes in their associated Wigner function [23]. This
negativity has been recognized as a useful resource [39,40],
which may imply greater distinguishability between nearby
states, potentially leading to an improvement in the QFI. How-
ever, it is important to remark that there is no direct relation
between Wigner negativity and usefulness in a rotation pro-
tocol. For example, Fock states |n > 1〉 are known to exhibit
a large Wigner negativity [39], yet they are poor states for
this metrological protocol. Indeed, |n〉 leads to FQ = 0 since
〈n̂2〉 = 〈n̂〉2 = n2. Therefore, the relation between the metro-
logical advantage and Wigner negativity strongly depends on
the employed protocol and the considered state. In this article,
we investigate the metrological performance of two distinct
families of non-Gaussian states, namely, mth-phase and mul-
tisqueezed states, under the rotation protocol. However, we
remark that other types of non-Gaussian states may be useful
under different metrological protocols [41,42]. These families
refer to two unequal generalizations of coherent and standard
squeezed states to high-order squeezing, which have attracted
considerable attention over the years [19–28,32]. Although
these families are frequently grouped together, they exhibit
substantially different behaviors, as we discuss in detail in the
following.

A. mth-phase states

The family of mth-phase states refers to a possible gener-
alization of coherent and standard squeezed states to higher
orders of â† and â, by increasing the order of the full operator
(â† + â). This family is then generated by the operator

Ûm(γm) = exp

{
iγm

2m/2
(â + â†)m

}
, (8)

where m = 0, 1, 2, 3 . . . is the squeezing order and γm the
corresponding generalized squeezing strength or parameter.
Although in general γm ∈ C, for the analysis carried out in
this article, one can restrict without loss of generality to non-
negative real values, γm � 0.

In particular, we refer to mth-phase states as the operator
in Eq. (8) applied to the vacuum, that is,

|γm〉 = Û (γm)|0〉 = exp

{
iγm

2m/2
(â + â†)m

}
|0〉. (9)

Besides the trivial m = 0 case, m = 1 simply leads to a co-
herent state, while it becomes a standard squeezed state for
m = 2, both with a rotation with respect to their usual expres-
sions. That is, the states |γ1,2〉 lead to the well-known QFI
under the interferometric protocol, given in Eqs. (6) and (7),
respectively. Therefore, we will refer to mth-phase states as
those with m � 3, and in particular, we will focus on cubic-
phase (m = 3) and quartic-phase (m = 4) states.

In general, it is possible to analytically compute the QFI
for any mth-phase state. For that, we shift to the position
representation that allows us to calculate the average of the
photon occupation n̂ = â†â and its square n̂2 = (â†â)2. We
refer to Appendix B for the details of the calculations. These
expectation values for m � 3 result in

〈n̂〉 = m2γ 2
m

(2m − 3)!!

2m
, (10)

〈n̂2〉 = m4γ 4
m

(4m − 5)!!

22m

+ m2γ 2
m

(2m − 5)!!

2m
(m2 − 2). (11)

Note that k!! = k(k − 2)(k − 4) · · · denotes the double facto-
rial operation of k. Then, from the previous results and using
Eq. (5), it is straightforward to obtain the QFI for mth-phase
states in terms of the occupation 〈n̂〉, which we denote as F mp

Q ,
i.e.,

F mp
Q = 4

(
(4m − 5)!!

((2m − 3)!!)2
− 1

)
〈n̂〉2 + 4m2 − 8

2m − 3
〈n̂〉. (12)

Although the calculation was made considering only m � 3,
the resulting QFI is also valid for the case m = 2, as it can
be verified comparing this result with F S

Q = F 2p
Q , given in

Eq. (7). Hence, for a low occupation regime, mth-phase states
display an SQL behavior, that is, F mp

Q ∝ 〈n̂〉, while in the high
occupation regime, they exhibit a Heisenberg-limited QFI,
F mp

Q ∝ 〈n̂〉2.
Furthermore, for any nonzero occupation, the QFI of an

mth-phase state increases exponentially with m, F mp
Q ∝ 4m for

m � 1. This can be shown as follows. For any nonzero occu-
pation 〈n̂〉 > 0, the term (4m − 5)!!/((2m − 3)!!)2 in Eq. (12)
will dominate for sufficiently large m. Employing the identity
(2n − 1)!! = (2n)!2−n/n!, it follows that at leading or-
der (4m − 5)!!/((2m − 3)!!)2 ∼ (4m)!(m!)2/((2m)!)3 ∼ 4m,
where the last step can be worked out employing the Stirling
approximation n! ∼ √

2nπ (n/e)n. That is, for any nonzero
occupation, 〈n̂〉 > 0, the mth-phase QFI scales as F mp

Q ∝ 4m

for a growing m. Therefore, the precision limit with which
the parameter θ can be determined using mth-phase states
increases with m, being able to obtain any arbitrary improve-
ment with respect to the standard squeezed states case at any
given occupation 〈n̂〉. This can be understood intuitively: As
m increases, the vacuum state |0〉 is deformed more strongly,
thereby enhancing the distinguishability of the resulting states
under rotations. Already this family of non-Gaussian states
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FIG. 1. (a) QFI F mp
Q with respect to target parameter θ , for cubic-

(F 3p
Q , green line) and quartic-phase (F 4p

Q , blue line) states as a func-
tion of the occupation number 〈n̂〉. For comparison, the solid black
line shows the QFI for the standard squeezed state. (b) Scaling expo-
nent β(m) of the QFI, i.e., F mp

Q ∝ 〈n̂〉β(m), for the states in panel (a) as
a function of the occupation. Note how F mp

Q grows with increasing m
at a fixed occupation, while the Heisenberg limit region, β(m) = 2,
takes place at smaller occupations.

reveals the absence of an upper limit for the QFI at any finite
occupation. Although relevant, this remains as a theoretical
curiosity since the generation of such states becomes difficult
for growing m. In addition, even if we assume the preparation
of such states to be feasible, harnessing its full metrological
advantage requires nontrivial measurements, increasing again
in complexity with the order m. As mentioned above, we will
focus on the first nontrivial cases that are more experimentally
relevant, i.e., cubic- (m = 3) and quartic-phase states (m = 4),
and discuss this latter fact in Sec. IV A.

For comparison, Fig. 1(a) shows the QFI for cubic- and
quartic-phase states as a function of the average occupation
〈n̂〉, together with the QFI of the standard squeezed states.
Clearly, at a fixed occupation, increasing m leads to a larger
QFI. In addition, the Heisenberg-limited region occurs at
smaller occupations for growing m. This can be better seen
in Fig. 1(b), which shows the exponent β(m) of F mp

Q at each
occupation for an mth-phase state, i.e., F mp

Q ∝ 〈n̂〉β(m), which
reveals the transition from SQL (β = 1) to the Heisenberg
limit (β = 2). To quantify this transition, we compute the

exponent as β(m) = d log10 F mp
Q

d log10〈n̂〉 . Defining F mp
Q = c2(m)〈n̂〉2 +

c1(m)〈n̂〉, so that c1,2(m) denote the coefficients dependent on
m in Eq. (12), one simply finds

β(m) = 2 − c1(m)

c2(m)〈n̂〉 + c1(m)
. (13)

Clearly, 1 � β(m) � 2. These states reach the Heisenberg
limit, β(m) = 2, at smaller occupations the larger m. Con-
sidering that the transition from SQL to Heisenberg limit
takes places at the midpoint β(m) = 3/2, we find that the
occupation at such crossover decreases exponentially with m.
For m = 2, i.e., for the standard squeezed state, this takes
place at 〈n̂〉 = 1, while for cubic- and quartic-phase states at
〈n̂〉 = 7/32 and 7/113, respectively [cf. Fig. 1(b)]. Performing
a similar analysis as for the asymptotic QFI scaling, but using
Eq. (13), we find that the transition from SQL to Heisenberg
limit happens at occupations 〈n̂〉 ∼ 4−m for m � 1.

B. Multisqueezed states

Multisqueezed states are yet another relevant generaliza-
tion of coherent and standard squeezed states to higher-order
terms. These states coincide with the standard Gaussian states
at first and second orders, but result in a nonequivalent family
with respect to mth-phase states for higher than quadratic
squeezing [19,22,23]. This family describes an m-photon
down-conversion process, whose generator can be written as

Ûm(ξm) = eξ∗
mâm−ξmâ†,m

. (14)

As before, m = 0, 1, 2, 3 . . . is the squeezing order and ξm

corresponds to the high-order squeezing parameter. Similar to
mth-phase states, one can restrict without loss of generality
to non-negative real values, ξm � 0. In this manner, one may
define the mth-order multisqueezed state as

|ξm〉 = eξm (âm−â†,m )|0〉. (15)

Clearly, for m = 1 we recover a coherent state, while
for m = 2 it becomes a standard squeezed state. Un-
fortunately, and contrary to mth-phase states, for m �
3 there is no closed-form solution to the amplitudes
over the Fock states and to their quadratures. There-
fore, these states must be studied numerically, consid-
ering a truncated Hilbert space. Moreover, as shown in
Refs. [22,27], these states |ξm�3〉 feature a diverging oc-
cupation at a finite value of ξm�3, critically dependent on
Fock-basis truncation. For this reason, as discussed in Ref.
[22], one must explicitly include the pump field that pro-
duces the m-photon down-conversion on the local oscillator,
thus leading to high-order multisqueezed states. This will
guarantee physically meaningful results and convergence of
these states. Considering a coherent state for the pump field,
we ensure physically sound mth-order squeezed states, de-
fined in the joint Hilbert space of local oscillator and pump
HLO ⊗ HP, i.e.,

|κm〉 = eκm (âmb̂†−â†,mb̂)|0, α〉, (16)

where κm � 0 is related to the high-order multisqueezed pa-
rameter given before ξm, and involves the coupling strength
between the pump and local oscillator. Note that â and b̂ are
the annihilation operators corresponding to the local oscillator
and pump field, respectively, while |α〉 = exp {α(b̂† − b̂)}|0〉
is the initial coherent state of the pump. This initial ampli-
tude α is another metrological parameter related with 〈n̂〉,
and with the generation of the multisqueezed state. Without
loss of generality, we take α ∈ R. It is important to mention
that, although multisqueezed must be studied taking explicitly
into account the pump to avoid potential divergences and
numerical artifacts arising from a finite Fock-basis trunca-
tion, we focus only on the properties of the local oscillator.
That is, the pump enables an m-photon down-conversion [cf.
Eq. (16)], but is then traced out to analyze the metrological
capacity of the resulting state of the local oscillator, ρ(κm) =
TrP[|κm〉〈κm|], where TrP[·] denotes the partial trace over the
pump Hilbert space.

In the following, we will focus on trisqueezed (m = 3)
and quartsqueezed (m = 4) states, which are numerically
simulated employing Eq. (16), always ensuring numerical
convergence. The population over large Fock states is kept
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FIG. 2. QFI of multisqueezed states F ms
Q under a rotation pro-

tocol with different initial pump amplitudes of a coherent state |α〉
and as a function of the occupation number 〈n̂〉. The solid black
line shows the QFI for the standard squeezed state for compari-
son. Panel (a) shows the QFI of trisqueezed states F 3s

Q , while panel
(b) corresponds to quartsqueezed states F 4s

Q . The lines for F ms
Q ter-

minate at a finite occupation since a finite α restricts the maximum
population for the generated multisqueezed state upon an m-photon
down-conversion.

below or equal to 10−17 in both Hilbert spaces. In particular,
for the local oscillator, we truncate the Fock basis up to |N〉,
such that 〈N |ρ(κm)|N〉 � 10−17, with N being a multiple of
m. Upon the m-photon down-conversion, and tracing out the
pump, the resulting mixed state for the local oscillator ρ(κm)
is then used in the rotation protocol. Clearly, this state de-
pends on the photons provided by the pump, i.e., on α. The
corresponding QFI of ρ(κm), obtained via Eq. (3), is shown in
Figs. 2(a) and 2(b) for trisqueezed and quartsqueezed states,
respectively, for different initial coherent states |α〉 of the
pump field. In order to make clear the distinct high-order
squeezing family, the QFI of multisqueezed states is written
as F ms

Q , in contrast to F mp
Q that refers to mth-phase states.

The behavior of the QFI for trisqueezed states F 3s
Q is shown

in Fig. 2(a) as a function of the average occupation 〈n̂〉.
For the considered pump field, α = 10, 20, and 40, at low
occupations, 〈n̂〉 � 10−1, trisqueezed states achieve an SQL
(F 3s

Q ∝ 〈n̂〉), just as the standard squeezed state F S
Q but with a

constant improvement, i.e., in this region F 3s
Q /F S

Q ≈ 1.5. Now,
for states with occupation 10−1 � 〈n̂〉 � 100, the behavior
suggests a relation F 3s

Q ∝ 〈n̂〉β3s with an increasing β3s for
growing α, but also dependent on the occupation. Beyond this
region, the scaling of their QFI is largely suppressed leading
to an SQL or worse, depending on α. In this regime, the
pump field begins to be unable to provide more excitations
to the trisqueezed local oscillator, ultimately leading to Rabi
oscillations between them. However, thanks to the large im-
provement at lower occupations, F 3s

Q can still be significantly
larger than that of standard squeezed states F S

Q even when F 3s
Q

scales poorly. For example, for 〈n̂〉 ≈ 2, the scaling of F 3s
Q is

clearly worse than SQL, while providing almost an order of
magnitude improvement over F S

Q . The QFI of quartsqueezed
states F 4s

Q reveals a similar behavior to F 3s
Q [cf. Fig. 2(b)],

albeit shifted to lower occupations. For 〈n̂〉 � 2 × 10−2, it fea-
tures an SQL, with a larger constant improvement with respect
to standard squeezed states, F 4s

Q /F S
Q ≈ 2. Then, its scaling

exponent β4s, such that F 4s
Q ∝ 〈n̂〉β4s , seems again to increase

for growing α values in the interval 2 × 10−2 � 〈n̂〉 � 10−1.

FIG. 3. Scaling exponent βms for trisqueezed m = 3 and quart-
squeezed m = 4 states, in panels (a) and (b), and (c) and (d),
respectively. Panels (a) and (c) show the numerically computed
scaling exponent βms such that F ms

Q ∝ 〈n̂〉βms for different initial am-
plitudes of the pump coherent state |α〉. For comparison, we include
the scaling exponent for standard squeezed states, shown with a solid
black line that ranges from the SQL (β = 1) to the Heisenberg limit
(β = 2). Panels (b) and (d) show the maximum scaling exponent
max βms for m = 3 and m = 4, respectively, as a function of the
initial amplitude α. The points correspond to the numerical results
log10(max βms) vs log10 α, while the solid line is the best fit to
Eq. (17), leading to the coefficients given in the main text.

The finite number of excitations provided by the pump field
becomes critical at high occupations, where F 4s

Q largely de-
pends on α, with a reduced scaling, but still allowing for a
significant improvement with respect to the optimal Gaussian
standard squeezed states F S

Q .
At intermediate occupations, these multisqueezed states

feature a growing scaling exponent βms with increasing α,
such that F ms

Q ∝ 〈n̂〉βms and dependent on 〈n̂〉. In order to quan-

tify this scaling, we numerically compute βms = d log10 F ms
Q

d log10〈n̂〉 for
both trisqueezed m = 3 and quartsqueezed m = 4 states. The
results for the scaling exponent are shown in Fig. 3. In particu-
lar, Fig. 3(a) shows β3s as a function of the occupation. At low
occupation, it clearly reveals an SQL region β3s = 1 for 〈n̂〉 �
10−2. Yet, for an intermediate occupation, 10−1 � 〈n̂〉 � 100,
the scaling exponent largely depends on the initial amplitude
of the coherent state α of the pump. For an increasing α,
the exponent β3s grows, even surpassing a Heisenberg-limited
precision at some occupations, e.g., β3s > 2 for α = 40 at
〈n̂〉 ≈ 4 × 10−1. Moreover, β3s seems to increase without an
apparent limit. Since numerical computation is restricted to
finite values of α, we analyze the dependence of the maxi-
mum of β3s for different fixed values of α and then fit them
according to

log10(max βms) = ams × log10 α + bms. (17)

The fitted curve shows an excellent agreement with the com-
puted max β3s values [cf. Fig. 3(b)], where a3s = 0.1984(4)
and b3s = 0.0379(6). This provides a strong numerical ev-
idence that F 3s

Q grows indefinitely for increasing α in the
region 10−1 � 〈n̂〉 � 100, with its scaling exponent β3s being
increasingly larger. We find similar results for quartsqueezed
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states, but as commented above, their behavior is shifted to
lower occupations. In Fig. 3(c), the numerically computed
scaling exponent β4s reveals again a strong dependence on
α at 10−2 � 〈n̂〉 � 10−1, which momentarily surpasses 2 for
α = 40. The numerical fit of max β4s to Eq. (17) yields the
coefficients a4s = 0.216(4) and b4s = −0.042(5), showing an
excellent agreement with the computed max β4s [cf. Fig. 3(d)].
These numerical results strongly suggest that multisqueezed
states with m � 3 feature a diverging QFI when the pump field
is able to provide infinitely many excitations to produce the
m-photon down-conversion, i.e., limα→∞ F ms

Q → ∞ at some
finite occupation, leading also to a divergent scaling exponent
βms → ∞. Note that this is also in agreement with the diver-
gence found in multisqueezed states when defined according
to Eq. (15) [27], as they stem from a classical approximation
of the pump field (α → ∞) [22].

Although for this family we cannot obtain an analytical
scaling relation of the QFI in terms of m at fixed occupation,
as we did for mth-phase states, we can state that the QFI
increases with m for a sufficiently high α. This can be deduced
since the point where the QFI of these states starts to increase
indefinitely with the pump amplitude α occurs for smaller
occupations as we increase m.

IV. USEFUL METROLOGICAL ADVANTAGE

As we have discussed in Sec. III, the two distinct families
of high-order squeezed states yield larger QFI than standard
squeezed states at a fixed occupation. Yet, it is worth noting
that a larger QFI does not always imply a useful metrologi-
cal advantage [18]. That is, although the previously reported
theoretical advantage demonstrates that measuring an opti-
mal observable leads to an improved precision, any useful
advantage must take into account whether such improvement
survives when restricting the set of possible observables. This
is especially relevant for non-Gaussian states, where a large
metrological advantage may come at the expense of mea-
suring increasingly intricate and experimentally demanding
observables.

In order to quantify the metrological usefulness of such
families of non-Gaussian states, we introduce the sensitivity
S to obtain information with respect to the target parameter θ

when measuring an observable Â, i.e.,

S(Â(θ )) = 1

(�Â(θ ))2

(
d〈Â(θ + δθ )〉

dδθ

∣∣∣∣
δθ=0

)2

, (18)

where (�Â(θ ))2 = 〈Â2(θ )〉 − 〈Â(θ )〉2 denotes the variance of
the observable Â over the state ρθ that carries the information
about θ , and 〈Â(θ )〉 = Tr[ρ̂θ Â] the expectation value.

Although the QFI of standard squeezed states F S
Q can be

saturated when measuring x̂2 or p̂2 observables, non-Gaussian
states require in general complicated higher than quartic ob-
servables. For this reason, we consider a restricted pool of
observables {Ân} and then find the best linear combination
M̂ = ∑

n cnÂn such its sensitivity is maximized. This can be
done as follows [11]. Given {Ân}, the linear combination of
this set M̂ = ∑

n cnÂn that maximizes the sensitivity of a
measure using the state ρ̂θ comes from c ∝ G−1q [11]. Here, q
is a vector of components qn = −i〈[Ân, Ĥ ]〉, with Ĥ being the

FIG. 4. Sensitivity S(M̂ ) (points) as a function of the occupation
〈n̂〉 for cubic- (green) and quartic-phase (blue) states. For compar-
ison, we include the QFI for these states, F mp

Q , shown with solid
lines [cf. Eq. (12)]. The optimal observable M̂ is constructed from all
symmetrized combinations of the operators x̂ and p̂ up to fourth and
sixth orders, for cubic- and quartic-phase states, respectively. The
points have been numerically computed using a truncated Fock basis
with N = 104 elements. See main text for details.

generator of the rotation, Ĥ = â†â; and G−1 represents the
inverse of the covariance matrix, with matrix elements Gn,m =
1
2 〈(ÂnÂm + ÂmÂn)〉 − 〈Ân〉〈Âm〉, where the expectation value
is taken over the state ρ̂θ .

In the following, we construct the optimal linear combi-
nation M̂ and analyze its corresponding sensitivity for both
families of high-order squeezing, employing a set of observ-
ables comprising symmetrized combinations of operator x̂ and
p̂ up to a certain order k. We refer also to Appendix C for a
more restrictive case where a suboptimal fixed non-Gaussian
observable is employed.

A. mth-phase states’ sensitivity

As in Sec. III, we focus on cubic- and quartic-phase states.
First of all, we note that cubic-phase states |γ3〉 [cf. Eq. (9)]
have been recently analyzed in Ref. [25] although involving
standard squeezing as well. This recent work has shown that a
pool of observables containing symmetrized combinations of
operators x̂ and p̂ up to order k = 4 is enough to construct an
optimal observable M̂ that saturates their corresponding QFI,
F 3p

Q . In particular, the pool up to fourth order reads as {Ân} =
{x̂, p̂, x̂2, 1

2 (x̂ p̂ + p̂x̂), p̂2, x̂3, 1
3 (x̂2 p̂ + x̂ p̂x̂ + p̂x̂2), 1

3 (x̂ p̂2 +
p̂x̂ p̂ + p̂2x̂), p̂3, x̂4, 1

4 (x̂3 p̂ + x̂2 p̂x̂ + x̂ p̂x̂2 + p̂x̂3), 1
6 (x̂2 p̂2 +

x̂ p̂x̂ p̂ + x̂ p̂2x̂ + p̂x̂2 p̂ + p̂x̂ p̂x̂ + p̂2x̂2), 1
4 (x̂ p̂3 + p̂x̂ p̂2+ p̂2x̂ p̂

+ p̂3x̂), p̂4}. We numerically calculate the optimal operator
M̂ using a truncated Fock basis with N = 104 elements
for different photon occupations 〈n̂〉. Using these optimal
operators, we find the associated sensitivity S(M̂ ) under
a rotation protocol with a state |γ3〉. The results for the
sensitivity are shown in Fig. 4 with green dots, together
with F 3p

Q , as a function of 〈n̂〉. The specific structure of
the optimal observable M̂, i.e., the linear combination Ân,
changes depending on the occupation. As it can be seen in
Fig. 4, and in agreement with Ref. [25], the operators M̂ yield
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a sensitivity that saturates F 3p
Q , both in the SQL (F 3p

Q ∝ 〈n̂〉)
and in the Heisenberg limit regime (F 3p

Q ∝ 〈n̂2〉).
For quartic-phase states, |γ4〉, we proceed in a similar

fashion. However, a higher squeezing order demands a larger
order in the pool of observables to find an optimal observable
M̂ that saturates the QFI F 4p

Q . By including all symmetrized
combinations of x̂ and p̂ up to sixth order k = 6 in {Ân},
the sensitivity when measuring the different observables M̂
reaches F 4p

Q , both in the SQL and in the Heisenberg limit
regimes. The results are shown in Fig. 4, where the blue
dots correspond to S(M̂ ), while the solid line depicts F 4p

Q .
The small deviation of the sensitivity at 〈n̂〉 = 10 stems from
the Fock-basis truncation (N = 104) when computing M̂ as it
involves sixth-order operators in x̂ and p̂.

Therefore, in order to achieve a useful metrological
advantage employing mth phase states and saturate their cor-
responding QFI well beyond standard squeezed states, one
needs to measure observables that contain contributions of x̂
and p̂ up to order k = 4 and k = 6 for cubic phase and quartic
phase, respectively. Besides, numerical results suggest that, as
we increase m, the saturation of the QFI demands a pool with
observables up to an order k = 2(m − 1).

B. Multisqueezed states sensitivity

In a similar manner, we analyze the sensitivity of
trisqueezed and quartsqueezed states by constructing an op-
timal observable M̂ from a pool of observables {Ân}. In
particular, we show here the results for the sensitivity S(M̂ )
when including all symmetrized combinations of x̂ and p̂
up to 6 (k = 6) and 12 (k = 12) orders for trisqueezed and
quartsqueezed states, respectively. Similar conclusions can
be found for larger orders in the pool of observables (see
Appendix D), while we refer to Appendix C for the study of
a fixed non-Gaussian measurement. The resulting sensitivities
for an initial coherent state |α = 10〉 for the pump field are
shown with points in Fig. 5(a). For both cases m = 3 and
m = 4, we can observe that in the SQL regime, F ms

Q ∝ 〈n̂〉,
the sensitivities saturate their QFI, represented as solid lines
in the same figure. Indeed, it is not required to consider such
high orders of x̂ and p̂ in M̂ to achieve it (see Appendix C).
However, in the occupation regimes where the slope of the
QFIs increase indefinitely with α, S(M̂ ) is close but does not
saturate F ms

Q (see Appendix D). Yet, it is important to stress
that S(M̂ ) presents an improvement with respect to the stan-
dard squeezed state, thus allowing for a useful metrological
advantage.

A natural question is whether the sensitivity, albeit not sat-
urating the QFI, also grows with α. However, and in contrast
to mth phase states, our numerical results show that saturating
the QFI for these states beyond the SQL region requires a
growing number of observables involving high-order combi-
nations of x̂ and p̂ as α increases. This is illustrated in Fig. 5(b)
for trisqueezed states, where we show the ratio of R =
S(M̂ )/F 3s

Q as a function of the occupation for different values
of the initial amplitude of the coherent pump field, i.e., α =
10, 20, and 40. For each case, we construct the optimal observ-
able M̂ from the pool {Ân} up to sixth order in x̂ and p̂. There,
we can observe that, in the SQL regime, the sensitivities

FIG. 5. (a) Sensitivity S(M̂ ) (points) as a function of the occu-
pation 〈n̂〉 for trisqueezed (green) and quartsqueezed (blue) states
with α = 10, together with their corresponding QFI, i.e., F 3s

Q and
F 4s

Q (solid lines). We also include the standard squeezed state QFI,
F S

Q , for comparison (black solid line). The optimal observable M̂ is
built from all symmetrized combinations of the operators x̂ and p̂
up to 6 (k = 6) and 12 (k = 12) orders, for trisqueezed and quart-
squeezed states, respectively. (b) Ratio of the sensitivity to QFI of
the trisqueezed states, R = S(M̂ )/F 3s

Q , for different initial amplitudes
of the coherent state α, and with k = 6. It reveals a decreasing R as α

grows. To ensure numerical convergence, in all cases the population
of multisqueezed states at large Fock states is kept below 10−17. See
main text for details.

match the QFI for every α value, i.e., R = 1. However, in
the occupation regime where the slope of the QFI increases
indefinitely with α, 〈n̂〉 � 10−1, the ratio R decreases. This de-
crease stems from a growing QFI, as shown in Sec. III, while
S(M̂ ) remains approximately constant. To further increase the
sensitivity, a larger set of observables would be needed, that
is, higher-order symmetrized combinations of x̂ and p̂. This,
however, will increase the complexity and the computational
cost of the problem. Although not explicitly shown, we note
that the results for quartsqueezed states are equivalent. In this
manner, despite trisqueezed and quartsqueezed states feature
an increasing QFI at intermediate occupations for a growing
α, harnessing their full metrological advantage demands the
measurement of an increasingly intricate observable involving
high-order combination of x̂ and p̂. Even so, the sensitivities at
a fixed occupation can be significantly larger than the optimal
Gaussian state [cf. Fig. 5(a)], i.e., the standard squeezed state.

V. IMPACT OF DECOHERENCE CHANNELS

Finally, we turn our attention to decoherence effects on the
potential metrological advantage of these high-order squeezed
states. Given that any quantum system is unavoidably affected
by noise [43], any practical and useful metrological protocol
must take into account its robustness against different deco-
herence mechanisms. Here, we focus on two relevant and
standard decoherence channels, namely, pure dephasing and
zero-temperature damping noise, and analyze how the QFI
is modified by the strength of the considered channel. Be-
sides, although these channels describe environmental noise
acting during the sensing protocol, they also provide qualita-
tive insight into the robustness of the metrological advantage
against generic imperfections, such as preparation errors, that
would reduce the state coherence and/or introduce mixing.
Both channels are characterized by a complete-positive and
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FIG. 6. (a) Impact of a pure dephasing channel in the QFI as a
function of the strength s for cubic- (green), quartic-phase (blue),
and standard squeezed states (black). The results correspond to a
fixed occupation 〈n̂〉 = 1. Points mark the position sc at which mth
phase states feature a QFI below dephased standard squeezed states.
(b) Value of the critical pure dephasing strength sc as a function of the
occupation 〈n̂〉 for cubic- (orange squares) and quartic-phase (red cir-
cles) states. Numerical results were computed using a truncated Fock
basis with N = 102 elements if 〈n̂〉 � 0.1 and N = 103 if 〈n̂〉 > 0.1.

trace-preserving map such that �s : ρ̂ → �s(ρ̂), so that the
initial state ρ̂ is transformed into another �s(ρ̂ ) depending
on the decoherence strength s � 0. Note that for s = 0, the
channel is simply the identity, �s=0(ρ̂ ) = ρ̂, while for s > 0,
the output state undergoes decoherence.

A. Pure dephasing

A pure dephasing channel with strength s is character-
ized by a complete-positive trace-preserving map �

pd
s (ρ̂) that

transforms the input density matrix elements ρn,m = 〈n|ρ̂|m〉
according to ρ̃n,m = 〈n|�pd

s (ρ̂)|m〉 such that (see Appendix E)

ρ̃n,m = e− 1
2 s(n−m)2

ρn,m, (19)

where s � 0 (see, e.g., Refs. [44–46]). Clearly, pure dephasing
channel does not change the energy of the state, namely,
Tr[â†â�

pd
s (ρ̂)] = Tr[â†âρ̂], but the coherence of ρ̂ in the

Fock basis is exponentially suppressed with s. Therefore,
owing to the nature of both families of high-order squeezing
states, it is expected that they are more affected by pure
dephasing than standard squeezed states.

In order to quantify the robustness of these states, we
compute the resulting QFI under the channel �

pd
s (ρ̂) at a

fixed occupation and as a function of s, and compare them
to the resulting QFI of standard squeezed states under same
conditions. As expected, we observe a stronger degradation of
their QFI than dephased standard squeezed states. This can be
observed in Fig. 6(a), where we show the resulting QFI for
cubic- and quartic-phase states as a function of s for a fixed
occupation 〈n̂〉 = 1. The comparison with standard squeezed
states reveals that there exists a finite value sc at which the
QFI of these non-Gaussian states falls below that of dephased
standard squeezed states. The points in Fig. 6(a) correspond to
sc for each case. Note that, although for even larger values of s,
F 3p

Q and F 4p
Q are again larger than F S

Q , this is an uninteresting
region as the states convey almost no information about θ .
In this manner, the potential metrological advantage is lost
under pure dephasing when s � sc. This behavior persists for
any occupation and, although not explicitly shown, similar

conclusions can be drawn when studying the effect of this
channel in the sensitivity of the observable M̂ computed in
the previous section.

In Fig. 6(b), we show sc as a function of 〈n̂〉, again for
cubic- and quartic-phase states. In the SQL regime, the crit-
ical value sc remains approximately constant. We recall that
the SQL region takes place at 〈n̂〉 � 10−1 and 〈n̂〉 � 10−2

for cubic- and quartic-phase states, respectively. Note that
sc is larger for quartic-phase states. This does not mean
that quartic-phase states are more robust to dephasing than
cubic-phase states. To the contrary, this larger sc value for
quartic-phase states is simply a consequence of the starting
QFI at s = 0. That is, at s = 0 one has F 4p

Q > F 3p
Q , so the

metrological advantage of F 4p
Q with respect to F S

Q holds up
to a stronger dephasing channel. Yet, in the Heisenberg limit
regime, as the states acquire larger excitations and larger
QFI, they also become increasingly fragile against dephasing.
Although not explicitly shown in the main text, trisqueezed
and quartsqueezed behave in analogous manner, leading to
equivalents plots as those in Fig. 6. We refer to Appendix F
for further details on the impact of pure dephasing on multi-
squeezed states.

B. Zero-temperature damping

Another relevant decoherence mechanism is the so-called
zero-temperature or amplitude damping channel. This deco-
herence channel is characterized by a complete-positive and
trace-preserving map �zd

s (ρ̂) [47,48] that transforms the den-
sity matrix elements ρn,m according to (see Appendix E)

ρ̃n,m = e− s(n+m)
2

∞∑
k=0

(1 − e−s)k

√
(n + k)!(m + k)!

(k!)2n!m!
ρn+k,m+k,

(20)

with s � 0 and ρ̃n,m = 〈n|�zd
s (ρ̂)|m〉. Again, for s = 0 the

state remains unchanged, while for s → ∞ the state is brought
to the vacuum state, lims→∞ �zd(ρ̂) = |0〉〈0|.

We proceed in a similar manner as for pure dephasing,
analyzing the robustness of the QFI of high-order squeezing
states as a function of the damping strength s. The results for
a fixed initial occupation 〈n̂〉 = 0.1 are shown in Fig. 7(a),
which again reveal a critical value sc above which cubic-
and quartic-phase states loose their metrological advantage
over standard squeezed states. Although not explicitly shown,
similar results are obtained when studying the effect of this
channel in the sensitivity of the observable M̂ computed in
Sec. IV A. As in pure dephasing noise, for large values of s,
these states recover the advantage, but it takes places in a poor
metrological regime where the states carry almost no infor-
mation about θ . Yet, in contrast to dephasing, the behavior
of the critical value sc as a function of the occupation indi-
cates that the robustness to zero-temperature damping of these
high-order squeezed states compared to that of the standard
squeezed states increases with the occupation. As it can be
seen in Fig. 7(b), while sc remains approximately constant in
the SQL regime, in the Heisenberg limit region, sc increases
for both cubic- and quartic-phase states. At larger occupa-
tions, the value sc seems to saturate, which can be attributed to
a constant robustness once standard and high-order squeezed
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FIG. 7. (a) Impact of a zero-temperature damping channel in the
QFI of a state as a function of the channel strength s and for a fixed
occupation 〈n̂〉 = 0.1. Green line is for cubic-phase states, dashed
blue line is for quartic-phase states, and black line corresponds to
standard squeezed states. (b) Potential metrological advantage limit
sc of the cubic-phase (orange squares) and quartic-phase (red circles)
states over the standard squeezed states as a function of the initial
photon occupation 〈n̂〉. Results of both graphs were calculated using
a truncated Fock basis with N = 102 elements if 〈n̂〉 � 0.1 and N =
103 if 〈n̂〉 > 0.1.

states settle in the Heisenberg limit, 〈n̂〉 � 1. In addition, we
note that quartic-phase states display a larger critical value sc

thanks to their greater metrological advantage at s = 0. Thus,
their QFI remains above that of standard squeezed states up
a stronger zero-temperature noise channel. The analysis for
trisqueezed and quartsqueezed states lead to equivalent re-
sults and conclusions, and therefore we refer to the interested
reader to Appendix F for further details.

VI. CONCLUSIONS

In this article, we investigate the metrological performance
of two non-Gaussian states families under the standard in-
terferometric or rotation protocol, comparing the results with
those for the optimal Gaussian state, i.e., standard squeezed
states, under equal occupations. In particular, we consider two
nonequivalent families of high-order squeezed states, referred
to as mth-phase and multisqueezed states. Among these non-
Gaussian states, we focus on the lowest nontrivial orders, i.e.,
m = 3 and m = 4, namely, cubic- and quartic-phase states, as
well as trisqueezed and quartsqueezed states.

First, we focus on the potential metrological advantage,
and as we show, both families can improve the QFI of the stan-
dard squeezed states. In particular, mth-phase states present
a greater QFI at any occupation, leading to a Heisenberg-
limited precision with a prefactor that grows exponentially
with the squeezing order m. Meanwhile, multisqueezed states
of order m > 2 have to be numerically studied with special
care to ensure convergence, requiring to explicitly include the
pump field. Under these conditions, we find that the QFI also
surpasses that of the squeezed vacuum for reasonably low
occupations, having a region where the QFI grows indefi-
nitely with the initial amplitude of the coherent pump field
α, displaying a remarkably different behavior with respect to
mth-phase states.

To complement these results, we study the useful metro-
logical advantage of these states. From a restricted set of
observables, we construct the best linear combination such the

sensitivity of the measurement is maximized. In this manner,
we observe that operators made with the symmetrized combi-
nations of observables x̂ and p̂ up to orders k = 4 and k = 6
are able to saturate the sensitivity of cubic and quartic phases,
respectively, for any occupation. Regarding multisqueezed
states, we consider operators made with symmetrized combi-
nations of observables x̂ and p̂ up to orders k = 6 and k = 12
for trisqueezed and multisqueezed states, respectively. We find
that, while in the SQL regime the sensitivities saturate to
their QFI, in the region where the slope of the QFI increases
indefinitely with α, the sensitivities do not reach their QFI.
Yet, the resulting sensitivity improves the QFI of the standard
squeezed states in both cases.

Finally, we investigate the robustness of these two families
of states to standard decoherence channels, i.e., pure de-
phasing and zero-temperature damping. Employing standard
squeezing as reference state, we find that their metrological
advantage is fragile against dephasing, which worsens with
increasing photon occupation. To the contrary, these states
show a reasonable robustness against damping.

Our results show the metrological performance of two dis-
tinct families of non-Gaussian states, which stem from high-
order squeezing generalizations of coherent and squeezed
states. Our work highlights the suitability and limitations of
these states to yield a metrological advantage, opening the
door for further studies on enhanced metrological protocols
harnessing non-Gaussian states.
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APPENDIX A: QUANTUM FISHER INFORMATION
OF SQUEEZED AND COHERENT STATES

In the following, we recall the QFI expressions for
squeezed and coherent states under a rotation protocol. Co-
herent states are defined as |α〉 = D̂(α)|0〉, where D̂(α) =
eαâ†−α∗â. Using the well-known relation D̂†(α)âD̂(α) = â +
α, it follows that 〈n̂〉 = 〈α|â†â|α〉 = |α|2. Next, we find

〈n̂2〉 = 〈0|D̂†(α)(â†â)(â†â)D̂(α)|0〉 = |α|4 + |α|2. (A1)

Therefore, the QFI of coherent states in terms of the average
occupation reads as

FC
Q = 4(〈n̂2〉 − 〈n̂〉2) = 4〈n̂〉. (A2)
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In a similar manner, for squeezed states, |ξ 〉 = Ŝ(ξ )|0〉 with
Ŝ(r) = e1/2(ξ∗â2−ξ â†,2 ), we have Ŝ†(ξ )âŜ(ξ ) = â cosh |ξ | −
eiθ â† sinh |ξ |. This leads to 〈0|Ŝ†(ξ )â†âŜ(ξ )|0〉 = sinh2 |ξ |
and 〈0|Ŝ†(ξ )(â†â)2Ŝ(ξ )|0〉 = sinh4 |ξ | + 2 cosh2 |ξ | sinh2 |ξ |.
In this manner, the QFI under this rotation protocol for
squeezed states reads as

F S
Q = 8(〈n̂〉2 + 〈n̂〉). (A3)

Finally, let us remark that a general displaced and squeezed
state, |α, ξ 〉 = D̂(α)Ŝ(ξ )|0〉, does not improve the QFI above
Eq. (A3) for a given occupation number 〈n̂〉; that is, the
squeezed vacuum is the optimal Gaussian state for a fixed 〈n̂〉
[16].

APPENDIX B: QUANTUM FISHER INFORMATION
OF mTH-PHASE STATES

In the following, we provide the details to obtain the QFI
for the mth-phase states, given in Eq. (12). These states are
defined as

|γm〉 = exp

{
iγm(â + â†)m

2m/2

}
|0〉 = eiγmx̂m |0〉, (B1)

where m ∈ N, γm ∈ R acts as the mth-order squeezed parame-
ter, and x̂ is the dimensionless position operator, x̂ = 1√

2
(â† +

â). Therefore, we can easily obtain the QFI by switching to
the position representation and calculating the average values
of n̂ = â†â and n̂2 = (â†â)2. In the following, we consider
m � 3.

The number operator, n̂ = â†â, can be expressed in
position-momentum representation as

n̂ = 1
2 (x̂2 + p̂2 − 1) = 1

2

(
x̂2 − ∂2

x̂ − 1
)
, (B2)

since â = 1√
2
(x̂ + i p̂) and â† = 1√

2
(x̂ − i p̂), and p̂ = −i ∂

∂ x̂ ≡
−i∂x̂. The average occupation number reads then as

〈γm|n̂|γm〉 =1

2

∫ +∞

−∞
dx〈0|x〉〈x|e−iγmx̂m

× (
x̂2 − ∂2

x̂ − 1
)
eiγmx̂m |x〉〈x|0〉, (B3)

where 〈0|x〉 and 〈x|0〉 have the form

〈0|x〉 = 〈x|0〉 = 1

π1/4
e−x2/2. (B4)

The integral in Eq. (B3) can be solved employing∫ +∞

−∞
dxe−x2

xm =
{

0, if m is odd,
√

π (m−1)!!
2m/2 , if m is even,

(B5)

which finally leads to

〈n̂〉 = m2γ 2
m

(2m − 3)!!

2m
, (B6)

where (m)!! denotes the double factorial of m.
The average squared occupation number n̂2 can be obtained

in a similar manner. First, n̂2 in position representation takes
the following form:

n̂2 = 1
4

(
x̂4 + ∂4

x̂ + x̂2∂2
x̂ + ∂2

x̂ x̂2 − 2x̂2 − 2∂2
x̂ + 1

)
. (B7)

The expectation value follows then from

〈γm|n̂2|γm〉 = 1

2

∫ +∞

−∞
dx〈0|x〉〈x|e−iγmx̂m

× n̂2eiγmx̂m |x〉〈x|0〉. (B8)

Using again Eq. (B5), we find

〈n̂2〉 = m4γ 4
m

(4m − 5)!!

22m

+ m2γ 2
m

(2m − 5)!!

2m
(m2 − 2). (B9)

Since we are interested in the QFI in terms of the average
occupation, we introduce Eq. (B6) into Eq. (B9) to obtain 〈n̂2〉
in terms of 〈n̂〉, i.e.,

〈n̂2〉 = (4m − 5)!!

((2m − 3)!!)2
〈n̂〉2 + m2 − 2

2m − 3
〈n̂〉. (B10)

Finally, introducing this expression into Eq. (5), we obtain the
general expression for the QFI for mth-phase states with m �
3 in terms of the occupation 〈n̂〉:

F mp
Q = 4

[(
(4m − 5)!!

(2m − 3)!!)2
− 1

)
〈n̂〉2 + m2 − 2

2m − 3
〈n̂〉

]
.

The previous expression corresponds to Eq. (12).

APPENDIX C: USEFUL METROLOGICAL ADVANTAGE
WITH FIXED OBSERVABLES

In the main text, we show the metrological usefulness
of these non-Gaussian states by computing the sensitivity S
[see Eq. (18)] of measuring an operator M̂. This operator is
built as the best linear combination over a restricted pool of
observables. Here, instead we focus on a more conservative
scenario, considering the sensitivity offered by measuring just
a fixed, yet non-Gaussian, observable. As we show below,
even in this case one may achieve a metrological advantage
with respect to standard squeezed states. Nevertheless, it is
worth stressing that choosing different observables largely
modify the sensitivity. This Appendix simply illustrates that
it is still possible to reach an advantage without the need for
building optimal operators, as shown in the main text.

Starting with the mth-phase states, as in the main text, we
focus on cubic- and quartic-phase states. For the quartic-phase
state, we consider the non-Gaussian observable B̂4p = x̂4 mo-
tivated by the structure of these states [cf. Eq. (9)]. However,
for the cubic-phase state, the choice x̂3 results in a poor sensi-
tivity, and we employ instead B3p = x̂ p̂(x̂ + p̂) + H.c., i.e., a
fixed cubic-order combination of x̂ and p̂. Then, we calculate
the maximum sensitivity of both operators under a rotation
protocol with their respective states, in terms of 〈n̂〉, and con-
sidering a truncated Hilbert space with N = 104 Fock states.
Figure 8(a) shows the ratio Rmp

1 = S(B̂mp)/F S
Q between these

obtained sensitivities, and the QFI of the standard squeezed
states. In the SQL regime (〈n̂〉 � 10−1 and 〈n̂〉 � 10−2 for
cubic- and quartic-phase states, respectively), the maximum
sensitivity of both cases is greater than the QFI of the standard
squeezed states. Therefore, in this region, the mth-phase states
are capable of providing an useful metrological advantage
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FIG. 8. (a) Ratio Rmp
1 = S(B̂mp)/F S

Q between the sensitivity of
mth-phase states when measuring B̂mp, and the QFI of the stan-
dard squeezed states. Green and blue lines correspond to cubic-
and quartic-phase states with observables B̂3p = x̂ p̂(x̂ + p̂) + H.c.
and B̂4p = x̂4, respectively. (b) Ratio Rmp

2 = S(B̂mp)/F mp
Q between

mth-phase sensitivity and their corresponding QFI. Same format as
in panel (a). (c) Ratio Rms

1 = S(B̂ms)/F S
Q between the multisqueezed

states sensitivity measuring the observable B̂ms, and the QFI of
the standard squeezed states. Green and blue lines correspond to
trisqueezed and quartsqueezed states with α = 10, respectively, and
B̂ms = â†,m + âm. (d) Ratio Rms

2 = S(B̂ms)/F ms
Q between the multi-

squeezed states sensitivity and their QFI, with the same format as
in panel (c).

over the standard squeezed states measuring these fixed opera-
tors. In the Heisenberg limit regime, however, the cubic-phase
state looses the advantage, as the ratio R3p

1 falls below 1.
Meanwhile, the quartic-phase state ratio R4p

1 increases, until
it reaches a maximum around 〈n̂〉 ≈ 0.2. For further informa-
tion about these sensitivities, Fig. 8(b) shows the ratio Rmp

2 =
S(B̂mp)/F mp

Q between sensitivity, and their corresponding QFI.
For these specific example, the cubic-phase state saturates its
QFI in the SQL, while the quartic-phase state fails to do so at
any occupation.

For the trisqueezed and quartsqueezed states, we proceed
in a similar manner, but with different observables due to
their structure. In particular, we consider the non-Gaussian ob-
servables B̂ms = â†,m + âm, with m = 3 and 4, for trisqueezed
and quartsqueezed states, respectively. Now, we compute the
maximum sensitivity of both operators under a rotation pro-
tocol, in terms of 〈n̂〉, for a fixed α = 10, and considering a
truncated Fock basis such that the population over large Fock
states is always below or equal to 10−17. Similar results can
be obtained for other choices of α. Figure 8(c) shows the
ratio Rms

1 = S(B̂ms)/F S
Q between the multisqueezed sensitivity,

and the QFI of the standard squeezed states. In the SQL
limit regime (〈n̂〉 � 10−1 and 〈n̂〉 � 10−2 for trisqueezed and
quartsqueezed states, respectively), the maximum sensitivity
of both cases is greater than the QFI of the standard squeezed
states. Therefore, in this region, these non-Gaussian states
can provide a useful metrological advantage over the stan-
dard squeezed states measuring fixed operators. However, in
the occupation regime where the slope of the QFI of these
states grows indefinitely with α, the quartsqueezed state ratio

FIG. 9. (a) Ratio of the sensitivity to QFI for trisqueezed states,
R3s = S(M̂ )/F 3s

Q , as a function of the occupation 〈n̂〉, for a fixed
α = 10, and considering different maximum orders k in observable
M̂. (b) Ratio of the sensitivity to QFI for quartsqueezed states, R4s =
S(M̂ )/F 4s

Q , as a function of the occupation 〈n̂〉, for a fixed α = 10,
and considering different maximum orders k in observable M̂. Both
results reveal an increasing Rms as k grows. To ensure numerical
convergence, in all cases the population of multisqueezed states at
large Fock states is kept below 10−17.

R4s
1 abruptly decreases, quickly losing its advantage. For the

considered operators, we observe that the trisqueezed state
ratio R3s

1 increases significantly, until it reaches a maximum
around 〈n̂〉 ≈ 0.3, where it starts to fall, ultimately loosing the
advantage. As with the mth-phase states, for further informa-
tion about these sensitivities, Fig. 8(d) shows the ratio Rms

2 =
S(B̂ms)/F ms

Q between the sensitivity and their corresponding
QFI. For the considered observables, the resulting sensitivity
saturates the QFI in the SQL.

APPENDIX D: MULTISQUEEZED SENSITIVITY
AS A FUNCTION OF k

In the main text, we studied the sensitivity obtained using
the observable M̂, constructed as the optimal linear combi-
nation of all symmetrized combinations of x̂ and p̂ up to
order k. Specifically, for trisqueezed and quartsqueezed states,
we considered only the cases k = 6 and k = 12, respectively.
Therefore, in this section we investigate how the sensitivity of
these states changes as k is varied, for a fixed α. To this end,
we numerically compute the ratio Rms between the sensitivity
S(M̂ ) and the QFI of the state F ms

Q , considering different
maximum orders k � m in M̂, and for α = 10. Results are
shown in Fig. 9.

For trisqueezed states, outcomes can be found in Fig. 9(a).
We observe that, in the SQL regime (F ms

Q ∝ 〈n̂〉), the sen-
sitivity saturates the QFI (R3s = 1) for all k considered, as
anticipated in the main text. Meanwhile, if we move to the
occupation region where the QFI grows indefinitely with α

(see main text for details), the sensitivity does not saturate the
QFI for any k, but it increases as we increase k, as expected.
Similar conclusions can be drawn from Fig. 9(b) for quart-
squeezed states.

APPENDIX E: DECOHERENCE CHANNELS

As discussed in the main text, we consider the impact
of two standard decoherence processes, namely, pure de-
phasing and zero-temperature damping. The impact of these
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decoherence mechanisms can be described in terms of a
complete-positive and trace-preserving quantum channel �s :
ρ̂ → �s(ρ̂), which transforms the input state ρ̂ into �s(ρ̂),
where s � 0 denotes the noise strength of the channel [43].
Here, we provide a brief description on how pure dephasing
and zero-temperature damping can be written as a quantum
channel �s(ρ̂ ), leading to the expressions given in the main
text [cf. Eqs. (19) and (20)].

Markovian pure dephasing noise acting on a single bosonic
mode can be described according to the Lindblad equa-
tion with jump operator Â = â†â and rate γ [43], so that

d

dt
ρ̂ = γ

(
Âρ̂Â† − 1

2
{Â†Â, ρ̂}

)
. (E1)

Upon integration, it transforms the initial state ρ̂ into ˆ̃ρ, which
can be written in terms of the matrix elements ρn,m = 〈n|ρ̂|m〉
and ρ̃n,m = 〈n| ˆ̃ρ|m〉 as

ρ̃n,m = e− 1
2 γ t (n−m)2

ρn,m. (E2)

Thus, defining s = γ t as the strength of pure dephasing, one
simply finds Eq. (19) [44–46]. The new dephased state can be
therefore expressed as

�pd
s (ρ̂) = ˆ̃ρ =

∞∑
n,m=0

e− 1
2 s(n−m)2

ρn,m|n〉〈m|. (E3)

For s = 0, the quantum channel reduces to the identity,
�

pd
s=0(ρ̂) = ρ̂, while for s > 0, the coherence in the â†â basis

are exponentially suppressed.
In a similar manner, Markovian zero-temperature damping

noise corresponds to Eq. (E1) with Â = â, and again defining
s as the noise strength. The quantum channel for this process
can be written as (see, e.g., Ref. [48])

�zd
s (ρ̂) =

∞∑
k=0

Êk ρ̂Ê†
k , (E4)

with {Êk} being the Kraus operators that take the form

Êk =
∞∑

n=k

√
n!

k!(n − k)!

xn−k
s

esk
|n − k〉〈n|, (E5)

such that
∑∞

k=0 Ê†
k Êk = Î, and with xs = 1 − e−s. Therefore,

the zero-temperature damping quantum channel reads as

�zd
s (ρ̂) =

∞∑
n,m=0

e− s(n+m)
2

∞∑
k=0

xk
s

×
√

(n + k)!(m + k)!

(k!)2n!m!
ρn+k,m+k|n〉〈m|. (E6)

In particular, �zd
s (ρ̂) transforms the initial matrix elements

ρn,m into ρ̃n,m according to

ρ̃n,m = 〈n|�zd
s (ρ̂ )|m〉

= e− s(n+m)
2

∞∑
k=0

xk
s

√
(n + k)!(m + k)!

(k!)2n!m!
ρn+k,m+k . (E7)

FIG. 10. (a) Critical value of the pure dephasing noise strength
sc above which multisqueezed states surpass the QFI of standard
squeezed states, as a function of the occupation 〈n̂〉. Orange squares
and red circles correspond to trisqueezed and quartsqueezed states,
respectively. Similarly, panel (b) shows the critical value of the
zero-temperature noise strength sc, with the same format as in
panel (a).

The previous expression corresponds to Eq. (20). Again, for
zero noise strength, s = 0, �zd

s=0(ρ̂) = ρ̂, while it compresses
the state toward |0〉〈0| as s → ∞.

APPENDIX F: MULTISQUEEZED STATES
UNDER DECOHERENCE

As stated in the main text, the metrological performance
of multisqueezed states under the influence of pure dephasing
and zero-temperature damping noise is similar to mth-phase
states. Here, we provide further details about their behavior,
analyzing only the region of occupations at which there is an
advantage in the noiseless case, that is, F ms

Q > F S
Q at s = 0 (cf.

Fig. 2).
For pure dephasing case, we compute the QFI of

trisqueezed and quartsqueezed states under the channel
�

pd
s (ρ̂) as a function of the strength s, and for a fixed initial

amplitude of the coherent state of the pump field, α = 10.
Similar results can be obtained for different α values. Then,
we compare the results with the QFI of standard squeezed
states under same conditions. As expected, dephasing has a
stronger effect on multisqueezed than on standard squeezed
states. This leads to a finite value of the noise strength sc

up to which the QFI of these dephased non-Gaussian states
is above dephased standard squeezed states. For s > sc, de-
phased multisqueezed states lose their potential metrological
advantage. In Fig. 10(a), we show sc as a function of the
occupation 〈n̂〉 for trisqueezed and quartsqueezed states. In
the SQL regime (〈n̂〉 � 10−1 and 〈n̂〉 � 10−2 for trisqueezed
and quartsqueezed states, respectively), the critical value sc

remains approximately constant. However, as for mth-phase
states [cf. Fig. 6(b)] beyond the SQL regime, multisqueezed
states display a larger metrological advantage for s = 0, but
they also become increasingly fragile against dephasing, as
shown by a decreasing sc.

We proceed in a similar manner for zero-temperature
damping channel �zd

s (ρ̂). Again, we find the critical values
of the noise strength sc above which the QFI of these non-
Gaussian states falls below that of standard squeezed states,
under same conditions. Figure 10(b) shows sc as a function of
the initial occupation 〈n̂〉 for trisqueezed and quartsqueezed
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states with α = 10. As for mth-phase states [cf. Fig. 7(b)],
sc remains approximately constant during the SQL regime.
Beyond this regime, sc increases for both cases, until it satu-
rates at large occupations. However, in this case, the saturation

occurs earlier in occupation for quartsqueezed states, and both
states saturate to a similar value, sc ≈ 0.5. These results indi-
cate a robust metrological advantage of multisqueezed states
to zero-temperature noise.

[1] V. Giovannetti, S. Lloyd, and L. Maccone, Quantum-enhanced
measurements: Beating the standard quantum limit, Science
306, 1330 (2004).

[2] V. Giovannetti, S. Lloyd, and L. Maccone, Quantum metrology,
Phys. Rev. Lett. 96, 010401 (2006).

[3] M. G. A. Paris, Quantum estimation for quantum technology,
Int. J. Quantum Inf. 07, 125 (2009).

[4] V. Giovannetti, S. Lloyd, and L. Maccone, Advances in quan-
tum metrology, Nat. Photon. 5, 222 (2011).

[5] C. L. Degen, F. Reinhard, and P. Cappellaro, Quantum sensing,
Rev. Mod. Phys. 89, 035002 (2017).

[6] L. Pezzè, A. Smerzi, M. K. Oberthaler, R. Schmied, and
P. Treutlein, Quantum metrology with nonclassical states of
atomic ensembles, Rev. Mod. Phys. 90, 035005 (2018).

[7] S. F. Huelga, C. Macchiavello, T. Pellizzari, A. K. Ekert, M. B.
Plenio, and J. I. Cirac, Improvement of frequency standards
with quantum entanglement, Phys. Rev. Lett. 79, 3865 (1997).

[8] S. M. Roy and S. L. Braunstein, Exponentially enhanced quan-
tum metrology, Phys. Rev. Lett. 100, 220501 (2008).

[9] L. J. Fiderer, J. M. E. Fraïsse, and D. Braun, Maximal quan-
tum Fisher information for mixed states, Phys. Rev. Lett. 123,
250502 (2019).

[10] W. Górecki, F. Albarelli, S. Felicetti, R. Di Candia, and L.
Maccone, Interplay between time and energy in bosonic noisy
quantum metrology, PRX Quantum 6, 020351 (2025).

[11] M. Fadel, N. Roux, and M. Gessner, Quantum metrology with
a continuous-variable system, Rep. Prog. Phys. 88, 106001
(2025).

[12] J. Sahota and N. Quesada, Quantum correlations in optical
metrology: Heisenberg-limited phase estimation without mode
entanglement, Phys. Rev. A 91, 013808 (2015).

[13] A. Saharyan, E. Descamps, A. Keller, and P. Milman, Resources
for bosonic metrology: Quantum-enhanced precision from a su-
perselection rule perspective, Phys. Rev. A 113, 022428 (2026).

[14] A. Ferraro, S. Olivares, and M. G. A. Paris, Gaussian States
in Continuous Variable Quantum Information (Bibliopolis,
Napoli, 2005).

[15] O. Pinel, P. Jian, N. Treps, C. Fabre, and D. Braun, Quantum pa-
rameter estimation using general single-mode Gaussian states,
Phys. Rev. A 88, 040102(R) (2013).

[16] T. Matsubara, P. Facchi, V. Giovannetti, and K. Yuasa, Optimal
Gaussian metrology for generic multimode interferometric cir-
cuit, New J. Phys. 21, 033014 (2019).

[17] J. H. Shapiro, S. R. Shepard, and N. C. Wong, Ultimate quantum
limits on phase measurement, Phys. Rev. Lett. 62, 2377 (1989).

[18] S. L. Braunstein, A. S. Lane, and C. M. Caves, Maximum-
likelihood analysis of multiple quantum phase measurements,
Phys. Rev. Lett. 69, 2153 (1992).

[19] R. A. Fisher, M. M. Nieto, and V. D. Sandberg, Impossibility of
naively generalizing squeezed coherent states, Phys. Rev. D 29,
1107 (1984).

[20] S. L. Braunstein and R. I. McLachlan, Generalized squeezing,
Phys. Rev. A 35, 1659 (1987).

[21] L.-A. Wu, H. J. Kimble, J. L. Hall, and H. Wu, Generation
of squeezed states by parametric down conversion, Phys. Rev.
Lett. 57, 2520 (1986).

[22] M. Hillery, Photon number divergence in the quantum theory of
n-photon down conversion, Phys. Rev. A 42, 498 (1990).

[23] K. Banaszek and P. L. Knight, Quantum interference in three-
photon down-conversion, Phys. Rev. A 55, 2368 (1997).

[24] P. McConnell, A. Ferraro, and R. Puebla, Multi-squeezed state
generation and universal bosonic control via a driven quantum
Rabi model, arXiv:2209.07958.

[25] J. Guo, S. Liu, B. Jing, Q. He, and M. Gessner, Metrologi-
cal sensitivity beyond Gaussian limits with cubic phase states,
arXiv:2512.03769.

[26] S. Ashhab and M. Ayyash, Properties and dynamics of general-
ized squeezed states, New J. Phys. 27, 054104 (2025).

[27] R. Gordillo-Hachuel and R. Puebla, Comment on ‘Properties
and dynamics of generalized squeezed states’, New J. Phys. 28,
028002 (2026).

[28] S. Ashhab, F. Fischer, D. Lonigro, D. Braak, and D. Burgarth,
Finite-dimensional approximations of generalized squeezing,
Phys. Rev. A 113, 013703 (2026).

[29] C. W. S. Chang, C. Sabín, P. Forn-Díaz, F. Quijandría, A. M.
Vadiraj, I. Nsanzineza, G. Johansson, and C. M. Wilson,
Observation of three-photon spontaneous parametric down-
conversion in a superconducting parametric cavity, Phys. Rev.
X 10, 011011 (2020).

[30] M. Kudra, M. Kervinen, I. Strandberg, S. Ahmed, M.
Scigliuzzo, A. Osman, D. P. Lozano, M. O. Tholén, R. Borgani,
D. B. Haviland, G. Ferrini, J. Bylander, A. F. Kockum, F.
Quijandría, P. Delsing, and S. Gasparinetti, Robust preparation
of Wigner-negative states with optimized SNAP-displacement
sequences, PRX Quantum 3, 030301 (2022).

[31] A. M. Eriksson, T. Sépulcre, M. Kervinen, T. Hillmann, M.
Kudra, S. Dupouy, Y. Lu, M. Khanahmadi, J. Yang, C. Castillo-
Moreno, P. Delsing, and S. Gasparinetti, Universal control of a
bosonic mode via drive-activated native cubic interactions, Nat.
Commun. 15, 2512 (2024).
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[48] Y.-X. Liu, Ş. K. Özdemir, A. Miranowicz, and N. Imoto, Kraus
representation of a damped harmonic oscillator and its applica-
tion, Phys. Rev. A 70, 042308 (2004).

043155-14

https://doi.org/10.1103/PhysRevLett.72.3439
https://doi.org/10.1103/PhysRevLett.110.050402
https://doi.org/10.1103/PhysRevA.98.052350
https://doi.org/10.1103/PhysRevA.97.062337
https://doi.org/10.1103/PhysRevA.109.052604
https://doi.org/10.1103/PhysRevLett.134.180801
https://doi.org/10.1103/PhysRevA.102.042413
https://doi.org/10.1103/PhysRevA.110.012460
https://doi.org/10.22331/q-2022-09-29-821
https://doi.org/10.1103/PhysRevA.56.1114
https://doi.org/10.1103/PhysRevA.70.042308

