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Phase-subtractive interference and noise-resistant quantum imaging
with two undetected photons
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We introduce and theoretically analyze a quantum interference phenomenon in which a two-photon interfer-
ence pattern is created using four-photon quantum states generated by two independent sources and without
detecting two of the photons. Contrary to the common perception, the interference pattern can be made fully
independent of phases acquired by the photons detected to construct it. However, it still contains information
about spatially dependent phases acquired by the two undetected photons. This phenomenon can be observed
with both bosonic and fermionic particles. We show that the phenomenon can be harnessed to develop a quantum
quantitative phase imaging technique that is immune to uncontrollable phase fluctuations in the interferometer
and allows image acquisition without detecting the photons illuminating the object.
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I. INTRODUCTION

The principle of quantum superposition, when applied to
two-particle systems, yields richer phenomena than can be
observed in single-particle systems. One ‘“mind-boggling”
example [1] is interference by path identity of undetected
photons [2], which was first reported by Zou, Wang, and
Mandel (ZWM) in the early 1990s [3,4]. ZWM created a
superposition of the origin of a photon pair and then controlled
the interference of one of the photons by path identity of
its partner photon. A counterintuitive fact is that the result-
ing single-photon interference pattern can be manipulated by
interacting with the partner photon that is never detected.
Conventional interference by path identity relies on sources
that emit coherently, i.e., sources that are not independent. We
show that if independent quantum sources are used, an even
more counterintuitive and unusual interference phenomenon
emerges. This phenomenon is a manifestation of the four-
particle superposition principle and promises a significant
advancement in the field of quantum imaging.

We consider a four-photon state generated by two indepen-
dent quantum sources and show that two-photon interference
patterns with unique properties can be created by path identity
of two undetected photons. In standard two-particle interfer-
ence experiments [5], phase differences associated with the
two detected particles get added with the same sign when
acquired in the way shown in Fig. 1(a) [Eq. (1)]. All reported
two-particle interference effects obtained by path identity of
undetected photons also display the same property [6,7]. In
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contrast, the phases of the two detected particles get added
with opposite signs in the interference phenomenon reported
by us [Fig. 1(b)]. We show by considering multimode pho-
tonic states that this fact can be used to develop a highly
phase-stable interferometer, which produces interferograms
that do not depend on the tunable interferometric phase but
retain the information of any spatially dependent phase intro-
duced to the undetected photons.

Conventional interference by path identity has led to the
development of a unique imaging technique, namely, quan-
tum imaging with undetected photons (QIUP) [8-12]. This
technique allows one to image an object without detecting
photons that interacted with it. Consequently, QIUP allows
one to determine the optical properties of an object in spec-
tral ranges for which adequate detectors are not available.
However, QIUP is vulnerable to uncontrollable random fluc-
tuations of the interferometric phase (phase noise) that arise
due to the instability of the interferometer. Therefore, the
photon acquisition time in QIUP cannot be long. Furthermore,
if the phase noise destroys the interference pattern, QIUP
becomes inapplicable. Recently, a noise-resistant interfero-
metric phase imaging (NRIPI) technique has been introduced
[13,14], which is inspired by interference of light from in-
dependent quantum sources [15-19]. However, NRIPI must
detect photons that interact with the object and is, there-
fore, inapplicable to spectral ranges where adequate detectors
are not available. Here, we show that the interference phe-
nomenon reported by us can be applied to develop a phase
imaging technique that is immune to phase noise, allows arbi-
trarily long photon acquisition time, and can acquire images at
wavelengths for which no detectors are available. Our imag-
ing technique is fundamentally different from conventional
[20-23] and interaction-free [24] ghost imaging, which are
solely two-photon phenomena.

The paper is organized as follows: In Sec. II, we recall
some basic features of standard two-particle interference.
In Sec. III, we provide a basic analysis of the proposed

Published by the American Physical Society


https://orcid.org/0000-0001-6331-9420
https://orcid.org/0000-0002-7768-424X
https://ror.org/01g9vbr38
https://crossmark.crossref.org/dialog/?doi=10.1103/1ljx-h9x1&domain=pdf&date_stamp=2026-08-19
https://doi.org/10.1103/1ljx-h9x1
https://creativecommons.org/licenses/by/4.0/

CHANDLER TARRANT AND MAYUKH LAHIRI

PHYSICAL REVIEW RESEARCH 8, 033210 (2026)

(@) standard 2-p11}>t0\r1A interference (b) phase-subtra‘c/tive interference

— ~ — ~ — ~

S N s NS S 7
\ "y

coherent emission

2

1
o Pjg 1 —cos(s +¢s") Phglo(() 14 = cos(¢s — s + 71 — 1)

ps=gs'

T

3

ds=gs/)

~ o=
==

Py,
o
W

£05

0.0, 0.0,

2n 2n

T y
¢s [rad] ¢K [rad]

FIG. 1. (a) Standard two-particle interference. Sources Q; and
Q, coherently emit a pair of identical particles (S). The coincidence
counting rate (P,,) at beamsplitter (BS) outputs g and & varies si-
nusoidally with phase ¢s + ¢. (b) Phase-subtractive interference by
path identity (PSIPI) of two particles. Q; and O, are independent
sources emitting two pairs of particles. A pair is made of particles S
and /. Two-particle interference at g and 4 is observed by detecting
S particles when path identity is employed using [ particles, i.e.,
when paths #’ and v’ are made identical with paths ¢’ and d’. The
coincidence counting rate varies sinusoidally with ¢s — ¢5 and also
contains information of phases y; and y, acquired by undetected
particles. The interference pattern is independent of phases acquired
by detected particles when ¢s = ¢s.

interference effect, which we call “phase-subtractive inter-
ference by path identity” (PSIPI). Section IV then gives an
overview of how PSIPI can be used to make a phase-stable
quantum imaging system. In Sec. V, we generalize the basic
analysis presented in the previous sections to the multimode
scenario. Then, in Sec. VI, we provide a numerical demonstra-
tion of quantitative phase imaging enabled by the principle of
PSIPI. Section VII provides a brief discussion, followed by
Sec. VIII where we summarize our results and mention the
outlook of our work.

II. STANDARD TWO-PARTICLE INTERFERENCE

We first recollect some basic features of standard two-
particle interference [Fig. 1(a)]. We consider two coherently
and nonsimultaneously emitting sources, Q; and Q,, each
of which can generate a pair of identical particles (S). The
particle can be a boson or a fermion. Suppose now that Q,
can emit the particle pair into paths (modes) u and v, and Q>
can emit them into paths ¢ and d. Paths u and ¢ are combined
by a beamsplitter with outputs ~ and #’. The tunable phase
difference between paths u and c is denoted by ¢s. Likewise,
paths v and d are superposed with phase difference ¢g, and the
corresponding beamsplitter outputs are g and g'. Detectors are
placed at outputs % and g. The probability of joint detection of
two S particles at g and 4 is given by (Appendix A)

Phg x1— COS(¢S + ¢;‘)s (1)

which represents a typical two-particle interference pattern.
We note that phases ¢s and ¢ got added with the same sign.
Such phases also get added in the same manner in conven-
tional two-particle interference by path identity [6,7].

III. BASIC ANALYSIS OF PHASE-SUBTRACTIVE
INTERFERENCE BY PATH IDENTITY

A. Description of the interferometer

We now examine the interferometer depicted by Fig. 1(b).
The interferometer contains two independent sources, Q and
0>. We illustrate the setup using photonic states created by
spontaneous parametric down-conversion (SPDC) in nonlin-
ear crystals (see, e.g., Ref. [25]; see also Appendix B). That
is, Q1 and Q, can be considered as two nonlinear crystals
pumped by two mutually incoherent laser beams.

SPDC is a quantum x ®-nonlinear process; i.e., at the
basic level, the process of SPDC converts a pump photon
into a photon pair. We assume that the two photons forming
a pair can, in general, have different wavelengths and call
them signal (S) and idler (/) following standard terminology.
Four-photon states created by SPDC are essentially the results
of simultaneous emissions of two such photon pairs.

In order to understand the fundamental features of phase-
subtractive interference by path identity, it is instructive to
consider a fully correlated two-mode scenario. In this case,
each photon can be emitted into two possible paths, where
each path corresponds to a distinct mode, e.g., a momentum
mode of the photon. (Multimode scenario is considered in
Sec. V .) Suppose that Q| can emit a pair of photons into a pair
of paths (u, u") or (v, v’), where paths u and v can be occupied
by the signal photon and paths «’ and v’ can be occupied by
the idler photon [Fig. 1(b)]. Likewise, Q, can emit a photon
pair into a pair of paths (c, ¢’) or (d, d’). Consequently, paths
u, v, ¢, and d can only be occupied by signal photons, whereas
idler photons can only be in paths /, v/, ¢/, and d’.

Paths u and ¢ are combined by a beamsplitter with outputs
h and /. The tunable phase difference between paths u and
c is denoted by ¢s. Likewise, paths v and d are superposed
with phase difference ¢, and the corresponding beamsplitter
outputs are g and g'. The two beamsplitters can be spatially
separated [Fig. 1(b)], or a single beamsplitter of finite size
can be used for combining both pairs of paths [Fig. 2(a)].
We are interested in the probability of coincidence detection
of two signal photons at g and & [Figs. 1(b) and 2(a)]. Note
that output pairs (g, #'), (¢, 1), and (¢, h') can be equivalently
considered.

As shown in Fig. 1(b), paths (¢’ and v’) of idler photons
from Q, are sent through Q, and aligned with paths (¢’ and
d’, respectively) of idler photons originating from Q,. That is,
paths of idler photons from the two sources are made identical.
Such an alignment is called path identity [2]. We show below
that due to this alignment, a unique type of interference effect
is observed in the coincidence detection of signal photons. We
emphasize that idler photons are not detected, and no further
postselection is considered.

B. States generated by the two sources before path identity

Let us first consider the state generated by source
Q; alone. As already mentioned, this source can emit a
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FIG. 2. (a) Principle of implementing PSIPI using photonic states. Two nonlinear crystals (NL1, NL2) are pumped with mutually
incoherent laser beams. ® represents the phase difference between pump fields. Paths « and v (¢ and d) taken by two signal photons generated

by NL1 (NL2) lie within a highly collimated beam S; (S,). A suitable lens system is used (not shown) to set ¢g

= ¢. Paths ' and v', which are

made identical with ¢’ and d’, lie within a highly collimated idler beam. Phases y; and y; can only be different when a spatially dependent phase
is introduced in the idler beam using a phase object. Signal beams, S; and S,, are superposed by a beamsplitter and coincidence counts are
measured at g and /4 in an output of BS. The coincidence counting rate gives a phase-subtractive interference pattern and it contains information
of the phase object [Eq. (18)]. (b) Multimode case and proposed scheme for noise-resistant phase imaging with undetected photons (for an
alternative setup, see Appendix F). It is a multimode version of the case considered in panel (a). The phase object and the camera are placed
on the Fourier plane (FP) of the sources NL1 and NL2. Coincidence counts are measured at pairs of points (I, l‘k'S) at an output of BS.

signal-idler pair in modes (u, u’) or (v, v'). We denote the
corresponding states by |S,, I,/); and |S,, I,/)1, respectively.
It follows from the standard theory of SPDC that the quantum
state created by source Q) in the fully correlated two-mode
scenario [Figs. 1(b) and 2(a)] is given by (Appendix C)

[W")1 = Ivac) + &Vp(ISus L)1 + ISu, L)1)
+ &V (1250, 2L + 1280, 20y)
+|Suvll/7SUaIU'>l)+"' B (2)

where |gV,| < 1, with V, representing the pump field at the
crystal and g being proportional to the gain of the crystal. In
Eq. (2), the kets multiplied with gV}, and gZsz represent two-
photon and four-photon states, respectively.

We can express the quantum state given by Eq. (2) as
[¥"); = U, |vac), where

Oy =1+ gv,{af wa] )+ af (vaj ') + Hee)
v: oo
+ ng"{[a;] wa; ] + 1a}, vl P

+ 2&; (”)all (I/l ) (U)all (U ) —+ H.c. } + - , (3)

with &;l (u) representing the creation operator for a signal
photon created by source Q; in mode u, etc., H.c. representing
the Hermitian conjugate, and |vac) being the vacuum state.
We now consider the fact that sources Q; and Q, are mu-
tually independent. Such a situation arises, e.g., when the two
nonlinear crystals are pumped with mutually incoherent light
beams [Fig. 2(a)]. This situation can be analytically treated
by introducing a random (stochastic) phase difference, ©,
between the pump fields at the two nonlinear crystals obeying

(expli(® + ¢)]) = (cos(® + ¢)) = (sin(® + ¢)) =0, (4)

where ¢ is an arbitrary deterministic phase and the angular
brackets represent averaged value. We note here that one
can alternatively treat the problem using mixed states, which
does not require introducing a random phase. However, the

random-phase-based approach is simpler and allows one to
immediately apply the existing methodology [16,26,27] that
is based on pure states. Because of this, we adopt it in the
main text, while we present the mixed-state-based approach
in Appendix E. We emphasize that the two approaches are
equivalent and yield the same result.

The quantum state generated individually by O, can now
be expressed as |/"), = U,|vac) with

U, =1+gV, e’o{ (0)a]

V() +af (d)aj (d') + He.)

vZ o~
+ Tpe2'®{[asz(c)ah(c )]
[a& (d)a,z(d )] aS7 (c)ab (c )asz(d)%(d )

+He) 4, )

where © obeys Eq. (4), and we have assumed for simplicity
that the pump beams at the two sources have equal intensity.

When the two sources (Q; and Q) are pumped together,
the quantum state jointly created by the two sources is
given by

[’y = O,U;|vac), (©6)

where it can be readily checked that U, and U, commute.
It now follows from Egs. (3), (5), and (6) that (dropping a
normalization constant)

¥} =Ivac) + gVylISus L)1 + IS0, L)y
+ EO(1Se, 1)2 + 1S4, 1))
+ &VI1250 2Lt + 1280, 20 )1 + 1Sus I, S Iy
+ 62'@(|25c, 2 )y + 1284, 21p )2 + |Se, Loy Sas Lar)2)
+ 69 (10, L) 11Ser 1) + ISus L)1 1Sas L2
180, T )1 1Se, )2 + IS0y T )i1Sa. 1ar)a) ), (7)
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where we have kept up to four-photon terms because we
will find soon that the first nonvanishing contribution to the
probability of coincidence detection comes from the four-
photon terms of this perturbation series. Equation (7) repre-
sents the state created by two sources before path identity has
been applied.

The detection of photons will be treated formally in
Sec. III D. However, noticing some aspects of the detection
at this stage helps simplify the analysis significantly as well
as gain physical insights into the phenomenon.

As shown in Fig. 1(b), modes u and ¢ are combined by
a beamsplitter with outputs & and /’. Likewise, modes v and
d are superposed and the corresponding beamsplitter outputs
are g and g’. We are interested in the probability of coincidence
detection of two signal photons at g and 4. [Note that output
pairs (g, /'), (¢, h), and (¢, ') can be equivalently consid-
ered.] It is evident from Eq. (7) that two signal () photons are
simultaneously present only in four-photon and higher-order
terms. Therefore, the first nonvanishing contribution to the
coincidence counting rate comes from the four-photon terms.
Consequently, all two-photon terms and |vac) in Eq. (7) can
be dropped. We also drop the higher-order terms because their
contribution is insignificant compared to four-photon terms—
a standard procedure in perturbative treatment.

Furthermore, not all four-photon terms in Eq. (7) con-
tribute to the coincidence counting rate at g and A (and
equivalently at output pairs (g, #'), (¢, h), and (¢, #')). For
example, |2S,, 21,/); contains two signal photons in mode u.
However, it is evident from Fig. 1(b) that no photon in mode
u can reach g (or g). Therefore, the term |2S,, 21,); does
not contribute to the coincidence counting rate. Likewise, the
terms |2SU7 211)’)1» |2SL'9 21(")27 |2Sds 21((”)2’ |Sur II/)I |Sc’ IC')Z’
and |S,, Iy)1|S4, Iz7)> also do not contribute. As a result,
the quantum state that contributes to two-photon coincidence
counting at g and 4 is given by

hﬁ) = |Sua Iu’a Sva Iv’)l + e2i€)|sc’ Ic’» Sda Id’)Z
+ €O (Sus Lo)11Say Larya + 10, 1) 11Se, 1)), (8)

where we have dropped a normalization coefficient. We will
use Eq. (8) in our analysis. We, however, stress that one can
instead work with Eq. (7) and obtain the same result.

Equation (8) implies that there are three distinct ways in
which a coincidence detection at g and % [and equivalently at
output pairs (g, /'), (¢, h), and (¢, )] can occur [Fig. 1(b)]:

(1) A double-pair production occurs in Q) creating the
state |S,, Ly, Sy, Iy)1.

(2) A double-pair production occurs in @, creating the
state |Se¢, I/, Sg, 1y)>.

(3) Simultaneous single-pair productions occur at sources
1 and 2 with two options:

(a) creating |S,, L;/)1|S4, 1s)2, and
(b) creating |Sy, Iy)1]S¢, I)2. -

Equation (8) shows that the random phase ® does not
appear between the kets corresponding to options 3(a) and
3(b) despite the two sources being independent. In fact, these
two options can be made indistinguishable by applying path
identity, leading to interference effects. Whereas, options 1
and 2 are both fully distinguishable from the rest of the op-
tions since phase differences between the corresponding kets

always involve the random phase ©. Therefore, options 1 and
2 cannot contribute to interference.

C. States generated by the two sources after path identity

We now apply path identity [2]: paths of idler photons from
Q) are sent through O, and aligned with paths of idler photons
originating from @, [Fig. 1(b)]; i.e., paths of idler photons
from the two sources are made identical. Consequently, quan-
tum fields (annihilation operators) corresponding to idler (I)
photons generated by Q; and O, become related by

an(cy=e"a, ) and a,(d)=e"a, W), (9)

where y; and y, are phases introduced to paths u' and v/,
respectively, between the two sources. Since &}: (u')|vac) =
|I/)1, etc., the path identity implies the following simultane-
ous relations involving kets:

)s = e V|L,) and |ly)y = e Vi |L,)). (10)
Using Eq. (10), we find that Eq. (8) reduces to
1) =1L L)1 ® {1, Su)1 + € 2O1S, 8,40,
+ OIS 11Sa)2 + e IS IS0}, (11)

where we have dropped a normalization coefficient. Equa-
tion (11) represents the effective quantum state generated by
two independent sources before beamsplitters in Figs. 1(b)
and 2(a).

Itis evident from Eq. (11) that the idler states factor out—a
trait of path identity. Furthermore, the quantum state contains
a linear superposition of signal states |S,)|S;)2 and [S,)1]Sc)2
with a phase difference y; — y;. This fact indicates that two-
photon interference will be observed if the signal photons are
detected as shown in Figs. 1(b) and 2(a), and the interference
pattern will contain information of the phases acquired by
idler photons—a result we explicitly show in the next section.

D. Detection and coincidence counting rates

Signal modes u and ¢ are combined by a balanced beam-
splitter with outputs 4 and A’ [Fig. 1(b)]. The tunable phase
difference between paths corresponding to « and c is denoted
by ¢s. Likewise, modes v and d are superposed with phase
difference ¢, and the corresponding beamsplitter outputs are
g and ¢. Therefore, the positive frequency parts of the quan-
tized electric fields corresponding to signal photons at the
detectors placed at beamsplitter outputs 4 and g are given by

as(h) o as, (u) + ie*ag, (c), (12a)

as(g) o< as, (v) + ie'*sag, (d). (12b)

The probability of coincidence detection (coincidence count-
ing rate) of two signal photons at g and & can now be
determined using the standard formula [28]

Pig o (Ylag(h)af()as()as(mIY), 13)

where |1) is given by Eq. (11).
Using Egs. (4), (11), (12), and (13), we readily find that the
coincidence counting rate at g and # is given by

Py o< 14 1 cos(ps — ds + vi — ). (14)
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Equation (14) represents a unique two-photon interference
pattern. In Eq. (14), phases ¢ and ¢ got added with opposite
signs in striking contrast to standard two-particle interference
[see Eq. (1)] and conventional two-particle interference by
path identity [6,7]. Therefore, if ¢g = ¢, the interference
pattern becomes independent of phases gained by detected
photons [Fig. 1(b), bottom]. In an experiment, ¢s and ¢, can
be set practically equal to each other (see Sec. IV). Further-
more, if y; # ¥/, the interference pattern contains information
of phases introduced to idler photons that were never detected
to construct the interference pattern. We call such an interfer-
ence phase-subtractive interference by path identity (PSIPI).

The visibility of the interference pattern given by Eq. (14)
is less than unity (1/2) because signal photons emitted in-
dividually by each source do not interfere and result in
background. This is expected because the sources are inde-
pendent: one can observe in Eq. (11) that the random phase
difference, ®, appears between kets |S,, S,)1 and |S., Sg)2
representing signal photons generated individually by Q; and
0», respectively. In contrast, the signal photons generated by
the joint (simultaneous) emissions of O and Q, interfere; we
observe in Eq. (11) that the random phase difference ® does
not appear between the corresponding states |S,);|S;)> and
[Sy)118:)2. In fact, the cosine term in Eq. (14) arises solely
from the contribution of the superposition term |S,)1[S4)> +
e {=7D|§,)1]S.), in Eq. (11). It is possible to obtain interfer-
ence fringes with unit visibility if the background due to the
individual emissions is subtracted.

In an experiment, lengths of interferometer arms need to
be chosen appropriately such that quantum indistinguishabil-
ity required for interference is achieved: We recall that the
cosine term in Eq. (14) arises solely due to the contribution
from the state |L, L)1 ® (IS.)11Sa)2 + e~ "777D[S,)11Sc)2)
in Eq. (11). This term, which contains a superposition of
[Su)11S4)2 and |S,)1]Sc)2, is a result of simultaneous single-
pair productions at two distinct sources that can happen in
two alternative ways. Therefore, the lengths of interferometer
arms need to be such that coincidence detections of |S,)1|S4)»
and |5,)1]S.)> are indistinguishable when path identity
is implemented.

IV. PRINCIPLES OF PHASE STABILITY AND IMAGING

We now show that PSIPI enables building a highly
phase-stable interferometer applicable to imaging. Before
considering a multimode scenario, we explain the principles
using the two-mode scenario considered thus far.

We first discuss how phases ¢g and ¢g [Fig. 1(b)] can
be set practically equal to each other. When an optical field
travels through an interferometer, it acquires phases due to
propagation through air (vacuum) and manipulation (e.g., re-
flection, refraction) by various optical elements (e.g., mirrors,
lenses). We will call a phase acquired in this manner a prop-
agation phase. In interferometry-based imaging techniques,
propagation phases are usually made spatially independent by
using highly collimated beams and appropriate lens systems
[8,13,29,30]. Therefore, it is always possible to restrict paths
u and v within a highly collimated beam [Fig. 2(a)]—e.g.,
by using a lens system as in Ref. [§]—and set the propaga-
tion phases acquired along them practically equal. Likewise,

propagation phases gained along paths ¢ and d can also be
made equal. Therefore, the phase difference, ¢y, which arises
due to optical path difference along u# and ¢ becomes prac-
tically equal to the phase difference, ¢5, that arises due to
optical path difference along v and d, i.e.,

¢5 — ¢s = 0. (15)

‘We now consider a situation in which a phase object, which
introduces a spatially dependent phase to an optical field
passing through it, is inserted into the idler beam between the
two sources. Let the phases introduced by the phase object
to idler photons in paths u’ and v’ be @ and «’, respectively.
In this case, the phase acquired by an idler photon has two
parts: one is the propagation-phase (¢; and ¢;), and the other
is introduced by the phase object (« and «’). That is,

vi=¢+a, and y =¢;+a. (16)

The propagation phases, ¢; and ¢;, can be made practically
equal to each other as discussed above. Consequently, it fol-
lows from Eq. (16) that

vi—y =a—d. (17)

Using the relations given by Egs. (15) and (17), we find
that Eq. (14) reduces to

Pyg o< 1 4 3 cos(a — o). (18)

We observe that the interference pattern represented by
Eq. (18) does not depend on spatially independent propagation
phases (e.g., ¢s, ¢;) associated with signal, idler, and pump
photons. Such phases are subject to random fluctuations due
to instability of the interferometer. The interference pattern
depends only on the phases introduced by the phase object
(o, &), which are fixed for a given object and do not fluc-
tuate. Consequently, the interference pattern is immune to
random phase fluctuations associated with instability of the
interferometer while it retains the information of the object.
Using established techniques, the spatially dependent phases
introduced by the object can be retrieved from the interference
pattern; that is, the phenomenon enables quantitative phase
imaging.

V. MULTIMODE SCENARIO

We now consider the multimode scenario (Fig. 2(b)), in
which there are an infinite number of momentum (wave vec-
tor) modes. We also no longer assume that the modes are
perfectly correlated. The theoretical treatment is strictly simi-
lar to that used for the two-mode case in Sec. III.

In the multimode case, it follows from the theory of SPDC
(Appendix B) that the state generated by an individual crystal
(NLj, with j = 1,2) is given by |¢"); = Uj|vac), where
Oy =1 +4n; ) CPks, k)af (ks)aj ()

ks, k;

+17 Y CP(ks, K, ki, )
ks, Kkj
k; K]

x af (ks)ag (kg)a) (kpay (k) +He 4+, (19)
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with n; =1 and 7, = exp(i@). In Eq. (19), CP(ks, k;) is
the joint probability amplitude of photon-pair emission
with signal and idler photons being in momentum
modes ks and ks, respectively, and C* (ks, k§, k7, k)) =
C(ks, k))CH (K, k))/2. [An explicit form of C® (ks, k)
is given in Appendix D.] It can be readily checked that
Eq. (19) represents the multimode version of Egs. (3) and (5).

The quantum state jointly created by the two crystals is
once again given by Eq. (6) with U; and U, given by Eq. (19).

Without any loss of generality, we choose the far-field
configuration used in Refs. [8,9]. In this configuration, appro-
priate lens systems are used to (1) image crystal 1 onto crystal
2, and (2) place the phase object and the camera (detector) on
the Fourier plane of both sources [Fig. 2(b)]. Consequently,
distinct points on the phase object are impinged by idler pho-
tons with distinct momenta, and distinct points on the camera
are impinged by signal photons with distinct momenta. We
denote a point on the phase object (camera) corresponding to
idler momentum k; (signal momentum k) by ry, (r,). In this
case, the path-identity relation between idler kets produced at
NL2 and NL1 becomes

k)2 = expl—i{dy + a(ry, )} k)1, (20)

where ¢; is a spatially independent phase acquired by the
propagation of the idler photon between sources NL1 and
NL2, and «(ry,) is the spatially dependent phase introduced
by the object.

The quantum state created by the two sources after path
identity is employed is determined by using Egs. (6), (19), and
(20). The terms contributing to coincidence counting rates at
an arbitrary pair of points (rk,, ry;) on the camera are found
to be given by

@) = [k K @ {CP (ks K, Ky, k) ks, ki)

ks, K}
K.k

+ ei[2(~)—V1 (rkl)_}’l (rk;)]C(4)(k5, k_/g'a kl, k;)|ks, kfg‘>2

4+ )k 1)K, K)IKs) 1 1K) ),
@)

where y;(rk,) = ¢; + a(r,). This state can be readily iden-
tified as the multimode generalization of Eq. (11). The three
terms on the right-hand side of Eq. (21) arise, respectively,
due to emission from NL1 only, emission from NL2 only, and
joint emissions from NL1 and NL2.

A general expression for the probability of coincidence
detection at a pair of points (rk,, Ix;) is given by

PP (o mig) = 01 () £ (rk)
x EP(rg) B (ng) @), (22)

where j = b, b’ and [ = b, b’ represent outputs of the beam-
splitter in Fig. 2(b), E](.J”)(rk&) represents the positive fre-
quency part of the quantized electric field at output j, E) =
(EDYF and |y @) is given by Eq. (21).

For our purpose, it is enough to choose both ri, and ry; to
be located at the same beamsplitter output, say, b [Fig. 2(b)].
(Expressions for the other cases are given in Appendix D.)

The positive frequency part of the quantized electric field
operators at an arbitrary point in beamsplitter outputs b can
be written as

ES7 (ri) o as, (Kg) + ie®sa, (Ks). (23)

Using Egs. (21— 23), we find that the the probability of coin-
cidence detection (coincidence counting rate) is given by

P (i rig) o< Y [P (s, ki, k. K))
K7, K)

4P K e )
+2P% (ks, ki, ky, K))
x {I+cos[a(ry) —a(rg)]}]. @4

where Pl(4) and P2(4) are individual contributions to the coinci-
dence detection probability from NL1 and NL2, respectively,
and the term containing Pl(;) is due to the joint contribution
from NL1 and NL2 (explicit forms are given in Appendix D).

Equation (24) represents the phase-stable interference pat-
tern produced by PSIPI in a general multimode scenario. It is
the multimode version of Eq. (18), where points ry, and Iy,
correspond to g and 4.

VI. ILLUSTRATION AND APPLICATION TO IMAGING

We now illustrate the results and numerically demonstrate
how a phase object can be reconstructed from the coinci-
dence counting rate. For simplicity, we restrict ourselves to
the case of maximum momentum correlation in which sig-
nal and idler photons are delta correlated in momenta. For
example, a highly collimated pump beam in phase-matched
nonlinear crystals practically allows us to write C® (kg, k;) o
Sks ko—k, [see Appendix B, Eq. (B7)]. It follows from the
explicit forms of P (ks, ki, ky, k}), P (ks, ki, k;, k}), and
Pfg)(ks, kg, k;, k;) given in Appendix D that in this case
Eq. (24) reduces to

Pb(Z) (rig. Ty ) oc 1+ 1 cos [or(ri,) — a(rg)]- (25)

For illustration, we choose the signal wavelength to be
810 nm and the idler wavelength to be 1550 nm. We repre-
sent a point on the object (rk,) and a point on the camera
(rk,) by 1k, = (x5, ¥,) and ry, = (x,y). We consider a one-
dimensional (1D) and a two-dimensional (2D) phase object
represented by the following phase profiles, respectively:

(1) alx,) o x2,

(2) alxy, yo) xg +y3-

For the 1D phase object, the coincidence counting rate
depends on two coordinates (x,x'), ie., PP (ry,ry)=
PP (x, x). Figure 3(a) (left middle) illustrates the correspond-
ing two-photon interference pattern. For the 2D phase object,
the coincidence rate depends on four coordinates (x, y, x’, y'),
ie., PA(ry, ) = PP(x,y,x',y). Figure 3(b) shows two
cross sections of the coincidence map: xy plane (left middle)
and xx’ plane (right middle), each displaying interference
patterns.

To numerically demonstrate quantitative phase imaging
[29], we have reconstructed the one-dimensional [Fig. 3(a),
rightmost] and two-dimensional [Fig. 3(b), rightmost] phase
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FIG. 3. Numerically simulated interferograms. Two-photon phase-stable interference patterns are created by detecting signal photons
(810 nm) only, but they contain information of spatially dependent phase, «, introduced to undetected idler photons (1550 nm). (a) Ground
truth one-dimensional phase & (x,) o x> (leftmost) results in the coincidence counting rate (left middle). Coincidence rates along the line x' = 0
on the detector are also shown (right middle). Phase image numerically reconstructed from coincidence counting rate (rightmost). (b) Ground
truth two-dimensional phase a(x,, y,) « x> + > (leftmost) leads to four-dimensional coincidence map P®(x, y;x’,y'). The xy plane cross
section (left middle) and xx’ plane cross section (right middle) of the coincidence map are shown. Phase image numerically reconstructed from

full four-dimensional coincidence counting rate (rightmost).

objects. The method employs standard phase retrieval
algorithms [31,32]. The application of such algorithms to
coincidence maps has been demonstrated in Refs. [13,14].

VII. DISCUSSION

Phase-subtractive interference by path identity (PSIPI) has
traits of two distinct types of interference phenomena: (1) in-
terference of fields generated by independent sources [15-19]
and (2) interference by path identity [2—4]. Specifically, the
phase-subtractive nature is due to the presence of two indepen-
dent sources, and the fact that the interference pattern contains
phase information that was never introduced to the detected
photons is due to path identity. We stress that path identity is
absolutely essential to observe this interference effect. In fact,
it can be checked using Egs. (8) and (13) that the state given
by Eq. (8), which is obtained without path identity, does not
lead to interference.

Let us also note that one arrives at the same expression for
the interference pattern [Eq. (14)] if, instead of Eq. (11), one
employs the quantum state obtained by applying path identity
[Eq. (10)] to Eq. (7). In this case, one finds that the contri-
bution from any term that appears in the latter state but not
in Eq. (11) is identically zero. Notably, these noncontributing
terms contain the states, |2S,, 21,/)1, |28y, 2Iy)1, |2S., 21./),,
and |2S,, 21),, which are forbidden in a fermionic system.
This fact indicates that the phenomenon of PSIPI can be
observed with fermions. In fact, fermions can legitimately
be in the quantum states given by Egs. (8) and (11). Fur-
thermore, bosonic creation and annihilation operators used in
Egs. (12) and (13) can be replaced with fermionic creation
and annihilation operators leading to the same expression for

the probability of coincidence detection [Eq. (14)]. We, there-
fore, conclude that PSIPI can also be observed with fermionic
systems.

VIII. SUMMARY AND OUTLOOK

We have reported a unique two-particle interference phe-
nomenon that employs four-particle states generated by two
independent sources and is enabled by path identity of two
undetected particles. We have also introduced a noise-resistant
quantitative phase imaging technique that acquires images
at wavelengths for which no detectors are available. Since
quantitative phase imaging is used in biological and medical
research [33], e.g., in immunology [34], cell biology [35],
and cancer diagnosis [36] and prognosis [37], we expect that
our findings will have applications in these fields. Our re-
sults are applicable to any modality where the principle of
standard QIUP is used to retrieve object information, e.g.,
spectroscopy [38], microscopy [30,39], holography [40], and
optical coherence tomography [41,42]. Finally, interference
by path identity has been applied to fundamental tests of
quantum mechanics [43,44], and also to measurement [45-47]
and generation [6,48-51] of quantum entanglement. It will
be interesting to explore the implications of our results for
these topics.
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APPENDIX A: DERIVATION OF EQ. (1)

In this Appendix, we derive Eq. (1), which represents a
typical two-particle interference pattern. The basic features of
a standard two-particle interferometer [Fig. 1(a)] have been
described in Sec. II. When the two sources in the interferome-
ter emit coherently and with equal probability, the two-particle
state generated by them is given by [5]

1
[v) = E(|Su)l|sv>1 + 18:)2184)2),

where |S,); denotes a single particle S that is emitted from Q;
and in path u, etc.

The field operators (bosonic or fermionic) at the detectors
placed at beamsplitter outputs . and g are, respectively, given
by the following standard expressions: ags(h) o as, (u) +
ie'®sag, () and as(g) o as, (v) + ie'%sag, (d). Here, ag, (u) rep-
resents the annihilation operator for an § particle emitted by
source (; in mode u, etc.

The probability of joint detection of two S particles at
h and g can now be obtained using the standard expression
Pig = (Y12} (h)a}(9)as(9)as(W)| ), where |i) is given by
Eq. (A1). The resulting probability, which is proportional to
the coincidence counting rate, is given by Eq. (1).

(AD)

APPENDIX B: RECOLLECTION OF SOME BASIC
RESULTS FROM THE THEORY OF SPDC

In this Appendix, we recollect relevant results from the the-
ory of spontaneous parametric down-conversionin a nonlinear
crystal. The scalar treatment is enough for our purpose.

In the interaction picture, the Hamiltonian of the SPDC
process can be written as [25,52]

o)=Y Vo(kp)f(ws, or; )

K, ks.k;

x expli(ws + o; — wp)tlat(ks)a; (k;)

x / d’rexplitkp — ks —k;) -r)] + He., (B1)
D

where the labels p, S, and I correspond to pump, signal, and
idler photons, respectively; V,(k,) is the amplitude of the
scalar pump field, f(ws, w;;wp) represents the interaction
strength between the pump field and the nonlinear crystal,
ag(k) (&;(k)) creates a signal (idler) photon in mode k, D
is the volume of the crystal, and H.c. represents Hermitian
conjugate.

The quantum state of the light generated by down conver-
sion at the crystal is then given by

ly) = Ulvac), (B2)

where |vac) is the vacuum state, and U () is given by the
standard perturbative expression (see, e.g., Ref. [53])

A

.1t
U=11+,—/ drHi, (1)
lh 0

2 T t
+(.i) / a / & HaOBn@) + -, (B3)
in) Jo 0

where 7 is the interaction time.
Evaluating the integrals allows the operator to be expressed
in the simpler form

O =1+ ks, kaj(ks)a] (k)

ks, k;
+ ) CW(ks, kg, ki, kp)af(ks)aj k) (k)aj (k;)
ks, K§
k7. k;
+He .+, (B4)

where

Dt
CO(ks, k) = — ; Vo (k) f (ws, wr; )
P
x expliAwt /2] exp[—iAK - 1]
3
x sinc(Awt/2) [ | sinc(Aknl/2),
m=1

(B5a)

C%(ks, Ki, Ky, k) = %C(Z)(ks, k))C? (Kg, K)). (B5b)
In Egs. (B5a) and (B5b), Aw = ws + w; — w,, Ak = kg +
k; —k,, and ry represents the position of the center of the
crystal with side lengths of £;, £5, and £3. Note that C® can
be modeled by well-behaved functions that agree very well
with experimental observations [25].

This allows us to use Eq. (B2) to write the state as

W) oc|vac) + Y - CP(ks. kp)lks. ki)
ks, k;

+ ) CW(ks, Ky, Ky, Kp)lks, ki, ky, k) + -

ks Kk
ki K,

(B6)

Perfect momentum correlation. In the case of perfect mo-
mentum correlation, given a particular idler photon wave
vector, k;, we know with certainty that the corresponding
signal photon wave vector will have a fixed value of kg. Such
a situation is attained when the the spatial phase-matching
condition k,, = kg + k; holds to high accuracy and the pump
beam is very well collimated such that the pump field can
be practically assumed to contain only one wave vector k, =
Kky. In this case, the term Hi:l sinc(Ak, ¢, /2) in Eq. (B5a)
can be treated as a delta function, that is, Eq. (B5a) can be
expressed as

CP(ks, k1) =V, g(ks, k1) Ss koK, » B7)
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where g(Ks, K;) represents the rest of the terms on the right-
hand side of Eq. (B5a) and V,,(kg) = V,,. Note that g(kg, k;) is
always proportional to the gain of the crystal.

If we now substitute for C»(kg, k;) from Eq. (B7) into
Eq. (B6) and use Eq. (B5b), we obtain

') =1Ivac) +V, ¥ _ g(ks, ky)|ks, ki)

k;

V2
+ 5 D glhs. kgl kplks. kg i k) + -
k.. K]
(B8)

where kg = ko — k; and ki = ko — K.

APPENDIX C: SPDC IN PERFECTLY CORRELATED
TWO-MODE SCENARIO

In this Appendix, we consider the case of perfect momen-
tum correlation in a two-mode scenario and show how Eq. (2)
is obtained from Eq. (BS).

We suppose that we have only two possible modes into
which each of the signal and idler photons can emit from a
given source. For photons generated at source Q; (Q,), we
label the signal modes u, v (c, d) and the corresponding idler
modes i/, v’ (¢, d") as in the main text. The perfect correlation
condition in this notation is taken to mean that a signal photon
in path u is always accompanied by an idler photon in mode
u' and so on. In principle, this leads to different values of
the function g(ks, k;) defined above, namely, g(u, u'), g(v, v'),
g(c, ), and g(d, d’). To simplify discussion in this two-mode
scenario, we make the assumption that each of these values is
approximately equal, i.e., g(u, ') ~ g(v, V)~ --- = g.

Under this additional assumption, the perfectly correlated
multimode state [Eq. (B8)], produced at source Q; takes the
form

Y"1 =1vac) + gV (ISu, L)1 + ISu, I)1)
+ &VI(1280 21 + 1280, 2Ly)
+|SLMIM’7SU71U/>1)+“. ’ (Cl)

where we have expanded the summation, and we recall that
[aT1?|vac) = ﬁ|2). This is equivalent to Eq. (2).

For completeness, by following a similar procedure to the
above, the state produced by photons generated at source O,
is given by

[¥")2 = |vac) + gVpe'®(ISe, L)1 + 1Sa. Tar)r)
+ PV2O(2S,, 2101 + 1284, 2Ua )y
A 1Se Ly S Tad) 4+ (€2)

where we recall that the pump field at source @, differs from
that at 0 by a randomly fluctuating phase, ©, such that
V,, = V,e®.
APPENDIX D: FURTHER DETAILS ON COINCIDENCE
COUNTING RATE IN THE MULTIMODE SCENARIO

We now calculate the coincidence count rates correspond-
ing to detections at the different possible pairs of outputs

(b, b') of the beamsplitter in the setup shown by Fig. 2(b). A
general expression for the coincidence counting rate at a pair
of points (rkg, Iy, ) is given by
) A A(—
PP (ni, 1) = (0 1] (r ) £ ()

x Ef (ng ) Ef7 () lw®), (@D
where j = b, b’ and | = b, b’ represent outputs of the beam-
splitter, E;+)(rkg,) represents the positive frequency part of

the quantized electric field at output j, £ = {E)}, and
[@) is given by Eq. (21). We note that P;lz)(rks, ry) =

QS%)(rks, r;). The field operators at outputs b and b’ can be
written as

ESP (ri) o as, (Kg) + ie®ag, (Ks), (D2a)

EfP (riy) o ids, (ks) + e ag, (ks). (D2b)

We first consider the case in which both points (rk, ry,) are
located at the output port b. Using Egs. (21), (D1), and (D2),
the coincidence counting rate is given by

Py (rigg, Ty ) o Z [P* (ks. K. K. k)
ki k)
+ PV (ks, K5, kp k) + 2P (ks, kg, Kr k)
x {1+ cos [a(ry,) — a(rg)]}]. (D3)

where Pf4) and P2(4) are contributions from NL1 and NL2,

respectively, and the term containing Pl(g) is due to joint emis-
sions at NL1 and NL2. Equation (D3) is equivalent to Eq. (24).
The explicit forms of Pl(4 , P2(4), and Pl(g) are given by

P (ks Ky, kr, K))
= |CP(ks, k, k7, K)) + C¥ (kg, K, K, k;)
+ CH (K, ks, ki, K)) + CP (KL, ks, K, kp)|?, (Dda)
PV (ks, ki, kp, K))
= |C¥(ks, Ky, ky, k) + CP (ks, ki, K;, k;)
+ C (K, ks, Ky, k) + CP (KL, ks, K, kp)|?, (D4b)
P (ks, ki, ky, K))
= |CP(ks, k;)CP (K, K))
+CP(ks, k))C? (K, k)| (D4c)

We now show the expressions for the other possible coinci-
dence count rates.

We next consider the case in which both points are located
at the output »'. From Egs. (21), (D1), and (D2b), it follows
that

Py (rig.mig) oc Y [P (s, K, Ky, k)
k; k]

+ PV (ks, Ky, k7, K)) + 2P (ks, Ks, k7, K))
x {1+ cos [a(ry) — a(rg)]}]- (D5)

It is to be noted that Pb(,zb)/ has the same expression as Plf,f) .
We finally determine the coincidence counting rate for the
case in which one point is located at b and the other at b'.
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Using Egs. (21), (D1), and (D2), we find that

Py (rig mig) o > [PV (ks, kg, ki, Kp)
ISR'Y

+ PV (ks, ki, ki, K)) + 2P (ks, ks, ky, K))

X {1 — cos [Ol(l’k,) —a(rk;)]}], (D6)
where
P (ks. k. ky. k) = |CP (ks, kj)C? (K, k)
— CP(ks, K))CP Ky, kp)|*. (D7)

APPENDIX E: DENSITY MATRIX TREATMENT

In the main text, we performed the analysis by introducing
a stochastic phase ® and applying the existing formalism
involving pure states. This treatment is equivalent to a more
formal approach that involves mixed states. In this Appendix,
we outline the mixed-state-based approach.

Suppose that three states |v), |¥7), and |y3) are emitted
with probability amplitudes «;, «,, and o3, respectively. If
the emissions are independent (i.e., mutually incoherent), the
quantum state can be expressed as

B = larPlv) (Y] + loa P 1¥a) (Yol + las*ls) (3] (ED)

In our case [Fig. 1(b)], there are three such states that
contribute to coincidence counts at g and & (see also the
discussion in Sec. IIIB): (1) four photons emitted at Q,
creating |V1) = |Su, Sy, Lv, Iy)1, (2) four photons emitted at
Q,, creating |Yn) = |S., Sy, I/, Iy),, and (3) simultaneous
single-pair productions at Q; and @, with two options, creat-
ing |1ﬂ3) = |Suv Iu/>1 |Sd7 Id’>2 + |va Iv’)l |S(,‘7 Ic’>2- Since these
three emissions are independent of each other, we can apply
Eq. (E1) and obtain the resulting density operator as

P oX|Sus Sus Ly L) 1(Sus Sos L, Il
+1Se, Sas ey Lar)2(Ses Sas Loy Lar |2
+ {ISu, L) 118, La)2(Sas Lir12{Su, L1
+ 18y, L) 11Se, Ie)2(Se, 1er12(Sw, Iy 1
+ [Sus L) 11Sas La)2(Se, I 128w, Iy 11 + Heel},  (E2)

where we have dropped a normalization coefficient and
have assumed that the three states are emitted with equal
probability.

We now apply the relation between the kets due to path
identity [Eq. (10)]. Using Eqgs. (10) and (E2), we find that the
quantum state of the system takes the form

Ib x |Iu’a Iv’>1 (Iu’a Iv/|1 ® {lSua Sv)l <Su7 Sv|1
+ 1Sc, Sa)2(Se, Salz + 1Su)11Sa)2(Sal2(Suls
+1S0)11Se)2(Sel2(Su 1
+[E0TIS ) IS)2(Scl2(Suh + Heell), (E3)

where we have dropped a normalization coefficient.
The coincidence counting rate at the pair of outputs 4 and
g is given by

Pyg o tr{p ag(h)ag(g)as(g)as(h)}, (E4)

where as(g) and ag(h) are defined in Egs. (12a) and (12b).
Equations (E3) and (E4) give Eq. (14), i.e.,

Py o< 1+ 1 cos(ps — ds + v1 — ). (ES)

If we follow the same procedure for the multimode pho-
tonic state derived in Eq. (21), we find that

poc Yy Y AICW kg kg Ky Ky )I"CY (ks Ky Ky ki)
ks, kg k¢, Ky
k; k) Kk} Kk}
x (Iks, k)1 (kg, kgl
- P T D K (kg K )
+[C? (kg k) )CP (K, k))I'C (s, k)C? (kg k)
k) LS ® (g2 (K )
® ks K;) 1 (7 K (E6)

In this case, the coincidence counting rate at a pair of points
(rkg, kg ) is given by

PK(VZM) (rks’ rk's) o tr{f)Eé_)(rks)E;_)(rk&)
x BV (rg)EV ()} (ET)

where £ = b, b and m = b, b'. If we set £ = m = b, it follows
from Eqs. (E6), (E7), and (D2) that

P (1 i) o 3 [P0, K K K

k; .k}
+ P\ (ks, Ky, ky, K)) + 2P (K, Ks, k7, K))
x {1+ cos [a(ry) — a(rg)]}]. (E8)

which is the same expression as Eq. (24).

APPENDIX F: AN ALTERNATIVE SETUP TO REALIZE
PHASE-SUBTRACTIVE TWO-PHOTON INTERFERENCE
BY PATH IDENTITY AND NOISE-RESISTANT QUANTUM

PHASE IMAGING WITH UNDETECTED PHOTONS

In this Appendix, we present an alternative setup (Fig. 4)
that can be used to experimentally realize phase-subtractive
interference by path identity and noise-resistant phase imag-
ing with undetected photons. The setup is inspired by an
experiment performed by Herzog et al. [54].

In contrast to the setup presented by Fig. 2(b), this setup
(Fig. 4) employs only one nonlinear crystal. Furthermore, the
geometry of the setup discussed in the main text is similar to
that of a Mach-Zehnder interferometer, whereas the geometry
of the setup presented here is more similar to that of a Michel-
son interferometer. Despite these differences, these two setups
work under the same principle.

As shown in Fig. 4, a nonlinear crystal is pumped from two
sides by two mutually incoherent pump beams. We call these
two pump beams pump 1 and pump 2. Signal and idler pho-
tons generated by SPDC due to pump 1 propagate in beams
S1 and I, respectively. Likewise, signal and idler photons
generated by SPDC due to pump 2 propagate in beams S, and
I, respectively. The four-photon quantum state generated by
these two SPDC processes before path identity is applied is
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detector

undetected = 1

M - mirror
CM - coincidence measurement

NL - nonlinear crystal
S - signal, 7-idler, L -lens

FIG. 4. An alternative setup that employs a single crystal. The
crystal is pumped from two sides by two mutually incoherent pump
beams with stochastic phase difference ©. Mirrors are used to align
paths of signal and idler photons by reflecting them back through
the crystals. Signal photons are then detected, while idler photons
are not.

identical to that obtained for the setup given in the main text.
That is, the state is given by Eq. (21).

Idler beam I, is reflected by a mirror and sent back through
the crystal in such a way that it perfectly overlaps with beam I,

(Fig. 4). Signal beams are also overlapped following the same
procedure. We thus have two path identity relations

i, (k) = (), (),
as, (ks) = e ag, (Ks),

(Fla)
(F1b)

where ¢s is the phase acquired by signal photons, which can
be made to be spatially independent with highly collimated
beams, and « is the spatially dependent phase. Note that a
factor of 2 comes in front of o because the mirror sends the
idler beam through the object twice.

The resulting analysis is similar to that given in the main
text; the only difference is in the path identity relation. We
find that the coincidence counting rate at two points (g, I;)
on the detector is given by

PP (ry, 1) Z [PV (ks. ki, k. K))

ki
+ PV (ks, Kg, ki, Kp) + 2P (ks, ki, kr, k)
x {1+ cos2[a(ry,) —a(ry)]}]. (F2)

where P1(4), P2(4), and Pl(g) are given by Eqgs. (D4a)—(D4c).
If we compare Eq. (F2) with Eq. (24), we find that they are
identical with the exception that « is replaced by 2c.
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