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Understanding quantum phases of matter is a fundamental goal in physics. For pure states, the representatives
of phases are the ground states of locally interacting Hamiltonians, which are also renormalization fixed points
(RFPs). These RFP states are exactly described by tensor networks. Extending this framework to mixed states,
matrix product density operators (MPDOs) that are RFPs are believed to encapsulate mixed-state phases of
matter in one dimension, where nontrivial topological phases have already been shown to exist. However, to
better motivate the physical relevance of those states, and in particular the physical relevance of the recently
found non trivial phases, it remains an open question whether such MPDO RFPs can be realized as steady states
of local Lindbladians. In this work, we resolve this question by analytically constructing parent Lindbladians
for MPDO RFPs. These Lindbladians are local, frustration free, and exhibit minimal steady-state degeneracy.
Interestingly, we find that parent Lindbladians possess a rich structure that distinguishes them from their
Hamiltonian counterparts. In particular, we uncover an intriguing connection between the noncommutativity
of the Lindbladian terms and the fact that the corresponding MPDO RFP belongs to a nontrivial phase.

DOI: 10.1103/1qyd-59z7

I. INTRODUCTION

In quantum many-body systems, short-ranged interactions
strongly constrain the entanglement of physically relevant
states. This fact provides a natural foundation for theoreti-
cal tools that exploit the underlying entanglement structure.
Among these tools, tensor networks have been remarkably
successful in revealing a variety of phenomena in strongly
interacting many-body quantum systems [1]. The tensor-
network framework makes the spatial structure of the un-
derlying correlations explicit while allowing for the efficient
description of physically relevant many-body quantum states.
For instance, matrix product states (MPS) [2], the prototypical
class of pure tensor-network states in one-dimensional (1D),
can approximate ground states of gapped local Hamiltonians
using a number of parameters that scale only polynomially
with system size [3]. Analogously, matrix-product density
operators (MPDO) are the mixed-state counterparts of MPS.
They can provide an efficient description of Gibbs states of
local Hamiltonians [4,5] and, via the bulk-boundary corre-
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spondence of tensor networks [6], they appear as boundary
states of two-dimensional (2D) systems.

Beyond serving as a successful variational class [7], tensor-
network states also emerge as exact solutions to the ground
state problem of local Hamiltonians. Specifically, every pro-
jected entangled-pair state [1] (PEPS)—the generalization of
MPS to higher dimensions—can be realized as the exact
ground state of a local Hamiltonian. The resulting so-called
parent Hamiltonians are local, have the minimal possible
ground-state degeneracy, and, in 1D, are also gapped [1,2].
The parent Hamiltonian construction thus endows pure tensor-
network states—MPS in particular—with a direct physical
interpretation.

Parent Hamiltonians also play a central role in the clas-
sification of quantum phases of matter [1]. PEPS, together
with their parent Hamiltonians, provide representatives for
all known (nonchiral) gapped topological phases of matter in
2D, as they encompass string-net models [8–13]. In particular,
this holds true even if PEPS are restricted to renormalization
fixed point (RFP) states [1]. This fact becomes both rigorous
and explicit in 1D. There, RFP MPS emerge in the limit of
a real-space renormalization flow. Moreover, the complete
phase classification can be conducted directly [14,15] and the
associated MPS RFPs provide representatives for all phases.

Recently, there has been an increasing interest in classify-
ing quantum phases of matter for mixed states [16–30], where
phases—not present in pure states—can emerge. Notably,
for 1D MPDO, nontrivial phases exist even with short-range
correlations [31,32]. This contrasts sharply with pure states,
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TABLE I. Properties of parent Lindbladian for MPDO renormalization fixed point, in comparison with parent Hamiltonian for MPS.

Parent Hamiltonian H Parent Lindbladian L (RFP)

Geometrically local H = ∑
i hi L = ∑

i Li

Local term construction hi = τi(1 − VV †) Li = τi(T ◦ S − 1)
Frustration free hi|ψMPS〉 = 0 ∀i (H � 0) Li(ρMPDO) = 0 ∀i
Degeneracy Minimal ground-state degeneracy Minimal steady-state degeneracy
Degeneracy implies long-range correlation � Not always
Commuting for RFP? � Not possible for a class of RFP

where nontrivial phases with short-range entanglement appear
only after imposing symmetry protection [14,15]. Although
a full classification of mixed-state phases is still unresolved,
MPDO RFPs are expected to capture all possible phases,
analogously to their pure-state counterparts. However, it has
remained unclear whether MPDO RFPs admit a physical in-
terpretation analogous to parent Hamiltonians for MPS.

In this paper, we resolve this question by establishing the
open system analog of the parent Hamiltonian construction
for MPDO RFPs. Since this concerns mixed quantum states,
in place of the Hamiltonian ground state, we consider steady
states of a Markovian open-system evolution, described by a
Lindblad generator [33]. When is a given MPDO the steady
state of a local Lindbladian? In analogy to the pure state case,
we call this a parent Linbladian of the MPDO. We systemati-
cally answer this question, giving an explicit analytical parent
Lindbladian construction for the case when the MPDO is an
RFP (see Table I). We show that the constructed parent Lind-
bladians satisfy many important properties: They are local,
frustration free, and with minimal steady-state degeneracy. In
contrast to parent Hamiltonians, parent Lindbladians are not
always commuting at the RFP and a nontrivial steady-state
degeneracy does not necessarily imply long-range correlation
(see Table I for a summary and Sec. II for further discussion).

The problem of constructing a local Lindbladian with a
unique (specified) tensor-network state as its fixed point has
been considered before, most notably as a numerical algo-
rithm under certain assumptions [34], in dissipative state
preparation [35–37] and in the context of thermal states
[38–42]. In particular, Ref. [37] includes a simple construc-
tion to leverage the parent Hamiltonian of a given injective
MPS to a parent Lindbladian with the specified MPS as
its unique fixed point. Although this method can be used
to construct a parent Lindbladian for the purification of a
mixed state, it fails to give a parent Lindbladian for the
mixed state itself, which is the main objective here. For
thermal states, Ref. [41] gives a construction for a parent
Lindbladian for the case of stabilizer Hamiltonians. Our
construction contains thermal states of nearest-neighbor com-
muting Hamiltonians with zero correlation length but also
includes states that are not necessarily full-rank, such as a
generalization of (non-full-rank) thermal states and mixed
states arising as boundaries of 2D topologically ordered
systems.

Our results endow MPDO, which are RFP, with a direct
physical meaning—they arise as the exact steady states of
local dissipative dynamics. Moreover, we identify the class
of MPDO whose parent Lindbladian is rapid mixing, thereby
allowing efficient mixed-state preparation. We envision our

the parent Lindbladian construction can serve as a tool for
classifying mixed-state quantum phases.

The remainder of the paper is organized as follows. In
Sect. II, we summarize the results, outlining the core com-
ponents for constructing parent Lindbladians and discussing
their key properties. Section III provides an overview of the
essential concepts of MPS and MPDO, offering the necessary
background for the parent Lindbladian construction. The clas-
sification of MPDO RFPs is divided into two cases: simple
and nonsimple. In Sec. IV, we present a general framework
for constructing parent Lindbladians for MPDO RFPs, with
explicit treatments of the simple and nonsimple cases de-
tailed in Secs. V and VI, respectively. Finally, we conclude
in Sec. VII by highlighting open questions and directions for
future research.

II. SUMMARY OF RESULTS

We consider N spins in 1D and a density operator, ρ, which
is an RFP MPDO (as defined below). Our goal is to find a
Lindbladian L(N ) such that (1) L(N ) = ∑N

i=1 Li, where Li’s
are local Lindbladians themselves (i.e., act on the site i and its
r neighbors, where r is a fixed integer); (2) Li(ρ) = 0 for all
i; and (3) the convex set of states satisfying L(N )(ρ) = 0 has a
finite cardinality of extreme points independent of the system
size N , and are RFP MPDOs. We will call such cardinality
steady-state degeneracy (SSD). We will call L the parent
Lindbladian.

We recall that a Lindbladian is a superoperator that
generates the time evolution of a density matrix capturing
Markovian dynamics in open quantum systems [33]. An
MPDO, specified by a tensor M, is an RFP if there exist two
local quantum channels [i.e., completely positive (CP) and
trace-preserving (TP) maps] T and S that respectively convert
a one-site tensor and a two-site tensor into each other [43],

(1)

As expected physically, at the RFP, there is no (finite) char-
acteristic length scale of the correlations in the system. This
is made apparent by the fact that the RFP of an MPDO has
zero correlation length [43], in the sense that every two-point
correlation function 〈OiOj〉 is independent of the distance |i −
j| between the two operators. Furthermore, the conditional
mutual information I (A : C|B) vanishes for any consecutive
regions A, B,C when the complement of ABC is nonempty.
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The two quantum channels of the RFP—T and S—allow
for the straightforward construction of a local parent Lindbla-
dian with desirable properties. For this, we first construct a
local channel acting on two neighboring sites

E = T ◦ S, (2)

and denote Ei = τi(E ), where τi translates the sites by amount
i. The parent Lindbladian is then constructed as a summation
of these terms,

L(N ) =
N∑

i=1

Li, (3)

Li = Ei − 1, (4)

where Li is understood as Li ⊗ 1rest, acting trivially outside
the support of Li. By construction, Li is a valid Lindbladian
operator, and the parent Lindbladian L is local. Conditions (1)
and (2) are obviously satisfied, and we will show in Secs. V
and VI that (3) is also fulfilled.

We note that the above construction can be understood as
a generalization of the MPS parent Hamiltonian. In that case,
the role of S, T is played an isometry V and its hermitian
conjugate V †. That is, V † is the isometry that brings two-site
MPS tensor to one-site MPS tensor during renormalization,
and V brings one-site tensor to two-site tensor. The parent
Hamiltonian H = ∑

i hi is then formed by choosing for each
local term h = 1 − VV †, which is completely analogous to
our Lindbladian construction.

While the construction is intuitive, the major contributions
of the paper are to characterize several key theoretical proper-
ties of the parent Lindbladian:

(1) Local and frustration free: The parent Lindbladian is
a summation of geometrically local terms, L(N ) = ∑N

i=1 Li.
A global steady state that satisfies L(N )(ρ) = 0 is also in the
space of steady states of each local term, Li(ρ) = 0, making
it frustration free.

(2) Minimal steady-state degeneracy: The SSD of our
constructed parent Lindbladian is minimal; no other local
Lindbladian construction admits lower steady-state degener-
acy.

(3) Steady-state degeneracy does not necessarily imply
long-range correlations: Unlike MPS, we show the MPDO,
whose parent Lindbladian hosts two or more steady states,
does not necessarily have long-range correlations. For exam-
ple, the parent Lindbladian of the state ρ = 1

2N (1⊗N + σ⊗N
z )

has two degenerate steady states, but ρ has only short-range
correlations.

(4) Steady-state degeneracy does not classify mixed-state
quantum phases: Unlike MPS, we show the MPDOs, whose
local parent Lindbladians host the same minimal steady-state
degeneracy, may belong to different mixed-state quantum
phases. For example, the parent Lindbladians for state ρ =
1

2N (1⊗N + σ⊗N
z ) and ρ = 1

2 (|0〉〈0|⊗N + |1〉〈1|⊗N ) both admit
exactly two linearly independent steady states. Nevertheless,
they belong to different phases.

(5) (Non)commutativity of the parent Lindbladian: The
parent Lindbladian cannot always be chosen to be commuting
([Li,L j] = 0) even at the RFP if we require it to be local
and have minimal steady-state degeneracy. In contrast, the

parent Hamiltonian at the MPS RFP can always be chosen as
commuting, local, and with minimal ground-state degeneracy.

(6) rapid mixing dynamics: We identify a class of MPDO
RFP whose parent Lindbladian is commuting, and thus rapid
mixing, in the sense that, starting from any initial state, the
Lindbladian evolution brings it to the unique steady-state
(or space of steady states) with vanishing error after time
t = O(poly log N ). For example, the parent Lindbladian for
ρ = 1

2N (1⊗N + σ⊗N
z ) is rapid mixing and can bring product

state ρ = |0〉〈0|⊗N to it after t = O(poly log N ) with vanish-
ing error. More interestingly, we will show in Sec. VI E that
the parent Lindbladian for the nontrivial density matrix [31]
ρ

(N )
CZX = 1

2N (1⊗N
2 + U (N )

CZX) is also rapid mixing.
The distinction of MPDO RFP between the so-called sim-

ple and nonsimple [43] will play an important role in our
parent Lindbladian construction, which applies to both cases.
The simple MPDO RFPs include, but are not limited to, Gibbs
states of local commuting Hamiltonians (e−βH , where H =∑

i hi and [hi, h j] = 0) with zero correlation length. However,
the simple MPDOs under consideration can be non-full-rank
mixed states, which can be understood as special limiting
cases of Gibbs states. In that sense, our result goes beyond the
usual Gibbs states of commuting Hamiltonians. More inter-
estingly, the nonsimple MPDO can correspond to boundaries
of 2D topologically ordered systems. For this class, we will
employ a systematic construction that exploits tools from C∗-
weak Hopf algebras [44–47].

III. PRELIMINARIES

In this section, we provide a minimal review of MPS and
MPDO and set up the notation. For a comprehensive review,
we refer the reader to Ref. [1]. Regarding MPS, we introduce
the concept of RFPs and the construction of parent Hamiltoni-
ans. Parent Hamiltonians enable the demonstration that MPS
RFPs provide an exhaustive classification of MPS phases [15].
Specifically, every MPS belongs to the same phase as its
corresponding fixed point.

After establishing a unified structure for all MPS RFPs, we
next introduce MPDOs and review the full characterization
of their associated RFPs [43], highlighting their significantly
richer structures. In particular, we will treat simple and non-
simple MPDO RFPs separately, as their distinct structures will
lead to different parent Lindbladian constructions. This frame-
work sets the stage for the parent Lindbladian construction,
which we present in the following sections.

A. Matrix product state, renormalization fixed points, and
parent hamiltonian

1. Basics of MPS

Consider a rank-3 tensor A with graphical representation,

(5)

where i = 1, 2, . . . , d labels the Hilbert space and α, β =
1, 2, . . . , D label the auxiliary (virtual) space. d is the local
Hilbert space dimension and D is the bond dimension. Ai can

013210-3



YUHAN LIU et al. PHYSICAL REVIEW RESEARCH 8, 013210 (2026)

be viewed as a D × D matrix, Ai ∈ MD, where MD denotes
the matrix algebra of D × D-dimensional complex matrices.

Given the tensor A, one can concatenate N copies to form
a uniform MPS,

|ψ (N )(A)〉 =
∑
{i}

Tr(Ai1 Ai2 · · · AiN )|i1i2 · · · iN 〉. (6)

Graphically,

(7)

When restricted to a finite bond dimension D, MPS provides
an efficient description of the underlying many-body states
while incorporating by construction the entanglement area
law.

The MPS tensor has redundant degrees of freedom, in the
sense that two different tensors may generate the same MPS
|ψ (N )(A)〉 for any N . One can use such redundant degrees
of freedom, along with a finite number of blocking steps
(combining n neighboring tensors to form a larger tensor with
physical dimension dn) to bring Ai into a block-diagonal form
where each block exhibits a desired structure. Before showing
this canonical form of the tensor, we first need to define the
concept of injectivity [43]:

Definition 1 (Normal and injective tensors). An MPS ten-
sor A is called injective if the matrices Ai span the whole set
of MD matrices. An MPS tensor A is a normal tensor if it
becomes injective after blocking.

In other words, A is injective if any D × D matrix X can be
expanded as X = ∑d

i=1 ciAi, where ci ∈ C.
For any tensor B, it is always possible to obtain another

tensor A that generates the same MPS state for any N , and A
is in the following canonical form,

Ai =
g⊕

a=1

(
μa ⊗ Ai

a

)
, (8)

where μa = diag
{
μa,1, μa,2, . . . , μa,na

}
. (9)

Moreover, the tensors {Aa}a=1,...,g can be taken to form a basis
of normal tensors (BNT): (1) Each Aa is a normal tensor;
(2) There exists some N0 such that for all N > N0, |ψ (N )(Aa)〉
are linearly independent. That is, a BNT explicitly separates
the (normal) tensors generating proportional MPS.

The MPS state generated by A can, therefore, be written as
a summation,

|ψ (N )(A)〉 =
g∑

a=1

⎛
⎝ na∑

q=1

μN
a,q

⎞
⎠|ψ (N )(Aa)〉. (10)

2. Renormalization fixed point

In statistical mechanics, for phase classification, one
defines the local coarse-graining transformation and the cor-
responding renormalization flow. The limit of renormalization
flow, if it exists, is the renormalization fixed point. Different
renormalization fixed points typically correspond to different
phases.

In the context of MPS, coarse-graining is defined naturally
by blocking neighboring MPS tensors and applying a local

isometry to remove short-range entanglement, while keeping
the long-range entanglement intact [37]. Such a renormaliza-
tion flow is reversible, in the sense that there exists a local
isometry to fine-grain the state. The renormalization fixed
point is then defined as the limit of the renormalization flow
[43].

Definition 2 (Renormalization fixed point). A tensor A is
called an RFP if it satisfies

Ai1 Ai2 =
∑

j

V(i1i2 ), jA
j, (11)

where V is an isometry V †V = 1. Graphically,

(12)

The RFP of an MPS has zero correlation length, in the
sense that every two-point correlation function is indepen-
dent of the distance |i − j| between the two operators. In the
context of MPS, the phase classification is done conveniently
using the RFP. One can show that an MPS and its RFP are in
the same phase using the parent Hamiltonian [15]. The phase
classification problem is then reduced to the phase classifica-
tion for the RFP; MPS RFPs provide representatives for all
1D phases.

At RFP, |ψ (N )(A)〉 is a summation of linearly independent
states |ψ (N )(Aa)〉, each being a direct product of states that
are entangled only between neighboring sites. Specifically, by
unitarily rotating the basis on each local site, |ψ (N )(Aa)〉 takes
the form of

(13)

where the matrix �a is diagonal, positive, and Tr(�2
a) = 1.

Thus,

|ψ (N )(A)〉 =
g∑

a=1

⎛
⎝ na∑

q=1

μN
a,q

⎞
⎠|ω(�a)〉⊗N , (14)

where now |μa,q| = 1.

3. Parent Hamiltonian

Given an MPS, one can always construct a local Hamilto-
nian such that this MPS is a ground state. A particularly useful
construction is the parent Hamiltonian, which enjoys many
nice properties. Given a uniform MPS generated by tensor
A, one defines the vector space GL as the space spanned by
all states |ψ (L)(A)〉X , generated by L consecutive tensors with
arbitrary boundary condition X ,

GL = {|ψ (L)(A)〉X |∀X ∈ MD} (15)

|ψ (L)(A)〉X =
∑
{i}

Tr(XAi1 · · · AiL )|i1 · · · iL〉. (16)

L is called the interaction length, and we choose large enough
L such that its orthogonal subspace G⊥

L in the L-site Hilbert
space is not a null space, which is always possible. Consider
any positive definite operator h � 0 such that ker(h) = GL
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(one simple choice of h is the projector to G⊥
L ). A parent

Hamiltonian is constructed as [48]

H (N ) =
N∑

i=1

hi, (17)

where hi = τi(h) and τi translates the sites by i. At the RFP,
the choice of h as the projector onto G⊥

L can be rewritten as

h = 1 − VV †, (18)

where V is the isometry from Eq. (12).
Definition 3 (Frustration freeness). A Hamiltonian is

frustration free if it can be written as a sum of terms H (N ) =∑N
i=1 hi, such that the lowest energy state of the full Hamil-

tonian is the lowest energy state of each individual term.
Namely,

H (N )|ψ〉 = E0|ψ〉 ⇔ hi|ψ〉 = ei
0|ψ〉, (19)

where E0 is the ground state energy of H (N ) and ei
0 is the

ground state energy of hi.
By construction, the parent Hamiltonian is translational

invariant and frustration free. The ground state of the full
Hamiltonian satisfies H (N )|ψ〉 = 0. Since each individual
term hi is positive semidefinite, 〈ψ |hi|ψ〉 � 0. Therefore,
hi|ψ〉 = 0 holds for each individual state, verifying frustration
freeness.

Frustration freeness plays an important role in proving
that the ground-state degeneracy of a parent Hamiltonian is
minimal when choosing sufficiently large L. In particular, the
ground state degeneracy is g, the number of BNT elements
in tensor A, and the ground state space is Span{|ψ (N )(Aa)〉}
[1,48]. Using the parent Hamiltonian of MPS at the RFP, one
can establish the phase classification of MPS: The number of
elements in the BNT completely specifies the different phases
[15]. This number coincides with the ground-state degeneracy
of the corresponding parent Hamiltonian.

Finally, the parent Hamiltonian is commuting [h, τ j (h)] =
0 for all j if the tensor is RFP. A nearest-neighbor parent
Hamiltonian has L = 2. One has the following theorem [43].

Theorem 1. A tensor A is an RFP iff for all N > 2,
|ψ (N )(A)〉 is a ground state of a nearest-neighbor commuting
parent Hamiltonian.

Let us summarize a few key properties of MPS that will be
contrasted later in the case of MPDO with nontrivial distinc-
tions: the overall structure of the noninjective MPS RFPs does
not depend on the details of each BNT element. Moreover, the
corresponding parent Hamiltonian is always commuting and
straightforward to construct. However, as we will demonstrate
in subsequent sections, the additional structure inherent to
density matrices in the mixed-state case leads to a richer set
of properties.

B. Matrix product density operator
and renormalization fixed points

Analogously, one may ask whether mixed states on a one-
dimensional chain also allow a tensor-network description.

Consider a rank-4 tensor M with graphical representation,

(20)

where i, j = 1, 2, . . . , d are physical space indices and
α, β = 1, 2, . . . , D are auxiliary space indices. A tensor M
generates a valid matrix-product density operator (MPDO)

ρ (N )(M ) =
∑
{i, j}

Tr(Mi1 j1 Mi2 j2 · · · MiN jN )

|i1i2 · · · iN 〉〈 j1 j2 · · · jN |, (21)

or graphically,

(22)

if ρ (N ) = (ρ (N ) )† � 0. More generally, one can include a
boundary condition matrix B in MPDO,

(23)

Given M, deciding whether ρ (N )(M ) is a positive operator for
all system sizes is, in fact, an undecidable problem [49,50].
Nevertheless, as we will see, it is possible to bypass this
difficulty by assuming an RFP condition.

What kind of mixed states admit an MPDO description?
There are at least two physical scenarios where MPDOs ap-
pear:

(1) Gibbs states of local Hamiltonians [5,51,52].
(2) Boundaries of two-dimensional topologically ordered

systems [53,54].
Although a complete classification of mixed-state quantum

phases is still ongoing, it is believed that the renormalization
fixed points of MPDOs capture mixed-state phases of matter.
In the following, we introduce RFPs for MPDO, distinguish-
ing between simple and nonsimple RFP characterizations.

1. Renormalization fixed point

One natural way to generalize the definition of renormal-
ization to MPDO is to define coarse-graining channels which
map two consecutive tensors to one and also maintain long-
range correlation. Unlike the renormalization flow for MPS,
which is always reversible, the existence of another quantum
channel that can reverse the coarse-graining is not guaran-
teed. We require the existence of such a channel to restore
reversibility. Unlike MPS, devising an explicit algorithm to
find the coarse-graining quantum channel of a given MPDO
tensor M is still challenging (see a recent progress in Ref.
[55]). Nevertheless, one can still define the renormalization
fixed point for MPDO as the limit of renormalization flow
[43].

Definition 4 (RFP for MPDO). A tensor M generating
MPDO is called an RFP if there exist two quantum channels,
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T and S , that act on the physical space and fulfill the follow-
ing condition:

(24)

namely,

T (Mαβ ) =
∑

γ

Mαγ ⊗ Mγ β,

S

⎛
⎝∑

γ

Mαγ ⊗ Mγ β

⎞
⎠ = Mαβ. (25)

One can show this definition agrees with Definition 2 when
the MPDO is pure.

Next, we would like to characterize the RFP for MPDO.
By treating indices i, j as a compound index (namely, by
vectorizing the MPDO), M can be viewed as a rank-3 tensor,
and one can apply the previous results for matrix-product state
to bring Mi j into the canonical form with a BNT as in Eqs. (8)
and (9), namely,

Mi j =
g⊕

a=1

(
μa ⊗ Mi j

a

)
, (26)

where μa = diag
{
μa,1, μa,2, . . . , μa,na

}
. (27)

We call this the horizontal canonical form and denote the BNT
as {Ma}.

Consider evaluating a two-point correlation function,
which can be evaluated via the tensor-network transfer matrix.
The transfer matrices E for MPS and MPDO are defined as

(28)

While all BNT element Aa contribute to the transfer ma-
trix for MPS, some BNT element Ma for an MPDO may
lead to nilpotent operators, meaning that TrR(ρ (N )(Ma)) = 0
when we trace R � D consecutive sites, and N is sufficiently
large. Therefore, such BNT elements do not contribute to
the two-point correlation function when the separation of the
two operators is larger than R. This motivates the following
definition.

Definition 5 (Simple). A tensor generating an MPDO is
simple if none of the elements in its BNT is nilpotent.

Below, we give two examples of noninjective MPDO ten-
sors; one is simple, and the other is nonsimple.

Example 1 (Classical GHZ state). Consider a tensor M
with d = D = 2 which has components M00

00 = M11
11 = 1, and

all other components vanishing. The corresponding MPDO is

ρ (N )(M ) = |0〉〈0|⊗N + |1〉〈1|⊗N . (29)

This is an example of a simple tensor. There are two el-
ements in BNT, each with bond dimension 1: M00

(a=0) = 1
and M11

(a=1) = 1. None of them is nilpotent. Similar to the
Greenberger-Horne-Zeilinger (GHZ) state, this MPDO has
long-range correlations. Indeed, ρ (N )(M ) can be obtained
from the pure GHZ state by tracing out one site.

Example 2 (Boundary state of the Toric Code). Consider a
d = D = 2 tensor M with components M00

00 = M11
00 = M00

11 =
−M11

11 = 1/2 and all other components vanishing. The corre-
sponding MPDO is

ρ (N )(M ) = 1

2N

(
1⊗N + σ⊗N

z

)
. (30)

This is an example of a nonsimple tensor. There are two
elements in BNT, each with bond dimension 1: M00

(a=0) =
1
2 , M11

(a=0) = 1
2 and M00

(a=1) = 1
2 , M11

(a=1) = − 1
2 . M(a=0) gener-

ates 1⊗N and M(a=1), which is nilpotent, generates σ⊗N
z .

After tracing any single site, the MPDO is proportional to
a maximally mixed state and thus does not have long-range
correlations.

The simple and nonsimple MPDO RPF tensors have differ-
ent structures, which we review below.

2. Simple RFP characterization

Theorem 2. If a tensor M is in canonical form, generates
an MPDO, is an RFP, and is simple, then each BNT element
Ma takes the following form after a local unitary rotation:

(31)

with

(32)

and the matrix R defined below is a rank-1 matrix

Rk,k′ := Tr(ηk,k′ ) = akbk′ , (33)

with normalization
∑

k∈Sa
akbk = 1.

Different elements of a BNT are supported on orthogo-
nal physical subspaces. They further satisfy ηk,k′ = 0 if k ∈
Sa, k′ ∈ Sa′ and a �= a′.

We emphasize that the direct sum in Eq. (31) is in the
physical space [unlike Eq. (8), where the direct sum is in the
auxiliary space]. The local Hilbert space for each site is de-
composed into a direct sum H = ⊕aHa. Moreover, each Ha is
further decomposed into another direct sum Ha = ⊕k∈SaH(k)

with H(k) = H(k)
l ⊗ H(k)

r . Denoting d (k)
l , d (k)

r the Hilbert space
dimension of H(k)

l ,H(k)
r respectively, the physical Hilbert

space dimension of a single site is d = ∑
a

∑
k∈Sa

d (k)
l d (k)

r .
By concatenating M, the MPDO generated by simple RFP

tensor M is thus a summation of mixed states, each of which
is a direct product,

ρ (N )(M ) =
g⊕

a=1

na

⊕
k1,...,kN ∈Sa

ηk1,k2 ⊗ ηk2,k3 ⊗ · · · ⊗ ηkN ,k1 .

(34)

We use the direct sum to emphasize different summands are
supported on orthogonal subspaces. In fact, each summand
labeled by a in the above MPDO is the generalized Gibbs
state of nearest-neighboring commuting Hamiltonian with
zero correlation length,

ρ (N ) ∝ e−∑N
i=1 hi , (35)
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where hi = τi(h), [hi, h j] = 0. By “generalized” here we
mean that each h includes the limiting case where h = h1 +
βh2 with h2 � 0, [h1, h2] = 0 and β → ∞, so that e−h =
P2e−h1 , with P2 the projector onto the ground space of h2.
Therefore, the generalized Gibbs state can be rank-deficient.
Vice versa, the generalized Gibbs state of nearest-neighboring
commuting Hamiltonian with zero correlation length can be
rewritten in the form of Eq. (34) [43,51,56].

The MPDO generated by the simple RFP tensor satisfies
several properties physically expected for an RFP. First, it
has zero correlation length E2 = E . Second, the conditional
mutual information I (A : C|B) vanishes for any consecutive
regions A, B,C when the complement of ABC is nonempty,
which directly leads to the above local Hilbert space decom-
position [57].

Example 3 (Gibbs state). We provide two examples of
simple MPDO RFPs in Appendix A. The first one is a direct
product of Werner states, therefore with a single k in Eq. (31):
There is no further decomposition for the local Hilbert space
at each site. The second one is constructed by two Werner
states with different parameters, and has two k′s: The local
Hilbert space is a direct sum H = H(k=1) ⊕ H(k=2). For both
cases, we show that they are indeed Gibbs states by construct-
ing the Gibbs state Hamiltonians explicitly.

Finally, using the characterization of simple RFP, one can
explicitly construct the renormalization channels T and S .
When the MPDO is injective, with only one horizontal BNT
element, the channel T that transforms two sites to three sites
and the channel S that transforms three sites to two sites read

T (X ) =
⊕
k1,k2

[
1

ak1 bk2

Tr1r,2l
(
Qk1 ⊗ Qk2 (X )Q†

k1
⊗ Q†

k2

)

⊗
(⊕

k′

(
ηk1,k′ ⊗ ηk′,k2

))]
, (36)

and

S (X ) =
⊕

k1,k2,k3

[
1

ak1 bk3

Tr1r,2,3l
(
Qk1 ⊗ Qk2 ⊗ Qk3 (X )Q†

k1

⊗ Q†
k2

⊗ Q†
k3

)⊗ ηk1,k3

]
. (37)

Here, Qk is an isometry QkQ†
k = 1 that projects onto the

Hilbert subspace H(k) and satisfies
∑

k Q†
kQk = 1. After ap-

plying the projector Qk , the symbol Tr1r denotes taking partial
trace on H(k)

r , and “1” labels the site of the action. Similarly
for Tr2l the partial trace is taken on H(k)

l on the second site. In-
tuitively, the quantum channels perform project, partial trace,
and replace. Graphically,

(38)

and

(39)

where we employ the vectorized notation, using the upward
arrows to denote the output Hilbert space degrees of freedom
and the downward arrows to denote the input Hilbert space
degrees of freedom. Qk in the graph thus denotes Qk ⊗ Q∗

k .
We would like to comment that the channels T and S intro-

duced above convert a two-site tensor and a three-site tensor
into each other. By blocking the tensor once more, we can
define T and S that go between one-site tensor and two-site
tensor; however, we will keep the form between two-site and
three-site tensor due to its simplicity.

3. Nonsimple RFP characterization

In this section, we review the more general nonsimple
MPDO RFPs and their characterization [43]. The nonsimple
RFPs have several nontrivial features since they can emerge
on the boundary of topologically ordered models in 2D. We
will first briefly state the general characterization, then use
the language of C∗-weak Hopf algebra to write down explicit
RFP tensors M and the corresponding MPDOs.

For the general characterization, we need to use the canon-
ical form with a BNT in the vertical, instead of a horizontal,
direction. Starting from the rank-4 tensor M, we now treat
indices α, β as a compound index and view M as a rank-3
tensor. One can then apply the results for MPS (with the
horizontal and vertical directions exchanged) to bring Mαβ

into canonical form with a corresponding BNT. We call this
the vertical canonical form and denote the BNT as {Mλ}.
Moreover, it is proven that [43] if an MPDO tensor is in
the horizontal canonical form, it is automatically also in the
vertical canonical form.

Consider the one-site tensor M and the two-site tensor K
formed by concatenating two copies of M horizontally,

(40)

Up to isometries acting on the physical indices, they can be
written in the vertical canonical form,

M(αβ ) =
⊕

λ

μλ ⊗ M(αβ ),λ, (41)

K(αβ ) =
⊕

κ

νκ ⊗ K(αβ ),κ , (42)

where {Mλ} and {Kκ} are BNTs for M and K , respectively, and
μλ, νκ are diagonal positive matrices. We define mλ = Tr(μλ)
and nκ = Tr(νκ ). Again, we emphasize the direct sum and
direct product are in the physical space (vertical direction).

Theorem 3. A tensor M generating an MPDO is an RFP
iff the elements in BNTs {Mλ} and {Kκ} for one-site tensor M
and two-site tensor K are related by a unitary Uλ acting on the
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physical index

K(αβ ),λ = UλM(αβ ),λU †
λ , (43)

for any λ and mλ = nλ [43].
The multiplication in Eq. (43) is over the physical indices

(along the vertical direction). In other words, at the RFP,
the one-site tensor M and two-site tensor K share the same
vertical BNT up to a unitary transformation. This feature can
be used to construct the channels T and S , and thereby the
parent Lindbladian for the nonsimple case in later sections.

We comment that, in practice, it is more convenient to
generate the nonsimple MPDO RFP using C∗-weak Hopf
algebras, as we introduce in Sec. VI A; this construction also
makes the MPDOs manifest as boundaries of 2D topologically
ordered systems. However, such constructions do not exhaust
all nonsimple RFPs [58]. We will explicitly present a coun-
terexample and construct its parent Lindbladian in Sec. VI E.

C. Lindblad master equation

Here we give a short introduction to the Lindbladian
formalism. The Linbladian operator L is a linear map that
generates a continuous dynamical semigroup of quantum
channels Eevol,t via Eevol,t = eLt . Physically, the Lindblad mas-
ter equation [59] governs the evolution of an open quantum
system weakly coupled to the environment,

ρ̇ := L(ρ) = −i[H, ρ] +
∑

k

(
LkρL†

k − 1

2
{L†

k Lk, ρ}
)

,

(44)

where the Hamiltonian part H governs the unitary part of
the evolution, and {Lk} are called jump operators, governing
the dissipative part of the evolution. An initial density matrix
ρinit evolves as ρ(t ) = eLt (ρinit ). The evolution operator eLt is
completely positive and trace preserving for all t � 0.

One can prove that the eigenvalues of L have a nonpositive
real part with at least one zero eigenvalue. In particular, the
parent Lindbladian we construct takes the form of L(N ) =∑N

i=1(Ei − 1), subsequently has H = 0 and only jump oper-
ators, and all the nonzero eigenvalues have a strictly negative
real part [60].

Given a Lindbladian operator, a steady state is a density
matrix ρ∞ corresponding to the zero eigenvalue, satisfying
L(ρ∞) = 0. Namely, it is a fixed point of the evolution opera-
tor eLt (ρ∞) = ρ∞. The set of steady states forms a convex set,
and all steady states can be written as a convex combination of
extreme points. In case there is a finite number of such points,
we will call it SSD. If L has a unique steady state, any initial
state ρinit will evolve toward the steady state after infinite time
evolution, limt→∞ eLt (ρinit ) = ρ∞. If the steady state is not
unique, the initial state will evolve toward a state in the convex
set of steady states.

D. Mixed-state quantum phases

For completeness, here we provide a definition of the
mixed-state quantum phases via Lindbladian evolution [16].

Definition 6. A state ρ0 can be driven fast to another state
ρ1, and we write ρ0 → ρ1, if there exists a local and time-
dependent Lindbladian L acting on the original system and

a locality preserving ancillary system, such that for any t �
poly log N ,

‖etL(ρ0 ⊗ σ0) − ρ1 ⊗ σ1‖1 � εN , (45)

with σ0 and σ1 respectively the initial and final states of the
ancillas, and εN → 0 in the thermodynamic limit N → ∞.

Two states belong to the same phase if there exist two local
Lindbladians described above such that ρ0 → ρ1 and ρ1 →
ρ0.

In the above definition, including the ancillary system is
necessary for the phase equivalence to be transitive.

In particular, if an MPDO ρ (N ) admits a rapid mixing par-
ent Lindbladian that brings a product state ρ0 to ρ (N ), then it is
in the trivial phase. Showing the reverse direction ρ (N ) → ρ0

is easy by designing a parent Lindbladian for the product state.
We comment that we emphasize the rapid mixing property

of Lindbladian instead of the gapped property, because rapid
mixing, by definition, ensures fast convergence to the steady
state and guarantees the smoothness of observables along the
evolution. In contrast, the presence of a spectral gap alone
does not provide such a guarantee [16,61].

IV. PARENT LINDBLADIAN CONSTRUCTIONS

After reviewing the characterization of the MPDO renor-
malization fixed point tensor, we are now ready to construct
its local parent Lindbladian. We use the channels T and S of
the RFP to form a local quantum channel

E = T ◦ S, (46)

and denote Ei = τi(E ), where τi translates the sites by amount
i. We then construct the parent Lindbladian as

Li = Ei − 1, (47)

L(N ) =
N∑

i=1

Li. (48)

In this construction, the jump operators of the local Lindbladi-
ans Li are identified with the Kraus operators of Ei (note that∑

k L†
k Lk = 1 due to the trace-preserving property of Ei), and

the Hamiltonian part of Li is zero. The MPDO generated by M
is a steady state of L(N ) by construction, L(N )(ρ (N )(M )) = 0,
and the Lindbladian is geometrically local.

One may wonder whether we can find an easier solution by
first constructing the parent Lindbladian for the purification of
the mixed state and then taking a partial trace over the purify-
ing system. There are two problems with this approach. First,
not every MPDO allows for a local purification, as pointed
out in Ref. [50]. The second is that the quantum channel for
partial trace cannot be generated by a Lindbladian. Therefore,
this procedure fails to give a parent Lindbladian for the mixed
state itself.

Next, we define several key properties for parent Lindbla-
dians.

Definition 7 (Frustration freeness). A Lindbladian is frus-
tration free if it can be written as a sum of terms L(N ) =∑N

i=1 Li, such that every steady state of the full Lindbladian
is the steady state of each individual term. Namely,

L(N )(ρ) = 0 ⇔ Li(ρ) = 0. (49)
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Definition 8 (Minimal steady-state degeneracy). A parent
Lindbladian L(N ) of an MPDO ρ (N )(M ) reaches minimal
SSD if there does not exist any other local Lindbladian with
a lower-dimensional steady-state subspace which includes
ρ (N )(M ).

While the parent Lindbladian construction is straightfor-
ward, proving its properties, such as minimal steady-state
degeneracy and frustration freeness, is challenging. The rest
of the text is devoted to proving the properties summarized
in Sec. II for the parent Lindbladian defined in Eq. (48).
There are at least two main differences compared to the parent
Hamiltonian.

First, unlike the parent Hamiltonian, parent Lindbladian is
not automatically frustration free. Although the eigenvalues
of Li always have a nonpositive real part, it is possible that a
global steady-state is not a steady-state of each local term, as
shown in the following counterexample,

Example 4. Consider the following Lindbladian acting on
a single qubit:

L = L1 + L2,

L1(X ) = Tr(X )|0〉〈0| − X, (50)

L2(X ) = Tr(X )|1〉〈1| − X.

The steady state of L is ρ = 1
2 (|0〉〈0| + |1〉〈1|), and it is not a

steady state of L1 or L2.
However, if the parent Lindbladian is commuting, then

frustration freeness is guaranteed.
Lemma 1. A Lindbladian L = ∑

i Li with [Li,L j] = 0
and Li = Ei − 1 is frustration free. That is, if L(ρ) = 0 then
Li(ρ) = 0 for all i.

Proof. Using the local Lindbladian term, we define the
projectors,

Pi = lim
t→∞ etLi , P = lim

t→∞ et
∑

i Li =
∏

i

Pi, (51)

where we used [Li,L j] = 0. The limit is well defined because
Li does not have pure-imaginary eigenvalues by construction.
Pi is a projector P2

i = Pi but not necessarily Hermitian. Using
P2

i = Pi, one can show that Pi as a linear map is nondefective:
For each eigenvalue, the geometric multiplicity equals the
algebraic multiplicity. Therefore, Pi is diagonalizable.

The commutation of the Lindbladian [Li,L j] = 0 leads
to the commutation of the projectors [Pi, Pj] = 0, and subse-
quently, they are simultaneously diagonalizable. Furthermore,
the eigenvalues of Pi can only be 0 or 1. For a steady state,
L(ρ∞) = 0 leads to P(ρ∞) = 1, and thus Pi(ρ∞) = 1 for all
i, equivalently, Li(ρ∞) = 0. This finishes the proof. �

Second, let the linear space of kernels of Li, which is
equivalent to the linear space of fixed points of E , be denoted
as FE . Define the vector space GL(M ) as the space spanned
by all states ρ (L)(M )X , which are states of L consecutive sites
generated by M with arbitrary boundary condition X ,

GL(M ) = {ρ (L)(M )X |∀X ∈ MD}, (52)

where

ρ (L)(M )X =
∑
{i j}

Tr(XMi1 j1 · · · MiL jL )|i1 · · · iL〉〈 j1 · · · jL|,

(53)

and L is the interaction length of E . Unlike parent Hamil-
tonians where GL = ker(h), for a parent Lindbladian, we
generally have

GL(M ) ⊆ FE . (54)

This is because the fixed-point space of a quantum channel
has a specific structure (see Theorem 6.14 of Ref. [62]) that
might not be satisfied by GL(M ) (see Example A2).

Because of the above two differences, the techniques for
proving parent Hamiltonian ground-state degeneracy cannot
be directly applied to determine the steady-state degeneracy
of parent Lindbladians. In the following, we give explicit con-
structions of the channels E and show the above-constructed
parent Lindbladian is still frustration free and reaches the min-
imal steady-state degeneracy, along with other properties such
as commuting, rapid mixing, and the nature of its correlations.
We discuss the simple MPDO and nonsimple MPDO in the
next two sections, respectively.

V. PARENT LINDBLADIAN CONSTRUCTIONS:
SIMPLE MPDO

In this section, we explicitly construct the parent Lind-
bladians for simple MPDOs and prove their properties. We
begin by considering the injective MPDO case, where the
MPDO has only one BNT element in horizontal canonical
form, and then extend to the noninjective MPDO case. The
parent Lindbladian for injective MPDOs is commuting, has
a unique steady state, and exhibits rapid mixing. For nonin-
jective MPDOs, we prove a no-go theorem stating that the
parent Lindbladian cannot be commuting. We also show that
the steady-state degeneracy is minimal and equals g, the num-
ber of BNT elements in the horizontal canonical form of the
tensor M.

A. Injective MPDO

Using the channels T and S in Eq. (37), the local channel
Ei = τi(T ◦ S ) acting on three consecutive sites i, i + 1, i + 2
reads

Ei(X ) =
⊕
k1,k3

[
1

ak1 bk3

Tr1r,2,3l
(
Qk1 ⊗ 1 ⊗ Qk3 (X )Q†

k1

⊗ 1 ⊗ Q†
k3

)⊗
(⊕

k′
2

(
ηk1,k′

2
⊗ ηk′

2,k3

))]
. (55)

Graphically,

(56)

where we employ the vectorized notation, using the upward
arrows to denote the output Hilbert space degrees of freedom
and the downward arrows to denote the input Hilbert space
degrees of freedom.
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Using the graphical notation, it is easy to see the channels
Ei commute. The product of neighboring channels is

(57)

and similarly for Ei+1 ◦ Ei, leading to

Ei ◦ Ei+1 = Ei+1 ◦ Ei, (58)

and subsequently [Li,Li+1] = 0. The nonoverlapping Lind-
bladians trivially commute. Therefore, the parent Lindbladian
is commuting for injective MPDO, which leads to frustration
freeness.

Frustration freeness allows for a simple proof of the
steady-state uniqueness. Using frustration freeness, a global
steady state ρ with L(ρ) = 0 also satisfies Li(ρ) = 0,
or equivalently, Ei(ρ) = ρ for all i. Therefore, it must
satisfy

E1 ◦ E2 ◦ · · · ◦ EN (ρ) = ρ. (59)

The channel E1 ◦ E2 ◦ · · · ◦ EN is nothing but the replacement
channel, which can be shown graphically, for example, when
N = 4,

(60)

This quantum channel takes the trace of the input state and
replaces it with ρ (N )(M ). The unique steady state of the parent
Lindbladian is then ρ∞ = ρ (N )(M ).

B. Rapid mixing dynamics

The parent Lindbladian of a simple MPDO has one ad-
ditional nice property: it is a rapid mixing. That is, starting
from any initial ρinit and evolving for time t , the distance be-
tween the evolved state eLt (ρinit ) and the unique steady-state
ρ∞ vanishes when t = O(poly log N ) in the thermodynamic
limit N → ∞ [16]. The rapid mixing dynamics is a di-
rect consequence of the fact that the parent Lindbladian is
commuting.

Lemma 2. A local Lindbladian L(N ) = ∑N
i=1 Li, where

[Li,L j] = 0 and Li does not have pure-imaginary eigenval-
ues, has rapid mixing dynamics.

Note that in our formalism, Li does not have pure-
imaginary eigenvalues by construction.

Proof. Since the Lindbladian is commuting, we define
the projectors Pi, P as in Eq. (51). Consider the completely

bounded trace norm of the superoperator eLt − P,

‖eLt − P‖♦ =
∥∥∥∥∥
∏

i

eLit −
∏

i

Pi

∥∥∥∥∥
♦

�
N∑

i=1

‖eL1t eL2t · · · eLi−1t (eLit − Pi )Pi+1 · · · PN‖♦

�
N∑

i=1

‖eLit − Pi‖♦, (61)

where we use the triangle inequality, submultiplicativity of the
completely bounded trace norm, and ‖E‖♦ = 1 for a quantum
channel E .

For each local term, one can use the Jordan decomposition
of the superoperator to show that the norm is bounded by

‖eLit − Pi‖♦ � e−γit , (62)

for some constant γi since Li acts locally on a Hilbert space
of fixed dimensions. Subsequently,

‖eLt − P‖♦ � Ne−γ t , (63)

where γ = min(γ1, γ2, . . . , γN ).
The error is then bounded by

ε := ‖eLt (ρinit ) − ρ∞‖1

= ‖eLt (ρinit ) − P(ρinit )‖1 � ‖eLt − P‖1‖ρinit‖1

= ‖eLt − P‖1 � ‖eLt − P‖♦ � Ne−γ t . (64)

The norm in ‖eLt − P‖1 is the induced trace norm of the
superoperator, which lower bounds the completely bounded
trace norm. One can take t = (log N )1+δ for any positive δ

and show ε → 0 when N → ∞. This justifies that L is a rapid
mixing Lindbladian. �

C. Noninjective simple MPDO

A natural guess for generalizing the local quantum channel
for a noninjective MPDO is given by

E (I)
i (X ) =

⊕
a

⊕
k1,k3∈Sa

1

ak1 bk3

Tr1r,2,3l

× (
Qk1 ⊗ Pa ⊗ Qk3 (X )Q†

k1
⊗ 1 ⊗ Q†

k3

)

⊗
⎛
⎝⊕

k′
2∈Sa

(
ηk1,k′

2
⊗ ηk′

2,k3

)⎞⎠, (65)

where Pa = ∑
k∈Sa

Q†
kQk is the projector to Hilbert subspace

corresponding to BNT element a and satisfy
∑

a Pa = 1. By
direct inspection, one can see E (I)

i as a linear map is CP and
ρ (N )(M ) in Eq. (34) is a fixed point of this CP map. However,
a valid quantum channel must also be TP, while

Tr
(
E (I)

i (X )
) = Tr

((∑
a

Pa ⊗ Pa ⊗ Pa

)
X

)

�= Tr(X ). (66)
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To form a CPTP map, denoting P = ∑
a Pa ⊗ Pa ⊗ Pa and

P⊥ = 1 − P, we construct the local quantum channel Ei as

Ei = E (I)
i + E (II)

i , (67)

where E (II)
i (X ) = Tr(P⊥X )ρ0, (68)

and ρ0 is a density matrix satisfying∑
a

(Pa ⊗ Pa ⊗ Pa)ρ0(Pa ⊗ Pa ⊗ Pa) = ρ0. (69)

Note that this condition is stronger than Pρ0P = ρ0. One can
check that the second piece E (II)

i is still a CP map, and the
combined map Ei is indeed trace preserving.

By construction, the second piece E (II)
i satisfies E (II)

i ◦ Ei =
0, which leads to Ei ◦ Ei = E (I)

i ◦ Ei. Using the graphical rep-
resentation, one can show that E (I)

i is idempotent, E (I)
i ◦ E (I)

i =
E (I)

i . Combing the above properties, one can show the equiva-
lence

Ei(X ) = X ⇔ E (I)
i (X ) = X. (70)

The fixed point space of local channel Ei is the same as the
fixed point space of the CP map E (I)

i .
The proof of frustration freeness is more involved, since

Ei is no longer commuting. As we will show later, this is not
merely an artifact of our choice of E (II)

i ; in fact, noninjective
simple MPDO RFPs never admit a commuting local parent
Lindbladian (see Sec. V D). To prove the parent Lindbladian
is frustration free, we make a convenient choice of ρ0 as

ρ0 = 1

g

g⊕
a=1

⊕
k1k2k3∈Sa

ηk1,k2 ⊗ ηk2,k3 ⊗ ηk3,k1 . (71)

Under this condition, E (I)
i (ρ0) = ρ0 and

E (I)
i ◦ E (II)

i = E (II)
i . (72)

Combined with the properties

E (I)
i ◦ E (I)

i = E (I)
i (73)

E (I)
i ◦ E (I)

i+1 = E (I)
i+1 ◦ E (I)

i , (74)

(while keeping in mind that Ei ◦ Ei+1 �= Ei+1 ◦ Ei) one can
prove frustration freeness using a “flow diagram” method. We
leave the proof for Appendix C.

With frustration freeness, steady-state degeneracy can be
shown using a method similar to simple MPDOs. A global
steady state satisfies Ei(ρ) = ρ, or equivalently, E (I)

i (ρ) = ρ

for all i. Consequently, it must satisfy

E (I)
1 ◦ E (I)

2 ◦ · · · ◦ E (I)
N (ρ) = ρ. (75)

The CP map E (I)
1 ◦ E (I)

2 ◦ · · · ◦ E (I)
N can similarly be found us-

ing graphical representation, where now

(76)

Let’s take N = 4 as an example,

(77)

and the generalization to arbitrary N is straightforward. There-
fore, the global steady-states take the form of

ρ (N )
∞ =

g⊕
a=1

ca

⊕
k1,...,kN ∈Sp

ηk1,k2 ⊗ ηk2,k3 ⊗ · · · ⊗ ηkN ,k1 , (78)

with ca ∈ C. A direct inspection shows all the states in the
above form are steady states of L. This concludes that the SSD
is g, the number of horizontal BNT elements, i.e.,

(SSD) = g. (79)

Moreover, the minimally possible steady-state degeneracy is
g, as proven below.

Theorem 4. Consider a simple MPDO ρ (N )(M ) generated
by the RFP tensor M with g BNT elements in the horizontal
canonical form. A local Lindbladian L(N ) that has ρ (N )(M )
as its steady state must have at least g independent steady
states. In particular, the MPDO ρ (N )(Ma) generated by each
BNT element is a steady state.

Proof. Consider the vectoried state |ρ(M )〉〉 of ρ(M )
and define an operator in the vectorized space HL = L̂†L̂,
where L̂ is the representation of L in the vectorized
space. By construction, HL is positive semi-definite, satisfies
〈〈ρ(M )|HL|ρ(M )〉〉 = 0, and it is k-local (but not geomet-
rically local) because each term in the expansion HL =∑

i j L̂
†
i L̂ j is only supported on a finite number of sites.

Now, if there are g BNT elements in the horizontal canoni-
cal form of M, one can decompose |ρ(M )〉〉 = ∑g

a=1 |ρ(Ma)〉〉,
where 〈〈ρ(Ma)|ρ(Ma′ )〉〉 = 0 for a �= a′. We construct another
vectorized state

|ρ ′(M )〉〉 = 2|ρ(Ma=1)〉〉 − |ρ(M )〉〉
= |ρ(Ma=1)〉〉 − |ρ(Ma=2)〉〉 − · · · − |ρ(Ma=g)〉〉.

Consider any region A and its complement Ā. By construction,

TrĀ(|ρ(M )〉〉〈〈ρ(M ))| = TrĀ(|ρ ′(M )〉〉〈〈ρ ′(M )|),
where we use the fact that different BNT elements are sup-
ported on orthogonal physical subspaces locally (Theorem 2).
This shows that each term L̂†

i L̂ j in HL, being k local, cannot
distinguish |ρ(M )〉〉 and |ρ ′(M )〉〉, and therefore |ρ ′(M )〉〉 also
fulfills 〈〈ρ ′(M )|HL|ρ ′(M )〉〉 = 0. Equivalently, L̂|ρ ′(M )〉〉 = 0
and back to the unvectorized notation, L(ρ ′(M )) = 0.

Since both ρ(M ) and ρ ′(M ) are steady states of L, their
summation, ρ(Ma=1), is also a steady state of L. This can be
applied to any BNT element a and finishes the proof that each
ρ(Ma) is a steady state of L. The steady-state degeneracy is at
least g. �

This shows that our parent Lindbladian construction
reaches the minimal steady-state degeneracy. Below we show

013210-11



YUHAN LIU et al. PHYSICAL REVIEW RESEARCH 8, 013210 (2026)

an example of parent Lindbladian for the noninjective simple
MPDO, the classical GHZ state.

Example 5 (Classical GHZ state). Let us consider again

ρ (N )(M ) = |0〉〈0|⊗N + |1〉〈1|⊗N . (80)

(see also Example 1). In this example, there are two elements
in the BNT, each with a bond dimension of 1. Therefore, it
is sufficient to consider a two-site local channel rather than a
three-site one. The two projectors for the two BNT elements
are

P0 =
(

1 0
0 0

)
, P1 =

(
0 0
0 1

)
.

Denoting P⊥ = 1 − P0 ⊗ P0 − P1 ⊗ P1, the local channel
takes the form

Ei(X ) = Tr((P0 ⊗ P0)X )P0 ⊗ P0 + Tr((P1 ⊗ P1)X )P1

⊗ P1 + Tr((P⊥)X )ρ0, (81)

and ρ0 can be chosen as ρ0 = 1
2 (P0 ⊗ P0 + P1 ⊗ P1). Using

this local channel, the parent Lindbladian has a two-
dimensional space of steady states:

ρ (N )
∞ = c1|0〉〈0|⊗N + c2|1〉〈1|⊗N ,

with c1, c2 � 0.

D. No-go theorem for commuting local Lindbladian

In this section, we prove a no-go theorem regarding the
existence of commuting local Lindbladians with minimal
steady-state degeneracy. We first prove a lemma on long-range
correlations of noninjective simple MPDO.

Lemma 3. Consider a noninjective simple MPDO RFP
ρ (N )(M ) generated by the tensor M with horizontal BNT
{Ma}. The state ρ (N ) = caρ

(N )(Ma) + ca′ρ (N )(Ma′ ) with a �=
a′, ca > 0, ca′ > 0 has long-range correlations, in the sense
that there exist local operators OA, OB such that the connected
correlation function 〈OAOB〉c has a positive lower bound for
arbitrarily large separation between region A and region B.

Proof. We will prove the lemma by construction. For a
noninjective simple MPDO RFP ρ (N )(M ) generated by tensor
M with horizontal BNT {Ma}, denote the transfer matrix for
a BNT element Ma as Ea, and the transfer matrix for Ma with
operator OA

a inserted as EA
a . Diagrammatically,

(82)

The operator OA
a is an onsite operator supported on Ha.

Next, we construct OA as OA = OA
a − OA

a′ where a �= a′,
namely, OA

a and OA
a′ are supported on orthogonal physical

spaces. The one-point function 〈OA〉 can be computed as

〈OA〉 = Tr(OAρ (N ) )

= caTr
(
OA

a ρ (N )(Ma)
)− ca′Tr

(
OA

a′ρ
(N )(Ma′ )

)
= caTr

(
EaEA

a

)− ca′Tr
(
Ea′EA

a′
)
, (83)

where the fixed point condition E2
a = Ea is applied. Similarly,

〈OB〉 = caTr
(
EaEB

a

)− ca′Tr
(
Ea′EB

a′
)
. (84)

One can always choose OA
a , OA

a′ , OB
a , OB

a′ such that the one-
point functions vanish, 〈OA〉 = 0 and 〈OB〉 = 0.

For OA and OB supported on different sites, one can com-
pute the two-point function as

〈OAOB〉 = Tr(OAOBρ (N ) )

= caTr
(
OA

a OB
a ρ (N )(Ma)

)+ ca′Tr
(
OA

a′OB
a′ρ

(N )(Ma′ )
)

= caTr
(
EaEA

a EaEB
a

)+ ca′Tr
(
Ea′EA

a′Ea′EB
a′
)
, (85)

where in the second line, there are no cross terms like OA
a OB

a′
because different BNT elements are supported on orthogonal
physical subspaces locally (Theorem 2). Since Ea is a rank-
one matrix, one can further decompose

〈OAOB〉 = caTr
(
EaEA

a

)
Tr
(
EaEB

a

)+ ca′Tr
(
Ea′EA

a′
)
Tr
(
Ea′EB

a′
)

= ca

(
1 + ca

ca′

)
Tr
(
EaEA

a

)
Tr
(
EaEB

a

)
, (86)

where in the last line, we use 〈OA〉 = 〈OB〉 = 0. Since the one-
point functions vanish, the connected two-point correlation
function 〈OAOB〉c = 〈OAOB〉, which is a positive finite value,
independent of the separation between A and B. �

The above proof essentially shows that the noninjective
MPDO RFPs have long-range correlations. The fact that
different horizontal BNT elements are supported on orthog-
onal physical subspaces plays an important role in the above
proof. This feature is true only for simple MPDOs. nonsim-
ple MPDOs do not have this property and a state ρ (N ) =
caρ

(N )(Ma) + ca′ρ (N )(Ma′ ) may only have short-range corre-
lations.

We are now ready to prove the following no-go theorem for
commuting local Lindbladian.

Theorem 5. A noninjective simple MPDO generated by
an RFP tensor M does not admit a local Lindbladian that has
ρ (N )(M ) as its steady state, is commuting, has minimal steady-
state degeneracy, and has no purely imaginary eigenvalues.

Proof. We will use proof by contradiction. For this, we
assume that there exists a local and commuting parent Lind-
bladian that has ρ (N )(M ) as its steady state, and has (SSD) =
g (recall that by Theorem 4, the minimal steady-state de-
generacy is g and the space of steady states is spanned by
{ρ(Mp)}). More precisely, consider a commuting local Lind-
bladian L(N ) = ∑N

i=1 Li, where each summand Li is local,
acting on a region of length L, and L is a finite number that
does not grow with N . Since [Li,L j] = 0, the time evolution
operator E (N )

evol,t = eL
(N )t can be written as the product

E (N )
evol,t =

N−1∏
i=0

eLit =
L−1∏
l=0

⎛
⎝N/L−1∏

j=0

eL jL+l t

⎞
⎠. (87)

In other words, E (N )
evol,t = eL

(N )t is a finite-depth local channel
with depth L.

As a finite-depth local channel, E (N )
evol,t has a strict light

cone, and no correlation can be created outside the light cone.
This also applies when t → ∞; recall that the limit exists
and is equal to the steady-state projector Eevol,∞ since L has
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no purely imaginary eigenvalues. Specifically, starting from
an initial state ρ

(N )
init which is a product state, the connected

correlation function with O(t ) = Tr(Eevol,t (ρ
(N )
init )O) satisfies

(OAOB)c(t ) ≡ (OAOB)(t ) − OA(t )OB(t ) = 0, (88)

when the separation between region A and B is larger than 2L
for any operators OA, OB. Consequently, the steady state after
infinite time evolution ρ

(N )
∞ = Eevol,∞(ρ (N )

init ) is still short-range
correlated.

Now, consider initial states as product states,

ρ
(N )
init = ρ1 ⊗ ρ2 ⊗ · · · ⊗ ρN , (89)

where ρi is an arbitrary density matrix at site i. By assumption,
the steady state is in the space spanned by {ρ(Ma)}. Suppose
there exists a product state whose steady state is a superposi-
tion c1ρ(Ma) + c2ρ(Ma′ ) with a �= a′. By Lemma 3, this state
has long-range correlations and is in contradiction to Eq. (88).
Therefore, the steady state of a product initial state does not
contain superposition.

Since all possible product states ρ
(N )
init form a complete basis

for the operators, all the states in the space of steady states
shall be reached, and there must exist two initial states, ρ

(N )
init,a

and ρ
(N )
init,a′ , such that their corresponding steady states are the

MPDOs generated by different BNT elements,

Eevol,∞
(
ρ

(N )
init,a

) = ρ(Ma),

Eevol,∞
(
ρ

(N )
init,a′

) = ρ(Ma′ ), (90)

which do not have long-range correlations. Denote ρ
(N )
init,a =

ρ1,a ⊗ · · · ⊗ ρN,a and similarly for ρ
(N )
init,a′ , we next interpolate

between ρi,a and ρi,a′ by ρi(s) where 0 � s � 1, and ρi(s) is
continuous in s, ρi(0) = ρi,a and ρi(1) = ρi,a′ . For example,
one can choose

ρi(s) = (1 − s)ρi,a + sρi,a′ , (91)

and build an interpolated product initial state

ρ
(N )
init (s) = ρ1(s) ⊗ ρ2(s) ⊗ · · · ⊗ ρN (s). (92)

The evolution operator Eevol,∞ as a linear map is continuous,
so there must exist a s′ ∈ (0, 1) such that Eevol,∞(ρ (N )(s′)) =
1
2 (ρ (N )(Ma) + ρ (N )(Ma′ )). This is since Eevol,∞ preserves pos-
itivity and ρ (N )(Ma), ρ (N )(M ′

a) are supported on orthogonal
spaces, thus the convex-combination coefficients are indeed
nonnegative for all s. Again, by Lemma 3 this state has long-
range correlations and contradicts Eq. (88). �

The long-range correlations in ρ (N )(M ) not only lead to a
no-go theorem for a commuting local parent Lindbladian but
also forbid rapid mixing dynamics [63,64].

VI. PARENT LINDBLADIAN CONSTRUCTIONS:
NONSIMPLE MPDO

In this section, we explicitly construct the parent Lind-
bladian of nonsimple MPDOs and prove their properties. In
principle, T and S can be constructed using the vertical
canonical forms of one-site tensor M and two-site tensor K ,
subject to the condition in Theorem 3, which we demonstrate
explicitly for two examples in Sec. VI E and Appendix E. For

the purpose of proving the properties of the parent Lindbla-
dian, we adopt a more convenient algebraic approach based
on the C∗-weak Hopf algebra, which implicitly uses the hori-
zontal canonical form.

We begin with a lightweight review of the characteriza-
tion of nonsimple MPDO RFPs using C∗-weak Hopf algebra,
employing the graphical notation. Given a C∗-weak Hopf al-
gebra A, one can generate an MPDO RFP, which corresponds
to the boundary of a 2D topologically ordered system, and
construct the renormalization channels T and S . We leave the
rigorous algebraic treatments behind the graphical notations
in Appendix B. Next, we construct the parent Lindbladian
using T and S . In the special case of C∗-Hopf algebras, the
parent Lindbladian is commuting and exhibits rapid mixing,
though the steady state is not unique. For a general C∗-weak
Hopf algebra A, the SSD depends on the boundary condition:
with open boundary condition SSD equals dim(A), while with
periodic boundary condition SSD equals g, the number of
BNT elements in the horizontal canonical form.

Finally, we present a case study of a nonsimple MPDO
RFP that lies beyond the framework of C∗-weak Hopf algebra,
and construct its parent Lindbladian via the vertical canonical
form. The conclusion regarding SSD remains unchanged in
this case.

A. Nonsimple RFP characterization: C∗-weak Hopf algebras

This subsection is devoted to recalling some elementary
facts for the construction of RFP MPDOs from the alge-
braic point of view in Refs. [44–46]; see also Appendix B
for rigorous definitions and statements. The central algebraic
structures in this context, introduced by Böhm and Szlachányi
in Ref. [65], are known as C∗-weak Hopf algebras, and are,
in essence, complex finite-dimensional vector spaces A such
that both A and their dual vector spaces A∗ are C∗-algebras,
and which are furthermore compatible in the sense that their
categories of ∗-algebra representations encompass unitary
(multi)fusion categories [66,67]. For example, any group alge-
bra A = CG of a finite group G can be promoted to a C∗-Hopf
algebra (see details in Example B1).

In the context of tensor networks and for our purposes here,
let us recall that, given any C∗-weak Hopf algebra A, one can
systematically construct a rank-four tensor

(93)

generating RFP MPDOs for all system sizes N ∈ N:

(94)

in the sense of Definition 4 or, more generally,

(95)

for certain admissible boundary conditions B; see [45]. Fur-
thermore, the tensor M is in the horizontal canonical form by
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construction, for which we label the BNT as a = 1, . . . , g and
let

(96)

stand for its corresponding block decomposition; here, the
labels a correspond to projecting onto the a-th block at the
virtual level. Furthermore, there exists a rank-four tensor M ′
with the same block decomposition, and two rank-two tensors
� and � satisfying

(97)

and, on the other hand,

(98)

See Appendix B for explicit constructions of the tensors
M, M ′,� and �. Essentially, Eq. (97) is a consequence of
the horizontal canonical form. Moreover, � is invertible and
is proportional to the identity matrix in each block a, and
therefore it commutes at the virtual level with M (and M ′)
by construction:

(99)

in other words, we say � is central with respect to M. By using
Eqs. (97) and (98) and the property of �, one can easily derive
that

(100)

Below we show the example of MPDO tensor when A =
CZ2. See Appendix E for a more advanced example where A
is the Fibonacci C∗-weak Hopf algebra.

Example 6 (Boundary state of the Toric Code). Let us re-
consider the boundary state of the toric code introduced in
Example 2. This MPDO tensor is in fact generated using CZ2

group C∗-algebra, where the tensors M and M ′ are given by

where the first tensor factor corresponds to the endomorphism
in the physical space and the second tensor factor to one in
the virtual space, and the rank-two tensors acting in the virtual
space are

We show the explicit derivation using C∗-Hopf algebra in
Appendix D.

Any tensor M satisfying Eqs. (97)–(99) defines RFP MP-
DOs in the sense of Definition 4. Indeed, on the one hand, the
fine-graining quantum channel T is given by the following
diagrammatic formula using the vectorized notation:

(101)

On the other hand, the coarse-graining quantum channel S is
given by a sum of the form

S = S (I) + S (II), (102)

where the first summand is defined by the expression

(103)

which is completely positive and trace-nonincreasing, but not
necessarily trace preserving, and the second summand is such
that

(104)

i.e., acts nontrivially only on the orthogonal of the space
spanned by ρ (2)(M )X where X is an arbitrary boundary con-
dition matrix, and makes S trace preserving. We will make a
particular choice of S (II) in the next subsection.

It can be deduced that the effect of the fine-grained map
followed by the coarse-grained map is trivial, i.e.,S ◦ T leaves
the tensor M invariant; and the opposite combination, the
quantum channel T ◦ S is an idempotent map that leaves the
two-site tensor invariant and stabilizes the RFP MPDOs. This
makes T ◦ S the main candidate for the local stabilizers on
the Lindbladian construction in the next subsections.

B. Parent Lindbladian

With the notations of Sec. VI A, let us consider the quan-
tum channel E := T ◦ S , which can be decomposed in the
form

E = E (I) + E (II), (105)

where E (k) := T ◦ S (k), k = I, II. (106)
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In diagrammatic notation, it is easy to check that the first term
takes the form

(107)

and, moreover, that the RFP MPDOs with arbitrary boundary
conditions are invariant under the action of E (I) [and hence of
E due to Eq. (104)], since

(108)

as an immediate consequence of Eq. (100).
Let us denote Ei = τi(E ) where τi translates the operator by

i sites and define the linear maps

E (k)
i,...,i+� = E (k)

i ◦ E (k)
i+1 ◦ · · · ◦ E (k)

i+�, (109)

for k = I, II, where the operators are tensorized with the iden-
tity map elsewhere. For example, for � = 2 it is easy to check
that it takes the form

(110)

This is because E (I)
i ◦ E (I)

i+1 is given by the expression

and by virtue of Eq. (97), this is equal to

which corresponds exactly to the expression introduced in Eq.
(110). Similarly, one can also show E (I)

i+1 ◦ E (I)
i is given by the

same expression in Eq. (110), and therefore the two linear
maps E (I)

i+1 and E (I)
i commute,

E (I)
i ◦ E (I)

i+1 = E (I)
i+1 ◦ E (I)

i . (111)

Due to this commutation, the definition of E (I)
i,...,i+� is indepen-

dent of the order of the products.
Furthermore, in the particular case of C∗-Hopf algebras

it holds that E = E (I) is already trace preserving and hence
E (II) ≡ 0; this includes the case of group C∗-algebras. Hence,
the parent Lindbladian is commuting for the MPDO RFP
generated by C∗-Hopf algebra, and subsequently, the parent
Lindbladian is frustration free and is rapid mixing (the same
proof in Sec. V B applies). Define the quantum channels for
open boundary condition (OBC)

E (I)OBC
1,2,...,N := E (I)

1,2,...,N , (112)

and periodic boundary condition (PBC),

E (I)PBC
1,2,...,N := E (I)

N ◦ E (I)
1,2,...,N , (113)

where E I
N acts on sites N and 1, closing the boundary. The

global steady state of the parent Lindbladian L is, therefore,
the fixed point of the channel

E (I)O/PBC
1,2,...,N (ρ) = ρ, (114)

depending on the boundary condition.
However, one cannot expect that E = E (I) for C∗-weak

Hopf algebras in general; see, e.g., Appendix E. Similar
to the noninjective simple case, there are degrees of free-
dom in the choice of E (II). Here, we make a convenient
choice of,

(115)

where the normalization constant can be determined by �,
and P⊥ is a projector onto the orthogonal space of the space
generated by two-site MPDO,

(116)

By construction, E (II) satisfies the properties,

E (II) ◦ E = 0, (117)

E (I) ◦ E (II) = E (II), (118)

and along with the fact that E (I) ◦ E (I) = E (I) one can show
E (X ) = X if and only if E (I)(X ) = X , same as Eq. (70). These
properties also allow us to prove the frustration freeness,
where we show the proof in Appendix C. Being frustration
free, the global steady state of the parent Lindbladian is, again,
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the fixed point of the quantum channel,

E (I)O/PBC
1,2,...,N (ρ) = ρ. (119)

Let us now characterize the parent Lindbladian fixed
points, equivalently, the solution of Eq. (119), in two dif-
ferent cases, depending on whether we consider open or
periodic boundary conditions. As we will see, the degener-
acy of the steady state is different for these two boundary
conditions.

C. Open boundary conditions

For an open finite quantum system of N sites in a one-
dimensional interval, labeled 1, . . . , N , we consider the local
Lindbladian defined by

L(N ) =
N−1∑
i=1

Li, Li := Ei − 1. (120)

As an immediate consequence of Eq. (108), we have
Li(ρ (N )(M )B) = 0 for any boundary condition B, and con-
sequently, L(N )(ρ (N )(M )B) = 0. In fact, these are all the
solutions of the fixed points of the linear map E (I),OBC

1,2,...,N ,
and equivalently the steady states of the global Lindbladian.
Indeed, by expressing E (I),OBC

1,2,...,N graphically as a generaliza-

tion of Eq. (110), any steady state ρ
(N )
∞ satisfies ρ

(N )
∞ =

E (I)
1,...,N (ρ (N )

∞ ) = ρ (N )(M )X for some boundary condition X .
The number of independent admissible boundary condition
B equals the dimension of the C∗-weak Hopf algebra A,
and thus

(SSD) = dim(A). (121)

D. Periodic boundary conditions

For a finite quantum chain system of N sites, i.e., with
periodic boundary conditions, let

L(N ) =
N∑

i=1

Li, Li := Ei − 1, (122)

where the sites 1 and N + 1 are identified. For the sake of
simplicity, let us note that it is sufficient to evaluate E (I)PBC

1,2,...,N
with system size N = 2

E (I)PBC
1,2,...,N = E (I)

2 ◦ E (I)
1 , (123)

which is given by the expression

(124)

where the open left and right indices are identified, respec-
tively, and again as a direct consequence of Eq. (97), this is

equal to

(125)

Let B be central with respect to M (namely, B is propor-
tional to the identity matrix in each sector a) and let us prove
that the previous quantum channel E (I)PBC

1,2 leaves ρ (2)(M )B

invariant:

(126)

which, by virtue of Eq. (100), equals

(127)

and since both B and �−1 are central with respect to M, i.e.,
proportional to the identity in each sector,

(128)

finally, as a consequence of Eq. (98),

(129)

as we wanted to prove. Therefore L(2)(ρ (2)(M )B) = 0 for any
boundary weight B which is central with respect to M.

This can be easily generalized to arbitrary N � 2 to con-
clude that ρ (N )(M )B with a central B is a steady state of L(N );
and there are g independent choices of B that are central,
where g is the number of BNT. In fact, these are all the
steady states of L by noting that E (I)PBC

1,2,...,N can be expressed
as a generalization of Eq. (125), which is a summation over
BNT elements a, and each summand is tracing and replacing.
To summarize, when taking the periodic boundary condition,
the steady-state degeneracy of L is

(SSD) = g. (130)

Moreover, it can be proven that the minimal steady-state
degeneracy is g when the C∗-weak Hopf algebra is bicon-
nected, meaning there is a unique vacuum sector e. In this
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case, the transfer matrix for a horizontal BNT element Ea = 0
unless a = e. In other words, all BNT elements are simple ex-
cept the one associated with the vacuum sector. Biconnected
C∗-weak Hopf algebras include unitary fusion categories,
which are the cases of primary interest (see precise definition
in Appendix B).

Theorem 6. Consider a nonsimple MPDO ρ (N )(M ) gener-
ated by RFP tensor M with g BNT elements in the horizontal
canonical form, constructed from a biconnected C∗-weak
Hopf algebra. A local Lindbladian L(N ) that has ρ (N )(M ) as
its steady state must have at least g independent steady states.

Proof. Using the horizontal canonical form, one can
decompose the state into ρ (N )(M ) = ∑g

a=1 ρ (N )(Ma). Let’s
construct an operator

ρ ′(N )(M ) = ρ (N )(M ) − 2ρ (N )(M1)

= −ρ (N )(M1) + ρ (N )(M2) + · · · + ρ (N )(Mg),
(131)

where a = 1 is not the vacuum sector e. Since Ea = 0 for all
nonvacuum sectors, the reduced density matrix for ρ (N )(Ma)
vanishes when a �= e. Therefore, when tracing out one site,
the reduced density matrix for ρ (N )(M ) and ρ ′(N )(M ) are the
same and equal to the reduced density matrix for ρ (N )(Me).
Any term Li in a local Lindbladian L cannot distinguish
ρ (N )(M ) and ρ ′(N )(M ); if ρ (N )(M ) is a steady state of L, then
ρ ′(N )(M ) must also be a steady state. Finally, there are (g − 1)
independent ways to construct ρ (N )(M ) − 2ρ (N )(Ma), a �= e.
We conclude that there are at least g steady states of a local
Lindbladian that has ρ (N )(M ) as its steady state. �

Therefore, under the periodic boundary condition for
L, our constructed parent Lindbladian reaches the minimal
steady-state degeneracy.

Finally, we would like to point out the implications of the
above results for the particular case of C∗-Hopf algebras.

Theorem 7. An MPDO RFP generated by C∗-Hopf al-
gebras exhibits only short-range correlations and admits
a commuting local rapid mixing parent Lindbladian with
minimal degenerate steady states under periodic boundary
conditions. The minimal degeneracy equals g, the number of
BNT elements in the horizontal canonical form of the MPDO
tensor, which is larger than 1.

The fact that this class of RFPs only exhibits short-range
correlations is a direct consequence of the existence of rapid
mixing local parent Lindbladian [63,64]. It can also be under-
stood by noting that the transfer matrix E = ∑

a Ea = Ee is
a rank-one matrix. This demonstrates that steady-state degen-
eracy does not necessarily imply the existence of long-range
correlations for MPDOs. Moreover, it shows that steady-
state degeneracy alone cannot classify mixed-state quantum
phases. For example, MPDO RFPs generated by C∗-Hopf
algebras and noninjective simple RFPs may share the same
steady-state degeneracy, yet they belong to different phases.
This is demonstrated in the following example.

Example 7 (Boundary state of the Toric Code). As a con-
tinuation of Example 6, let us note that the local quantum
channel acting on two sites is given by the explicit formula

E (X ) = 1
4

(
Tr(X )1⊗2

2 + Tr
(
σ⊗2

z X
)
σ⊗2

z

)
. (132)

The corresponding local Lindbladian is rapid mixing. It is
easy to verify that it brings the product state |0〉〈0|⊗N to
(1⊗N + σ⊗N

z )/2N and the product states |0〉〈0|⊗(N−1) ⊗ |1〉〈1|
to (1⊗N − σ⊗N

z )/2N . The steady states of the global Lindbla-
dian take the form of

ρ (N )
∞ = 1

2N
1⊗N

2 + cσ⊗N
z , (133)

with c ∈ (−2−N , 2−N ). There are two independent steady
states, independent of the boundary condition. Indeed, g =
dim(A) = 2 for A = CZ2. However, unlike Example 4, the
coefficient of 1⊗N

2 is fixed to 1/2N for ρ
(N )
∞ to be a valid

density matrix. This is a general feature for nonsimple MPDO.
This state is in the trivial phase because the parent Lindbladian
drives a product state fast to it, and therefore, it is in a different
phase from the classical GHZ state.

We provide a more complicated example for the parent
Lindbladian construction in Appendix E for the Fibonacci
C∗-weak Hopf algebra A = Fib. In this example, g = 2 while
dim(A) = 13.

E. Beyond C∗-weak Hopf algera: a case study

Having reached general conclusions for nonsimple RFPs
constructed from C∗-weak Hopf algebras, in this final section,
we present a case study of a nonsimple RFP beyond the
framework of C∗-weak Hopf algebras [31,58]. The density
matrix under concern is the CZX density matrix associated
with a nontrivial 3-cocycle.

Example 8 (CZX density matrix). Consider the density
matrix of even system size N [31]

ρ
(N )
CZX = 1

2N

(
1⊗N

2 + U (N )
CZX

)
, (134)

where U (N )
CZX is a nontrivial representation of Z2 group element

associated with a nontrivial 3-cocycle,

U (N )
CZX =

N∏
i=1

CZi,i+1

N∏
i=1

(σx )i. (135)

This density matrix can be represented by an MPDO tensor M̃
with d = 2, D = 3,

M̃00 = 1

2

⎛
⎝1 0 0

0 0 0
0 0 0

⎞
⎠, M̃11 = 1

2

⎛
⎝1 0 0

0 0 0
0 0 0

⎞
⎠,

M̃01 = 1

2

⎛
⎝0 0 0

0 1 1
0 0 0

⎞
⎠, M̃10 = 1

2

⎛
⎝0 0 0

0 0 0
0 1 −1

⎞
⎠. (136)

This is an example of a nonsimple RFP with two elements
in the horizontal BNT, the first with bond dimension D = 1
generating 1⊗N

2 and the second with D = 2 generating U (N )
CZX.

After tracing any single site, the MPDO is proportional to a
maximally mixed state and does not have long-range corre-
lations. Nevertheless, ρ

(N )
CZX is in the nontrivial phase due to

multipartite entanglement [31].
One can prove that this MPDO is an RFP after blocking

two sites by showing the vertical canonical form verifies The-
orem 3 (see details in Appendix F). However, this RFP lacks
the C∗-weak Hopf algebra structure, as carefully analyzed
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in Ref. [58]. In particular, the counit is absent in A and A
is not cosemisimple, therefore the previous constructions of
renormalization channels T and S from C∗-weak Hopf al-
gebra do not apply. Nevertheless, one can still construct the
renormalization channels from the vertical canonical form, as
described below.

Example 9 (Parent Lindbladian for the CZX density ma-
trix). Using the vertical canonical form of M and K , one can
construct the channel T and S as follows. Denote M as the
two-site tensor (blocking two sites of M̃) and K as the four-site
tensor (blocking four sites of M̃) with vertical canonical form
as in Eqs. (41) and (42),

UM(αβ )U
† =

2⊕
λ=1

μλ ⊗ M(αβ ),λ, (137)

V K(αβ )V
† =

2⊕
λ=1

νλ ⊗ M(αβ ),λ, (138)

that verifies the conditions in Theorem 3, mλ := Tr[μλ] =
nλ := Tr[νλ]. There are two elements in the vertical BNT,
each with physical dimension dλ = 2, and both μ1, μ2 are
one-dimensional, both ν1 and ν2 are four-dimensional. Using
the vertical canonical form, the channel T bringing M to K is

T (X ) = V †

[
2⊕

λ=1

(
νλ

mλ

⊗ PλUXU †P†
λ

)]
V, (139)

where

P1 = (12 02×2), P2 = (02×2 12) (140)

are the isometries projecting to the first and second BNT,
respectively.

Similarly, the four-site MPDO K to two-site MPDO M
channel S is

S (X ) = U †

[
2⊕

λ=1

Tr1(P′
λV XV †(P′

λ)†)

]
U, (141)

where

P′
1 = (18 08×8), P′

2 = (08×8 18) (142)

and Tr1 denotes tracing over the multiplicity degrees of free-
dom. The explicit forms of Mλ, μλ, νλ,U,V are given in
Appendix F. Knowing the renormalization channels T ,S , the
parent Lindbladian is constructed by the standard algorithm as
in Sec. IV.

This parent Lindbladian is commuting and therefore rapid
mixing. The steady states of the global Lindbladian take the
form of

ρ (N )
∞ = 1

2N

(
1⊗N

2 + cU (N )
CZX

)
, c ∈ [−1, 1], (143)

hence the steady-state degeneracy equals 2. We leave the
detailed derivation in Appendix F.

VII. OUTLOOK

In this paper, we systematically construct the parent Lind-
bladians for the renormalization fixed-points of MPDO. Our
constructed parent Lindbladian satisfies the important proper-
ties of local, frustration free, and reaches minimal steady-state

degeneracy. In comparison to pure states, the parent Lindbla-
dian has unique properties that are distinct from the parent
Hamiltonian.

There are at least three interesting questions that deserve
further study. The first open question concerns the parent
Lindbladians with symmetries. Given the construction of our
parent Lindbladians, they naturally inherit the symmetries
present in the state. As such, this construction could be po-
tentially useful in exploring symmetry-protected topological
phases for mixed states [16,17,19–29]. However, in this work,
we have focused exclusively on topological phases without
symmetry protection. Investigating parent Lindbladians with
symmetries is left for future study.

Second, can we construct the parent Lindbladian for a
general MPDO that is not at RFP? A natural generalization
is still taking E = T ◦ S and L = E − 1, but with T ,S being
the renormalization quantum channels for a general MPDO,

(144)

where the tensor M̃ after coarse-graining is not the same as
M. We note that the parent Hamiltonian construction h = 1 −
VV † applies to general MPS that is not at RFP, and it is natural
to expect the above generalization to also apply to general
MPDOs. One difficulty, however, is that there is no universal
algorithm to find the renormalization quantum channels T and
S when away from MPDO RFPs; furthermore, such channels
do not exist for certain MPDOs. We note a recent progress in
Ref. [55], and it is reasonable to expect that our construction
can be applied to the MPDO where renormalization channels
exist and are known.

The third question comes from an interesting numerical
observation that the parent Lindbladians constructed from the
vertical canonical form and from the C∗-weak Hopf algebra
(which is associated with the horizontal canonical form) ap-
pears identical for the examples studied (see Appendix E).
This finding hints at a potential duality between the horizontal
and vertical canonical forms at MPDO RFPs, requiring further
study.
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APPENDIX A: EXAMPLE OF SIMPLE MPDO RFP

In this Appendix, we give two examples of simple MPDO
RFP, which has the structure as in Theorem 3. We construct
their Gibbs state Hamiltonian and parent Lindbladian and
discuss their properties.

Example A1 (Product of Werner state). Consider an
MPDO RFP as a product of Werner state W (b), where
W (b) is supported on C2 ⊗ C2 and b ∈ [0, 1],

ρ (N ) = W (b) ⊗ W (b) ⊗ · · · ⊗ W (b),

W (b) = 1
4 (1 ⊗ 1 − b(σx ⊗ σx + σy ⊗ σy + σz ⊗ σz )).

(A1)

The MPDO tensor M only has a single BNT element and
a single k = 1, and we identify η1,1 = W (b). Therefore, the
Hilbert space for each site is decomposed as H = Hl ⊗ Hr

with dl = 2, dr = 2 and d = dldr = 4. The explicit MPDO
tensor representation is injective and has bond dimension
D = 4,

(A2)

When b ∈ [0, 1), η1,1 = W (b) is full-rank, and this MPDO
is a Gibbs state of nearest-neighboring commuting Hamilto-
nian ρ (N ) = e−H (N )

, with Hamiltonian

H (N ) =
N∑

i=1

hi, (A3)

where hi = τi(h) and h is supported on two consecutive sites
as

h = 1Hl ⊗ (− log η1,1) ⊗ 1Hr . (A4)

The identity e1⊗A = 1 ⊗ eA is used in the derivation.

The channel E in parent Lindbladian is simply a replace-
ment channel,

E (X ) = Tr1r,2,3l (X ) ⊗ (η11 ⊗ η11). (A5)

Example A2 (Variation of Werner state). Consider an
MPDO RFP generated by tensor M that has a single BNT
element and two k′s, k = 1 and k = 2, with components

(A6)

where b1, b2 ∈ [0, 1]. The Hilbert space for each site is de-
composed as H = (H(1)

l ⊗ H(1)
r ) ⊕ (H(2)

l ⊗ H(2)
r ) with d (1)

l =
d (1)

r = d (2)
l = d (2)

r = 2, and d = ∑
k d (k)

l d (k)
r = 8. The tensor

is injective with bond dimension D = 4. Explicitly,

(A7)

By construction,

η1,1 = 1
2W (b1), η2,2 = 1

2W (b2),

η1,2 = η2,1 = 1
2W (

√
b1b2), (A8)

and Tr(ηk,k′ ) = 1/2 for k, k′ = 1, 2, satisfying
∑

k Tr(ηk,k ) =
1.

When b1, b2 ∈ [0, 1), ηk,k′ are full-rank for k, k′ = 1, 2,
and this MPDO is a Gibbs state of nearest-neighboring com-
muting Hamiltonian ρ (N ) = e−H (N )

, with Hamiltonian

H (N ) =
N∑

i=1

hi, (A9)

where hi = τi(h) and h is supported on two consecutive sites
as

h =
⊕
k1,k2

1H(k1 )
l

⊗ (− log ηk1,k2

)⊗ 1H(k2 )
r

. (A10)

The identities e1⊗A = 1 ⊗ eA and eA⊕B = eA ⊕ eB are used to
derive

Bi,i+1 := e−τi (h)⊗1rest

=
⎡
⎣⊕

ki,ki+1

1H(ki )
l

⊗ ηki,ki+1 ⊗ 1H(ki+1 )
r

⎤
⎦⊗ 1rest, (A11)

leading to

ρ (N )(M ) =
⊕

k1,...,kN

ηk1,k2 ⊗ ηk2,k3 ⊗ · · · ⊗ ηkN ,k1

=
N∏

i=1

Bi,i+1. (A12)

013210-19



YUHAN LIU et al. PHYSICAL REVIEW RESEARCH 8, 013210 (2026)

Indeed, the MPDO is a Gibbs state of commuting local Hamil-
tonian.

Finally, the channel E in parent Lindbladian is constructed
as in Eq. (55), with isometries

Q1 =

⎛
⎜⎜⎝

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0

⎞
⎟⎟⎠,

Q2 =

⎛
⎜⎜⎝

0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

⎞
⎟⎟⎠,

and η’s constructed above. This is an example for GL ⊆ FE
commented in Sec. IV. In this example, L = 3, and GL has di-
mension dim(GL=3) = D2 = 16 since the MPDO is injective.
On the other hand, the fixed point space of E is

FE =
⊕
k1,k3

M
d

(k1 )
l

⊗
⎛
⎝⊕

k2

ηk1,k2 ⊗ ηk2,k3

⎞
⎠⊗ M

d
(k3 )
r

, (A13)

where Md is the full matrix algebra of d × d matrix.
Therefore, the fixed point space has dimension dim(FEi ) =∑

k1,k3
(d (k1 )

l )2(d (k3 )
r )2 = 64, and GL ⊆ FE . Due to this mis-

match, the techniques for proving ground state degeneracy for
parent Hamiltonian do not directly apply to parent Lindbla-
dian. For example, we cannot use the intersection property in
Ref. [48].

APPENDIX B: CONSTRUCTION OF RFP MPDOS USING
C*-WEAK HOPF ALGEBRAS

This Appendix is devoted to introducing and recalling the
rigorous definitions and statements for the construction of
RFP MPDOs based on C∗-weak Hopf algebras. We also refer
the reader to Refs. [44–46] for detailed proofs.

1. Algebraic framework

Let us first recall that a coalgebra is a complex vector
space C endowed with a linear map � : C → C ⊗ C, called
comultiplication, which is comultiplicative, i.e.,

(� ⊗ Id) ◦ � = (Id ⊗ �) ◦ �, (B1)

and a linear functional ε : C → C, called counit, which is
compatible in the sense that

(ε ⊗ Id) ◦ � = Id = (Id ⊗ ε) ◦ �. (B2)

For successive applications of the comultiplication,

�(1) := �, �(n+1) := (� ⊗ Id⊗n) ◦ �(n) (B3)

for all n ∈ N. In general, it is more appropriate to employ
Sweedler’s notation, in which we denote

x(1) ⊗ x(2) ⊗ · · · ⊗ x(n+1) := �(n)(x), (B4)

a shorthand notation for sums
∑

i x1,i ⊗ · · · ⊗ xn+1,i; note
that the terms x(i) above are not individual tensor factors. It

turns out that representations of coalgebras (more concretely,
comodules) are in one-to-one correspondence with tensors
generating MPS [44], and the action of the comultiplication
is understood as a notion of system size extensivity for these
kinds of states.

Definition B1. A C∗-weak Hopf algebra A is a complex
finite-dimensional C∗-algebra endowed with the structure of a
coalgebra, such that the comultiplication is a ∗-algebra map,
i.e., for all x ∈ A:

�(xy) = �(x)�(y), �(x∗) = �(x)∗, (B5)

where the product and the ∗-operation is defined on A ⊗ A
componentwise, the counit is weakly multiplicative, i.e., for
all x, y, z ∈ A:

ε(xyz) = ε(xy(1) )ε(y(2)z) = ε(xy(2) )ε(y(1)z), (B6)

the unit is weakly comultiplicative, i.e.,

1(1) ⊗ 1(2) ⊗ 1(3) = 1(1) ⊗ 1(2)1(1′ ) ⊗ 1(2′ ), (B7)

where the prime symbol is intended to distinguish between
different coproduct instances of 1 ∈ A, and there exists a linear
map, S : A → A, called antipode, which is antimultiplicative,
anticomultiplicative, and satisfies for all x ∈ A:

S(x(1) )x(2) = ε(1(1)x)1(2), (B8)

x(1)S(x(2) ) = ε(x1(2))1(1). (B9)

A C∗-Hopf algebra is a C∗-weak Hopf algebra with

�(1) = 1 ⊗ 1.

The axioms of C∗-weak Hopf algebras are such that the no-
tion is self-dual, i.e., the dual vector space A∗ = Hom(A,C)
is endowed with the structure of a C∗-weak Hopf algebra
[69], and such that category of ∗-algebra representations are
unitary (multi)fusion category [66,67]. First, the monoidal
product is given by �1 � �2 := (�1 ⊗ �2) ◦ �, and there ex-
ists a trivial ∗-representation in the sense of relaxed monoidal
categories, denoted (Hε,�ε ) [70]. Second, for any finite ∗-
representation (H,�) there exists a ∗-representation of A,
given by the expression

�̄(x) = (� ◦ J )(x)t,

on the dual Hilbert space, for certain linear map J :
A → A [70,71]; this generalizes the notion of dual group-
representations. We note that, in general, J �= S. Furthermore,
it is a semisimple category and the set Irr A of equiva-
lence classes of irreducible representations is finite, also
known as the set of sectors of A. The unusual feature of
the trivial ∗-representation in this setting is that it can be
decomposable [69,70]; if this is not the case, A is said to
be connected or pure, and if both trivial ∗-representations
of A and A∗ are indecomposable, A is said to be bicon-
nected. We note that categories of ∗-representation of bi-
connected C*-weak Hopf algebras encompass unitary fusion
categories [66].
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Example B1. Let G be a finite group. Then, the group
algebra A = CG, endowed with the linear extensions of the
maps defined by

�(ei ) = ei ⊗ ei, ε : ei �→ 1, S(ei ) = e∗
i = e−1

i ,

for all ei ∈ G, defines a C∗-Hopf algebra.

2. Tensor-network constructions

In terms of tensor networks, given a C∗-weak Hopf algebra
A and two faithful ∗-representations � and � of A and A∗,
respectively, one can define the rank-four tensor

(B10)

where e1, . . . , ed ∈ A stands for a basis of A and e1, . . . , ed ∈
A∗ stands for the dual basis. Here, the first tensor factor cor-
responds to an endomorphism at the physical level and the
second one corresponds to an endomorphism to the virtual
level.

For any x ∈ A, there is b(x) ∈ �(A∗) ⊂ End(K) satisfying
the following:

(B11)

Moreover, provided a decomposition of the ∗-representation
� = �

⊗n1
1 ⊕ · · · ⊕ �

⊗ng
g in terms of irreducible ∗-

representations �1, . . . , �g, the rank-four tensor introduced
above can be decomposed as a sum of the rank-four tensors
denoted

(B12)

or, from another point of view, these tensors induce a BNT.
In particular, the tensor is in horizontal Canonical Form. The
duality manifests as the existence of another tensor,

(B13)

3. Pulling-through identities

In this context, it is fundamental to recall the existence
of a positive idempotent � ∈ A satisfying a pulling-through
identity, which can be regarded as a microscopical descrip-
tion of the topological order phenomena. The following
result summarizes the fundamental properties needed in the
framework.

Theorem B1. Let A be a C∗-weak Hopf algebra. Then,
there exists � ∈ A such that it is a positive idempotent which
is invariant under both S and J:

�2 = � = �∗ = S(�) = J (�), (B14)

and it is a cocentral element, i.e., it satisfies

�(2) ⊗ �(1) = �(1) ⊗ �(2), (B15)

or, equivalently, for any n ∈ N and any shift permutation σ of
{1, . . . , n}, it holds that

�(σ (1)) ⊗ · · · ⊗ �(σ (n)) = �1 ⊗ · · · ⊗ �(n), (B16)

and moreover, there exists an invertible positive element ξ ∈ A
such that J (ξ ) = ξ and, for all x, y ∈ A,

xξ
1
2 J (�(1) ) ⊗ �(2) = ξ

1
2 J (�(1) ) ⊗ �(2)x, (B17)

J (�(1) )ξ
1
2 y ⊗ �(2) = J (�(1) )ξ

1
2 ⊗ y�(2), (B18)

known as pulling-through identities. Let ω ∈ A∗ stand for the
dual analog of � ∈ A, then

ω
(
ξ

1
2 �(1)ξ

1
2 J (x)

)
�(2) = x (B19)

for all x ∈ A.
See Refs. [45,46] for a proof.
Remark B1. (1) If the C*-weak Hopf algebra A is bi-

connected,

� = D−2(d1x1 + · · · + dgxg),

where x1, . . . , xg ∈ A ∼= A∗∗ stand for the characters of
the irreducible ∗-representations of A∗, d1, . . . , dg > 0 are
the associated quantum dimensions or Frobenius-Perron di-
mensions, and D2 := d2

1 + · · · + d2
g is the total quantum

dimension.
(2) In the particular case of C∗-Hopf algebras, see Defini-

tion B1, the element introduced above � ∈ A coincides with
the well-known Haar integral [45], J = S, and ξ = D1.

(3) More concretely, for group algebras A = CG,

� = |G|−1
∑
g∈G

g, ω = δe,

where δe is the dual basis element of e ∈ G.

4. Renormalization fixed point MPDOs

Proposition B1. The tensor

(B20)

defines RFP MPDOs in the sense of Definition 4.
Moreover, let us define the rank-four tensor introduced in

Sec. VI A by the expression

(B21)

the rank-two tensor � as the one given by

(B22)

and the rank-two tensor � is defined by

(B23)

where ξ̂ ∈ A∗ stands for the dual analog of ξ . By the
above definitions, Eq. (97) is simply a consequence of the
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pulling-through identity Eqs. (B19) and (98) is translated to

Tr(�a(ξ̂−1)) = da/D2.

On the one hand, the explicit expression of the fine-
graining quantum channel T is the following:

T (X ) := Tr
(
(� ◦ J )

(
ξ

1
2 �(2)ξ

1
2
)
X
)

b(ω)⊗2(�⊗2 ◦ �)(�(1) ), (B24)

for any X ∈ End(H). We refer the reader to Ref. [45] for a
proof of the facts that it is completely positive, trace preserv-
ing and, in addition, it satisfies the fine-graining condition

T (b(ω)�(x)) = b(ω)⊗2(�⊗2 ◦ �)(x).

On the other hand, the coarse-graining quantum channel S :
End(H ⊗ H) → End(H) is given by

S := S (I) + S (II),

where the first summand is defined by the expression

S (I)(Y ) := Tr
(
(�⊗2 ◦ � ◦ J )

(
ξ

1
2 �(2) ξ

1
2
)
Y
)

b(ω)�(�(1) ) (B25)

and is supported on the symmetric subspace, satisfying the
coarse-graining condition

S (I)(b(ω)⊗2(�⊗2 ◦ �)(x)) = b(ω)�(x)

for all x ∈ A, and the second part is given by the expression
on the complementary subspace,

S (II)(Y ) := Tr(Y − (�⊗2 ◦ �)(1)Y )σ0, (B26)

where σ0 ∈ End(H ⊗ H) is any mixed state; as commented
above, this part is completely positive by construction and
completes the first part making S a trace-preserving linear
map. We typically consider σ0 := ω(�)−1b(ω)�(�) for sim-
plicity. Note that

S (II)(b(ω)⊗2(�⊗2 ◦ �)(x)) = 0.

APPENDIX C: PROOF OF FRUSTRATION FREENESS

In this Appendix, we prove the frustration freeness of a
general parent Lindbladian (not necessarily commuting) using
a “flow diagram” method. Define

E (N ) = 1

N

N∑
i=1

Ei, (C1)

which is related to parent Lindbladian by L(N ) = N (E (N ) −
1), and the steady state of L(N ) corresponds to the fixed point
of E (N ). The proof is inspired by the observation that if ρ is a
fixed point of E (N ), then it is also a fixed point of (E (N ) )m for
any positive integer m. One can rewrite the fixed-point ρ into
a summation

ρ = 1

N
E (I)

1 (ρ) + 1

N
E (II)

1 (ρ) + 1

N
E (I)

2 (ρ) + 1

N
E (II)

2 (ρ) + · · ·

+ 1

N
E (I)

N (ρ) + 1

N
E (II)

N (ρ), (C2)

and ask how each of these terms gets modified by successive
applications of E (N ) and draw the corresponding flow diagram.
We note that all E (I)

i and E (II)
i are CP maps and each term in

the decomposition is positive semi-definite.
Since the simple injective MPDOs and the nonsimple

MPDOs generated by C∗-Hopf algebra are guaranteed to
be frustration free due to the commutation of their par-
ent Lindbladians, we only need to consider the remaining
two scenarios: (1) simple noninjective simple MPDOs and
(2) nonsimple MPDOs generated by a C∗-weak Hopf alge-
bra which is not a C∗-Hopf algebra. For noninjective simple
MPDOs, by choosing ρ0 in E (II)

i as Eq. (71), the pieces in the
channels satisfy

E (I)
i (ρ0) = ρ0, (C3)

E (I)
i ◦ E (II)

i = E (II)
i , (C4)

E (II)
i ◦ E (I)

i = 0, (C5)

E (I)
i ◦ E (I)

i = E (I)
i , (C6)

E (I)
i ◦ E (I)

i+1 = E (I)
i+1 ◦ E (I)

i . (C7)

For MPDO generated by C∗-weak Hopf algebra, by choosing
E (II) as Eq. (115), the pieces in the channels also satisfy
Eqs. (C3)–(C7). We will use these properties to draw the
flow diagram. We organize the terms with different structures
into separate boxes. For every action of E (N ), ρ is rewritten,
flowing between boxes. Since E (N ) is a quantum channel, the
summation of the trace of terms in different boxes is equal to
one. By iterating this process for large enough m, we prove
below that all the terms of a fixed-point ρ in Eq. (C2) will
flow to the final box, in the form of

ρ = E (I)
1 ◦ E (I)

2 ◦ · · · ◦ E (I)
N (ρ). (C8)

Using Eqs. (C5)–(C7), one can then show such a fixed-
point state is frustration free: Ei(ρ) = E (I)

i (ρ) = ρ, leading to
Li(ρ) = 0. In the following, we separate the treatments of the
two cases.

1. Noninjective simple MPDO

Below, we prove the frustration freeness of parent Lind-
bladian for noninjective simple MPDO RFP with system size
N = 5 as an explicit example. Generalization to larger N is
straightforward.

Proposition C1. The parent Lindbladian for noninjective
simple MPDO RFP with system size N = 5 is frustration free.

Proof. We first decompose fixed-point ρ as in Eq. (C2).
Under an action of E (N ), the decomposition terms of ρ

will flow to each other, which includes the following
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arrows,

(C9)

We group all possible terms in boxes labeled by “A,” “B,”
“C,” “D,” “E,” and “S.” The terms in box B come from two
neighboring actions of the form E (I)

i ◦ E (I)
j , where “neighbor-

ing” means the support of E (I)
i and E (I)

j overlap; namely, j
can be i − 2, i − 1, i + 1, i + 2. The terms in box C come
from three neighboring actions of the form E (I)

i ◦ E (I)
j ◦ E (I)

k ,

where “neighboring” means the support of E (I)
i and E (I)

j

overlap, and the support of E (I)
j and E (I)

k overlap. For ex-
ample, when considering a sufficiently large N , say N > 8,
the term E (I)

1 ◦ E (I)
2 ◦ E (I)

3 (ρ) belongs to box C, while E (I)
1 ◦

E (I)
2 ◦ E (I)

6 (ρ) belongs to box B. Similarly for boxes “D”
and “E.” Finally, the terms in box “S” come from an ac-
tion of E (II), taking the form of E (II)

i (ρ) = (ρ0)i,i+1,i+2 ⊗
Oi+3,i+4. E (II) is a completely-positive linear map and ρ

is a density matrix, leading to Oi+3,i+4 being positive
semi-definite.

We justify the following facts:
(1) Either arrow A ⇒ B or arrow A ⇒ S must exist. With-

out loss of generality, let’s start from term E (I)
1 (ρ). When

acting E2, E (I)
2 will bring it to term E (I)

1 ◦ E (I)
2 in box B, and

E (II)
2 will bring it to term (ρ0)234 ⊗ O51 in box S. Since E2

is a CPTP map, at least one of these two terms is nonzero.
Therefore, an arrow must exist for either box A to box B or
box A to box S.

(2) The arrow S ⇒ B must exist. Without loss of
generality, let’s start from term ((ρ0)123 ⊗ O45), and
decompose O45 = ∑

aa′ (Pa ⊗ 1)O45(Pa′ ⊗ 1). Since
O45 � 0, for each a, (Pa ⊗ 1)O45(Pa ⊗ 1) � 0 and
Tr(O45) = ∑

a Tr((Pa ⊗ 1)O45(Pa ⊗ 1)) > 0. Therefore,
there exists at least one a such that (Pa ⊗ 1)O45(Pa ⊗ 1) � 0,
and for this a we have a lower bound for the trace
Tr((Pa ⊗ 1)O45(Pa ⊗ 1)) � 1

gTr(O45), where g is the
number of elements in the BNT. For this a and with explicit
choice of ρ0 in Eq. (71), (Pa ⊗ Pa ⊗ Pa ⊗ Pa ⊗ 1)((ρ0)123 ⊗
O45)(Pa ⊗ Pa ⊗ Pa ⊗ Pa ⊗ 1) � 0, leading to (1 ⊗ Pa ⊗
Pa ⊗ Pa ⊗ 1)((ρ0)123 ⊗ O45)(1 ⊗ Pa ⊗ Pa ⊗ Pa ⊗ 1) � 0,
and subsequently,

E (I)
2 ((ρ0)123 ⊗ O45) � 0.

The action 1
N E

(I)
2 will bring the term (ρ0)123 ⊗ O45 from box

S to box B. Therefore, the arrows from box S to box B must
exist.

Furthermore, by noting that Tr(Pa ⊗ Pa ⊗ Pa(ρ0)Pa ⊗ Pa ⊗
Pa) = 1

gTr(ρ0) by construction, we can put a lower bound for
the trace,

Tr
(
E (I)

2 ((ρ0)123 ⊗ O45)
)

� 1

g2
Tr((ρ0)123 ⊗ O45)),

where the lower bound 1/g2 is a constant.
(3) Either arrow B ⇒ C or arrows B ⇒ S ⇒ C must exist.

Without loss of generality, let’s start from term E (I)
1 ◦ E (I)

2 (ρ) in
box C and consider the action of 1

N E3. If E (I)
3 ◦ E (I)

1 ◦ E (I)
2 (ρ) �

0, then 1
N E3 will bring E (I)

1 ◦ E (I)
2 (ρ) from box B to box C.

If, however, that E (I)
3 ◦ E (I)

1 ◦ E (I)
2 (ρ) = 0, we then consider

E (II)
3 ◦ (E (I)

1 ◦ E (I)
2 (ρ)), which is term (ρ0)345 ⊗ O12 in box B.

Due to the structure of E (I)
1 ◦ E (I)

2 , E (I)
1 ◦ E (I)

2 (ρ) satisfies

∑
a

(Pa ⊗ Pa ⊗ 1 ⊗ 1 ⊗ 1)

(
E (I)

1 ◦ E (I)
2 (ρ)

)
(Pa ⊗ Pa ⊗ 1 ⊗ 1 ⊗ 1) = E (I)

1 ◦ E (I)
2 (ρ),

and therefore by acting E (II)
3 which does not act on site 1

and 2, E (II)
3 ◦ (E (I)

1 ◦ E (I)
2 (ρ)) can be written as a sum of direct

product,

E (II)
3 ◦ (E (I)

1 ◦ E (I)
2 (ρ)

) =
∑

a

(Oa)12 ⊗ (ρ0)345,

where Oa � 0 and (Pa ⊗ Pa ⊗ 1 ⊗ 1 ⊗ 1)(Oa)12(Pa ⊗ Pa ⊗
1 ⊗ 1 ⊗ 1) = (Oa)12. There exists at least one a such
that Oa � 0, and for this a we have a lower bound for
the trace Tr((Pa ⊗ Pa ⊗ 1 ⊗ 1 ⊗ 1)(Oa ⊗ ρ0)) � 1

gTr(E (II)
3 ◦

(E (I)
1 ◦ E (I)

2 (ρ))). For this a and with explicit choice
of ρ0 in Eq. (71), (Pa ⊗ Pa ⊗ Pa ⊗ Pa ⊗ Pa)(E (II)

3 ◦ (E (I)
1 ◦

E (I)
2 (ρ)))(Pa ⊗ Pa ⊗ Pa ⊗ Pa ⊗ Pa) � 0, therefore by acting

on another E (I)
1 ◦ E (I)

2 ,

E (I)
1 ◦ E (I)

2 ◦ E (II)
3 ◦ (E (I)

1 ◦ E (I)
2 (ρ)

)
� 0.

Using Eq. (C4), we see this term is in box C. Therefore, either
arrow from box B to box C or from box B to box C via
box S must exist. Furthermore, we have a lower bound for
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the trace

Tr
(
E (I)

1 ◦ E (I)
2 ◦ E (II)

3 ◦ (E (I)
1 ◦ E (I)

2 (ρ)
))

� 1

g2
Tr
(
E (II)

3 ◦ (E (I)
1 ◦ E (I)

2 (ρ)
))

,

where the lower bound 1/g2 is a constant.
(4) There are no arrows from boxes C, D, E to box S.

At N = 5, the terms in box C are already in the desired
space. Specifically, taking E (I)

1 ◦ E (I)
2 ◦ E (I)

3 (ρ) as an example,
it already satisfies∑

a

(Pa ⊗ Pa ⊗ Pa ⊗ Pa ⊗ Pa)
(
E (I)

1 ◦ E (I)
2 ◦ E (I)

3 (ρ)
)

(Pa ⊗ Pa ⊗ Pa ⊗ Pa ⊗ Pa) = E (I)
1 ◦ E (I)

2 ◦ E (I)
3 (ρ),

because the support of E (I)
1 ◦ E (I)

2 ◦ E (I)
3 covers all the five sites.

When acting E4 only E (I)
4 leads to nonzero result and brings it

to term E (I)
1 ◦ E (I)

2 ◦ E (I)
3 ◦ E (I)

4 (ρ) in box D, while acting E (II)
4

gives zero. Similarly, the terms in box D are already in the
desired space, and further actions of Ei can only bring the
terms to themselves or the term in box E. Finally, acting Ei

to terms in box E bring them to themselves. Therefore, no
arrows are from boxes C, D, and E to box S.

With the above arrows, it is clear that the trace of terms
in box E will keep increasing as long as there exist terms in
previous boxes, and subsequently, a steady state can only be
supported in box E, taking the form of Eq. (C8). Therefore,
the parent Lindbladian is frustration free. �

The above proof can be generalized to arbitrary N by
repeating the argument in point 3. For example, starting
from E (I)

1 ◦ E (I)
2 ◦ E (I)

3 (ρ), if E (I)
4 ◦ (E (I)

1 ◦ E (I)
2 ◦ E (I)

3 (ρ)) = 0,
then one can similarly show

E (I)
1 ◦ E (I)

2 ◦ E (I)
3 ◦ E (II)

4 ◦ (E (I)
1 ◦ E (I)

2 ◦ E (I)
3 (ρ)

)
� 0,

justifying either arrow C ⇒ D or arrows C ⇒ S ⇒ D must
exist.

2. MPDO from C∗-weak Hopf algebras

In this Appendix, we prove the frustration freeness of
parent Lindbladian for nonsimple MPDO RFPs generated by
C∗-weak Hopf algebras. We make a particular choice for E (II)

as in Eq. (115), which takes the explicit form of

E (II)(X ) := Tr(P⊥X )ρ0,

ρ0 := 1

ω(�)
b(ω)⊗2(�⊗2 ◦ �)(�), (C10)

where P⊥ := 1 − (�⊗2 ◦ �)(1) and ρ0 satisfies Eq. (C3).

a. Open boundary condition

Let us first consider system size N = 4 and open boundary conditions as an explicit example, where under open boundary
condition E (N ) is defined as E (N ) = 1

N−1

∑N−1
i=1 Ei.

Proposition C2. The parent Lindbladian for nonsimple MPDO RFPs generated by C∗-Weak Hopf algebras under the open
boundary condition with a system size of N = 4 is frustration free.

Proof. We first decompose the fixed-point ρ as in Eq. (C2). Under an action of E (N ), the decomposition terms of ρ flow to
each other as

(C11)

We group all possible terms in five boxes labeled by “A,” “B,” “C,” “S.” The terms in box B come from two neighboring actions
of the form E (I)

i ◦ E (I)
j , where “neighboring” means the support of E (I)

i and E (I)
j overlap; namely, j can be i − 1, i + 1. The terms

in box C come from three neighboring actions of E (I). Finally, the terms in box “S” come from an action of E (II) on a density
matrix and therefore Oi,i+1 � 0.

We justify the following facts.
(1) Either arrow A ⇒ B or arrow A ⇒ S must exist. The argument is the same as for noninjective simple MPDOs.
(2) The arrow S ⇒ B must exist. Without loss of generality, let’s start from the term (ρ0)12 ⊗ O34 and act E (I)

2 , and show

E (I)
2 ◦ ((ρ0)12 ⊗ O34) � 0. (C12)
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This expression can be simplified to

by virtue of Eq. (97).
Now, let us recall the definition of the tensors M ′ and � in Eqs. (B21) and (B23). One can also prove that the element ξ ∈ A

can be factorized in the form ξ = ξLξR for some positive invertible elements ξL, ξR ∈ A, which in particular have the properties
of ξLx = ξ̂L(x(1) )x(2), xξR = ξ̂R(x(1) )x(2); we refer the reader to Lemma 3.5 in Ref. [45] for a proof. Using these properties,

(C13)

where g := ξLξ−1
R , i.e., the previous expression takes the form

and since T is completely positive, we conclude that the term in Eq. (C12) is positive. Moreover, it is nonzero since its trace is
of the form Tr(�(ξL )−2 ⊗ Id)O34) by the previous equation and the fact that T is trace preserving, and ξL is positive definite,
leading to that Tr(�(ξL )−2 ⊗ Id)O34) > 0. Therefore, the arrow from box S to box B must exist.

Furthermore, using the von Neumann trace inequality, the trace is lower bounded by Tr(�(ξL )−2 ⊗ Id)O34) � rTr(O34) where
r = λmin(�(ξL )−2) is the minimal eigenvalue of �(ξL )−2, which is a constant given a C∗-weak Hopf algebra. Since T is trace
preserving, we can put a lower bound for the trace

Tr
(
E (I)

2 ◦ ((ρ0)12 ⊗ O34)
)

� rTr((ρ0)12 ⊗ O34),

where r is a constant.
(3) Either arrow B ⇒ C or arrows B ⇒ S ⇒ C must exist. Without loss of generality, let’s start with the term E (I)

2 ◦ E (I)
3 (ρ)

in box C and consider the action of E1. If E (I)
1 ◦ E (I)

2 ◦ E (I)
3 (ρ) � 0, then 1

N E1 will bring E (I)
2 ◦ E (I)

3 (ρ) from box B to box C.
If, however, that E (I)

1 ◦ (E (I)
2 ◦ E (I)

3 (ρ)) = 0, we then need to consider E (II)
1 ◦ (E (I)

2 ◦ E (I)
3 (ρ)), which is term (ρ0)12 ⊗ O34 in box

B. We need to show by acting another E (I)
2 ◦ E (I)

3 ,

E (I)
2 ◦ E (I)

3 ◦ (E (II)
1 ◦ E (I)

2 ◦ E (I)
3 (ρ)

)
� 0,

which, by noting that [E (I)
3 , E (II)

1 ] = 0 because these two linear maps do not overlap and using [E (I)
i , E (I)

j ] = 0, E (I)
i ◦ E (I)

i = E (I)
i ,

amounts to

E (I)
2 ◦ (E (II)

1 ◦ E (I)
2 ◦ E (I)

3 (ρ)
) = E (I)

2 ◦ ((ρ0)12 ⊗ O34) � 0. (C14)

This is true based on the proof in point 3; using Eq. (C4), we see this term is in box C.
When starting from E (I)

1 ◦ E (I)
2 (ρ), we would need to consider the action of E3 and finish the proof using a similar equation as

Eq. (C13) with � on the right of M ′. Therefore, either arrow from box B to box C or from box B to box C via box S
must exist.

(4) There are no arrows from box C to box S. This is a direct result of Eq. (C5).
With the above arrows, it is clear that the trace of terms in box C will keep increasing as long as there exist terms in previous

boxes, and subsequently, a steady state can only be supported in box C, taking the form of ρ = E (I)
1 ◦ E (I)

2 ◦ · · · ◦ E (I)
N−1(ρ).

Therefore, the parent Lindbladian is frustration free. �
The above proof can be generalized to arbitrary N with the open boundary condition by repeating the argument in point 3.
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b. Periodic boundary condition

Finally, for the periodic boundary condition, one more
step is needed to close the boundary. Let’s start from a
term E (I)

1 ◦ E (I)
2 ◦ · · · ◦ E (I)

N−1(ρ) � 0 in the second to last box
and act EN on it. If E (I)

N ◦ (E (I)
1 ◦ E (I)

2 ◦ · · · ◦ E (I)
N−1(ρ)) � 0, the

resulting term is in the final box. If, however, that E (I)
N ◦

(E (I)
1 ◦ E (I)

2 ◦ · · · ◦ E (I)
N−1(ρ)) = 0, we need to consider the term

E (II)
N ◦ (E (I)

1 ◦ E (I)
2 ◦ · · · ◦ E (I)

N−1(ρ)). By acting E (I)
N−1 ◦ E (I)

1 , one
can show

E (I)
N−1 ◦ E (I)

1 ◦ (E (II)
N ◦ (E (I)

1 ◦ E (I)
2 ◦ · · · ◦ E (I)

N−1(ρ)
))

� 0,

(C15)

which is a term in the final box. In the following, we provide
the proof.

By assumption, the C∗-weak Hopf algebra is biconnected
with a unique vacuum sector e. Denote ρ̃ = E (I)

1 ◦ E (I)
2 ◦ · · · ◦

E (I)
N−1(ρ) and the corresponding boundary condition matrix as

B = b(x) where x ∈ A is positive semi-definite. W.l.o,g., we
choose B = b(x) to be block diagonal in the same basis as
�, i.e., B = ⊕

a Ba. Recalling Eq. (127) and note that �a

is proportional to identity, if E (I)
N (ρ̃) = 0, then Tr(Ba�a) =

Tr(�1/2
a Ba�

1/2
a ) = 0 for any a (for example, in Fibonacci

C∗-WHA, choosing x = e2,11 would lead to Tr(Ba�a) = 0 for
all a). In this case we consider E (II)

N (ρ̃), which amounts to
partially tracing ρ̃ and replacing the traced degrees of freedom
by ρ0, diagramatically.

The partial trace amounts to replacing the boundary condition matrix B → B′ = EBE where E is the transfer matrix. By
construction, the transfer matrix E = �(ω) is rank-one and is positive semi-definite. Therefore, B′ ∝ E � 0 and in particular,
B′

e ∝ Ee � 0.
We next act E (I)

N−1 ◦ E (I)
1 . Diagrammatically,

where we use Lemma 3.5 in Ref. [45] to move the posi-
tion of � and Eq. (97). The boundary condition matrix is
replaced by B′ → B′′ = �1/2B′�1/2 where �1/2 is positive
definite (and each block �a is positive definite). In partic-
ular, B′′

e = �1/2
e B′

e�
1/2
e � 0. At least for the vacuum sector

Tr(�1/2
e B′′

e�
1/2
e ) > 0, and therefore E (I) acting on this state

must be nonzero. With this, we conclude

E (I)
N−1 ◦ E (I)

1 ◦ (E (II)
N ◦ (E (I)

1 ◦ E (I)
2 ◦ · · · ◦ E (I)

N−1(ρ)
))

� 0.

This finishes the proof.

APPENDIX D: EXAMPLE OF CZ2

In this Appendix, we show explicitly the construction in
Example 6 of the MPDO tensor for the boundary state of the
toric code, using CZ2 group C∗-algebra. The MPDO tensor
is constructed by Eqs. (B10) and (B20). Hence, we need to
identify the basis {ei} of A and the dual basis {ei} of A∗, their
faithful ∗-representations �,�, and b(ω).

Since A = CZ2 is a group algebra, its basis elements are
identified with the group elements, and we denote the two
basis elements as e1, ez; namely, the dimension of A is 2. They
obey the multiplication rule of Z2 group, and their faithful
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representation is the direct sum of the two irreps of Z2 group,

�(e1) = 12, �(ez ) = σz. (D1)

For the dual algebra A∗, its multiplication rule is induced
by the comultiplication rule in A, �(eg) = eg ⊗ eg. The mul-
tiplication of A∗ is thus ei · e j = ∑

k δi jkek , and the faithful
representation of A∗ is

�(e1) =
(

1 0
0 0

)
, �(ez ) =

(
0 0
0 1

)
. (D2)

Finally, the boundary condition matrix b(ω) is found using
ω = e1 and by definition Tr(b(ω)�(x)) = ω(x) for any x ∈ A.
The result is b(ω) = 12/2.

Assemble everything, we obtain the MPDO tensor

(D3)

where the first tensor factor corresponds to the endomorphism
in the physical space and the second tensor factor to one in the
virtual space, as given in Example 6. The parent Lindbladian
of this MPDO is given in Example 7.

APPENDIX E: EXAMPLE OF FIBONACCI

In this Appendix, we construct explicitly the MPDO RFP
for the Fibonacci weak Hopf algebra AFib and its parent Lind-
bladian as a more complicated example. AFib is not a Hopf
algebra because �(1) �= 1 ⊗ 1. This necessitates the second
piece E (II) in the parent Lindbladian construction. We will
show the parent Lindbladian construction from two different
ways (horizontal canonical form and C∗-weak Hopf algebra)
and see that they give the same Lindbladian.

1. Fibonacci MPDO construction

To construct the MPDO RFP using Eqs. (B10) and (B20),
we need to identify the basis {ei} of A and its dual basis {ei}
of A∗, their faithful ∗-representations � and �, and b(ω). The
Fibonacci C∗-weak Hopf algebra is defined as the direct sum
M2(C) ⊕ M3(C) of full matrix C∗-algebras with complex
coefficients. The basis elements of AFib is identified with the
matrix units e1,i j, i, j = 1, 2 in M2(C) and e2,i j, i, j = 1, 2, 3
in M3(C). Namely, the dimension of A is 13. The multi-
plication rule comes from the matrix multiplication, and the
faithful representation � is simply the 5 × 5 matrix as a direct
sum of the two irreducible ∗-representations labeled by a = 1
and a = τ . For example,

�(e1,12) =

⎛
⎜⎜⎜⎜⎝

0 1
0 0

0 0 0
0 0 0
0 0 0

⎞
⎟⎟⎟⎟⎠. (E1)

To obtain the MPDO tensor, we still need the faithful
representation � of A∗. Let’s use I to denote the combined
index (a, i j), where a = 1, 2. � can be found by noticing that
AFib is self-dual, and therefore there exists a “natural basis”
{ẽI}, which is related to the dual basis {eI} by a transformation

ẽI = ∑
J RIJeJ , such that the faithful representation in the

natural basis reads

�(ẽI ) = �(eI ). (E2)

The transformation matrix R, in general, is not unique. It is the
solution of a consistency relation between multiplication and
comultiplication. Specifically, the multiplication and comulti-
plication on A can be specified using the basis elements

eI · eJ =
∑

K

λK
IJeK ,

�(eK ) =
∑

IJ

�IJ
K eI ⊗ eJ .

By definition of dual algebra, they induce the comultiplication
and multiplication in A∗,

eI · eJ =
∑

K

�IJ
K eK ,

�(eK ) =
∑

IJ

λK
IJeI ⊗ eJ .

As a natural basis, ẽI · ẽJ = ∑
K λK

IJ ẽK and therefore the con-
sistency relation requires∑

I ′J ′
RII ′

RJJ ′
�I ′J ′

S =
∑

K

λK
IJRKS. (E3)

For AFib, the multiplication rule λK
IJ comes from matrix multi-

plication and the comultiplication rule �IJ
K is given explicitly

in Example 2.5 of Ref. [45,72], and one possible solution for
transformation R of Eq. (E3) is [47]

ẽ1,11 = e1,11, ẽ1,12 = e2,11, ẽ1,21 = e2,22,

ẽ1,22 = ζ 4e1,22 + ζ 2e2,33,

ẽ2,11 = e1,12, ẽ2,12 = e2,12, ẽ2,13 = e2,13,

ẽ2,21 = ζ−2e2,21, ẽ2,22 = e1,21, ẽ2,23 = ζ−1e2,31,

ẽ2,31 = ζ−1e2,23, ẽ2,32 = e2,32,

ẽ2,33 = ζ 2e1,22 − ζ 2e2,33, (E4)

where ζ 2 = 2/(1 + √
5).

Finally, the boundary condition matrix b(ω) can be found
by using character χa of Irrep class a ∈ Irr(A) (namely, χa =
Tr ◦ �a, which is the dual analog of xa),

χ1 = e1,11 + e1,22,

χτ = e2,11 + e2,22 + e2,33,

ω = 1

D2
(δ1χ1 + δτχτ ),

where δ1 = 1, δτ = ζ−2 are the quantum dimensions of each
Irrep, D2 = ∑

a δ2
a = 1 + ζ−4 is the total quantum dimen-

stion, and by definition Tr(b(ω)�(x)) = ω(x) for any x ∈ A.
The result is

b(ω) = δ1

D2
12 ⊕ δτ

D2
13.

In fact, one can show that in general, b(ω) = ⊕a(δa/D2)1a.
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Assemble everything, we obtain the MPDO tensor

(E5)

Using the representation � and transformation R in Eq. (E4),
the part without b(ω) is

(E6)

which agrees with the explicit components given in Ref. [45].
Using the explicit expression, one can also compute the

transfer matrix

(E7)

and verifies that E2 = E and E = �(ω). The eigenvalues of
E are 1, 0, 0, 0, 0, which indicates that ρ(M ) is a short-range
correlated state, similar to the boundary state of the toric code.

2. Parent Lindbladian construction: vertical canonical form

To construct the parent Lindbladian, we need the renormal-
ization channels T and S . In this section, we construct these
two channels from the vertical canonical form Eqs. (41) and
(42) and Theorem 3.

The one-site tensor M(αβ ), taking the form of a direct sum,
is already in the vertical canonical form. We write explicitly

M(αβ ) = μ1M(αβ ),1 ⊕ μ2M(αβ ),2, (E8)

where M(αβ ),1 is the upper-left 2 × 2 block of M(αβ ) and
M(αβ ),2 is the lower-right 3 × 3 block of M(αβ ) with proper

normalization constants. Namely, there are two BNT ele-
ments. The corresponding multiplicity matrices are constants
μ1 = 1√

5
and μ2 = 5+√

5
10 , which takes care of the normaliza-

tion [viewing M(αβ ),λ as matrix-product vector (MPV)].
To obtain the vertical canonical form for two-site MPDO

K(αβ ), we need a basis rotation U on the physical indices. The
result is

(E9)

and 012 denotes a 12 × 12 zero matrix. The explicit form of U
will be specified at the end of the section. Indeed, the vertical
BNT of K is still {M(αβ ),λ}, as stated in Theorem 3. The trace
relation is also satisfied: m1 = μ1 = Tr(ν1) = 1√

5
and m2 =

μ2 = Tr(ν2) = 5+√
5

10 .
Using the vertical canonical form of M and K , one can

construct the channel T and S as follows. The one-site MPDO
to two-site MPDO channel T is

T (X ) = U

[(
ν1

m1
⊗ P1XP†

1

)
⊕
(

ν2

m2
⊗ P2XP†

2

)
⊕ 012

]
U †,

(E10)

where

P1 =
(

1 0 0 0 0
0 1 0 0 0

)
, P2 =

⎛
⎝0 0 1 0 0

0 0 0 1 0
0 0 0 0 1

⎞
⎠

are the isometries projecting to the first and second BNT,
respectively. By direct inspection, one can see T (M(αβ ) ) =
K(αβ ).

The two-site MPDO to one-site MPDO channel S is

S = S (I) + S (II),

S (I)(X ) = Tr1(P′
1U

†XU (P′
1)†) ⊕ Tr1(P′

2U
†XU (P′

2)†),

S (II)(X ) = Tr(P′
0U

†XU (P′
0)†)ρ0, (E11)

where we use μλ = mλ in this example. The isometries
P′

1, P′
2, P′

0 project to the blocks corresponding to the first BNT,
the second BNT, and the zero matrix, respectively. Their cor-
responding dimensions are 4 × 25, 9 × 25 and 12 × 25. Tr1

denotes tracing over the multiplicity degrees of freedom. The
term S (II) is added to make the map trace preserving, and ρ0

can be any density matrix supported on one site. By direct
inspection one can see S (K(αβ ) ) = M(αβ ).
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Combining T and S , the local quantum channel E is

E = E (I) + E (II),

E (I)(X ) = U

[
ν1

m1
⊗ Tr1(P′

1U
†XU (P′

1)†)

⊕ ν2

m2
⊗ Tr1(P′

2U
†XU (P′

2)†) ⊕ 012

]
U †, (E12)

E (II)(X ) = U

[
ν1

m1
⊗ (P1ρ0P†

1 )Tr(P′
0U

†XU (P′
0)†)

⊕ ν2

m2
⊗(P2ρ0P†

2 )Tr(P′
0U

†XU (P′
0)†) ⊕ 012

]
U †.

By direct inspection, one can see the fixed-point space of
channel E is the fixed-point space of E (I),

FE = U

[(
2⊕

λ=1

νλ ⊗ Mdλ

)
⊕ 012

]
U †. (E13)

where Md is the full d × d dimensional matrix algebra
and dλ=1 = 2, dλ=2 = 3. The dimension of the fixed point
space is therefore d2

λ=1 + d2
λ=2 = 13. This finishes the explicit

construction of parent Lindbladian. We note again that the
construction is based on the fact that at RFP, M and K share
the same vertical BNT; the coarse-graining and fine-graining
channels only act on the multiplicity degrees of freedom,
without changing the BNT part.

Although this construction is intuitive, proving frustration
freeness and finding global steady states is difficult. In the
next section, we present another construction using C∗-weak
Hopf algebra, which is more convenient for finding the global
steady states. Numerically, we verify that these two construc-
tions give the same CP maps E (I).

Finally, we provide the explicit form of the transformation
matrix U . The unitary matrix U is the concatenation the fol-
lowing 25 column vectors (where |vi〉 j is the j-the component
of the vector |vi〉),

|v1〉14 = 1, |v2〉18 = ζ√
ζ 2 + 1

, |v2〉25 = 1√
ζ 2 + 1

,

|v3〉1 = 1, |v4〉7 = 1, |v5〉3 = 1, |v6〉9 = 1,

|v7〉10 = 1, |v8〉12 = 1, |v9〉16 = 1, (E14)

|v10〉22 = 1, |v11〉15 = 1, |v12〉24 = 1,

|v13〉18 = 1√
ζ 2 + 1

, |v13〉25 = −ζ√
ζ 2 + 1

,

with all other components equal to zero, and |v14〉 to |v25〉
being arbitrary basis vectors in the orthogonal space of |v1〉
to |v13〉,

3. Parent Lindbladian construction: C∗-weak Hopf algebras

In terms of C∗-weak Hopf algebras, the quantum channels
T and S are given in Eqs. (B24)–(B26), from which we can

write down E = T ◦ S . The first piece is

E (I)(X ) = T ◦ S (I)(X )

= b(ω)⊗2(�⊗2 ◦ �)(�(1) )

· Tr
(
(�⊗2 ◦ � ◦ J )

(
ξ

1
2 �(2)ξ

1
2
)
X
)
, (E15)

where we use Eq. (B19), and the second piece is

E (II)(X ) = T ◦ S (II)(X )

= b(ω)⊗2(�⊗2 ◦ �)(�(1) )

· Tr
(
(� ◦ J )

(
ξ

1
2 �(2)ξ

1
2
)
ρ0
)
Tr(P⊥X ), (E16)

where P⊥ = 1 − (�⊗2 ◦ �)(1) and ρ0 is an arbitrary density
matrix.

To explicitly construct E , we need the explicit form of
1,�, ξ and the map J . The comultiplication � is given ex-
plicitly in Ref. [45]. The explicit form of 1 comes from its
definition as the unit element in A,

1 = e1,11 + e1,22 + e2,11 + e2,22 + e2,33, (E17)

and the explicit form of � is

� = 1

D2
(d1x1 + dτ xτ )

= 1

D2

(
e1,11 + 1

ζ 2
e1,12 + 1

ζ 2
e1,21 + 1

ζ 4
e1,22

)
, (E18)

where d1 = 1, dτ = ζ−2,D2 = 1 + ζ−4. The form of ξ can be
determined using ξ−1 = ω(�(1) )�(2), and the result reads

ξ = D4(e1,11 + ζ 4e1,22 + ζ 2e2,11 + ζ 2e2,22 + ζ 4e2,33).

(E19)

Finally, the linear map J can be obtained from the pulling-
through identity Eq. (B18), which after applying J to the first
site, becomes (J (x)ξ

1
2 ⊗ 1) · �(�) = (ξ

1
2 ⊗ x) · �(�). The

result is

J (e1,11) = e1,11, J (e1,12) = e1,21, J (e1,21) = e1,12,

J (e1,22) = e1,22, J (e2,11) = e2,22, J (e2,12) = e2,12,

J (e2,13) = e2,32, J (e2,21) = e2,21, J (e2,22) = e2,11,

J (e2,23) = e2,31, J (e2,31) = e2,23, J (e2,32) = e2,13,

J (e2,33) = e2,33. (E20)

Using the above data, one can explicitly construct the quantum
channel E .

By direct inspection, one can see the fixed-point space of
channel E is the fixed-point space of E (I), which is the span

FE =
{

13∑
I=1

cI b(ω)⊗2(�⊗2 ◦ �)(eI )

∣∣∣∣∣cI ∈ C

}
. (E21)

The dimension of the fixed-point space is 13.

4. A hint of duality

Using two explicit parent Lindbladian constructions, we
numerically find that E (I) from Eqs. (E12) and (E15) are
identical [68]. This result is intriguing because the first con-
struction is derived from the vertical canonical form of the
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MPDO, while the second stems from the algebraic structure,
which implicitly relies on the horizontal canonical form. This
observation suggests a potential duality between the vertical
and horizontal canonical forms. One might speculate whether
this duality arises from the self-duality of the Fibonacci C∗-
weak Hopf algebra. To explore this further, we examine a
nonself-dual case, the MPDO RFP constructed from the CS3

Hopf algebra. Interestingly, we find that E from the two con-
structions remains identical. A deeper understanding of this
apparent duality is left for future work.

APPENDIX F: EXAMPLE OF ρCZX

In this Appendix, we provide details of the vertical canoni-
cal form analysis of ρCZX and study the properties of its parent
Lindbladian. This is an example of the nonsimple MPDO
beyond the C∗-weak Hopf algebra [58].

1. Vertical canonical form

We now show explicitly that this MPDO is an RFP after
blocking two sites by using the vertical canonical form. Define
M as the tensor obtained by blocking two sites of M̃. By a
unitary transformation U on the physical degrees of freedom,

M(αβ ) → MU
(αβ ) = UM(αβ )U

†

U =

⎛
⎜⎜⎝

1 0 0 0
0 0 0 1
0 1 0 0
0 0 1 0

⎞
⎟⎟⎠, (F1)

one can bring M to the vertical canonical form with two BNT
elements,

MU
(αβ ) = μ1M(αβ ),1 ⊕ μ2M(αβ ),2, (F2)

with μ1 = μ2 =
√

3
4 ,

M(11),1 = 1√
3

(
1 0
0 1

)
, M(22),1 = 1√

3

(
0 1
0 0

)
,

M(23),1 = 1√
3

(
0 1
0 0

)
, M(32),1 = 1√

3

(
0 0

−1 0

)
,

M(33),1 = 1√
3

(
0 0
1 0

)
(F3)

and

M(11),2 = 1√
3

(
1 0
0 1

)
, M(22),2 = 1√

3

(
0 1
0 0

)
,

M(23),2 = 1√
3

(
0 −1
0 0

)
, M(32),2 = 1√

3

(
0 0
1 0

)
,

M(33),2 = 1√
3

(
0 0
1 0

)
. (F4)

One can verify that these two BNT elements are indeed in-
dependent by computing the leading eigenvalue of the mixed
transfer matrix.

Next, consider K as the tensor obtained by blocking
two sites of M (which is, four sites of M̃). By a unitary

transformation V on the physical degrees of freedom,

K(αβ ) → KV
(αβ ) = V K(αβ )V

†, (F5)

one can bring K to the vertical canonical form with the same
two BNT elements,

KV
(αβ ) = ν1M(αβ ),1 ⊕ ν2M(αβ ),2, (F6)

with ν1 = ν2 =
√

3
16 14. The coefficients verify mλ = μλ =

Tr[νλ] =
√

3
4 . The explicit form of the unitary V is

V1,1 = V2,16 = V3,3 = V4,14 = 1,

V5,5 = V6,12 = V7,7 = −V8,10 = 1,

V9,2 = V10,15 = V11,4 = −V12,13 = 1,

V13,6 = V14,11 = V15,8 = V16,9 = 1. (F7)

We would like to comment that the one-site MPDO tensor
M̃ contains only one BNT element, and therefore M̃ itself is
not an RFP tensor. On the other hand, after blocking two sites,
we see that M is an RFP tensor by showing that M and K share
the same set of BNT. This is expected, since we require N to
be even, and the above MPDO representation is valid only for
even N .

2. Steady states of parent Lindbladian

Using the vertical canonical form, the renormalization
channels T ,S are constructed as in Example 9 and with them
one constructs the parent Lindbladian. In this section, we
analyze the properties of this parent Lindbladian.

Following the general treatment, we build the local channel
E (that acts on four original sites) and the Lindbladian

E = T ◦ S, Ei = τi(E ),

Li = Ei − 1, L(N ) =
N/2∑
i=1

L2i−1. (F8)

Let us first examine the fixed-point space of the local channel
E ,

FE = V †

[
2⊕

λ=1

νλ ⊗ Mdλ

]
V, (F9)

where Mdλ
is the full dλ × dλ dimensional matrix algebra,

and dλ=1 = dλ=2 = 2. The dimension of the fixed point space
is therefore d2

λ=1 + d2
λ=2 = 8. Explicitly,

FE = V ⊕ W,

V = span{12 ⊗ 12 ⊗ 12 ⊗ 12,12 ⊗ 12 ⊗ 12 ⊗ σz,

σz ⊗ 12 ⊗ 12 ⊗ 12, σz ⊗ 12 ⊗ 12 ⊗ σz},
W = span

{
σ⊗4

x CZ (4)(|m〉〈m| ⊗ 12 ⊗ 12

⊗ |n〉〈n|)|m, n = 0, 1
}
, (F10)

where CZ (4) = ∏4
i=1(CZ )i,i+1 and note that V ∩ W = {0}.

In particular, the vector space W allows a simple MPO
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representation same as UCZX,

W = GL=4(O)

O12 =
(

1 1
0 0

)
, (F11)

O21 =
(

0 0
1 −1

)
,

where GL(O) is defined as in Eq. (52). As a side remark, we
note that the vector space GL=4(M̃ ) has dimension 5 and is a
subspace of the fixed-point space,

GL=4(M̃ ) ⊆ FE . (F12)

To find the space of steady state of the global Lindbladian,
we examine the commutation relation of local channels. We
verify numerically that

[Ei, Ei+2] = 0. (F13)

Therefore, the parent Lindbladian is commuting and thus
frustration free. The global space of steady state is then the
intersection of the fixed-point spaces ∩N

i=1FEi . Let’s first con-
sider

FEi ∩ FEi+2 = (Vi ⊕ Wi ) ∩ (Vi+2 ⊕ Wi+2), (F14)

where Vi = V ⊗ M2 ⊗ M2, Vi+2 = M2 ⊗ M2 ⊗ V, and
similar for Wi, Wi+2. To simplify, we note that the following
two intersections are empty: Vi ∩ Wi+2 = {0} and Wi ∩ Vi+2 =
{0}, which can be proven by considering a nonzero vector in
this intersection and then tracing out site i + 2, leading to a
contradiction. Along with the conditions Vi ∩ Wi = {0} and
Vi+2 ∩ Wi+2 = {0}, the above expression can be simplified to

FEi ∩ FEi+2 = (Vi ∩ Vi+2) ⊕ (Wi ∩ Wi+2). (F15)

The first term can be computed by considering a nonzero
vector in the intersection v1 = v2, v1 ∈ Vi, v2 ∈ Vi+2, mul-
tiplying σz on site i + 2, and then tracing out site i + 2. Since
v1 can only take 12 on site i + 2, this procedure leads to
Tri+2[v2(σz )i+2] = 0, enforcing v2 to take 12 on site i + 2.
One can apply similar procedures on other sites to obtain other
constraints, and the final result is

Vi,i+2 : = Vi ∩ Vi+2

= span{12 ⊗ 12 ⊗ 12 ⊗ 12 ⊗ 12 ⊗ 12,

12 ⊗ 12 ⊗ 12 ⊗ 12 ⊗ 12 ⊗ σz,

σz ⊗ 12 ⊗ 12 ⊗ 12 ⊗ 12 ⊗ 12,

σz ⊗ 12 ⊗ 12 ⊗ 12 ⊗ 12 ⊗ σz}. (F16)

Next, we consider the second term Wi ∩ Wi+2. We note that
by blocking two sites of MPO tensor Oi j

αβ , it becomes injective
when viewed as an MPV (by grouping i, j indices). One can
then apply the intersection property of MPV [1] and obtain

Wi,i+2 := Wi ∩ Wi+2

= (GL=4(O) ⊗ M4) ∩ (M4 ⊗ GL=4(O))

= GL=6(O). (F17)

The above procedure can be performed iteratively until we
reach the system size N , and for W, using the closure property

when crossing the boundary. We conclude

ρ (N )
∞ = 1

2N

(
1⊗N

2 + cU (N )
CZX

)
, c ∈ [−1, 1], (F18)

where N is even.
We note that the above-constructed parent Lindbladian is

rapid mixing, which is a direct result of commuting local
terms. Nevertheless, it cannot drive a product state fast to
ρCZX, as shown in the following evolution analysis.

a. Evolution

Starting from a trivial state ρ = 1
2N (1⊗N + σ⊗N

x ), we nu-
merically verify that: when N = 4, 6, 8, the resulting steady
state is

ρ (N )
∞ = 1

2N

(
1⊗N

2 + 1

2N/2−1
U (N )

CZX

)
. (F19)

We conjecture that this relation holds for general N . In the
following, we prove that the parent Lindbladian constructed
above cannot drive a fully separable state to ρCZX.

Proposition F1. Consider any initial state as a fully sepa-
rable state

ρ
(N )
init =

∑
s

qs(ρ1,s ⊗ ρ2,s ⊗ · · · ⊗ ρN,s), (F20)

where N is an even integer and
∑

s qs = 1. The corresponding
steady state ρ

(N )
∞ under the evolution of CZX parent Lindbla-

dian takes the form of Eq. (F18), with

|c| � 1

2N/2−1
. (F21)

Proof. To begin, note that the coefficient c in Eq. (F18) can
be computed via

c = Tr
[
U (N )

CZXρ (N )
∞
] = Tr

[
U (N )

CZXE∞
(
ρ

(N )
init

)]
= Tr

[
E∗

∞
(
U (N )

CZX

)
ρ

(N )
init

]
, (F22)

where E∞ := limt→∞ eLt , and E∗
∞ is its adjoint. Since the

CZX parent Lindbladian L is a commuting Lindbladian,
E∞ = ∏

i Ei,∞ where Ei,∞ := limt→∞ eLit . Similarly, E∗
∞ can

also be decomposed as E∗
∞ = ∏

i E∗
i,∞ where E∗

i,∞ is the ad-
joint of E∗

i,∞.
The local infinite time evolution channel is a projector on

the space of local fixed point (on four physical sites),

Ei,∞(X ) =
8∑

m=1

Tr[O†
mX ]Om, (F23)

where Tr[O†
mOn] = δmn, and {Om} are the basis operators of

local fixed point space in Eq. (F10) up to normalization,

O1 = 1
412 ⊗ 12 ⊗ 12 ⊗ 12, O2 = 1

412 ⊗ 12 ⊗ 12 ⊗ σz,

O3 = 1
4σz ⊗ 12 ⊗ 12 ⊗ 12, O4 = 1

4σz ⊗ 12 ⊗ 12 ⊗ σz,

O5 = σ⊗4
x CZ (4)(|0〉〈0| ⊗ 12 ⊗ 12 ⊗ |0〉〈0|),

O6 = σ⊗4
x CZ (4)(|0〉〈0| ⊗ 12 ⊗ 12 ⊗ |1〉〈1|),

O7 = σ⊗4
x CZ (4)(|1〉〈1| ⊗ 12 ⊗ 12 ⊗ |0〉〈0|),

O8 = σ⊗4
x CZ (4)(|1〉〈1| ⊗ 12 ⊗ 12 ⊗ |1〉〈1|). (F24)
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Subsequently, its adjoint takes the form of

E∗
i,∞(X ) =

8∑
m=1

Tr[OmX ]O†
m. (F25)

Note that Om = O†
m for m = 1, . . . , 4 and O†

5 = O8, O†
6 = O7,

the explicit form of E∗
i,∞ is therefore the same as Ei,∞, and

thus UCZX stays invariant under the global ajoint map,

E∗
∞(UCZX) :=

⎛
⎝N/2∏

i=1

E∗
2i−1,∞

⎞
⎠UCZX = UCZX. (F26)

Now, consider a pure single-site initial state with no sum-
mation over s, ρi = |vi〉〈vi| where |vi〉 = ai|0〉 + bi|1〉, |ai|2 +
|bi|2 = 1. The MPU representation of UCZX reads

U 01 =
(

1 1
0 0

)
, U 10 =

(
0 0
1 −1

)
, (F27)

and we define a transfer matrix

(F28)

Then,

c = Tr[EU,1EU,2 · · · EU,N ], (F29)

and its absolute value can be bound by

|c| � ‖EU,1‖1‖EU,2 · · · EU,N‖∞

� ‖EU,1‖1

N∏
i=2

‖EU,i‖∞. (F30)

Using the explicit form of EU,i, one can show ‖EU,i‖∞ =√
2|ai||bi| � 1/

√
2, where the inequality comes from |ai|2 +

|bi|2 = 1; and similarly ‖EU,1‖1 = 2
√

2|a1||b1| �
√

2. This
leads to

|c| � 1

2N/2−1
. (F31)

Finally, we justify that the extreme value of c must occur
when there is no summation over s and each ρi in ρinit is a pure
state. To see this, consider

c + 1 = Tr
[(
1⊗N

2 + U (N )
CZX

)
ρ (N )

∞
]

= Tr
[
E∗

∞
(
1⊗N

2 + U (N )
CZX

)
ρ

(N )
init

]
=
∑

s

qs

∑
{mis}

pm1s · · · pmNs Tr
[(
1⊗N

2 + U (N )
CZX

)
· (∣∣ψm1s

〉〈
ψm1s

∣∣⊗ · · · ⊗ ∣∣ψmNs

〉〈
ψmNs

∣∣)], (F32)

where we decompose each

ρi,s =
∑
mis

pmis

∣∣ψmis

〉〈
ψmis

∣∣,
with pmis � 0,

∑
mis

pmis = 1. Since (1⊗N
2 + U (N )

CZX) is positive
semi-definite, each trace term in the last line of Eq. (F32) must

be non-negative. Therefore,

c � max{|ψmis〉}
〈
ψm1s

∣∣ · · · 〈ψmNs

∣∣U (N )
CZX

∣∣ψm1s

〉 · · · ∣∣ψmNs

〉
, (F33)

and

c � min{|ψmis〉}
〈
ψm1s

∣∣ · · · 〈ψmNs

∣∣U (N )
CZX

∣∣ψm1s

〉 · · · ∣∣ψmNs

〉
. (F34)

This finishes the proof. �
The above proposition and proof can be generalized to the

initial state after blocking a finite number of l sites.
Proposition F2. Consider any initial state as a fully sepa-

rable state

ρ
(N )
init =

∑
s

qs(ρ1,s ⊗ ρ2,s ⊗ · · · ⊗ ρN/l,s), (F35)

where each ρi,s supports on l consecutive sites of qubits,
N is an even integer, N/l is an integer and

∑
s qs = 1. The

corresponding steady state ρ
(N )
∞ under the evolution of CZX

parent Lindbladian takes the form of Eq. (F18), with

|c| � 1

2N/2l−1
. (F36)

Proof. Most of the proof runs parallel to the previous one.
In particular, we now consider the transfer matrix of a block
of l consecutive sites,

(F37)

where we omit the position label i, and we would like to show
that ‖EU (l )‖∞ � 1/

√
2 and ‖EU (l )‖1 �

√
2.

To start, denote U (l ) as the horizontal blocking of l sites
of U , and apply a Hadamard gate H on its right, U (l ) →
U (l )H . Note that ‖U (l )H‖p = ‖U (l )‖p, the Schatten norm is
unchanged. The explicit form of U (l ) (after applying H) reads

U (l ) =
√

2|0〉〈0| ⊗ σ+
1 ⊗ O(1) ⊗ σ+

l

+
√

2|0〉〈1| ⊗ σ+
1 ⊗ O(2) ⊗ σ−

l

+
√

2|1〉〈0| ⊗ σ−
1 ⊗ O(3) ⊗ σ+

l

+
√

2|1〉〈1| ⊗ σ−
1 ⊗ O(4) ⊗ σ−

l , (F38)

where the first register is the virtual bond degree of freedom,
and O(r) is a summation of strings of σ±,

O(r) =
∑

k

Ok fr (k), (F39)

where k = (k2, k3, . . . , kn−1) with ki = 0, 1 and denoting
σ 1 := σ−, σ 0 := σ+,

Ok = σ
k2
2 ⊗ σ

k3
3 ⊗ · · · ⊗ σ

kl−1

l−1 ,

f1(k) = (−1)k2k3+k3k4+···+kl−2kl−1 ,

f2(k) = (−1)k2k3+k3k4+···+kl−2kl−1+kl−1 , (F40)

f3(k) = (−1)k2k3+k3k4+···+kl−2kl−1+k2 ,

f4(k) = (−1)k2k3+k3k4+···+kl−2kl−1+k2+kl−1 .
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Now, consider the pure state ρ = |ψ〉〈ψ | and write

|ψ〉 =
1∑

i, j=0

|i〉1 ⊗ |ψi, j〉 ⊗ | j〉l , (F41)

where we single out the first and last physical qubit as above.
Thus, we can write

EU l =
∑

k

EU l ,k, (F42)

where EU l ,k are 2 × 2 matrices with components

EU l ,k (0, 0) =
√

2〈ψ0,0|Ok|ψ1,1〉 f1(k),

EU l ,k (0, 1) =
√

2〈ψ0,1|Ok|ψ1,0〉 f2(k),

EU l ,k (1, 0) =
√

2〈ψ1,0|Ok̄|ψ0,1〉 f3(k̄),

EU l ,k (1, 1) =
√

2〈ψ1,1|Ok̄|ψ0,0〉 f4(k̄). (F43)

Note that in the third and fourth lines, we have changed the
index of summation and replaced k → k̄ = (1, 1, . . . , 1) − k.
Expand |ψi, j〉 in the computational basis

|ψi, j〉 =
∑

k

ai j
k |k〉 =

∑
k

bi j
k |k̄〉. (F44)

Note that 〈k′′|Ok|k′〉 = δk′,k′′δk,k′′ , the matrix EU l ,k is simplified
to

EU l ,k =
√

2

(
yk f1(k) zk f2(k)

z̄k f3(k̄) ȳk f4(k̄)

)
, (F45)

where yk = ā00
k b11

k and zk = ā01
k b10

k . Using

‖EU l ‖p �
∑

k

‖EU l ,k‖p, (F46)

we need to compute the singular values of EU l ,k . When
f1(k) f3(k̄) + f2(k) f4(k̄) = 0, the singular values are degener-
ate,

λ1 = λ2 =
√

2
√

|yk|2 + |zk|2

� 1√
2

(∣∣a00
k

∣∣2 + ∣∣b11
k

∣∣2 + ∣∣a01
k

∣∣2 + ∣∣b10
k

∣∣2), (F47)

and when f1(k) f3(k̄) + f2(k) f4(k̄) = ±2, the singular values
are

λ1 =
√

2(|yk| + |zk|),
λ2 =

√
2||yk| − |zk||, (F48)

λ1,2 � 1√
2

(∣∣a00
k

∣∣2 + ∣∣b11
k

∣∣2 + ∣∣a01
k

∣∣2 + ∣∣b10
k

∣∣2).
Thus,

‖EU l ‖∞ � 1√
2

∑
k

(∣∣a00
k

∣∣2 + ∣∣b11
k

∣∣2 + ∣∣a01
k

∣∣2 + ∣∣b10
k

∣∣2)

= 1√
2
〈ψ |ψ〉 = 1√

2
. (F49)

Similarly,

‖EU l ‖1 �
√

2. (F50)

This finishes the proof. �
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