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The search for exactly solvable models is an evergreen topic in theoretical physics. In the context of multistate
Landau-Zener models—N-state quantum systems with linearly time-dependent Hamiltonians—the theory of
integrability provides a framework for identifying solvable cases. In particular, it was proved that the integrability
of a specific class known as the multitime Landau-Zener (MTLZ) models guarantees their exact solvability.
A key finding was that an N-state MTLZ model can be represented by data defined on an N-vertex graph.
While known host graphs for MTLZ models include hypercubes, fans, and their Cartesian products, no other
families have been discovered, leading to the conjecture that these are the only possibilities. In this work, we
conduct a systematic graph-theoretical search for integrable models within the MTLZ class. By first identifying
minimal structures that a graph must contain to host an MTLZ model, we formulate an efficient algorithm to
systematically search for candidate graphs for MTLZ models. Implementing this algorithm using computational
software, we enumerate all candidate graphs with up to N = 13 vertices and perform an in-depth analysis of
those with N < 11. Our results corroborate the aforementioned conjecture for graphs up to 11 vertices. For even
larger graphs, we propose a specific family, termed descendants of “(0, 2)-graphs,” as promising candidates that
may violate the conjecture above. Our work can serve as a guideline to identify previously unknown exactly
solvable multistate Landau-Zener models in the future.
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I. INTRODUCTION

The pursuit of exactly solvable quantum models has been
a central and enduring theme in quantum physics. The value
of these “beautiful models” (as eulogized in the title of
Sutherland’s book [1]) is manifold: They enable accurate de-
scriptions of physical systems through their exact solutions,
serve as benchmarks for other unsolvable models, and pro-
vide platforms for exploring the symmetries and mathematical
structures underlying exact solvability. In the domain of time-
dependent quantum problems, exactly solvable models have
been found since the birth of quantum mechanics—in four
pioneering works in 1932, Landau [2], Zener [3], Stiickelberg
[4], and Majorana [5] independently solved a fundamental
two-state model with a Hamiltonian linear in time, now known
as the Landau-Zener (LZ) model [6,7]. Since then, a variety
of exactly solvable [8] multistate generalizations of the LZ
model—models with Hamiltonians of the form H = Bt + A,
where A and B are N x N constant matrices and N > 3
have been identified [9-26]. Methods for exactly solving the
original LZ and these multistate LZ (MLZ) models typi-
cally involve sophisticated mathematical techniques, such as
special functions [3], Laplace transformations [5,10,12,15],
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Lie-algebraic methods [9,11,13,18,19,26], and analytical con-
straints [24,25].

The recently developed theory of integrability for time-
dependent quantum systems [26—30] sheds light on the search
for solvable MLZ models. According to Ref. [30], a Hermitian
time-dependent quantum Hamiltonian H (an N x N matrix) is
integrable if there exists another Hermitian operator H’ (also
an N x N matrix) such that the following “zero curvature
conditions” are satisfied:
0H  OH’
dt o’
where t is another parameter (besides the time ) that H and
H’ depend on. We refer to H' as a “commuting partner” of
H. Note that H' needs to be nontrivial—it cannot be merely
a linear combination of H and the identity matrix. The condi-
tions (1) guarantee that the nonabelian gauge field defined as
A(t, ) = —i(H, H') has zero curvature. As a consequence,
the original evolution path along time ¢ (namely, from ¢t =
—o00 to t = 00 at a fixed 7) can be deformed in the (¢, 7)
plane without changing the evolution operator (provided that
the deformation does not cross any singularities of H or H'):

[H,H'l=0, (1)

Tefijf;Hdt — %efi.fp(HdHH’dr)’ 2)

where P is a path in the (¢, ) plane with the same start-
ing and ending points as the original evolution, and 7p is
the ordering operator defined along the path P [31]. For a
specific Hamiltonian that satisfies the integrability conditions,
this freedom of path deformation serves as a powerful tool to
simplify the evolution problem. Indeed, integrability has been
utilized to obtain exact solutions or approximate semiclassical
solutions of many different types of MLZ models [32-38]
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FIG. 1. Examples of known graphs that host MTLZ models:
(a) the hypercube graphs Qp = (K;)? with D > 1; (b) the fan graphs
K>, with n > 3; and (c) a Cartesian product of a K, and K 3.

and of their generalizations to non-Hermitian systems [39], to
systems with time dependencies beyond linear ones [40,41],
and to classical systems where the commutation relation in
Eq. (1) is replaced by a Poisson bracket [42].

It is worth emphasizing that integrability (as defined in
Ref. [30]) of an MLZ model does not always lead to its
exact solvability, as illustrated by models considered in Refs.
[37,38,43]. However, for one large class of MLZ models,
integrability does guarantee exact solvability. This class is
characterized by the existence of a commuting partner H’
such that both H and H’ depend linearly on ¢ and 7, namely,
H =Byt + Byt +A; and H' = Bjxt + B»t + Ay [33,35].
Therefore, this class serves as an ideal playground for sys-
tematic search for solvable MLZ models. Models within this
class are named multitime Landau-Zener (MTLZ) models,
because T plays similar roles as the original time 7. In Ref.
[35], it was demonstrated that for an N-state MTLZ model,
the integrability conditions (1) reduce to a set of constraints
that can be conveniently presented as data on an N-vertex
graph, thus allowing systematic classification of MTLZ mod-
els by graphs. In particular, the “hypercube” family of graphs
[Fig. 1(a)] and the “fan” graphs [Fig. 1(b)] are shown to host
MTLZ models [35]. Besides, models made of direct products
of MTLZ models are automatically MTLZ models as well,
which means that Cartesian products (defined later) of hy-
percubes and fans are also graphs hosting MTLZ models. In
Ref. [44], additional necessary conditions for graphs that may
host MTLZ models are proved in the forms of two “no-go
rules,” which further facilitates the search for solvable models
in the MTLZ class; all possible graphs with no more than nine
vertices are analyzed, and it was shown that there are no more
graphs besides the hypercubes and the fans that host MTLZ

models. By induction, a natural conjecture is to extend this to
graphs of any size:

Conjecture. The hypercubes, the fans, and their Cartesian
products are the only graphs to host MTLZ models.

To prove this conjecture one should make some general
argument to exclude all other graphs, which has not been
achieved so far; whereas to disprove it one simply needs to
find a counterexample in a larger graph beyond nine vertex
ones. However, the analysis of larger graphs is also hampered
by a drastic growth in complexity, stemming from both the
increasing number of possible graphs and the increasing com-
plexity of each individual graph.

In this work, motivated by both the search for exactly
solvable models and the desire to address the aforemen-
tioned conjecture, we perform a systematic graph-theoretical
search for MTLZ models. Starting from identifying minimal
structures that a graph must contain to host MTLZ mod-
els, we develop an algorithm to search for candidate graphs
for MTLZ models that can be conveniently implemented on
computational software. We further perform analysis on each
candidate graph with 10 and 11 vertices. Our results indicate
that the conjecture above, although still not completely re-
solved, is valid up to graphs with 11 vertices. We also propose
to investigate certain classes of even larger graphs that may
violate the conjecture above.

This work is organized as follows. In Sec. II, we review
known results for MTLZ models and their representations on
graphs. In Sec. III, general graph-theoretical analyses are per-
formed to construct minimal structures for candidate graphs
for MTLZ models. Based on these analyses, in Sec. IV an
algorithm to search for candidate graphs is developed and im-
plemented on computational software to identify all candidate
graphs with no more than 13 vertices, and detailed analysis are
performed on each candidate graph with 10 and 11 vertices.
In Sec. V, several graphs with more than 13 vertices, which
are descendants of the so-called (0, 2)-graphs, are analyzed;
we expect that they are promising candidates to break the
conjecture above. Section VI contains a brief discussion on
nonbipartite graphs. Finally, Sec. VII presents conclusions
and discussions.

I1. BASICS OF MULTITIME LANDAU-ZENER MODELS

In this section, we review known results for MTLZ models
with a focus of their representation on graphs. For readers
interested in knowing more details about MTLZ models, we
refer to Ref. [35].

A. Notations

We first establish the notation used throughout this paper.

We are going to follow standard notations in graph theory,
for example, those in Diestel’s book [45]; here, we review
the most basic definitions, and put some other definitions as
references at their first appearances. A graph G is defined as
a pair of sets (V, E), where V consists of vertices a and E
consists of edges ab connecting vertices a and b. All graphs
are assumed to be simple, namely, without parallel edges or
loops (edge with both ends at the same vertex). Two vertices
are adjacent if there is an edge between them. A graph is
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FIG. 2. Graphs of a 4-cycle with two types of orientations: (a) the
nonbipartite orientation and (b) the bipartite orientation.

complete if all its vertices are pairwise adjacent. A complete
graph with m vertices is denoted by K,,,. A graph is bipartite if
its vertices can be separated into two groups such that any two
vertices in the same group are not adjacent. A bipartite graph
is complete bipartite if any two vertices in the two different
groups are adjacent. A complete bipartite graph is denoted by
K,,.n, where m and n are numbers of vertices in the two groups.

We will also employ some shorthand notations for simplic-
ity. In particular, we will call a path or a cycle of length /
simply as an “I-path/cycle”, for example, a 2-path, a 4-cycle,
etc. For two vertices a and b, we will write a ~ b if they are
adjacent, and a ~ b if they are not adjacent. Sequences of
vertices connected by ~ will be used to denote paths or cycles,
e.g., a~b~c. A graph G is said to be “H-free” (with H
being another graph) if G does not contain H as a subgraph.
We will call the graph shown in Fig. 3(b) an “1221 graph.”
It can be obtained by deleting an edge from the graph Kj 3
shown in Fig. 3(a). G; x G, means the Cartesian product of
two graphs G; and G, (see Ref. [46] for its definition); for
example, Fig. 1(c) shows the Cartesian product of K, and
K> 3. A power of a graph [e.g., (K>)? and (K>)? in Fig. 1(a)] is
understood in the Cartesian product sense.

B. Multitime Landau-Zener models on graphs

In this subsection, we review how MTLZ models are rep-
resented as data defined on graphs.

To a given N-state MLZ model, we associate a graph G =
(V, E) with N vertices. Each vertex a € V corresponds to a
diabatic state labeled by a, and each edge ab € E corresponds
to a nonzero coupling between the diabatic states a and b.

1 /N 6

3 5
(a) (b)
FIG. 3. Graphs appeared in the description of the rules for can-

didate graphs: (a) the complete bipartite graph K3 3 and (b) the 1221
graph.

On each edge ab, one defines three types of data: a sign
5% = —sb alinear form A% = A?”dxj , and an antisymmetric
parameter Y%’ = —y%@. In Ref. [35], it was proved from the
integrability conditions (1) that the necessary and sufficient
condition for such a graph to host an MTLZ model is that
there exist nontrivial solutions for s?*, A*?, and y”b to a set of
equations obtained from the following two properties:

(1) Cycle property. For any cyclea; ~ay ~ ---
in the graph,

~a ~ a

k

Z Saz,amA-al’aHl @AM = 0, (3)
=1

where “®” denotes the tensor direct product, and the index
aj+1 appeared in the summation should be understood as a;.

(2) Multipath property. For any pair of vertices a and b with
a distance 2 in the graph [47],

D Vlyeylde A =0, )

where “A” denotes the skew symmetric tensor product (the
wedge product), and the summation goes over all 2-paths
a ~ ¢ ~ b in the graph that connect a and b. Nontrivial so-
lutions mean that the A“” on any two adjacent edges needs to
be linearly independent, namely, A% A A” = 0, and all y*’s
need to be nonzero. Note that the number of independent
equations from the cycle property is equal to the number of
independent cycles in a graph.

The two properties further determine relations on all 4-
cycles in a graph. The signs s can be represented by adding
arrows on edges in the original graph, so it becomes a directed
graph: Namely, one draws a — b if s> = —1, and b — a
if s> = 1. Then, the rules for the signs 5% in any 4-cycles
1 ~3 ~2~ 4~ 1 are such that it must be either of the “non-
bipartite orientation” shown in Fig. 2(a) or of the “bipartite
orientation” shown in Fig. 2(b).

For the nonbipartite orientation in Fig. 2(a), the A% forms
are related by a pseudo-orthogonal transformation:

A% = p(cosh ¥A" — rsinh 9A'"),
A% = p(sinh 9A" — rcosh 9A'*), 6)

where p = %1 and r = %1 are sign factors, and ¢ is a real
parameter called a “rapidity.” From this follow two relations
of wedge products:

AB A A% — pAB A A4
A4 A A% — pA13 A A3 (©6)
For the bipartite orientation in Fig. 2(b), the A%’ forms are
related by a different pseudo-orthogonal transformation:
A* = p(rsinh9A"® 4 cosh 9A'%),
AB = p(rcosh ®A" 4 sinh 9A'). (7)
From this follow two relations of wedge products:
AB AR = pAB A AN
AW AAY = —pAB A A, 8)

Note that the signs for these two wedge product relations
are different for the bipartite orientation, whereas those signs
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are the same for the nonbipartite orientation. With the wedge
product relations, the multipath property (4) becomes a con-
dition on y*:

c#d

/|yudybd| + Zracbd |yucybc — 0’ (9)

where r,.q is the r factor appeared in the wedge product
relation A% A A% = r,pqA% A A%,

To identify an MTLZ solution, one first specifies the sign
s% by drawing the graphs as a directed graph. Then, one
should find all possible sets of the r factors on all 4-cycles.
Then, one should determine whether there is a solution to
the system of equations of A% for all 4-cycles, and whether
there is a solution to the system of equations of /|y#| for all
pairs of vertices at distance 2. If there are no solutions at any
specific step, one can conclude that the directed graph admits
no solutions and terminate the analysis. For example, there
may be simply no solution of r factors in a directed graph, in
which case this directed graph does not host MTLZ models.

For simplicity, we will call a graph that hosts MTLZ mod-
els an “integrable graph.”

C. Rules for integrable graphs

The graph presentation of MTLZ models in principle en-
ables a systematic search for MTLZ models by considering
different graphs. Since the number of graphs increases expo-
nentially at increasing number of vertices, one may expect that
this searching task quickly becomes formidable at increasing
number of vertices. Fortunately, the two properties (3) and
(4) dictate that integrable graphs must obey strict rules that
considerably reduce the number of graphs that truly need to
be considered. Specifically, let G be an integrable graph, then
it must satisfy the following four rules proved in Refs. [35,44]:

(1) No K5 rule. G is Ks-free.

(2) 2-path rule. For any pair of vertices in G that has
distance 2, there must be at least two 2-paths between these
two vertices.

(3) No K3 3 rule. G is K3 3-free [K3 3 is shown in Fig. 3(a)].

(4) No 1221 rule. If G contains a 1221 graph as a subgraph
with vertices labeled as in Fig. 3(b), there must exist another
vertex a in G such that at least one of the four 2-paths 1 ~ a ~
4,1~a~52~a~6,or3 ~a~ 6exists.

These rules are necessary conditions for integrable
graphs—if any condition is violated in a graph, it is guar-
anteed to host no MTLZ models; but they are not sufficient
conditions. Hence, we will call a graph that satisfies all the
four rules a “candidate graph”; further analysis is required to
determine if it is an integrable graph.

Rules 1 and 3 are relatively easy to understand—they
simply mean that K3 (triangle) and K33 are forbidden as
subgraphs. Rules 2 and 4 need more explanation. According
to Rule 2, if there is a 2-path a ~ ¢ ~ b in G, then there must
exist another vertex d such that a ~ d ~ b in G. The vertices
a, b, ¢, and d thus form a 4-cycle. Rule 4 does not mean that
the 1221 graph is forbidden as a subgraph; it instead means
that if a 1221 subgraph exists, there must also exist another
2-path (involving another vertex) as described in the statement
of the rule. Also note that the first two rules together indicate

that 4-cycles are elementary bricks for a candidate graph,
whose properties were reviewed in the previous subsection.
The no K3 rule and the 2-path were proved in Ref. [35].
The 2-path rule can be understood intuitively as the follow-
ing. The multipath property (4) is equivalent to the condition
that the commutators [A ;, A;] vanish, where A ) are matrices

with elements ./ |y“b|A‘;é’k). In those corpmutators, each pair
of states a and b corresponds to an off-diagonal element, and
in the associated graph each 2-path between the vertices a
and b contributes a nonzero term to that element. If there
is just a single term, that element cannot be zero, hence the
commutator cannot vanish. At least two terms (and thus two
2-paths) are required to make that element zero, and their
contributions should differ by a sign—namely, destructive
interference must occur. Applying this argument to every
pair of vertices of distance 2 gives the 2-path rule. The no
K; rule can be explained by the cycle property (3) and the
requirement of linear independence of adjacent A forms [35].
If there exists a K3 subgraph with vertices 1, 2, and 3, then the
cycle property for the 3-cycle 1 ~2 ~ 3 ~ 1 reads 5,A"? ®
A2 4 5347 @ AP 4 53A1 @ A3 = 0. Assuming that A'3 is
a linear superposition of the other two: A"® = aA'? + BA%,
one can check that this equation cannot be satisfied by any
choices of coefficients @ and B and signs si2, $23, $31, SO
this K3 subgraph violates the cycle property. The no K33
and no 1221 rules seem to have no intuitive explanation,
as they follow from detailed considerations on the solutions
on a 4-cycle [44].

III. GRAPH-THEORETICAL ANALYSIS

In this section, we perform general graph-theoretical anal-
ysis based on the four rules stated near the end of the previous
section.

We will assume any considered graph to be connected,
finite, and bipartite. The assumption of connectedness is be-
cause for a disconnected graph, its corresponding MLZ model
can always be decomposed into smaller MLZ models without
interactions between them. The assumption of finiteness is
because we focus on MLZ models with finite number of
levels. Nonbipartite graphs are excluded for the convenience
of theoretical analysis; they will be discussed in Sec. VI.

We will adopt the layer graph notation and the scheme for
graph classification proposed in Ref. [44], which we describe
below. We denote by N the number of vertices of a graph. For
a fixed NV, we first choose the diameter d of a graph [48]. As
argued in Ref. [44], any bipartite graph with diameter d can
be drawn as a layer graph with d + 1 layers—we call them
the Oth layer, the 1st layer to the dth layer (the Oth and the dth
layers are “outer” layers, whereas all other layers are “inner”
layers); vertices are distributed among these layers, and edges
are allowed to exist only between vertices in adjacent layers
(see Fig. 4 for examples of layer graphs). Enumeration of
possible layer graphs at fixed N and d takes two steps. First,
one fixes the numbers of vertices in each layer, which we
denote as Ny, Ny, ..., Ny for the Oth, the 1st up to the dth
layer, with Nyp + N; + --- + Ny = N. Second, one considers
all possible ways that edges may be drawn between adjacent
layers.
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FIG. 4. Arguments showing that for a graph with d > 3, any
inner layer must contain at least three vertices. The dashed lines
present different layers.

It has been shown in Ref. [44] that a layer graph con-
structed in this way is bipartite, and that a bipartite graph
can always be drawn as a layer graph. Also note that one
layer graph may be isomorphic to another layer graph with
a different arrangement of vertices in the layers, and one is
free to choose any graph in this set of equivalent graphs for
further analysis.

The no K3 rule is automatically satisfied for a layer graph
(bipartite graphs cannot have odd cycles [45]), and other rules
are also relatively easy to be implemented on a layer graph;
that is the reason we use this layer graph notation.

A. Applications of the rules on graphs of different diameters

We now apply the four rules to derive general properties
of candidate graphs of different diameters d, starting from the
smallest one.

(1) d = 1. Only the graph K, is possible, which corre-
sponds to the two-state LZ model.

This follows immediately from the fact that ad = 1 graph
must be complete, and the only K3-free complete graph is K.
Note that K, has no 2-path, so the 2-path rule is satisfied.

(2) d = 2. Only complete bipartite graphs K y_» with N >
4 are possible, which correspond to the square (a hypercube at
dimension 2) model for N = 4 and the fan models for N > 5.

The argument proceeds as follows. First, any d = 2 candi-
date graph must be a complete bipartite graph. Assume that it
is not a complete bipartite graph, we can show that its diameter
d must be at least 3: Take a pair of vertices in the two partitions
that are not connected by an edge, then a shortest path between
them is at least of length 2, but its length cannot be 2 since
the ends of a 2-path in a bipartite graph must be in the same
partition; so such a shortest path must be at least of length 3,
and d > 3. Second, any complete bipartite graph K, , with

(a) (b)

FIG. 5. The minimal subgraphs with d > 3: (a) with no 1221
subgraphs and (b) with at least one 1221 subgraph.

m 2= 3 and n > 3 will have K3 3 as a subgraph, which breaks
the no K3 3 rule. So only graphs K, , are possible.

(3) d > 3. Any inner layer must contain at least three
vertices.

The situation for d > 3 is more complicated than the d = 1
and d = 2 cases. The argument for the above assertion pro-
ceeds as follows. Since the graph has diameter d, it must
contain at least one d-path. For d > 3, such a path includes
at least four vertices. Let us put these four vertices (denoted
as vertices 1, 2, 3, and 4) in different layers, as shown in
Fig. 4(a). The 2-path rule requires vertices 1 and 3 to have
at least one more 2-path between them, and the same for
vertices 2 and 4, so the minimal graph becomes Fig. 4(b)
with two additional vertices 5 and 6. Now assume that one
of the two inner layers has only two vertices; take it to be
the left inner layer in Fig. 4(b). Then, we must have 5 ~ 6
for vertices 1 and 6 to satisfy the 2-path rule. Then, the no
1221 rule is effective, so there should be at least one more
vertex 7 in the right inner layer that hosts one more 2-path.
Take without loss of generality this path to be 2 ~7 ~ 4,
the minimal graph now becomes Fig. 4(c). Then, we must
have 5 ~ 7 for vertices 1 and 7 to satisfy the 2-path rule, so
the minimal graph becomes Fig. 4(d). However, then the six
vertices 2, 3, 4, 5, 6, and 7 form a K3 3 subgraph, so the no
K3 3 rule is violated. Therefore, the assumption that one of the
two inner layers has only two vertices does not hold, and so
any inner layer must contain at least three vertices.

As for the two outer layers, each of them has at least one
vertex. So a graph with a diameter d > 3 must contain at
least 3(d — 1)+ 2 =3d — 1 vertices. Thus, we arrive at a
constraint between d and N:

N>3d—1. (10)

In particular, a graph with d =3 must have at least eight
vertices, and graphs with eight, nine, or ten vertices must
have d < 3.

B. Minimal subgraphs

Based on the analysis above, we now construct the “min-
imal subgraphs,” namely, the subgraphs that each integrable
graph must contain, for d > 3. They will be useful when
generating candidate graphs in the next section. We are going
to consider separately two cases according to the property that
if the graph is 1221-free or not. The minimal subgraph in each
case is shown in Fig. 5. Each graph contains eight vertices; if
two vertices may or may not have an edge, they are connected
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by a dashed line. Except the drawn edges, no other edges are
possible among the eight vertices (so these minimal subgraphs
are actually induced subgraphs).

We now describe how the two minimal subgraphs are
obtained. For each case, we can start from the graph of six
vertices, namely, the graph Fig. 4(b). For the 1221-free case,
we have 5 ~ 6, so by the 2-path rule there must exist vertices
7 and 8 such that 1 ~7 ~ 6 and 4 ~ 8 ~ 5. Then, for the
graph to be 1221-free, we must have 2 » 8 and 3 ~ 7. The
vertices 7 and 8 may or may not have an edge. We thus arrive
at Fig. 5(a). For the case with 1221, without loss of generality
we choose this 1221 to be among the vertices 1-6, so 5 ~ 6.
Now by the no 1221 rule, we must add one vertex to form an
additional 2-path, and without loss of generality we take this
path as 4 ~ 8 ~ 5. Now the no K33 rule gives 2 ~ 8§, and then
the 2-path rule for vertices 1 and 8 requires 1 ~ 7 ~ 8 with
another vertex 7 added. It remains to determine whether there
are edges between 3 and 7 and between 6 and 7. By the no K33
rule, it is clear that both edges cannot exist simultaneously,
since otherwise no K33 rule would be broken. The vertices
3 and 6 are equivalent, so we can assume without loss of
generality that 6 »~ 7. The vertices 3 and 7 may or may not
have an edge. We then arrive at Fig. 5(b).

IV. A SEARCH FOR INTEGRABLE GRAPHS WITH N < 11

We now employ the graph analysis from the previous sec-
tion to formulate an algorithm for searching candidate graphs
(recall that a “candidate graph” means a graph that satisfies
all the four rules stated in Sec. II C) at a given vertex number
N. Applying this algorithm, we identify all candidate graphs
with N < 13. We further perform analysis on those candidate
graphs with N < 11.

A. Algorithm on enumeration of candidate graphs

As N increases, the number of possibilities of graphs in-
crease rapidly. We therefore formulate an algorithm on a
search for candidate graphs suitable for implementation on
a computing program. Such an algorithm is based on the
minimal subgraphs described in Sec. III B.

Here, we describe this algorithm. Note that since candidate
graphs of diameters d = 1 and d = 2 are completely identi-
fied, we only need to consider candidate graphs with d > 3.
All these graphs must contain one of the minimal subgraphs
(with eight vertices) in Fig. 5. We then start from drawing
one minimal subgraph (either 1221-free or not). Then, we add
N — 8 vertices to the graph, and enumerate all possibilities
that an edge may be added among them. After a graph is
generated, we test whether the graph is connected, bipartite,
and obeys all the four rules. In particular, for the 1221-free
case, we only need to test the 2-path rule and the absence of
an 1221 subgraph, since the no K3 3 rule and the no 1221 rule
are automatically satisfied for a 1221-free graph. Whereas for
the case with 1221, we need to test the 2-path rule, the no K3 3
rule, and the no 1221 rule. If a graph passes all these tests, we
compare it to all the existing graphs in the list of candidate
graphs, and add it to the list if it is not isomorphic to any
existing graphs.

TABLE I. Numbers of candidate graphs with and without 1221
subgraph for vertex numbers N = 8-13 with diameters d > 3.

Number of Number of graphs

Vertex number N 1221-free graphs with 1221

8 1 1

9 0 2

10 1 7

11 0 7

12 1 30

13 0 46

The above algorithm can be conveniently performed by
software equipped with a graph manipulation toolkit, e.g.,
Mathematica [49]. The number of undetermined edges is
E=1+8N—-8)4+WN-8)N—-9/2=NWN-1)/2—
27
for the 1221-free case or for the case with 1221. The total
number of cases to be searched is therefore 2¢. Compared
to a brute-force search of graphs with no restrictions whose
number of possible edges is N(N — 1)/2, this algorithm
increases the efficiency by a factor 2. For N =11,
E =28, and the running time of the search algorithm
is affordable; for N = 12, E = 39, and the running time
becomes prohibitively long for practical computation. We
then adapted the algorithm as below. First, we fix the
diameter d (for example, for N = 8, the sequence can only
be 1331; for N =9, the sequence can be 1341 or 1332;
For N = 10, the sequence can be 1351, 1441, 1432, 1342,
1333, or 2332 [50]). Second, we enumerate all possible
sequences of vertex numbers in each layer NN ---Ny.
Finally, we consider edges between adjacent layers at each
sequence (again, the edges of the minimal graphs are fixed in
advance). In this way, only bipartite graphs are enumerated
before tests of the rules, thus increasing the efficiency
further. Using this improved algorithm, we achieved a
complete enumeration of candidate graphs withup to N = 13
vertices. For N = 14, this algorithm also takes too long
to finish.

The code for the algorithm described above, along with
all the candidate graphs with N < 13 generated by this al-
gorithm, is openly available at GitHub [51]. In Table I, we
list the numbers of candidate graphs with and without a 1221
subgraph from N = 8 to N = 13 and with d > 3. We see that
the number of graphs with a 1221 subgraph increases rapidly
with N, whereas the number of 1221-free graphs remains
small up to N = 13. For the three odd N’s, there are no
1221-free graphs. For each of the three even N’s, there is a
single 1221-free graph; in fact, they are just the graphs (K;),
K> x K, 3, and K, x K; 4 that are known to be integrable. In
other words, for vertex number up to N = 13, excluding the
known integrable graphs, any candidate graph has a 1221 sub-
graph. One may wonder whether this holds for all N; however,
in Sec. V, we show that there indeed exist 1221-free candidate
graphs, beyond the known integrable ones, for larger N.
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FIG. 6. Candidate graphs with N = 10 and d = 3: (a) 1441-1, (b) 1441-2, (c) 1441-3, (d) 1441-4, (e) 1441-5, (f) 1441-6, (g) 1432, and

(h) 1351.

B. Analysis on Graphs with N = 10 and 11

In this subsection, we perform analysis on candidate graphs
with N < 11.

As stated before, all d =1 and 2 candidate graphs are
completely determined (K, and K y_»), and these graphs are
indeed integrable. So below we focus on graphs with d > 3.
For d = 3, according to Eq. (10), we must have N > 8. For
N =8 and 9, as listed in Table I, there are one and two
candidate graphs, respectively. The single N = 8 candidate
graph is the cube graph (K,)? that is indeed integrable; it has
been studied in detail in Ref. [35]. The two candidate graphs
with N = 9 were analyzed in Ref. [44]; it turns out that they
are not integrable. Below we analyze candidate graphs with
N =10and 11.

The eight candidate graphs with N = 10 and d = 3 are
drawn in Fig. 6. In Table II, we list two types of data for
each of these graphs: the total number of edges and the list of
degree of each vertex (namely, number of edges at the vertex).
They have number of edges from 17 to 20. The graph with 17
edges, Fig. 6(f), is 1221-free. This graph is guaranteed to be
integrable, since it is K, x K3 3, namely, the Cartesian product
of two integrable graphs K, and K, 3. Other seven graphs all
have 1221 subgraphs.

Recall that the four rules are only necessary conditions for
a graph to be integrable; whether a candidate graph is indeed
integrable depends on whether there are nontrivial solutions
to the equations obtained from the two properties (3) and (4).

In particular, one can follow the procedures described near the
end of Sec. II B. Here, we performed analysis on each of the
seven graphs with 1221 for N = 10; in the next subsection,
we present details of analysis on one of these graphs, namely,
Fig. 6(b), as an example. We find that some graphs do not
allow a consistent set of the r factors, so they are not integrable
and no further analysis on them is needed. Some other graphs
have possible sets of r factors, e.g., the graph Fig. 6(b). For
these graphs, the equations on y“* are then considered. These
equations are too complicated to handle analytically, so we
solve them numerically (see next subsection for details). In
each graph, only trivial solutions, with some of the y** being
zero, are found. (As a test, we also performed numerical

TABLE II. The total number of edges and the list of degree of
each vertex for each N = 10 graph shown in Fig. 6.

Graph Number of edges Degree of each vertex
1441-6 17 4,4,4,4,3,3,3,3,3,3
1351 18 5,5,4,4,3,3,3,3,3,3
1441-1 18 5,5,4,4,3,3,3,3,3,3
1441-2 18 4,4,4,4,4,4,3,3,3,3
1441-5 18 4,4,4,4,4,4,3,3,3,3
1432-1 18 6,4,4,4,3,3,3,3,3,3
1441-4 19 4,4,4,4,4,4,4,4,3,3
1441-3 20 4,4,4,4,4,4,4,4,4,4
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FIG. 7. Illustration of the consideration of possible arrow configurations using a “branch” strategy. Starting from the undirected graph
[panel (a)], arrows are added gradually to generate a tree of all possible graphs. Constraints of r factors are tested for each case, and once a
contradiction is reached, one immediately knows that the considered branch has no solutions of r factors, and thus can turn to consider other

branches.

solving procedure of the equations on y® of the K, x K> 3
graph that is known to be integrable, and nontrivial solutions
are obtained.) This indicates that none of these graphs admits
a solution, namely, the only integrable graph for N = 10 is
K> x K 3. We also performed analysis on each of the seven
graphs with 1221 for N = 11. Again, we found no solutions
for any of these graphs.

As shown in Table I, the numbers of candidate graphs for
N > 12 increase rapidly, therefore a full analysis on graphs
with N = 12 or 13 require tremendous efforts and is left for
future.

C. Example: analysis on one N = 10 graph

In this subsection, as an illustrative example, we present
details of analysis on one candidate graph with N = 10,
namely, the graph shown in Fig. 6(b) and also in Fig. 7(a).
Analyses on other candidate graphs with N = 10 and 11 were
performed similarly.

We start by considering possible solutions all r factors de-
fined in Eqs. (5)—(8). For each 4-cycle, there are two r factors.
Totally there are 36 r factors, i.e., twice the total number of
4-cycles.

For the original undirected graph without specifying any
arrow directions, there already exists a set of constraints on
these r factors. They come from the structures between pairs
of vertices of distance 2. For any such pairs in the graph in
Fig. 7(a), there are either three or two 2-paths. For example,
consider 2-paths between vertices in the first and third layers.
Between vertices 1 and 6, there exist three 2-paths (1 ~ 2 ~ 6,

1~3~6,and 1 ~4 ~ 6). These paths form three distinct
4-cycles, yielding three r factors 263, 71264, and 1364 between
vertices 1 and 6. Similarly, the three 2-paths between vertices
1 and 7 correspond to three r factors r73, 11375, and rya7s.
However, only two paths link vertices 1 and 8, forming a
single 4-cycle, thus there is only one r factor rj>g4 between
vertices 1 and 8; the same goes for vertices 1 and 9. The
2-paths between vertices in the second and fourth layers, and
those between vertices in the same layer can be analyzed
analogously.

For a pair of vertices of distance 2 with two 2-paths be-
tween them, the multipath property (9) fixes an r factor to be
—1. Taking vertices 1 and 8 as an example, we denote the sign
factors between paths 1 ~2 ~ 8 and 1 ~ 4 ~ 8 as ry34. The
multipath condition (9) between vertices 1 and 8 reads

v vi2yasl + ri2ga/ [v1ayasl = 0. (1)

Recall that the r factors are signs that can only take the values
of 1 or —1. Consequently, to satisfy this equation, rj34 here
must be —1. Similarly, we have

r1284 = r'1495 = 13607 = I'5709 = 12157 = I'3146 = 13157

= 141590 = Fe490 = 17280 = F7500 = Igao0 = —1, (12)

where for notation simplicity in the subscript of r we wrote an
index O for vertex 10.

For a pair of vertices of distance 2 with three 2-paths
between them, the multipath property (9) contains three terms.
For example, the multipath condition for vertices 1 and 6 reads

VIyi2vasl + riossy/ [vi3vasl + rizeay/ |viavasl =0, (13)
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and ry3¢4 1S related to ri2¢3 and g4 as
1364 = 1126371264 (14)

From these equations, it is evident that among these three
1263, F'264, and ri3g4 two must be —1, and one must be 1. This
is equivalent to the two equations of riye3 + Fi264 + F1364 =
—1 and ry2637126471364 = 1, which is symmetric in the three r
factors. This analysis can be extended to other cases involving
two vertices connected by three paths, giving 16 equations as
follows:

r1263 + rioes + rizes = —1,  resrizearizes = 1,
r1273 + ri37s + rio7s = =1, rpzsriasris =1,
2607 + r2608 + 2708 = —1,  rag07r260872708 = 1,
F4608 + 4600 + 74800 = —1,  Fag087460974800 = 1,
1136 + 12137 + 12637 = — 1, rau3erasrtaesr = 1,
2148 + 2146 + F2eas = — 1, ra1a87214672648 = 1,
6270 + r6273 + o370 = — 1, Frearorerzaresro = 1,
76280 + 76480 + 76284 = —1,  Teosoreasore2s4 = 1. (15)

The reason to choose this symmetric way to present the con-
ditions is that it is easier to be implemented in a computing
program. Note that in the constraints (12) and (15), all the 36
r factors appear.

The above constraints (12) and (15) on the r factors does
not depend on the directions of edges. We now start to spec-
ify the directions, namely, putting in arrows in the original
undirected graph, like in Fig. 2. This gives another set of con-
straints on the r factors; specifically, depending on whether
the orientation of a 4-cycle is nonbipartite or bipartite (see
Fig. 2), the two r factors have the same or opposite signs,
respectively. Recall that only those configurations of arrows
whose constraints are all consistent (namely, without any con-
tradictions) can possibly be integrable. To find all possible
solutions of the r factors, the most direct way is to enumerate
possible configurations of all arrows in the graph, and deter-
mine if there are solutions of r factors in each case. Since the
number of possible configurations is usually very large, this
strategy would be time consuming. We instead adopt a more
efficient strategy, which we call the “branch” strategy: Starting
from the undirected graph we add arrows progressively, so
the constraints are also added progressively. At each step, all
possible ways of adding arrows should be considered. Then, a
tree of graphs with more and more branches will be generated
gradually, with its root being the undirected graph and with
each branch corresponding to different configurations of the
added arrows. If a contradiction arises for a particular arrow
configuration at a step of adding arrows, we can conclude that
any directed graph containing this arrow configuration is not
integrable and proceed to other branches. If, however, arrows
have been added to the entire graph without any contradiction
arising, then this arrow configuration yields a solvable set of
r factors. After considering all branches (namely, all possible
ways of adding arrows), this strategy finally generates a tree
with each leaf of the tree either having contradictions or con-
taining a solvable set of r factors.

Figure 7 illustrates this “branch” strategy in detail. In the
undirected graph [Fig. 7(a)], we first add arrows starting from

FIG. 8. The two directed graphs for which the r factors have
solutions.

the 1 ~2 ~ 6 ~ 3 ~ 1-cycle, which may have a bipartite ori-
entation or a nonbipartite orientation, as shown in Figs. 7(b)
and 7(c), respectively. For Fig. 7(b), from Eq. (8), we get the
additional relation

1263 = —T12136- (16)

For Fig. 7(c), from Eq. (6), we get instead

r1263 = —12136- 17

We then add arrows in the edges 2 ~ 7 and 3 ~ 7 from each
of Figs. 7(b) and 7(c). For example, in Fig. 7(b), there are two
possible ways of arrow configurations, shown in Figs. 7(d)
and 7(e). In Fig. 7(d), we get additional constraints

r1273 = —12137, 12637 = —T6273, (18)
whereas in Fig. 7(e) we get
T1273 = 12137, 12637 = T6273- (19)

We then add arrows on the edges 6 ~ 10 and 7 ~ 10 from
all possible cases. For example, in Fig. 7(d), there are two
possible ways of arrow configurations, shown in Figs. 7(f) and
7(g), each yielding additional constraints on the r factors.

All the graphs shown in Fig. 7 has no contradictions of
the equations of r factors, but when adding more arrows it
is possible that a contradiction is reached. Continuing this
process of adding arrows until all branches are considered, we
can identify all possible cases that host solvable sets of r fac-
tors. It turns out that only two directed graphs yield solvable
r factors; they are depicted in Fig. 8. For each graph, there
is more than one set of solutions of r factors. For example,
in Fig. 8(a), there are two sets of solutions for the r factors.
One set has riae3 = ri273 = ra607 = rae0s = 12637 = I2648 =
r6270 = Fe284 = 1, whereas all other r factors are —1. An-
other set has rizes = ri273 = ra608 = rae0s = 12136 = I2146 =
r6273 = Feas0 = 1, whereas all other r factors are —1.

For the two directed graphs with the solutions of r fac-
tors, we then checked if there is a solution to the system of
equations of /|y9| for all pairs of vertices at distance 2.
The number of these pairs is 20, so there are 20 equations of
V17|, each being of the form (9). Analytical solution of such
a large set of equations is difficult, so we instead looked for
numerical solutions. Specifically, in Mathematica we write out
all equations and specify the initial values of all /|y 4|, and
use the “Findroot” function to solve the system numerically.

013006-9



ZIXUAN LI AND CHEN SUN

PHYSICAL REVIEW RESEARCH 8, 013006 (2026)

After trying a large number of starting values, we find that no
solution set of the r factors in the two directed graphs have
nontrivial solutions with all |y positive. Numerical solu-
tions with some of || being vanishingly small are found,
which implies that these y"b are zero, but these solutions are
not allowed since by definition |y“’| must be positive (there
should be nonzero couplings on each edge of the graph). This
indicates that the graph Fig. 6(b) is not integrable.

V. LARGER GRAPHS—(0, 2)-GRAPHS
AND THEIR DESCENDANTS

Our analysis in the previous section indicates that the con-
jecture stated in Sec. [-—namely, for MTLZ models the only
integrable graphs are K>, K> ,>3, and any Cartesian products
constructed by them—holds for N < 11. [Note that this con-
jecture can also be stated as follows: There exist only two
types of “fundamental integrable graphs” K (the two-state LZ
model) and K3 ,>3 (the fan models), and all integrable graphs
can be constructed from these two by Cartesian products.]
Does the conjecture remain true for any larger N? As men-
tioned before, a general proof to eliminate all other graphs
seems difficult to reach, whereas to disprove the conjecture,
one has to look for a counterexample at a still larger N.

As N increases, analysis faces a twofold complexity. First,
identifying all candidate graphs becomes time consuming due
to the rapidly increasing number of possible edges: Our search
algorithm involves 2F possibilities where E (the number of
undetermined edges) is O(N?), despite being 2?7 times more
efficient than a brute-force search [as mentioned before, our
algorithm identified all candidate graphs at N = 13, but for
N = 14 such a complete search takes too long; of course,
at N > 14 the algorithm can still generate candidate graphs
by exploring a part of (instead of all of) the phase space of
undetermined edges, for example, simply by randomly adding
undetermined edges]. Second, a complete analysis of a given
candidate graph with large N also becomes difficult due to the
graph’s intrinsic complexity.

Therefore, in this section, instead of a complete search, we
take another approach to analyze larger graphs. The idea is to
consider first a yet stricter set of rules.

A. (0, 2)-graphs

We consider a class of graphs satisfying a stricter rule—
namely, candidate graphs that are also K 3-free. Note that
forbidden K, 3 means that any K, , graph with m > 2 and
n > 3 and the 1221 graphs are also forbidden as subgraphs,
since K> ,>3 or the 1221 graph contains K5 3. So the no K3 3
rule and the no 1221 rule are automatically satisfied. This “no
K5 3 rule” together with the 2-path rule requires that any two
vertices have either 0 or 2 common neighbors. K, and Carte-
sian products of any number of K,, namely, the hypercube
graphs Qp = (K,)P (D > 1), indeed belong to this class, and
are integrable. If Qp were the only graphs in this class, no
more analysis on this class will be needed; it is tempting to
think that this is true, because it appears difficult to construct
by hand a candidate graph besides Qp that is K; 3-free.

Somewhat surprisingly, it turns out that there do exist
other graphs besides Qp that belong to this class of graphs

(@)

FIG. 9. (a) The 1463 graph, namely, the (0, 2)-graph with N =
14 and k = 4. (b) The 14631 graph: the graph in panel (a) with an
additional vertex added at the top. (c) The 13631 graph: the graph in
panel (b) with one vertex deleted and some edges rearranged.

with any two vertices having either 0 or 2 common neighbors.
Such nontrivial cases exist only for large numbers of
vertices N—the smallest such graph has N = 14. Such a
class of graphs was introduced by Mulder in Ref. [52] and
was named the (0, 2)-graph; since then these graphs have
been studied in the area of discrete mathematics [52-55].
In Ref. [52], (0, 2)-graphs are proved to be regular (namely,
the degree of each vertex is the same; this degree is often
called a valency). Brouwer classified all (0, 2)-graphs with
valencies at most 7 in Ref. [54], and with valency 8 in Ref.
[55]. The numbers of nonisomorphic bipartite (0, 2)-graphs
from valency k = 1 up to valency k =8 are 1, 1, 1, 2, 4, 13,
40, and 104 [55]. At each valency k, there is the graph O,
so bipartite (0, 2)-graphs other than Qy start to exist at k = 4,
and its numbers from k =4 to k =8 are 1, 3, 12, 39, and
103. In particular, at k = 4, there is a single graph except
Q4 with N = 14. This graph is shown in Fig. 9(a), which we
call the 1463 graph (this name comes from the sequence of
vertex numbers in each layer viewed from bottom to top).
The structure of this 1463 graph is such that the three bottom
layers are the same as that of the four-dimensional hypercube
Q4 (which has a sequence 14641), but in the top two layers
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two vertices are deleted, and some edges are rearranged in a
way to obey the constraint of (0, 2)-graphs.

A closer examination at the 1463 graph in Fig. 9(a) shows
that it is not integrable. Consider a4-cycle 1 ~2 ~3 ~4 ~ 1
in this graph, the multipath property (9) yields two equations,
each containing only two terms:

272 + rsa/ly Py 3] = 0,
ly 2y 14 + rysa/ |y By 34 = 0. (20)

These two equations can be satisfied only if the two r factors
are ryp34 = rp341 = —1. This is possible for the nonbipartite
orientation but not for the bipartite orientation. Thus, every
4-cycle in the 1463 graph [actually in any (0, 2)-graph] must
be of the nonbipartite orientation for the set of equations on
y“ to have solutions. It is not possible to put arrows in the
graph to satisfy this; for example, if we put arrows on all edges
from bottom to top in Fig. 9(a), then the 4-cycles that span
three layers are of the nonbipartite orientation, but there are
also 4-cycles that span two layers (they exist in the upper two
layers) that are of the bipartite orientation.

The above argument actually applies for any (0, 2)-graph
excluding hypercubes. In Ref. [53] (see Lemma 6 there), it
was proved that any (0, 2)-graph whose every 4-cycle spans
exactly three layers is a hypercube, so any other (0, 2)-graphs
must have at least one 4-cycle that spans two layers. This
means that when drawing a directed graph, there must always
be 4-cycles of the bipartite orientation. Therefore, except for
hypercubes, any (0, 2)-graph is not integrable.

B. Descendants of (0, 2)-graphs

Although the (0, 2)-graphs are not integrable, they provide
insights on constructing candidate graphs that might be inte-
grable. First, the argument above suggests that one may try to
rescue those 4-cycles of the bipartite orientation by adding or
moving vertices while keeping the rules for candidate graphs
still satisfied. Second, since the constraints of a (0, 2)-graph
is stricter than those of a candidate graph, a slight release of
constraints of a (0, 2)-graph possibly still leads to a candidate
graph. Following these ideas, we consider two “descendants”
of the 1463 graph in this subsection. We will see that for
these two graphs the conditions on the r factors and on y“
can be satisfied; this was not achieved by any candidate graph
considered in Sec. IV with N = 10 and 11.

1. The 14631 graph

Consider a graph with 15 vertices constructed in the fol-
lowing way. In the 1463 graph in Fig. 9(a), we add an
additional vertex on top of the three upmost vertices and
connect it to the three upmost vertices. This results in Fig. 9(b)
(the labels of vertices are named to observe symmetries of the
graph). This graph now has K 3 subgraphs, but is still 1221-
free. We can also check that the 2-path rule is still satisfied, so
this graph is a candidate graph. Let us call it the 14631 graph.

To proceed to analyze whether this graph is indeed inte-
grable, let us consider a directed graph with all arrows from
bottom to top in Fig. 9(b). Then, all 4-cycles that span three
layers of the graph are of the nonbipartite orientation, and all
4-cycles that span two layers of the graph are of the bipartite

orientation. We next construct solutions of the r factors and
y?. The set of constraints is complicated, so we seek simple
solutions of y“? by inspection. We find that the constraints on
the r factors and on y“ can all be satisfied by a rather sim-
ple choice: setting 7,1,12,u2,12 = Tu1,13.u3,13 = "u2,23,13,23 = 1,
whereas all other r factors are —1, and setting all |y“?| to be
the same as |y“| = y, except for those on the three edges
at the vertex u that are twice as large: |p“*!| = |y"*?| =

[y = 2y.

2. The 13631 graph

Now consider the graph in Fig. 9(c), which we call the
13631 graph. This graph is constructed by removing the vertex
v4 in Fig. 9(b) and rearranging some edges (note that positions
of some vertices are interchanged so to make the figure appear
more symmetric). This graph has 1221 subgraphs, but one can
verify that it remains a candidate graph.

Again, consider a directed graph with all arrows from
bottom to top in Fig. 9(c). Similar to the 14631 graph
case, we find that the constraints on the r factors and
y® can all be satisfied by a simple choice of parame-
ters: Setting ry;ijujij = Yoijijvjij = Tuiijviyij = Toiijuiij =
1 (where i, j = 1,2,3 and i # j), whereas all other r factors
are —1, and setting all || to be the same |y“*| = y, except
for those on the six edges incident on the vertex u or v
that are twice as large: |[y“"| = |[y*"?| = |y*B| = |y¥?!| =
ly" 2| = ly*) =2y.

For the two graphs above, if their sets of equations on A%
with the given choices of r factors have nontrivial solutions,
then they would host MTLZ models. Unfortunately, for each
of them this set of equations is too complicated to be handled
analytically. We tried to solve the set numerically, and we
did find solutions of A“> when fixing to the equations on
certain subgraphs, but when extending to the whole graph,
the number of equations is too large and the numerical eval-
uation cannot be done. Besides, we do not identify simple
choices of parameters to satisfy this set. [As a comparison,
all currently known integrable graphs can be decomposed into
fundamental integrable graphs K, and K, ,>3 in the Cartesian
product sense, with Fig. 6(f) being an example, and for such
an integrable graph one can utilize this decomposition to
construct solutions of A“” with simple choices of parameters.]
This does not mean that the graphs are not integrable, since we
only considered specific choices of arrow configurations and
r factors, and our numerical evaluation was not exhaustive.
Future research is required to determine whether these two
graphs are integrable or not.

VI. NONBIPARTITE GRAPHS

We present a brief discussion on nonbipartite graphs that is
omitted up to now. The reason for this omission is primarily
that it is inconvenient to consider nonbipartite graphs within
the layer graph scheme. In principle, nonbipartite graphs can
be included in this scheme if we modify the definition of
a layer graph by allowing edges connecting vertices in the
same layer, but this results in a large growth of possibilities
of edge configurations. Moreover, the currently known inte-
grable graphs (hypercubes, fans, and their Cartesian products)
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FIG. 10. A nonbipartite (0, 2)-graph with N = 16, which is a
candidate graph.

are all bipartite. The following argument based on the rules of
candidate graphs indicates that nonbipartite candidate graphs
appear only at large vertex numbers. The no K3 rule forbids
a large family of nonbipartite graphs containing 3-cycles, and
the 2-path rule dictates that 4-cycles must flourish in any can-
didate graph, so a candidate graph containing 5-cycles or other
odd-cycles must be large. Therefore, integrability seems to
favor bipartite graphs over nonbipartite graphs. Nevertheless,
we do not find strict rules that forbid nonbipartite graphs to
be integrable, and nonbipartite candidate graphs are definitely
worth further research. Here, we identify a nonbipartite can-
didate graph at N = 16. We believe that this is the smallest
vertex number of nonbipartite candidate graphs, although a
rigorous proof is lacking.

We again use knowledge of the (0, 2)-graphs. In Fig. 10,
the smallest nonbipartite (0, 2)-graph, which is Kz-free, is
shown. Itis an N = 16 graph with diameter d = 2 and valency
k =5 (it corresponds to the graph data on the fourth row in
Table 2 of Ref. [54]). The graph looks cumbersome, but its
structure can be better understood by noticing that there are
three types of vertices labeled by 0,i (i = 1, 2, 3,4, 5), and i
(i,j=1,2,3,4,5,i # j) in three layers from top to bottom,
and vertices within each layer are symmetric. One can check
that this graph has 5-cycles (e.g.,0 ~ 1 ~ 13 ~ 24 ~ 2 ~ (),
so it is nonbipartite. As argued in Sec. V A, any (0, 2)-graphs
except for hypercubes are not integrable, and so is the graph
in Fig. 10. In future works, it may be interesting to consider
descendants of this graph like we did in Sec. V B.

Finally, we note that if nonbipartite integrable graphs do
exist, their properties may be quite different from those of
bipartite integrable graphs. For example, MTLZ models on
bipartite integrable graphs must have symmetric transition
probability matrices—a property required by bipartiteness
[25]; nonbipartite graphs, on the other hand, are not sub-
ject to this requirement, so their probability matrices may
be asymmetric.

VII. CONCLUSIONS AND DISCUSSIONS

In this work, we present a systematic graph-theoretical
search for integrable models in the MTLZ class. In this class,
the hypercubes, the fans, and their direct product models
were known to be integrable, and there was the conjecture
that no other integrable models exist. We formulate a search
algorithm for graphs that may host MTLZ models, which is
227 times more efficient than a brute-force search. Implement-
ing this algorithm on Mathematica, we identify all candidate
graphs for MTLZ models with vertex numbers N < 13 (they
are presented at Ref. [51]). We further perform detailed analy-
sis on the candidate graphs with N = 10 and 11. Our analysis
supports the aforementioned conjecture for graphs with no
more than 11 vertices. For graphs with more vertices, we
propose to consider descendants of “(0, 2)-graphs,” which
may be promising candidates to violate the conjecture above.
We expect our work to serve as a guideline to identify exactly
solvable MLZ models in the future.

Whether the conjecture is correct remains uncertain. It is
tempting to view its validity for N < 11 as strong evidence
that it holds for any N, but one cannot deny the possibility
of exceptions for larger N [for example, recall that (0,
2)-graphs besides hypercubes appear only at N > 14]. Hence,
it is desirable to perform further studies on the candidate
graphs with N =12 and 13 found by our algorithm and
on descendants of (0, 2)-graphs. In particular, we expect
descendants of (0, 2)-graphs as promising candidates to break
the conjecture, because they allow simple solutions of the r
factors and the y“, a feature absent in any considered graphs
with 10 or 11 vertices.

Researches on MTLZ models also call for additional
methods and/or mathematical tools. Although the graph rep-
resentation provides a convenient framework to search for
MTLZ models, for large graphs, e.g., the descendants of (0,
2)-graphs considered in Sec. V B, complete analysis seems
difficult. We expect that representations of MTLZ models
beyond graphs, if they exist, could simplify the analysis and
even render it analytically tractable. After all, the integrability
conditions (1) are constraints on matrices H and H’, and for
the MTLZ class these matrices are restricted to be linear in ¢
and 7; these conditions form a set of commutation relations
of matrices [35], and they may be represented by some other
mathematical objects that better reveal the underlying struc-
tures of these conditions. With those more advanced tools,
hopefully the conjecture can finally be resolved.

A possible extension of this work is to perform graph-
theoretical searches for other classes of integrable time-
dependent quantum models beyond the MTLZ class. In
particular, there is another class of MLZ models named the
t/t family [36], whose integrability can be utilized to achieve
exact solvability. Models in this class have commuting part-
ners of the form H = Byt + Byt + Ay + C/t where C # 0,
namely, with a 1/t dependence. A common feature of this
class of models is the existence of parallel diabatic energy
levels; several classes of exactly solvable models, namely, the
driven Tavis-Cummings model, the Demkov-Osherov model,
and the generalized bow-tie model, all belong to this class.
For the ¢/t models, constraints from integrability can also
be represented as data on graphs. Actually, in Ref. [36] all
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possible graphs up to N = 6 and some graphs with N = 7, 8
are examined, and several solvable models beyond the above
mentioned classes are identified. As we did here for MTLZ
models, for this /7 class it would also be desirable to perform
a general graph-theoretical analysis and to explore models on
larger graphs, with the hope of finding solvable models. In
particular, one can follow a similar procedure as in the current
work: First look for rules on graphs, and then identify minimal
subgraphs based on these rules, and finally perform a graph
search starting from the minimal subgraphs. A difference is
that models in the ¢/t family have parallel diabatic levels, so
in a graph representation one needs to introduce an additional
type of edges between states with parallel levels. We thus
expect graph-theoretical analysis on the ¢/t family to be more
complicated than that on the MTLZ family.

Finally, we envision potential applications of discovering a
previously unknown MTLZ model. In principle, such a solv-
able model can be useful when studying any practical physical
systems where MLZ models can be realized. For example,
it was theoretically proposed that MLZ models can describe
transitions in quantum dot systems [16,38], and quantum
control of qubits via Landau-Zener-Stiickelberg interference
was experimentally achieved in these systems [56]. We thus

expect quantum dot arrays to be promising platforms to realize
MTLZ models: Applying linear gate voltage sweeps on each
dot, quantum states in a quantum dot array can be modeled
theoretically by an MLZ model; couplings between dots can
then be manipulated to realize parameters for an integrable
MTLZ model. The exact solution of this model then provides
an accurate description of transition probabilities in this quan-
tum dot system, which can further guide the design of the
array to implement desired quantum control or quantum state
transfer protocols.
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