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Block encoding of sparse matrices underpins quantum algorithms such as quantum singular value trans-
formation, Hamiltonian simulation, and quantum linear system solvers, yet its efficient gate-level realization
remains challenging, with index-mapping oracles constituting one important source of overhead. We introduce a
block-encoding framework that focuses on the index-mapping component, where coherent permutation is used
as the central mechanism to optimize shift, delete, and insert operations. This provides a unified treatment of
index mapping and reduces local multicontrolled X control complexity through structured compression. We
further connect coherent amplitude permutation to combinatorial optimization, enabling systematic assignment
of control states under hardware connectivity constraints. The resulting construction supports entrywise block
encoding for general sparse matrices, with efficiency gains in structured cases. We demonstrate the approach
on representative examples and provide resource analysis using IBM superconducting backends, showing

significant reductions in circuit depth.
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I. INTRODUCTION

Block encoding has emerged as a central primitive in
modern quantum algorithms, providing a systematic way
to embed a matrix into a unitary operator and thereby
enabling polynomial transformation of operators via Quan-
tum Singular Value Transformation (QSVT) [1,2]. The idea
was first used implicitly in early breakthroughs such as the
Harrow-Hassidim-Lloyd algorithm for solving linear systems
of equations [3] and Hamiltonian simulation techniques [4—6],
and was later formalized by Gilyén et al. [1]. Since then,
block encoding has become indispensible in a wide range
of domains, including quantum linear algebra, optimization,
machine learning, and quantum chemistry [7-9]. Succinctly,
block encoding is the process of embedding a given (possibly
nonunitary) matrix A into a larger unitary operator Uy as

Uy = (A/a *)’ )

* *

where « is a subnormalization factor ensuring ||A/«x||, < 1,
% denotes inconsequential blocks, and || - ||, is the spectral
norm. The factor o and the presence of * blocks guarantee
that a unitary Uy exists.

Understanding the importance of block encoding has moti-
vated extensive efforts toward resource-efficient constructions
for different matrix classes. For arbitrary dense matrices,
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exact block-encoding schemes based on state preparation and
LCU (linear combination of unitaries) techniques have been
studied extensively, together with their associated resource
requirements [10,11]. More recently, approximate hardware-
oriented constructions based on decompositions into single-
and two-qubit gates have been proposed, including the
FABLE framework [12,13] and subsequent improvements
employing demultiplexor techniques [14]. For sparse matri-
ces, block encodings have typically been formulated in terms
of black-box oracles [1], but these works often omit explicit
circuit-level implementations. More detailed realizations have
been provided for structured sparsity [15].

The subnormalization factor « directly influences the
complexity of QSVT-based algorithms, with the optimal
choice being spectral norm o = ||Al|,. Existing sparse
block-encoding constructions [16,17] generally employ larger
problem-dependent factors @ > ||A||,. Whether one can con-
struct block encodings with subnormalization factor o =
||A]|> remains an important open question.

Block encoding of sparse matrices consists predominantly
of two components: data embedding via state preparation
and data distribution via index-mapping operations. In this
work, we focus primarily on the index-mapping component.
We introduce coherent permutation operators as a central
mechanism, enabling a unified treatment of shift, delete,
and insert operations while reducing local multicontrolled X
(MCX) control complexity through structured compression.
The resulting framework supports entrywise construction to
general sparse matrices, with efficiency gains expected in
structured instances. We further establish a connection be-
tween coherent amplitude permutation and combinatorial
optimization, enabling systematic assignment of control states
and hardware-aware circuit constructions under connectiv-
ity constraints. This perspective is particularly relevant for
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| . > | The main objective of block encoding is to seek a unitary
o= = ) ‘7 2 Uy such that
@ —U— D1 ) U Aij
@2 — |70) — ({Olanc @ (IDUA(10)ane ® 1J)) = 7’ )

(a) (b)

FIG. 1. (a) Qubits of circuit U are numbered in increasing or-
der from top to bottom. (b) The matrix column register |j) =
|ju_1--- Jjo). The binary representation of an integer state |j) is as-
signed to qubits in decreasing order from top to bottom.

architectures with limited qubit connectivity [18-20]. More
broadly, the framework connects quantum circuit synthesis
with classical optimization techniques, contributing to circuit
compilation and routing strategies [21-24]. We demonstrate
the approach on representative examples and provide hard-
ware resource analysis on IBM superconducting backends,
showing reductions in circuit depth. Finally, we demonstrate
these ideas on representative sparse matrices with varying
degrees of structure, illustrating how the framework translates
abstract oracle constructions into executable circuits suitable
for quantum algorithms.

II. NOTATIONS AND PREPROCESSING

Assuming familiarity with standard conventions in the
quantum computing literature, we establish following nota-
tions and conventions:

(1) Foran N x N matrix, the jth column is denoted by |j),
where j € [0, N — 1]. Its binary representation is given by

J gt X 277 o x 206 Lt - o), ()
where ji, € {0,1},k € [0,n— 1] and n is the number of
qubits.

(2) Qubits in a circuit diagram are ordered increasingly
from top to bottom, as illustrated for the three-qubit circuit U
in Fig. 1(a). The binary state |j,—; - - - j1jo) is mapped to the
quantum register |qoq; - - - ¢u—1), such that the highest-index
qubit |g,—1) corresponds to |jo) and the lowest-index qubit
|go) corresponds to |j,—p) [Fig. 1(b)].

(3) The Hamming distance [25,26] between two binary

strings ¥ = (X0, X1, ..., X%—1)7 and ¥ = (o, Y1, ... Y1)’ s
where xi, yr € {0, 1}, is defined as
Dy =% -3l = Z (X @ Y1), 3)
k=0
where @ denotes the XOR operation. For instance,
Dy (010, 001) = 2.
(4) Multicontrolled NOT gates are denoted by
oy Xiurgen»  Where [control) denotes control  qubits,

|state) denotes control state [Eq. (2)], and Xjirgery denotes NOT
gate applied on [target) qubit. When convenient, we write

C\statel |state;) X
|control; )~ |control, ) <*|target)

to indicate a partition of the controls into two groups while
still representing a single generalized MCX gate.

where |i) and |j) denote row and column registers, respec-
tively. Also, |0)anc denotes ancilla qubits.

We now discuss the data preprocessing needed for block
encoding a sparse complex matrix A € C2*?", It is impor-
tant to note that this method embeds each data element only
once in a row/column. Therefore, we collect unique data ele-
ments with respect to a fixed diagonal offset d = i — j. In the
present work, two entries on the same diagonal are considered
identical if they are exactly equal as complex numbers. For
numerical implementations involving floating-point values,
one may alternatively adopt a tolerance parameter ¢ > 0 and
identify entries satisfying |A;; — Ay | < ¢ as belonging to the
same equivalence class. Such tolerance-based grouping intro-
duces an approximation to the original matrix.

For a square matrix, we define d > 0 as lower diagonals
and d < 0O as upper diagonals. For each diagonal offset d €
Diag = {—(2" — 1), ..., (2" — 1)}, let the nonzero entries be

indexed by the local index [ =1, ..., |S4]:
Sa={A;; € C|A; #0,i— j=d}
={s40 €Clsqs #0,1=1,....1S4l}. )

The associated row set is denoted by S,(s;;), and the corre-
sponding column index is given by j = S,(sg;) —d
We introduce the following labeled contribution index set:

T=1{d1,¢)deDiag,l =1,...,IS4,
c € (R, 1}, ye(sq1) # 0}, (6)

where

Yr(sa.1) = Re(sqa, ), vi(sa) = Im(sq,).

Here, c=R and ¢ =1 denote the real and imaginary
components, respectively. Importantly, the labels distinguish
different contributions even when their numerical values are
equal.

Choose a fixed ordering of the labeled index set Z, and
denote its ordered enumeration by

(.. wy), N =11, @)

where the ordering is induced by fixed orderings of d, [, and
c. For each ¢, = (d(k), [(k), c(k)), k=1,..., N, define

[Re(sack), i), ck) =R
- * 8
" {llm(sd(k),uk))L ck) =1, ®)

and

_ Jsen(Re(saw.im)),  c(k) =R ©
sgn(Im(sgy, 1)1, ck) =1,

where sgn(a) = ﬁ, a € R\{0}. The data and sign vectors are
then defined by
VUdata = (mlv"'5mN)a (10)
Usign = (P1, - -+, DN)- (11)
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TABLE 1. Notations of data structures and quantum registers
used in block encoding.

Data structure and registers

Row register |£)
Column register /)
Value of kth data element Vdata.k
Sign of kth data element Usign, k
Data register basis state k) data
Diagonal shift dy
Row set S, (k)
Delete flag 15) del

By construction, all entries of vgy, are non-negative real
numbers obtained from the magnitudes of nonzero real or
imaginary components. The dimension of the data vector
is dim(vgaa) = N. Each kth element in the flattened vec-
tors has the unique backmapping k +— = (d(k), [(k), c(k)),
where d(k) denotes the diagonal offset, /(k) denotes the
local position within Sg), and c(k) identifies the real or
imaginary component. We therefore define dy = d(k), and

J

1
PREP|0)®™

data

1

UNPREP' |0 = ——
\/Zgino(vduw)*l Vdata,k

data

where the left projection (0|57 UNPREP is determined by
UNPREP?[0)$"" .

The index-mapping oracle is composed of two oracles such
as shift Ogpiy and delete Og.;. The shift oracle performs the

injective mapping
fi(j) 2 j > i =mod(j +d, 2"), (14)

thereby mapping column indices j to row indices i along the
diagonal offset dy = i — j. The oracle Oy performs deletion
of elements from rows fi.(j) ¢ S, (k).

With these oracles in place, the block-encoding scheme is
formulated as described in Theorem 1.

Theorem 1. Let A € C?"*?" be a matrix that has collected
data vy and sign vgge,. I there exist shift oracle Ogpig such
that

Oshift|K) data D) det| ) = 1k} datalD) el | fx (7))
= |k)datalD) ge1Imod(j + di, 2")) (15)

and delete oracle Qg such that

Ode1 k) data | B) det | fx (/)
= |K)daal® @ xx (fx () el f (), (16)

dim(vgata)—1

2

dim(vga)—1
\/Zk:() o Udata, k k=0

Sy (k) = S:(Saw),1x))- The corresponding column index is then
Jk = Sp(k) — dy.

We summarize the notations of data structures and quan-
tum registers as in Table 1.

III. BLOCK ENCODING

In this section, we elaborate the PREP/UNPREP-based
block encoding [16,17] and present a framework for con-
structing the corresponding quantum circuits. Primarily, block
encoding consists of two oracles, namely, state preparation
and index mapping.

Let the number of data qubits m = [log, dim(vga,)] for
the collected data v and signs v, [see Egs. (10) and
(11)]. Then, the state-preparation oracles PREP [Eq. (12)]
and UNPREP [Eq. (13)] together embed vgjgn © Vgara into the
amplitudes of a quantum state. Here, o denotes elementwise
multiplication between two vectors.

Note that the state vectors are padded with zeros to fill the
2™ basis states required for state preparation. These additional
basis states do not correspond to physical data elements but
serve only as padding. Since the phase associated with a zero
amplitude is physically irrelevant, we adopt the convention
sgn(0) = 0 to obtain a canonical representation, which is con-
venient for the compression procedures introduced later.

o
Vsign ko/Vaaa k) aaa + D Olk)aaa | (12)
k=dim(vgata)
dim(vgaa)—1 2m—1
> VaailRaa+ Y Olk)aaa |, (13)
k=0 k=dim(vqa,)

where

xk(fi(J)) = {(1) izflsfj(j) e S, (k),

and two state-preparation oracles PREP and UNPREP then,
the unitary, Uy = (UNPREP ® Lu+1)Oge) Oghist(PREP & Lyi+1),
as shown in Fig. 2, can block encode A with the subnormal-
ization @ = ) Vdata k-

|data) A4 PREP —=¢ @— UNPREP
|del)

n Ode :
17) /—‘ Osnit |- ) S

FIG. 2. Circuit structure for block encoding of sparse matrices. A
single qubit is represented by a plain wire (del qubit), while multiple
qubits are depicted as a wire marked with a short slash, labeled with
the number of qubits it contains (m for data qubits and n for matrix
qubits |j)). The PREP and UNPREP blocks denote state-preparation
operators. The oracles Ogire and Oge use multicontrolled gates de-
noted by circle with a slash. The control values are determined by
the respective state in binary representation [Eq. (2)], following the
qubit ordering convention shown in Fig. 1.
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Proof. To recover the matrix from its block encoding, the
ancilla qubits (i.e., the data and delete qubits) are initialized
and postselected in the state |0). This is achieved by ini-
tializing the bottom register with |;j) and postselecting (or
measuring) the outcome |i), as follows:

(018 (Olaet (il Ua 10) & 10)den 1)
1

\/Zk/ Udata,k’ Zk Udata, k ;
X Vsign k o/ Vdata,k Vdata.k Odel Oshite|k)datal0) el | )

1 .
= D K laata (Ol (il
\/Zk/ Udata,k’ Zk Udata.k o x

X Usign,k 4/ Vdata,k’ Udata,k Odel|k) datal0) det | fx (7))

1 .
= D (K laata (Ol (il
\/Zk/ Udata,k’ Zk Udata, k Kk

X Vsign k+/Vdata,k Vdata.k 15, ()) Sk i ()
X |k>dalu|0)del|fk(j))

1
= - E Usign, k Udata, k »
o

k:fi (j)=i
i€, (k)

(K'laata (Olger (i

where § denotes a Kronecker delta function §;; = 1if i =
J» else 0 and indicator function 1g,)(i) = 1 if i € S,(k), else
0.

In case of complex entries, we add its real and imaginary
components within the block-encoded matrix. Consider kth
and /th data elements in vy, and vgg, correspond to Re(4;;)
and Im(A;;), respectively. Then, the above proof can block
encode a complex entry as follows:

A 1 i
— = —(Re(4;;) + Im(4;;)i)
o o

= E(vsign,kvdala,k + Usign,lvdata,l)- a7

A. State-preparation oracle

In this section, we briefly discuss the existing methods
of state-preparation oracles PREP/UNPREP, whose task is to
embed data into the amplitudes of a quantum state. M6ttonen
et al. [27,28] introduced a state-preparation method based on
uniformly controlled rotation gates, which can be decomposed
into either multicontrolled rotations or sequences of single-
and two-qubit gates. This construction leverages classical
preprocessing—such as Gray code ordering—to structure the
circuit efficiently, reducing the number of controlled rotations
required. Later, Iten et al. [29] proposed a hardware-oriented
approach that decomposes arbitrary isometries exactly into
single-qubit and CNOT gates via a recursive synthesis proce-
dure based on the cosine-sine decomposition. Both methods
are exact and require no ancilla qubits, but generally scale
exponentially in gate count and depth for arbitrary state
preparation. More recent work has explored depth-optimized
schemes [30], achieving circuit depths of O(m) for an m-qubit
state or O(log, (ms)) for s-sparse states. These improvements,
however, often come at the cost of introducing additional

ancilla qubits, which in some cases can scale exponentially
requiring O(2") ancilla qubits.

B. Index-mapping oracle

Without the index-mapping oracles Ogpife and Oge) in Fig. 2,
the block-encoded matrix reduces to a diagonal form (refer
Theorem 1),

Al = . x= 2ok vsign,kvdala,k. (18)

Zk Udata, k

X

The oracle Ogpire [15] may equivalently be interpreted as
fixing the row index and updating the column register. Under
the convention d, =i — j, j =i — d, and therefore a main-
diagonal entry (i, i) is mapped to

@i, i) — (i, (i — dy) mod 2").

Specifically, we define the shift oracle Ogps as

[ Tpenqay Lk, b) ifd > 0,
Owinu(k, d) = {1 ifd =0, (19)
[Tpengap Rk, ) ifd <O,

where we define absolute value of diagonal |d| in binary form:

n—1
ld| =Y b2, b ef0,1}. (20)
1=0
For an integer |d| in binary (b, - - - by),, we define a set of 1-

bit positions as B(|d|) = {l|b; = 1}. In other words, a shift |d|
is decomposed into a sequence of conditional shifts by powers
of 2. Then, for d > 0, we define a left shift oracle for kth data
element vgae, « shifting left by 2% columns as

n—1

®(-b)
Lk, b) = [ | Claaay Gl X 2y

I=b
Note that the order of operators are written from left to right
and the rightmost operator is applied first in the circuit. Sim-
ilarly, for d < 0, we define a right shift oracle for kth data
element Vg, ¢ shifting right by 2% columns as

n—1
|k)
R(k,b) = ]_[ ClinaC
I=b

®(—b)
|‘2ll--~jb>x\h>' (22)

To visualize the circuit, we consider three matrix qubits
|j) and represent left shift (d = 1) of kth data element by
one column L(k,0) [see Eq. (21)] in Fig. 3(a). Similarly,
the right shift (d = —1) of kth data element by one column
R(k, 0) [see Eq. (22)] is shown in Fig. 3(b). Furthermore, the
representation of shifting left the kth and /th data elements by
two and four columns, respectively, is shown in Fig. 3(c).

To visualize the block encoded matrix after shift-
ing, we represent an example as follows. Consider the
data vector Vgua = [Vo, Y1, Yo, ¥3, ¥al”, sign vector vgjgy =
[1,1,—i,—1,i]", and block-encoding matrix to be 8 x
8 requiring three matrix qubits. If we apply the opera-
tor L (4, 2)L(3, 1)L(3,0)L(2, 1)L(1, 1)L(0, 0) [see Egs. (19)
and (21), and Fig. 3(a)], then the block encoded matrix will be
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WK RIRIE) WK IRIRIE) ) k)
|data) —o— -0—0—0— |data) —— —i—@—@— |data) # % % ‘data>
Pl T-FIT P -F0T AL LG lde
ji) \E B N lj1) = % B T l71) — ’ |j> n
lJo) - 7 ljo) — - D= |jo) )

(a) (b) (d)

FIG. 3. (a) Circuit illustration of left shift oracle L(k, 0) [refer Eq. (21)] with three matrix qubits |j) and m data qubits. Here, the control
state is given by |k) and denoted by circle with a slash. (b) Similarly, circuit illustration of right shift oracle R(k, 0) [refer Eq. (22)]. (c) Left
shift oracle of kth and /th data elements by two and four columns, respectively. (d) Delete oracle Oy illustrating deletion of kth data element

from rth row [refer Eq. (25)].

given as
Ala = |
Yo+ Y1 +v2+ s+ Yy
0 0 0 0 Yai =3 Y1 — Yni Yo ]
Yo 0 0 0 0 Yl —3 Y1 — Yoi
Y1 — Yoi Yo 0 0 0 0 PYai -3
« -3 Y1 — Yni Yo 0 0 0 0 (/A1 23)
Yyl -3 Y1 — i Vo 0 0 0 0
0 Vi —3 Vi — Yni Yo 0 0 0
0 0 Va4l —¥3 Y1 — Yol Yo 0 0
. 0 0 0 Yai -3 Y1 — Yni Yo 0

Note that complex entries are block encoded by adding its nonzero real and imaginary components [see Eq. (17)]. Similarly, if
we apply the operator R(4, 2)R(3, 1)R(3, 0)R(2, 1)R(1, 1)R(0, 0) [see Egs. (19) and (22), and Fig. 3(b)], then the block encoded

matrix will be given as

Ala = |
Yo+ ¥ +v2+ s+ Yy
0 Yo Y1 — Yai —¥3 Yai 0 0 0 ]
0 0 Yo Y1 — Yni =3 Yai 0 0
0 0 0 Yo V1 — Yai —Y3 Yai 0
« 0 0 0 0 Yo V1 — Yol =3 Vi 24)
Yai 0 0 0 0 Yo Y1 — Yol -3
—V¥3 Vi 0 0 0 0 Yo V1 — i
V1 — Yol —¥3 Val 0 0 0 0 Yo
L Yo Y1 — i —¥3 Vai 0 0 0 (U

The delete oracle [16] for removing the kth data element
from the rth row is defined as

=ch

|k)
D |data)

Ogei(k, 7) = " =

/Cl Xiger - (25)
The corresponding gate is illustrated in Fig. 3(d).

To insert a single data element into one or a few rows, one
could in principle delete the data element from all remaining
rows. However, this approach may require an exponential
number of MCX gates in general. To avoid this overhead,
we instead introduce an insert operator Il‘f;, which directly
places the kth data element into the rth row without requiring
exponential MCX gates. The construction of this operator is

detailed later in Sec. VII C.

IV. COMPOSITION OF MULTICONTROLLED X GATES

In this section, we analyze the composition and simplifica-
tion of MCX gates that arise in index-mapping oracles.

Consider two successive shift operators L(k, 0)L(I, 0) [see
Eq. (21) and Fig. 3(a)] acting on three matrix qubits as shown
in Fig. 4. Expanding both operators, we obtain

= [( \data XUO )(C\I(]i(ala C\IJIO X|/1 )
(C‘k CH)mXI/z )]

data) ™| j1 jo)

L(k,0)L(, 0)

data) m D) 1D D) 1F) k) k) 1) k) 1) k) |1) k)
/—@—(7)—(7)—%(7)—(3— —— 00— 00— 0—0—0—
j2) —P S D
; FanY D - DM
‘Jl) \v \v> A\
|jo) D oD DD
s e sndin st

[IMCX; [IMCXo [[MCXg

FIG. 4. Consecutive left shift oracles L(k, 0)L(/, 0) on three ma-
trix qubits | j). The MCX gates can be grouped into three compositions
[IMcx; [see Eq. (26)].
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x [(ClinayXi0) (it CLV X1y )
(C\‘({ldld C\ljll)zz X|J2 )]

= [(Cltatar X)) (Clguca X)) ]

X [(Cldata C||jlg Xij )(C\‘éata C\mx\n )]
[(Q'ﬁitd)q',ll o) X|]2>)(C|‘ém CUI X))

= [H MCXl] [H MCXZ] [H MCX3]. (26)

Since the two operators act on the same qubits, we can
reorder the factors by grouping terms acting on identical con-
trol and target qubits. This reordering is valid because the
controlled operations corresponding to distinct control states
|k) and |I) act on orthogonal subspaces, i.e., |k)(k||[){l| = O,
which implies that the corresponding MCX gates commute.
Therefore, each group forms a commuting composition of
MCX gates acting on the same qubits, which we denote as

[[IMcX I []MCXo ][ [T MCX3] (see Fig. 4). A similar struc-
ture arises in deletion operations across multiple rows [see
Fig. 3(d)]. In both cases, we obtain compositions of MCX
gates acting on identical sets of control and target qubits. Such
compositions can be simplified under suitable conditions.

Let G={0,..., P — 1} denote the index set of P qubits
[see Eq. (2) and Fig. 1]. Let

{a]}2P 1
be the set of all P-bit binary strings, where
al = (aj).eG, aj € {0, 1}.

Consider a composition of 2" MCX gates (1 < n < P):

2"—1

[]cs" %o,

j=0

where [f) is the target qubit and the controls act on G qubits.
The simplification of such compositions is possible under
certain conditions as described in Theorem 2.

Theorem 2. Let S, = {a/};)' € $1 = {0, 1}".
there exists a subset of indices F C Gwith |F| =P
that

Suppose
— n such

al =d VieF, Vjk,

L 1

and the substrings on the remaining indices satisfy

{(ai)zeG\F}j _o =10, 1},
Then,
»o1
[]c6" % =X,
j=0
where ) = @), |ai).

Proof. Consider each MCX gate is written as
& Xy = ') a’| ® Xy + (I = |a/}{a’)) @ I,

where the identity operator / has dimension corresponding to
the number of qubits it acts on. Let F C G denote the set of

fixed indices, where a/ = a* Vi € F,Vj, k € {0,...,2" — 1},
and let G \ F denote the varying indices. We define

a) = la). la’)y= ) |al).

ieF i€G\F

where the substrings {cz/j}?’:_o1 =
nary strings.

Without loss of generality, we assume that the qubits are
ordered such that the indices in F' precede those in G \ F'. This
does not affect the final operation and allows us to rewrite the
control state as

la’)(@'| = |a) (@l ® |a"”)(a"|.

Then, the product of MCX gates can be written as

{0, 1}" enumerate all 2" bi-

m_q m_q

[1ck"xi = [Tra@l @ la’)a’| X

+ (I — (@)@l ® la’) (@) ® Iy].

In this product expansion, due to orthogonality (a”/|a’*) = &,
the cross terms get eliminated resulting in the summation as

2"—1 2"—1

[]cs'x=> ayal ®la’)a’| ® X
j=0 j=0

+ I — |ay(al) ® ") (a’| @ Iyy),

where 25’:_01 |a”/}{a'7| = I, since the summation of projectors
over complete computational basis forms the identity opera-
tor. Therefore, the above expression can be further simplified
to

2"—1
[]cs'x =layal ®1&Xy+ U —|a)ya) @1 I
j=0

= G X

In the special case n = P, the control set spans the entire
computational basis, and hence

2P

[]ce" %0 =X (27)
j=0

V. COMBINATORIAL-OPTIMIZATION-BASED MAPPING
OF BASIS STATES

In the previous section (see Sec. IV), we showed that a
composition of MCX gates can be compressed when the con-
trol set S, = {af }2 _, exhibits a fixed set of indices F' C G,
with |[F| =P —n, such that
aiza{f, VieF, Vjkel0,...,2" — 1},

1

and the substrings over the remaining indices enumerate all
binary strings of length 7.

If S, does not satisfy these structural conditions, then the
objective is to find a structured set S3 together with a bijec-
tion ¢ : S — 3, which satisfies the conditions required for
compression (see Theorem 2).
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For a given set of fixed indices F C G, with |F| =P —n,
we define a structured set S3 = {b/}2" ' ¢ {0, 1}? such that
j k . .
bl =V, YieF, Vjk,
and the substrings over the remaining indices exhaust all con-
figurations,

{(bj)zeG\F}] 0

This construction ensures that |S3| = 2" and that S; satisfies
the structural conditions required for MCX compression. We
then formalize the mapping of basis states as a combinatorial
optimization problem as follows.

Theorem 3. Given an arbitrary set of binary strings S, C
{0, 1}* with |S;] = 2" and a target set S5 constructed accord-
ing to the mode-based rule, the bijection ¢ : S, — S3 that
minimizes

= {0, 1}".

> Du(x, (x))

X€Sz

can be obtained by solving a linear assignment problem over
the unmatched subsets S, \ S3 and S5 \ S,, while fixing iden-
tity mapping on S; N S3.

Proof. Let S» = {a/ }2"_61 The mode-based rule first con-
structs the target set S; =
frequent fixed-bit pattern

{bf}2 ! by selecting the most

~ 1211
a = mode ({ay. }j:0 ), (28)
where af; denotes the restriction of a’ to the fixed index set F.
The target set is then defined by fixing

bl =a, icF,
while allowing the remaining bits to enumerate all binary
strings over G \ F. Consequently, |S3| = 2".

Define

S, =8\5; S=355\5.

Since |S>| = |83, it follows that |S}| = |S5|. Elements in S, N
S5 are assigned via identity mapping and do not contribute to
the optimization.

Construct the cost matrix

Cix =Du(a’, b, a’ eS8, bes,
and solve the assignment problem
n}jlkn Z Z Cjkxjkv

Zx,»k =1 Vj
k

Yoxw=1, Vk
J

xje € (0,1}, Viik. (29)

Here, x;x = 1 if and only if ¢(a’) = b*.

Equation (29) is the classical linear assignment problem,
which admits an optimal solution computable in O(|S} 1) time
using the Hungarian algorithm [31-34]. Therefore, for the

constructed target set S, the resulting bijection ¢ minimizes
the total Hamming distance er s, D (x, ¢(x)).

Theorem 3 establishes the optimal assignment for the con-
structed target set S3. The mode-based selection of the fixed
pattern a serves as a heuristic for constructing S3 by maximiz-
ing the overlap |S, N S3/, thereby reducing the number of basis
states requiring permutation and the size of the subsequent
assignment problem.

A further (computationally more expensive) extension is to
additionally search over the choice of the fixed pattern &. This
leads to the discrete optimization problem

min (Mﬁs( )ZDH(x ¢(x>)) (30)

where for each fixed @ the inner problem is a linear assignment
problem.

Since |S3(a)| = 2" for all admissible &, this induces a finite
family of assignment problems indexed by a. In this work, we
adopt a mode-based heuristic to select &, followed by solving
the corresponding optimal assignment via the Hungarian algo-
rithm. If multiple optimal bijections exist, a canonical choice
may be obtained via deterministic tie-breaking rules or by
a small perturbation Cj; — Cj; + €rj; with € > 0 arbitrarily
small and distinct perturbation rj;, which preserves optimality
while ensuring uniqueness of the minimizer [33,35,36].

VI. COHERENT PERMUTATION USING
MULTICONTROLLED X GATES

In this section, we introduce a coherent permutation of am-
plitudes among basis states using MCX gates. Here, coherent
refers to a unitary (reversible) transformation that preserves
superposition and relative phases, without measurement or
state collapse.

Consider a P-qubit quantum state |¢) = Z?igl vili),
where the computational basis is indexed by binary strings
over the index set G = {0, ..., P — 1} [see Eq. (2) and Fig. 1].
Any basis state |a) is represented by a binary string a =
(a;)iec- We begin by defining a primitive operation that swaps
amplitudes between two basis states differing in a single qubit.

Definition 1 A_SWAP(a, b). Let a,b € {0, 1} be binary

strings such that they differ only at qubit¢ € G, i.e.,
ai:bi ViEG\{t}, a,@b,:L

Define the common control string ¢ = (¢;)iec\1}» Where ¢; =
a; = b;. Then, the amplitudes corresponding to |a) and |b) are
swapped via

Vala) + ¥ulb) —> pla) + Palb),
by applying the gate
CovXin-

Note that A_SWAP permutes amplitudes without affecting
amplitudes in other basis states.

Definition 2 (Coherent permutation). Let  S,,83 C S| =
{0, 1}F with |S;| = |S3], and let ¢ : S, — S3 be a bijection
satisfying

dp(x)=x, xe€SNSs.
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Define
S5 =82\83, Sg =5\ 85.

Then, ¢ restricts to a bijection ¢ : S5 — S5. For each a € 5},
choose a shortest Hamming path

Pa : a = a(O) — s a(mu) — ¢(a),
where m, = Dg(a, ¢(a)), such that
DH(a(k) a(k+1)) =1
and

a ¢85 NSy, k=0,...,my—1.

The corresponding local walk operator is defined by

mg—1
W, = 1_[ A_SWAP(a(k), a(k“)),
k=0

where the product is ordered along the path. Each W, im-
plements a cyclic permutation of the basis states along the
ordered vertex set

@®,a®, .. gy,

transporting the amplitude initially at a® to a”) = ¢(a).
The coherent permutation operator is

A_PERMUTE = [ W..

,
aes;

where the ordering of the local walk operators is specified by
an admissible routing schedule (Definition 3).
Definition 3 (Admissible routing schedule). Let

Waleazv---»Wa,v V:|Sé|,

be an ordering of the local walk operators. The ordering is
called admissible if it satisfies the following:

(1) Each local walk operator is executed completely be-
fore the next local walk begins.

(2) A source basis state in S, may be reused as an interme-
diate vertex only after its assigned amplitude has reached its
destination.

(3) A target basis state in S} may be used as an intermedi-
ate vertex only before its assigned amplitude arrives.

(4) Intermediate basis states outside S, US; may be
reused arbitrarily.

(5) Distinct routing paths may intersect and share interme-
diate basis states. No path-disjointness condition is required,
provided conditions (1)—(4) are satisfied.

Theorem 4 (Global permutation induced by coherent rout-
ing). Under the coherent permutation construction of Defi-
nition 2, suppose that the selected Hamming paths admit an
admissible routing schedule according to Definition 3. Then,
A_PERMUTE is a permutation unitary inducing a permuta-
tion o : S; — S; such that

o(a) =¢(a), Vaes,.
Consequently,
0(8$2) =83, 0o(S1\S2)=51\Ss.

In general, the restriction of o to S;\S> is a nontrivial comple-
mentary permutation induced by the same A_SWAP network.

Proof. Each A_SWAP is a transposition of computational
basis states, and hence A_PERMUTE, being a finite product
of such operations, is a permutation unitary. Therefore, there
exists a unique permutation o : S; > S; such that

A_PERMUTE|x) = |o(x)), Vxe€S).

It remains to show that o|s, = ¢.
Let (aj,...,a,) be the ordering of the elements of )
specified by the admissible routing schedule, where r = |S}|

and {a, ..., a,} = S5;. Then, define
Uo=1, Uj=Wy -+ Way, qg=1,...,r. (€28)
We prove by induction on g that
Uglag) = 1¢(ar)), £=1,....q, (32)
and
Ujlx) = 1x), xe8SNSs. (33)

For g = 0, both statements are immediate. Assume Egs. (32)
and (33) hold for ¢ — 1. Since a, is an unprocessed source,
condition (2) of Definition 3 prevents a, from being used as
an intermediate vertex in any of the preceding local walks.
Hence,

Ug-1lag) = lag).
By the definition of the local walk,
W, lag) = |#(aq)), (34
and therefore
Uglag) = Wa,Ug-1lag) = 19(ay)). (35
For every ¢ < g, the induction hypothesis gives
Uj—ilae) = |¢(ap)).

Since the assigned target ¢(a,) has already been reached,
admissibility prevents it from being used in any subsequent
local walk. Thus,

Wa,19(ae)) = |¢p(ar)), £ <gq,
and hence
Uglae) = Wa,Uy-1lae) = |¢(ar)),

Finally, no state in S, N S3 occurs on any routing path. There-
fore,

{ <q. (36)

W, |x) = |x), x €8 NS;,
and, using the induction hypothesis,
Uqlx) = Wa,Ug—11x) = |x). (37

Equations (35)-(37) establish Eqgs. (32) and (33) for ¢, com-
pleting the induction.
Setting ¢ = r, we obtain
o(a)=¢a), acs,, (38)
and
ox)=x, xeS$HNS;. (39)
Since

Sy =8, U (S, N S3)
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and ¢(x) = x on §; N S3, it follows from Egs. (38) and (39)
that

o(a) = ¢(a),

aESz.

Therefore,
0(82) = ¢($2) = S3.
Since o is a permutation of S,
o (51\52) = Si\S;.

The action on S;\S; is therefore the complementary permu-
tation induced by the same A_SWAP network and is not, in
general, the identity.

For the proposed construction, the selected shortest Ham-
ming paths are required to admit an admissible routing
schedule. If no admissible schedule can be identified, the
assignment ¢, the target set S3, or the selected shortest paths
may be reconsidered until an admissible routing configuration
is obtained. Accordingly, Theorem 4 guarantees the correct-
ness of the resulting coherent permutation whenever such a
configuration exists.

We now consider a small example to illustrate the coherent
permutation.

Example 1. Consider three qubits as |j,j;jo). Let the bi-
jection

¢ : S» ={000, 001, 100, 111}
— S3 = {000, 001, 010, 011},

where S, = {100, 111}, S5 = {010, 011}. We can choose the
following shortest Hammings paths for the elements of S5:

731002100|—>110|—>010, 73111=llll—>011.

These paths form an admissible routing schedule according
to Definition 3, since the common states 000 and 001 are not
used as intermediate vertices and the two routing operations
do not interfere with previously assigned destinations. The
corresponding A_PERMUTE operator (see Theorem 4) is

A_PERMUTE]x)

Al 10y + o) 4
= CjijnXii X Cpji iy X1y X €y joy Xiiny %)

= C) X)) x €[} Xjj)|x). (40)

[J1 lJ2Jo

Note that the two MCX gates in Eq. (40) are compressed
according to Theorem 2. Generalizing this example, we now
consider the inverse construction: expressing a single MCX
gate as a composition of MCX gates.

Theorem 5. Let |d) be a control state defined on indices
F C G, and |G\ F| = n. Then, there exists a set of control
states S, = {a/ }3":_01 such that

2"—1
j=0

al =& VieF, {al,}

1

= {0, 1}",
and
-1
a J
Xy =[] 6" X
j=0
Proof. Let H = G\ F, |H| = n. Since the free subsystem
spans all binary strings of length #, there exists an orthonormal

basis {|a/j)}§;’01 = {|0, 1)®"}, satisfying

2"—1

> lal)a| = Iy.
j=0

Then,
CXy = |a) (@l ® Iy @ Xy + (I — |a)(@l) @ Iy @ Iy
Substituting Iy = Y7y a¥)(a"| gives

21
CP'Xpy = (la)(al ® |a’)(a"| ® X,
j=0

+ (I — lay(a) ® la’)(a"| ® Iy).

Now, define |a/) = |a) ® |a"/). By construction, a/ = &;, i €

F, and {aé\F 3;})1 = {0, 1}". Using the orthogonality relation

(d'|a*y =6 jk, the summation above is precisely the product
) 211
CcP'xp = [[la)yal ® |a7) @] Xy
j=0

+ I — (|lay(al ® la’) (")) ® Iy].

Hence,
]
CPXpy = [ [lla'Ma’| ® Xy + (I — @/} (@) ® 1]
j=0
-]

= 1_[ ng>X|l>.
Jj=0

Operationally, this implies that a single MCX gate can be
interpreted as simultaneously performing A_SWAP operations
across all pairs of basis states whose control patterns belong
to S,. Note that Theorem 5 becomes highly relevant in further
reducing the implementation cost of A_PERMUTE operator
as discussed in Sec. VIII B. To demonstrate this process, con-
sider an example of three qubits (j,, ji, jo) and a quantum
state vector [1/;]”_,. The CONTROLLED-NOT gate
C“))leo) =c 1 Xijo) X cl 1 X1 jo)»

11 |21 l2J1
permutes the amplitudes as

[ o o
Y Y
) Y3
Y3 ()
va | T | Y
s s
Ve U]

| Y7 | Y6

VII. OPTIMIZED INDEX-MAPPING ORACLE

We have seen that index-mapping oracles Ogire and Oge
(Sec. IIIB) can shift and delete the data elements in the
block-encoded matrix. We can compress the composition of
2" MCX gates when the control set S, exhibits a fixed set
of indices F C G and satisfies the structural constraints in
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m] 01 0X
|data) ¢ data) \010> |I> I : ) datar) |011> \110> 5 [X0) -
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. 7 P _I_ T . ‘.71> <> C> n >
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g

[7a) 76
()

FIG. 5. (a) Circuit representation of combined shift operation with permutation of amplitudes A_PERMUTEE (represented by Pg). (b)
Circuit for Example 2, showing the combined left shift of data elements {1, ¥} in basis states {|00), |01)} by one column. (c) Circuit
for Example 3, illustrating permutation of amplitudes and left shift of data elements {,, ¥} by one column. (d) Circuit representation of
combined deletion with permutation of rows Pg. (e) Circuit for Example 5, showing deletion of data element |k) in rows {|ro), |r1), |74), |77)}.
Note that the MCX gates here within Pr can also be compressed as in Eq. (40), but retained to show the full walk operator (Example 1). (f)
Circuit for Example 6, illustrating the insertion of data elements {|y), [)} in rows |r,), |7p), respectively, along with Pg.

Sec. IV. Otherwise, we can determine an arbitrary F and
find a set S3 such that ¢ : S, — S3 (Sec. V). The choice of
fixed indices F' determines the qubits on which the MCX gates
are applied. Therefore, we can use this as an advantage in
superconducting quantum hardware and apply the MCX gates
on nearest-neighbor qubits reducing the control complexity.

In this section, we illustrate the optimized index-mapping
operations through several examples arising in sparse-matrix
block encoding, covering a range of representative applica-
tions. We further present hardware-level resource analyses
for the presented examples to assess the practical impact of
the proposed constructions. The analysis is performed for
IBM superconducting quantum processor with heavy-hex and
square lattice topologies. The circuits are transpiled to IBM
superconducting hardware topologies and evaluated using
two-qubit depth as the primary resource metric. Two-qubit
depth is defined as the depth of native two-qubit operations in
the transpiled circuit after accounting for device connectivity
constraints, and corresponds to the critical path of sequential
two-qubit gates, which typically provides the dominant contri-
bution to runtime and error accumulation on superconducting
hardware.

A. Shift

In the combined operation of shift oracles (Sec. IIIB), the
objective is to get nearest-neighbor MCX gates. To achieve
this, the choice of F comes from choosing the qubits in
|data) closer to matrix qubits |j). The choice of F' determines
the mapping ¢ : S, — S3. Then, the amplitudes are permuted
using A_PERMUTEg (refer Definition 2). The visualization
of this combined shift operation is shown in Fig. 5(a). After
shifting, the amplitudes are rearranged back to retain the orig-
inal order, avoiding confusion in subsequent operations.

We now present some examples for intuitive understand-
ing. Consider block encoding an 8 x 8 matrix with three
matrix qubits (]j)) and two data qubits (|data;), |datag)).
Let vgaa = [Wo, Y1, V2, ¥3]7; basis states for |data) are
(00, 01, 10, 11).

Example 2. The data elements {y, {1} are to be shifted
left by one column using the operators L(01, 0)L(00, 0), cor-
responding to a many-to-one mapping.

Solution. The control set S, = {00, 01} satisfies the struc-
tural constraints in Theorem 2 such that |S,| = 2, fixed index
F = {|data;)} for first composition of MCX gates as in Eq. (26)
and Fig. 4. Then, the combined shift operation is given by

L(01, 0)L(00, 0) = L(0X, 0), 41)

where X denotes no control gate on qubit |datag). The corre-
sponding circuit representation is shown in Fig. 5(b).

Example 3. The data elements {v, {»,} are to be shifted
left by one column using the operators L(01, 0)L(10, 0), cor-
responding to a many-to-one mapping.

Solution. The control states S, = {01, 10} do not satisfy
the constraints in Theorem 2. So, we choose the fixed index
F = {|datag)} for first composition of MCX gates as in Eq. (26)
and Fig. 4. We apply the A_ PERMUTEE [see Fig. 5(a)], where
the amplitudes are swapped ¥|00) + v(|01) — ¢;|00) +
¥p|01) using a CNOT (control value is 0) gate, as shown in
Fig. 5(c). After this permutation, the combined shift operator
can be applied as

L(00, 0)L(10, 0) = L(X0, 0). 42)

For the case of n = 3 matrix qubits, we performed hard-
ware resource analysis of the circuit [see Fig. 5(c)] before
(with only shift oracles) and after (along with coherent permu-
tation and compression) optimization of the index-mapping
oracle. As shown in Table II, the optimized construction
achieves a significant reduction in two-qubit depth for both
heavy-hex and square lattice topologies.

Example 4. Assume a data vector vy, of seven values
padded with 0: Udata = [Wo» wl’ ¢27 lﬁ3’ w47 Ip57 Ws, O]T The
task is to shift the data elements {1, Vs, ¥} left by one
column.

Solution. According to Theorem 2, the control set S, should
be a power of 2 (2"). Since the task involves three data el-
ements, a naive approach would be to apply shift operation
individually. Alternatively, one can exploit the O in the data
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TABLE II. Hardware resource analysis of Example 3 measured
in terms of two-qubit depth. Here, before optimization denotes using
only individual shift oracles, and after optimization denotes coherent
permutation and compressed shift oracle. Here, “hex” denotes the
heavy-hex lattice topology of the Heron 13 processor (IBM Boston),
and “square” denotes the square lattice topology of the Nighthawk r1l
processor (IBM Miami).

TABLE III. Hardware resource analysis of Example 5 measured
in terms of two-qubit depth. Here, before optimization denotes using
only delete oracles, and after optimization denotes using coherent
permutation and compressed delete oracle. Here, “hex” denotes the
heavy-hex lattice topology of the Heron 3 processor (IBM Boston),
and “square” denotes the square lattice topology of the Nighthawk r1
processor (IBM Miami).

Hardware resource analysis of Example 3

Hardware resource analysis of Example 5

Before optimization
After optimization

Hex = 173, square = 144
Hex = 36, square = 35

Before optimization
After optimization

Hex = 704, square = 515
Hex = 47, square = 47

vector and perform a combined shift on four data elements
{0, ¥s, Ve, Y7}, as shifting 0 does not affect the block-
encoded matrix [Eq. (18)]. The combined operation for these
basis states requires permutation, as illustrated in Fig. 5(a).
Note that shifting a single data element left and then
right results in the identity operation, i.e., L x R = I [refer
Figs. 3(a) and 3(b)]. This property can be exploited when
applying combined operations to simplify MCX gates.

B. Delete

We have seen how a single data element can be deleted in
a specific row [Fig. 3(d)]. In this section, we generalize this
to deletion in multiple rows. Consecutive delete operations
of a single data element across multiple rows result in a
composition of MCX gates with control and target on the same
qubits. When the control states of such a composition satisfy
the constraints in Theorem 2, they can be combined into a
single MCX gate. Otherwise, one can choose a set of fixed
indices F' C G and determine ¢ : S, — S5 (refer Sec. V). The
choice of F comes from choosing the qubits in |j) close
to |data) and |del) to achieve nearest-neighbor connectivity.
The combined delete operation along with the permutation
operator A_PERMUTEg is presented in Fig. 5(d).

Example 5. Consider three matrix qubits | j» j; jo). The task
is that the kth data element is to be deleted in rows {0, 1, 4, 7}
using the operators D:I(;;Dle‘Z;D:% corresponding to a one-
to-many mapping.

Solution. The set of control states S, =
{000, 001, 100, 111} does not have F and hence does not
satisfy the constraints in Theorem 2. We choose F = {|j»)}
and obtain ¢ :S5,={0,1,4,7} — S5 ={0,1,2,3} (see
Sec. V) using the linear sum assignment algorithm [37]. The
corresponding permutation of amplitudes (see Example 1) is
given as

000 — 000 — 000,
001 — 001 — 001,
|10) |10)
100 — Cjj ) Xy % €, joy Xl — 010,
|11)
H1 = € iy X — 011.
The combined deletion is then given by
k) _ k) 10)
Dyjoy 11147y = Cldaray C ) Xide) - (43)

After the deletion, the rows are permuted back to their original
order. The circuit for this example is shown in Fig. 5(e).

For |k) = |10), we performed the hardware resource anal-
ysis for the circuit [see Fig. 5(e)] reported in Table III.
The results indicate once again that optimized construction
achieves a significant reduction in two-qubit depth for both
heavy-hex and square lattice topologies.

Furthermore, a many-to-many mapping is also possible,
where more than one data element can be deleted in multiple
rows, provided that the set of rows to be deleted is common
for all data elements.

C. Insert

In this section, we introduce an insert operator that places
the data elements into one or few rows without requiring
exponential MCX gates as illustrated in Example 6.

Example 6. Consider an example of block encoding a ma-
trix of 2" x 2". The data elements {, ¥} are to be inserted
in different rows {r,, 7}, respectively, corresponding to a one-
to-one mapping.

Solution. To insert a single data element ¥ in row r,, we
define

2]
[¥o) _ pylvo) [Yo) | _ plo) (~I¥0)
Im? - Dlr:; (l—[ D\k>0 ) - Dlr,,r; (Clda(;a)X\del))’ “4)
k=0

where (1‘[2";01 D‘ll‘g‘”) means deleting in all rows and it is
compressed to single MCX gate as presented in Eq. (27) and
Theorem 2. Since the proposed block-encoding method places
each data element in every row [Eq. (18)], we first delete the
data element from all rows and then apply deletion on the
desired row |r,). This effectively inverts the deletion on the
desired row, resulting in the insertion of the data element in
that row alone.

To insert a set of data elements {vyg, ¥} into rows
{Ira), |rp)}, respectively, we formulate

I 21
o) p191) _ o) o) \ o) )
Ly Ay = Dy (H Dy, )Dlm (H Dy, )

k=0 k=0
2" —1
_ Aol nlvn) o). v}
=Dy, D) (HDIMO 1 ) “435)
k=0

The circuit representation for this task is shown in Fig. 5(f),
where A_PERMUTEg (represented as Pg) is included (if
needed) for permutation of amplitudes for a chosen F'.

For the instance [io) = |01), |[Y1) = [10),n =3, |r,) =
[101), |rp) = |011), we performed the hardware resource
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TABLE IV. Hardware resource analysis of Example 6 measured
in terms of two-qubit depth. Here, before optimization denotes us-
ing only delete oracles, and after optimization denotes using insert
and coherent permutation operators. Here, “hex” denotes the heavy-
hex lattice topology of the Heron r3 processor (IBM Boston), and
“square” denotes the square lattice topology of the Nighthawk rl
processor (IBM Miami).

Hardware resource analysis of Example 6

Before optimization
After optimization

Hex = 2234, square = 2069
Hex = 330, square = 272

analysis of the circuit [Fig. 5(f)] comparing the original
implementation, consisting only of delete oracles, with the
optimized implementation incorporating insert and coherent
permutation operators. The results, reported in Table IV, show
that for this instance the introduction of insert and coherent
permutation operations leads to a significant reduction in the
transpiled two-qubit depth.

VIII. COMPLETE CIRCUIT

In this section, we present the circuit architectures and
resource accounting for complete block encoding of sparse
matrices. The workflow is summarized in Algorithm 1.

A. Circuit architectures

A first architecture employing the optimized index-
mapping oracle (see Sec. VII) is presented in Fig. 6(a). In this
design, amplitudes are restored to a fixed ordering after every
combined operation. Let the coherent permutation operator

consist of n MCX gates. Then,

n—1
A_PERMUTE = ]_[ MCX;,
i=0
n—1
A_PERMUTE' = ]_[ MCX,_1_i, (46)
i=0

where the inverse permutation is implemented by applying the
same MCX gates in reverse order.

A second architecture is illustrated in Fig. 6(b), where
the state-preparation oracle initializes amplitudes in an or-
dering already compatible with the first combined operation.
In this case, intermediate inverse permutations are avoided;
instead, the forward permutation effect is tracked implicitly
through an evolving ordering of amplitudes, and a complete
inverse permutation A_PERMUTE is applied at the end of
the circuit. Whether this strategy yields a reduction in overall
implementation cost compared with Fig. 6(a) remains an open
question.

B. Resource accounting

In this section, we discuss the cost comparison of full
block-encoding circuit. Let C(-) denote an implementation
cost metric, such as transpiled two-qubit depth, native two-
qubit gate count, or a hardware-dependent weighted cost
function.

For an original implementation consisting only of shift and
delete operators,

R
Corig = C(PREP) + C(UNPREP) + ) "C(0,).  (47)

r=1

where O, € {Ogpit, Odelete}-

ALGORITHM 1. Block encoding of sparse matrix via coherent permutation.

Input: Sparse matrix A € CV*V

Output: Block-encoding unitary U, satisfying a(0|U,;|0) = A

Data preprocessing

1. Extract the nonzero entries S, along each diagonal offset d € Diag [see Eq. (5)].

2. Construct Vgae, Usign [Eqs. (10) and (11)].

3. Associate with each data element (Vgaa k> Usign.k> di» Sy (K), |k)daa) (see Table I).

State preparation

1. Construct PREP and UNPREP oracles (Sec. II1 A).

Index-mapping optimization

1. Determine the required shift, delete, and insert operators for each data element (Sec. III B).

2. Identify compressible control patterns and apply MCX compression (Theorem 2).

3. If a compressed operator cannot be implemented directly, construct a target set S3 from a source set
S, using the mode-based heuristic (Theorem 3).

4. Solve the linear assignment problem [Eq. (29)] to obtain the bijection ¢ : S, — S;.

5. Determine admissible routing paths and synthesize the coherent permutation A_ PERMUTE

(Sec. VI).
Circuit synthesis

1. Get the combined shift, delete, and insert operators with the help of permutation operators to obtain
the optimized index-mapping oracle (see Sec. VII).
2. Assemble the PREP/UNPREP with optimized index-mapping oracles to get the complete block-

encoding circuit [see Fig. 6(a)].

3. Multiply by the normalization factor « to recover the original matrix A (Theorem 1).

033282-12



BLOCK ENCODING OF SPARSE MATRICES VIA ... PHYSICAL REVIEW RESEARCH 8, 033282 (2026)

data) 2 {PREP 1| P |— P}--“‘:—i—"': P%‘i‘"':
e

|del) - ; o
17y # —— L/R ~- Pl f--
Shift Delete Insert

\data) 2 PREP F—e¢ . o _:_i_ . o—o— - -—o pt { UNPREP
|del) : : : : & .. :
1) A E{L/RIE {L/RF“. Pr J—I_ ...|¢>

FIG. 6. (a) Circuit representation for block encoding with coherent permutation. The circuit is initialized with m |data), one |del), and n
matrix (| j)) qubits. It includes the PREP and UNPREP operators from the state-preparation oracle (see Sec. III A). The combined shift, delete,
and insert operators [Figs. 5(a), 5(d), and 5(f)] are incorporated along with the corresponding A_ PERMUTEg (represented as Pr) operators for
permutation of amplitudes for a chosen F'. The dots indicate repeating structures. (b) A second circuit architecture allows the amplitude order
to evolve throughout the computation and avoids intermediate inverse permutations, and a single inverse permutation PT is applied at the end.

The cost for architecture of Fig. 6(a) is

C“) = C(PREP) + C(UNPREP)

opt
R,
+ Y (C@) +Cc(0e™) +Cp),

r=I1

(48)

where R. < R, O;°™ denotes the rth compressed index-
mapping operator obtained by combining shift, delete, and
insert operations, and P, denotes the coherent permutation

operator (Theorem 4).
Similarly, the architecture of Fig. 6(b) can be expressed as
C(b)

opt

= C(PREP) + C(UNPREP)

R.
+ ) (€@ +C(0°™)) + (P,

r=1

(49)

where intermediate inverse permutations are avoided, rather a
single inverse permutation P is applied at the end.

The implementation cost of coherent permutation layers
is generally nontrivial, since A_PERMUTE itself may admit
further compression through the same MCX-reduction tech-
niques (see Theorem 5) and coherent permutation introduced
in this work. Consequently, the resource analysis depends on

(1) decomposition of MCX gates into native one- and two-
qubit gates,

(2) ancilla requirements,

(3) routing overhead induced by hardware connectivity,

(4) possible further compression of coherent permutation
networks.

At the level of the complete block-encoding circuit, the
relevant comparison is therefore between

c@w C(b)

optr Copt> and Corig.

For the representative examples considered in this work, hard-
ware resource analyses (see Tables II-1V) indicate that the

proposed optimization framework can lead to significant re-
ductions in transpiled two-qubit depth for combined shift,
delete, and insert operations, including connectivity-aware
coherent permutation layers. More generally, the framework
provides a systematic methodology for constructing and eval-
uating hardware-aware block-encoding circuits, where the
overall implementation cost is determined by the interplay be-
tween MCX compression, permutation synthesis, and hardware
connectivity constraints.

IX. APPLICATIONS

In this section, we present two examples of block encoding
of sparse matrices: a complex tridiagonal matrix and a struc-
tured real matrix.

A. Complex tridiagonal matrix

Consider a complex tridiagonal matrix A € C**?" of the
form

22 13
21 22 23
A= ,
21 22 3
11 22

where  z1 = Yo + Y1i, 22 = V2 + Y31, 23 = Y4 + Psi, and
Y¥; € R. The corresponding data vector is

Vaaa = [Wol, W11, W2l [¥31, [Yal, 195117 [refer Eq. (10)],

with sign vector
Usign = [sgn(¥o), sgn(1)i, sgn(yr2), sgn(y3)i,
sgn(a), sgn(ys)il” [refer Eq. (11)].

State preparation requires [log, 6] =3 data qubits [re-
fer Eq. (12)], where the state is padded with zeros. For
block encoding, the data elements {v, {1} in basis states
{1000), |001)} must be shifted left by one column and deleted

(50)
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TR TABLE V. Block-encoding operations for Fig. 8(a), with data
- [00X) [Iox) 8 = vector Vg = [|¥i]12,. Here, ¥, ¥ denote modified values of

ot 3 ata illi=0 s )
|data) /_@ @ @ Y2, Y3 in the data vector. Shift operations are given by O (k, d)
|del) [refer Eq. (19)]. Deletion operations are given by Oy (k, r) = Dl_f)

1) /"—{ L(00X,0) |-| R(10X,0)

FIG. 7. Circuit representation for block-encoding complex tridi-
agonal matrix [Eq. (50)]. Basis states {|000), |001)} compressed into
|00X) and {]100), |101)} compressed into |10X) (refer Theorem 2).

I2)

il

0)l7r2n—1)

in row |rp) as in Eq. (23). If required, amplitudes can be
permuted to achieve nearest-neighbor MCX gate connectiv-
ity. Similarly, the data elements {4, Y5} in basis states
{|100), [101)} must be shifted right by one column and deleted
in row |ra_1) as in Eq. (24).

The circuit representation of this construction is shown in
Fig. 7 and provides a practical gate-level realization that can
be directly employed within quantum algorithms. Note that
zeros in the state vector can also be leveraged for combined
shifting (see Example 4), thereby further reducing the control
overhead of the MCX gates.

B. Structured real matrix

Consider a sparse real matrix A = R32*32 with the structure
shown in Fig. 8(a). Following the block-encoding procedure
outlined in Sec. VIII, the corresponding data vector is Vg, =
[y:11", i € [0, 13] and sign vector is vVgen = [sgn(y;)]”, i €
[0, 13]. Since dim(vgaa) = 14, we require m = [log,(14)] =
4 data qubits, and the remaining two basis states are intro-
duced as zero-amplitude padding states.

The block-encoding operations (shift, delete, insert) are
summarized in Table V (refer Sec. VII). Note that two distinct
values (Y2, ¥3) occur on the main diagonal. Within the block-
encoding framework, these appear as the combined diagonal
value ¥, + ¥3 [see Eq. (18)]. To address this case, we outline
three possible encoding strategies with an objective to reduce
MCX gates and subnormalization factor:

(1) Without modlﬁcatlon 1// .

Delete operations: v, : 5 31}, {I/23N Dl{g(lli; .

Contribution to «: [{] + |1,D3|

(2) With modification: ¥, = 1,03 Vo, Y3 = V.

Delete operations: v/, : |(())o 19 4 V3 : Nothing,

[refer Eq. (25)]. Similarly, insert operations are represented as /)*'.

Block-encoding operations

Yo, Ogire (0000, d = 5), D‘(())()Og?zo "
o Tgéfféf)OOl a=0 D‘05101520253031}
V2, Dy
Vs
Y4, Ogire(0100,d = —1), D‘O“’O
o (4,9,14,19,24,29,30,31}
¥s, Oqmin(0101,d = —5), D‘O—4<)25_31)
Y6, Osnire(0110,d = 6), Ig‘)” )
V7, Ogir(0111,d = 9), 19"
¥s, Ogqmin(1000,d = 11), IHUOO
Yo, Ogmir (1001, d = 14), 1\100I

V10, Owir(1010, d = 16), 1|1010>
Vi1, Owin(1011,d = 19), [\lom
V12, Ogniee(1100, d = 21), I|1100>
Y13, Omin(1101, d = 24), [2\18101>
Y1a=0
Yis =0

Contribution to «: || + |V3].

This is advantageous when |3 — Y| < [3].
(3) With modification: Y, = 13, Y3 = ¥ — 3.
Delete operations: ¥, : Nothing, 3 : |501311)}

Contribution to «: || + |¥3].

This is advantageous when [y, — 3| < |¥].

For demonstration, we choose the second approach as il-
lustrated in Table V. Next, we determine the common shift
operators (refer Sec. VII), shown in Table VI.

We demonstrate the optimized index-mapping oracle for
the block-encoding operations in Table V. For demonstra-
tion purposes, we consider the shift L(k, 0) in Table VI. For
L(k, 0), the control states S, does not satisfy the structural
requirements in Theorem 2. Therefore, we determine F' =
{|datag)} and apply the permutation operator A_PERMUTEg
as shown in Fig. 5(a). Following Theorem 3, the mapping
¢ : S» — §3 is obtained by solving the linear sum assignment
problem [37]. Finally, the gates are generated to permute

(a) (b)

Do w
4
U
$\ NN T 197999
N |datag) - m—{)—o—T— 1 1
9. |73) I~ AV \\%
fl()' \ |da'ta2> 7] o — ol — AN
\ o = A A |J2> o l A\
e AR\ [datar) - R YU oy b I:
Y1s. N |datag) - - SPRS RSy lio) 1 I

(c)

FIG. 8. (a) Visual representation of the example sparse matrix structure (see Sec. IXB). The data elements are denoted by [; lllo
Continuous lines of the same color indicate the repeating pattern of a data element (;) along a diagonal d, while black square dots denote
single, nonrepeating data elements. (b) Coherent permutation on the data qubits [Eq. (51)]. (c) Coherent permutation on the matrix qubits

[Eq. (52)].
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TABLE VI. Common shift operations of the data elements (Ta-
ble V). Here, (Y, |k)) denotes kth data element in |k) basis state
represented in binary. Note that the L(k, 0) shift involves six data
elements; however, as illustrated in Example 4, the zeros in ;4 and
Y15 can be exploited to extend this to eight shifts.

Common shift operators

L(k,0) (Yo, 0000), (1, 0001), (¥4, 0111),
(¥, 1000), (11, 1011), (Y2, 1100),
(Y14, 1110), (Y15, 1111)
L(k, 1) (W6, 0110), (5, 1000), (o, 1001),
(Y11, 1011)
L(k,2) (%0, 0000), (¥, 0110), (Yo, 1001),
(Y12, 1100)
L(k,3) (Y7, 0111), (s, 1000), (Yo, 1001),
(Y13, 1101)
L(k,4) (Y10, 1010), (Y11, 1011), (Y12, 1100),
(Y13, 1101)
R(k, 0) (¥4, 0100), (s, 0101)
R(k,?2) (¥, 0101)

(8> — §3) according to Definition 2, resulting in the follow-
ing local walk operators:

Yo 0000,

¥ 0001 — 0011 — 0010,

Y7 0111 — 0110,

Vs 1000,

Y1 1011 — 1010,

Y2 1100,

Y14 1110,

Vs 1111 — 0111 — 0101 — 0100. (51)

The MCX gates implementing the mapping in Eq. (51) (see
Theorem 4) correspond to the operator A_PERMUTEFE, as
illustrated in Fig. 8(b). Alternatively, one may employ mul-
tiswapping strategies as discussed in Theorem 5.

Considering the combined delete Dl{g?g'foq 15.20.25.30.31)
(refer Table V), the control states S, require permuta-
tion. Therefore, we determine F = {|j4j3)} and implement
A_PERMUTEg, as shown in Fig. 5(d). Following the same
protocol as for the previous case, we obtain the mapping
¢ : S2 — 3, leading to the following local walk operators:

0 00000 — 01000 — 11000,

5 00101 — 01101 — 11101,

10 01010 — 11010,

15 01111 — 01011 — 11011,

20 10100 — 11100,

25 11001,

30 11110,

31 11111. (52)

The MCX gates corresponding to the mapping in Eq. (52)
(see Theorem 4) are implemented through A_PERMUTEE, as
illustrated in Fig. 8(c). The complete circuit for block en-
coding the matrix Fig. 8(a) is obtained by combining the
shift, delete, insert, and permutation operators, as shown in
Fig. 6(a). This circuit provides a practical gate-level realiza-
tion that can be directly employed within quantum algorithms.

X. DISCUSSION

In this work, we developed a framework for block encoding
of sparse matrices with hardware-aware circuit constructions
and local reductions in MCX control complexity. The con-
struction provides an explicit bridge from oracle-level block
encoding to gate-level implementations. Using existing state-
preparation primitives, we focus primarily on optimizing
index-mapping oracles, including shift, delete, insert, and co-
herent permutation operations.

The framework allows an entrywise construction for gen-
eral sparse matrices. However, its principal efficiency benefits
are expected for exploitable structure. Highly irregular sparse
matrices with predominantly distinct entries and nonrepetitive
diagonal structure may exhibit higher index-mapping over-
head due to limited opportunities for MCX compression.

At the circuit level, we show that several shift, delete, and
insert operations can be combined through MCX compres-
sion when the associated control structures admit favorable
grouping. When such direct compression is not available, we
formulate the resulting basis-state reordering as a coherent
permutation problem and propose a routing-based construc-
tion. This yields an optimized index-mapping oracle that is
compatible with hardware-aware circuit synthesis and can
reduce long-range interactions by enabling nearest-neighbor-
friendly MCX structures under appropriate connectivity as-
sumptions. However, the overall resource cost depends not
only on MCX compression but also on the decomposition of
MCX gates into native operations and the routing overhead
induced by the underlying hardware connectivity graph.

The hardware resource analyses on representative exam-
ples (see Tables II-1V) indicate that the proposed optimization
framework can lead to significant reductions in circuit depth.
The complete block-encoding construction was illustrated
through two circuit architectures, and representative exam-
ples were used to demonstrate the end-to-end pipeline from
oracle-level formulations to explicit gate-level implementa-
tions. The resulting circuits are directly applicable to key
quantum algorithms—including generalized frameworks such
as QSVT as well as specific applications like Hamiltonian
simulation and quantum linear system solvers.
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