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Identifying nonequilibrium degrees of freedom in high-dimensional stochastic systems
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Any coarse-grained description of a nonequilibrium system should faithfully represent its latent irreversible
degrees of freedom. However, standard dimensionality reduction methods typically prioritize accurate recon-
struction over physical relevance. Here, we introduce a model-free approach to identify irreversible degrees
of freedom in stochastic systems that are in a nonequilibrium steady state. Our method leverages the insight
that a black-box classifier, trained to differentiate between forward and time-reversed trajectories, implicitly
estimates the local entropy production rate. By parametrizing this classifier as a quadratic form of learned state
representations, we obtain nonlinear embeddings of high-dimensional state-space dynamics, which we term
latent embeddings of nonequilibrium systems (LENS). LENS effectively identifies low-dimensional irreversible
flows and provides a scalable, learning-based strategy for estimating entropy production rates directly from
high-dimensional time series data.
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I. INTRODUCTION

Internal reactions and external forces drive active matter
systems out of thermodynamic equilibrium, creating irre-
versible state space flows that describe the extent to which
detailed balance is broken at the microscopic level [1–3]. In
biological systems, these flows are typically driven by internal
enzymatic processes and the action of molecular machines
[4–8]. Working directly with detailed microscopic descrip-
tions, however, quickly becomes intractable as the number of
degrees of freedom in a system is increased, so any reasonable
macroscopic description of a nonequilibrium system must ap-
propriately discard nonessential information. Thus, a central
problem of faithfully describing nonequilibrium systems lies
in identifying relevant entropy-producing degrees of freedom.

Several prior works have developed methods for estimating
entropy production. These methods include plug-in estimators
and compression-based algorithms, which directly estimate
the densities of forward and time-reversed dynamics [9–11].
Thermodynamic uncertainty relations enable the estimation of
entropy production using fluctuations in finite-time estimates
of the probability current [12–16]. However, the amount of
data required for density or current estimation scales poorly
with the dimensionality of the system. Recent works use
statistical learning methods such as dimensionality reduction
[17], neural networks [18–21], or score matching [22,23] to
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directly infer entropy production, or the information bottle-
neck to learn low-dimensional dynamics [24] from which it
may be possible to estimate entropy production. While these
estimators have been shown to scale favorably with dimen-
sionality, in many applications it is useful to identify which
features of the dynamics contribute to irreversibility.

In this article, we introduce latent embeddings of nonequi-
librium systems (LENS) to identify relevant irreversible
degrees of freedom of a high-dimensional stochastic sys-
tem in a nonequilibrium steady state (NESS). In contrast
to commonly used dimensionality reduction methods [such
as principal component analysis (PCA)] that prioritize re-
construction, LENS is a model-free approach that leverages
contrastive representation learning [25] to directly extract
entropy-producing degrees of freedom from high-dimensional
time series data.

II. LENS CONSTRUCTION

For a Markovian system in an NESS, the entropy produc-
tion rate (EPR) Ṡ is defined as the Kullback-Leibler (KL)
divergence between the forward p(�x → �x′) and the reverse
dynamics p(�x′ → �x) [26]. Here, �x and �x′ denote the states of
the system at consecutive time steps t and t + 1, respectively,
with p(�x → �x′) as the probability of observing a transition
from �x to �x′ and vice versa for p(�x′ → �x). This KL divergence
is given by

Ṡ = DKL[p(�x → �x′)‖p(�x′ → �x)]

= Ep(�x→�x′ ) ln

[
p(�x → �x′)
p(�x′ → �x)

]
. (1)

To construct the LENS objective, we reformulate EPR esti-
mation as learning a binary classifier Cθ (�x, �x′) (parametrized
by θ ) that can distinguish forward paths from time-
reversed paths. The classifier Cθ (�x, �x′) = σ (Sθ (�x, �x′)), where
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FIG. 1. LENS pipeline for learning representations. Observa-
tions �x of high-dimensional stochastic dynamical systems are
encoded using a learned function �φθ that provides a low-dimensional
description of the dynamics. The encoded observations are used to
compute a logit S( �φt , �φt+1; A, B), where �φt ≡ �φ(�xt ), �φt+1 ≡ �φ(�xt+1).
This produces a prediction probability for whether the pair of obser-
vations (�xt , �xt+1) originate from the forward dynamics or the reverse
dynamics.

σ (z) = 1/(1 + e−z ) is the logistic function, represents the
probability that a randomly sampled pair of adjacent states
(�x, �x′) originates from the forward dynamics (�x → �x′) as op-
posed to the reverse dynamics (�x′ → �x), and Sθ (�x, �x′) is the
corresponding logit. The classifier is trained by maximizing
the binary cross-entropy objective

J (θ ) = Ep(�x→�x′ )[ln σ (Sθ (�x, �x′))]

+ Ep(�x′→�x)[ln(1 − σ (Sθ (�x, �x′)))], (2)

with respect to parameters θ . The expectations are computed
over pairs of adjacent states sampled from a provided time
series dataset. With infinite data, the ideal classifier that
maximizes this objective (obtained from setting δJ/δS = 0)
is the optimal logit Sopt(�x, �x′) = ln[p(�x → �x′)/p(�x′ → �x)].
Thus, a sufficiently expressive classifier can be used after
convergence to estimate the EPR by averaging Sθ (�x, �x′) over
randomly sampled pairs (�x, �x′) from the dataset [Eq. (1)].
Maximizing the contrastive objective in Eq. (2) is equivalent
(for continuous processes) to maximizing a lower bound on
an f divergence [27], which relates LENS to an alternative
learning-based approach for estimating the EPR [18].

Toward our goal of identifying irreversible degrees of
freedom, we parametrize the logit Sθ (�x, �x′) (Fig. 1) with an M-
dimensional learned representation �φθ (�x), which is the output
of a feedforward neural network. In particular, our LENS logit
is parametrized as

Sθ (�x, �x′) = �φθ (�x′)ᵀAθ �φθ (�x) + 1
2
�φθ (�x′)ᵀBθ �φθ (�x′)

− 1
2
�φθ (�x)ᵀBθ �φθ (�x). (3)

The learned matrix Aθ has a block-diagonal form, where each
block is a 2×2 skew-symmetric matrix. The block-diagonal
form of Aθ encourages LENS, without loss of generality,
to learn the same representations across realizations of the
stochastic system up to permutations of 2×2 subspaces and
rotations within each subspace (except in situations where the
eigenvalues of Aθ are degenerate). Bθ is symmetric, as any
skew-symmetric component does not contribute to the logit
[27]. Using deep nonlinear networks to parametrize �φθ allows

for identifying features of arbitrary nonlinear stochastic sys-
tems that best approximate the EPR via Sθ (�x, �x′).

This particular choice of Sθ (�x, �x′) is motivated by two
considerations. First, the form of Sopt (�x, �x′) requires that it
is antisymmetric in its arguments, which to the lowest non-
trivial order can be expressed as an antisymmetric quadratic
form (with skew-symmetric Aθ ) and the difference of two
symmetric quadratic forms (with symmetric Bθ ). This anti-
symmetric quadratic form with nonlinear �φθ is universal: For
a sufficiently large M, there exists a representation that ap-
proximates Sopt(�x, �x′) arbitrarily well [27]. Second, for linear
stochastic systems, Sopt(�x, �x′) takes the form in Eq. (3) with
linear �φθ and the representations learned by LENS have a
precise physical interpretation (discussed further below). We
now demonstrate how LENS can be applied to various linear
and nonlinear stochastic systems.

III. LINEAR STOCHASTIC DYNAMICS

To begin, we consider the paradigmatic example of N
beads coupled by identical springs (of constant k) in a viscous
medium [7,28,29]. Each bead is in contact with a local thermal
reservoir as shown in Fig. 2(a). The system is maintained in
a nonequilibrium steady state by imposing an inhomogeneous
temperature profile along the chain of beads. Bead displace-
ments �xt exhibit linear stochastic dynamics according to the
overdamped Langevin equation

�xt+dt = �xt + G�xt dt + F�ξt

√
dt . (4)

The coupling matrix G has elements Gi j = (−2δi, j + δi, j+1 +
δi, j−1)k/γ and each bead experiences uncorrelated thermal
noise with scale Fi j = √

2kBTi/γ δi, j , where Ti is the temper-
ature of the ith bead, γ is the viscous damping coefficient of
the medium, and �ξt is Gaussian white noise with zero mean
and identity covariance.

We first apply LENS to such a system of N = 2 beads
and maximize the LENS objective function over a time series
of T = 107 observations with time step dt = 10−2. In this
setting, LENS accurately estimates the EPR to within 10%
error across 6 orders of magnitude [Fig. 2(b)], regardless of
whether the learned representations are parametrized as linear
or nonlinear (see the Supplemental Material [27] for represen-
tation architecture).

To unpack the information contained in these linear rep-
resentations, we apply LENS to high-dimensional systems of
beads (N = 16) with four different temperature profiles for
different M [Figs. 2(a) and 2(c)]. For M = 2, LENS identifies
a circulating flow [Fig. 2(d)] that explains 25% of the total
EPR. LENS compares favorably to two-dimensional repre-
sentations produced by PCA [17] [Fig. 2(d)], time-lagged
independent component analysis, and time-lagged canonical
correlation analysis [27].

We also apply LENS to rendered systems of coupled beads,
where the data are generated by convolving bead displace-
ments �x with a Gaussian point spread function to obtain
“blurred” observations of N linearly arranged beads [top of
Fig. 2(e)]. The relative EPR error is shown in Fig. 2(e) for var-
ious representation dimensions M, where we find that linear
representations are able to capture the maximal possible EPR
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FIG. 2. Learning nonequilibrium degrees of freedom in linear stochastic dynamical systems. (a) Coupled bead-spring model. (Top) N
beads are coupled using identical springs, with each bead coupled to a local thermal reservoir at temperature Ti. (Bottom) Plots of the various
temperature profiles under consideration. (b) Estimated entropy production rate (EPR) for N = 2 bead-spring model swept over Tc/Th, linear
and nonlinear representations of dimension M = 16. (c) Relative (fractional) EPR error as a function of linear representation dimension M
for N = 16 bead-spring model for various temperature profiles. The corresponding theoretical predictions are obtained by optimizing the
reduced LENS objective (5). (d) State space flow (white arrows) and stationary density (heatmap) shown in representation space for M = 2
for fully observed trajectories of the N = 16 bead-spring model with alternate temperature profile. (Inset) State space flow (blue arrows) and
stationary density (heatmap) of top two principal components of the corresponding trajectory in coordinate space. (e) (Top) Representative
one-dimensional (1D) render of Gaussian-convolved bead displacements presented as input to networks. (Bottom) Relative EPR error as a
function of representation dimension for Gaussian-convolved trajectories of the N = 16 bead-spring model with alternate temperature profile,
using linear and nonlinear representations. (f) State space flow (white arrows) and stationary density (heatmap) shown in representation space
for M = 2 nonlinear representations of partially observed trajectories of the N = 16 bead-spring model with alternate temperature profile.
All stationary density heatmaps use the same colorbar. All error bars represent the standard error of the mean (s.e.m.) over five random seed
initializations.

available for a rank-M approximation to the linear dynamics.
The benefit from learning a nonlinear approximation to the un-
derlying linear stochastic dynamics is negligible, even when
the observations are blurred with a nonlinearity. In Fig. 2(f),
we similarly visualize the flow of nonlinear representations in
the learned representational space for M = 2, which reveals
cyclical irreversible flows similar to those in Fig. 2(d).

The representations learned by LENS for linear stochas-
tic systems have a physical interpretation. To show this, we
consider an N-dimensional linear system and M-dimensional
linear representations �φθ (�x) = P�x. Maximizing the LENS ob-
jective Eq. (2) is equivalent to minimizing a reduced objective
[27]

VM (�̃) = 2Tr(�̃GC) + Tr(�̃ᵀD�̃C) (5)

with respect to a rank M matrix �̃ = PT (Aθ + Bθ )P, where
D = FFᵀ/2 is the diffusion tensor and C is the autocorrelation
matrix. Computing the stationary points of this objective, we
find that LENS implicitly learns an M-rank approximation

to the thermodynamic force matrix � = D−1G + C−1 and
thereby the thermodynamic force field, ��x. The EPR error
decreases monotonically with M and converges to zero when
M = N [27].

IV. NONLINEAR STOCHASTIC DYNAMICS

Next, we consider a simplified model of molecular mo-
tors traversing cytoskeletal filaments by consuming adenosine
triphosphate (ATP) [30,31]. Data obtained from imaging typ-
ically yield traces of motor locations along a one-dimensional
track. In our model, a particle in a viscous medium is driven by
a constant force h under the influence of a periodic potential
U , as shown in Fig. 3(a). The particle’s position xt at time t is
governed by

xt+1 = xt +
(

h − dU

dx

)
dt +

√
2D dt ξt , (6)
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FIG. 3. Learning entropy production in nonlinear stochastic dy-
namics. (a) Sketch of particle in a sinusoidal potential U (x) subject
to a constant driving force h. (b) Relative (fractional) EPR error as
a function of representation dimension M for linear and nonlinear
representations (with sine activation layer), with dimensionless drive
strength κ = hL/2πD = 1. (c) Relative EPR error as a function of
dimensionless drive strength κ for various representation dimensions
M, for linear (with sine activation) and nonlinear representations. All
error bars represent the standard error of the mean (s.e.m.) over five
random seed initializations.

where the potential U (x) = U0 cos(2πx/L) has amplitude U0

and periodicity L. The system is nonlinear and yet admits
an analytically tractable solution for the entropy production
rate [27,32]. We simulate trajectories of T = 107 observa-
tions with time step dt = 10−3 and estimate the EPR of
these trajectories using LENS with both linear and nonlinear
representations. Since the periodic nature of the simulated tra-
jectories is known a priori, we include a sinusoidal activation
function as an additional layer in our learned LENS encoder.

LENS effectively captures the entropy production in this
nonlinear dynamical system with two representation dimen-
sions [Fig. 3(b)] and estimates the EPR to within 3% across
a range of drive strengths [Fig. 3(c)]. The relative EPR error
remains relatively constant from M = 2 to M = 16 regardless
of whether the representations are linear with sine activations
or nonlinear. Lower-dimensional linear representations suf-
fice for summarizing the EPR of linear systems, while the
nonlinear dynamics in this system require higher dimensional
representations to capture entropy production.

V. HIGH-DIMENSIONAL COMPLEX DYNAMICS

Finally, we apply LENS to two high-dimensional systems
to demonstrate its applicability. We first use data generated
from the complex Ginzburg-Landau (CGL) model [33,34],

governed by

∂Ã(�r, t )

∂t
= Ã(�r, t )+(1 + iα)∇2Ã(�r, t ) − (1 + iβ )|A|2Ã(�r, t ),

(7)

where Ã(�r, t ) = |A(�r, t )| exp(iϕ(�r, t )) is a complex field with
spatiotemporal phase field ϕ(�r, t ) and amplitude |A(�r, t )|.
Here, α and β are the linear and nonlinear dispersions of the
medium, respectively. The CGL captures statistical features of
biochemical wave patterns generated by the Rho-guanosine
triphosphate (GTP) system on the membranes of starfish
oocytes [35,36].

In two dimensions, Eq. (7) admits stable defect solutions
for small values of α, β, with defects characterized by points
�r0 where the amplitude vanishes (|A(�r0)| = 0) and the phase
field ϕ(�r) winds up or down by 2π around the defect point.
Increasing β leads to defect turbulence, where defects rapidly
proliferate and the phase spirals are no longer easily distin-
guishable [33]. Note that CGL dynamics are deterministic,
and the EPR estimates diverge logarithmically since every
forward step will have no corresponding observation of its
reversal [36]. However, the finite grid resolution still leads to
a finite EPR estimate, and it is possible to find representations
that are indicative of the transition from the stable to chaotic
regimes.

Fixing α = −0.8, we simulate trajectories of length T =
105 observations with time step dt = 10−3 and estimate the
EPR using LENS. The phase fields ϕ(�r, t ) for all observations
are fed into a convolutional neural network [27]. The EPR
estimates computed at various values of β across the defect
turbulence transition are shown in Fig. 4(a) for different M.
The transition is clearly visible for low M, where the estimated
EPR drops sharply past the transition line. The larger EPR
estimate for larger M in the chaotic regime correlates with
higher values of the LENS objective (lower binary cross-
entropy loss), indicating that the larger M representations are
better able to extract the presence of the forward-only dynam-
ics in the chaotic regime. This is also corroborated by the
state space flows and local (single time step) EPR estimates
for M = 2 representations [Fig. 4(b)]. While the flows in both
regimes are largely cyclical and closed, the local EPR pre-
dicted in the stable regime is relatively constant and entirely
confined to the thin ring where the representation flows lie.
In contrast, the learned local EPR map in the chaotic regime
is characterized by small positive local EPR along the ring
of representational flows with spurious negative local EPR
patches within the ring, indicating that the learned representa-
tions are unable to capture the deterministic cyclic dynamics
with small M (see the Supplemental Material [37]).

Finally, we apply LENS to videos of active microtubule
dynamics obtained at varying concentrations of ATP [38]. The
estimated EPR is shown for various representation dimensions
M in Fig. 4(c), revealing that the EPR generally increases
with ATP concentration. Four or more degrees of freedom
are necessary to capture irreversibility in these data. We used
GradCAM [39] to visualize the features that contribute most
to the EPR between pairs of frames, with a representative
image shown in Fig. 4(d) for the GradCAM attention map
of the difference between consecutive frames (xt+1 − xt )/2,
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�M
�M
�M

FIG. 4. Learning low-dimensional representations of complex nonlinear dynamics. (a) (Top) Representative images of CGL phase field
in the stable (left) and chaotic (right) regimes. (Bottom) Estimated EPR as a function of nonlinear dispersion β across the defect turbulence
transition (gray dotted line), for various representation dimensions M with nonlinear representations �φθ . Defect turbulence transition line from
Chaté and Manneville [33]. (b) Representative state space flows (arrows) and local EPR estimates (heatmaps) in representation space for
M = 2 in the stable (β = 0, top) and chaotic (β = 2.0, bottom) regimes. Both heatmaps share the same colorbar scale for the estimated local
(single time step) EPR. (c) EPR estimate for microtubule dynamics obtained from LENS for varying concentrations of ATP. (d) Representative
images of active microtubule dynamics shown for 24 µM ATP. Underlying averaged phase contrast image of a representative pair of frames
(xt + xt+1)/2 is shown in gray scale, with a heatmap overlay displaying the regions of nonzero GradCAM attention between the difference of
frames (xt+1 − xt )/2. All error bars represent the standard error of the mean (s.e.m.) over five random seed initializations.

overlaid atop the average of the two frames (xt + xt+1)/2.
The highly attended regions identify the specific portions of
the image that LENS identifies as being relevant to entropy
production.

VI. DISCUSSION AND OUTLOOK

Here, we propose a method for identifying relevant ir-
reversible degrees of freedom in high-dimensional NESS
systems. Importantly, our method is model-free, conceptually
simple, and bypasses direct density or current estimation.
In line with recent work to estimate EPR [18], our method
uses black-box neural networks but differs in that it iden-
tifies which aspects of the dynamics are irreversible. The
quadratic form of the LENS logit suggests that LENS will be
particularly insightful in situations where high-dimensional,
nonlinear dynamics are generated by a small set of latent,
irreversible features with linear dynamics [40]. A mathemati-
cal and empirical characterization of LENS in such scenarios
is an interesting direction for future work. We note, how-
ever, that the converse is not necessarily true. That is, while
the universality of the quadratic form ensures that the log
probability ratio of the forward and reverse dynamics can
be approximated arbitrary well (with enough data), this does
not assume or imply that a system’s nonlinear dynamics can
always be transformed to a globally linear representation.

Moreover, LENS assumes a Markovian state representation;
hidden slow variables and other non-Markovian effects could
confound EPR estimates and may require augmenting the
state with learned latent variables from time series data [41].
We anticipate that our method will open up avenues to analyze
biological active matter systems and other complex dynamical
systems with inaccessible internal states.
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