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Nonequilibrium thermodynamics in driven macroscopic self-assembly
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Equilibrium statistical mechanics provides a robust framework for characterizing phase transitions in sys-
tems whose microsopic dynamics are time-reversible. Efforts to develop and validate theoretical frameworks
for time-irreversible, nonequilibrium systems are constrained by experimental data that capture only partial
measurements of the system dynamics. We herein address this limitation using a tunable macroscopic platform
for nonequilibrium physics: millimetric spheres bound by capillary attractions at the fluid interface and driven
out of equilibrium by a field of supercritical Faraday waves. The external driving induces correlated motion
in the particle trajectories and excites structural rearrangements between distinct metastable cluster topologies.
By tracking all microstate transitions experimentally, we directly measure a nonzero entropy production rate
reflecting broken detailed balance and quantifying the system’s departure from equilibrium. The measured
stochastic dynamics are in quantitative agreement with a many-body active Ornstein-Uhlenbeck model, thus
establishing a bridge to a wider class of athermal, self-propelled systems at the microscale. These results invite
corresponding studies with active colloids or passive particles immersed in bacterial baths and shed light on the
dynamics and control of nonequilibrium self-assembly kinetics.

DOI: 10.1103/1j7n-6x11

Introduction. Nonequilibrium processes abound in nature
and technology from the development and self-organization
of living matter [1,2] to the directed assembly of colloids
[3–5] and the coordinated behavior of macroscopic robot
collectives [6,7]. An important aspect of these and myriad
other systems in physics and biology is the existence of
multiple metastable configurations between which the system
can transition. As a consequence of time-reversal symmetry,
in equilibrium statistical mechanics these transitions follow
the directions of steepest ascent and descent in a free-energy
landscape [8,9]. For nonequilibrium systems whose dynam-
ics break time-reversal symmetry, this framework no longer
applies and hence attention has turned to developing a corre-
sponding theory for transitions between nonequilibrium states
[10,11]. However, many microscopic or biological systems
that have inspired the development of such frameworks are
limited to partial experimental observations [12,13] or contain
hidden degrees of freedom that are not readily measured,
rendering experimental validation difficult and often limited
to comparisons with idealized theoretical models.

To overcome these limitations, we herein present a macro-
scopic experimental platform for nonequilibrium physics
consisting of few-particle clusters of spherical particles bound
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by capillary attractions at the fluid interface, driven out of
equilibrium by a field of supercritical Faraday waves that
serve as a tunable active bath (Fig. 1). This macroscopic
realization offers full access to particle dynamics and tran-
sitions between microstates (particle configurations) excited
by the external driving. We leverage this accessibility to
first demonstrate how the cluster occupation probabilities
and transition statistics depend on the strength of the vibra-
tional forcing. We then use these quantities to compute the
entropy-production rate of the system, which is nonzero and
increases monotonically with the forcing, reflecting broken
detailed balance and providing a clear signature of the sys-
tem’s departure from equilibrium. The stochastic dynamics
and emergent statistical observables of the system are in
quantitative agreement with a many-body active Ornstein-
Uhlenbeck (AOU) model whose nonequilibrium behavior
derives from an imbalance between finite-time correlations
in active noise and dissipation. The AOU model has been
shown elsewhere to successfully describe the dynamics of
passive tracers in bacterial baths [15,16], while correlated
active forces are a hallmark of a wider class of nonequilib-
rium self-propelled systems. By demonstrating that entropy
production and broken detailed balance manifest universally
across scales, our results establish a quantitative, experimental
link between the stochastic thermodynamics of macroscopic
systems and microscopic active matter, motivating corre-
sponding investigations of nonequilibrium transition paths in
systems composed of active colloids or immersed in other
athermal environments.

Energetics of capillary clusters. When placed on the qui-
escent surface of a water-glycerol mixture (8:2 by volume,
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FIG. 1. Oblique perspective of a cluster of six spherical particles,
each of radius 0.079 cm, momentarily occupying a triangle config-
uration in a field of supercritical Faraday waves of characteristic
wavelength λ = 0.84 cm. The Faraday waves are visualized using
a reflected color pattern [14]. The complex fluid environment due to
the Faraday waves and horizontal turbulent surface flows plays the
role of an active bath.

density ρ=1058.1 kg/m3, surface tension γ=0.0718 kg/s2,
and dynamic viscosity 0.001 89 kg/ms [17]), fewer than
six spherical polytetrafluoroethylene particles (radius R =
0.79 × 10−3 m) coated with a commercially available spray
(Rust-Oleum NeverWet) self-assemble into a unique ground-
state configuration through the equilibration of capillary and
contact forces, a phenomenon colloquially known as the

“Cheerios effect” [Fig. 2(a)] [18–20]. The addition of a sixth
particle gives rise to three geometrically distinct, metastable
cluster configurations, referred to herein as chevron (C), tri-
angle (T), and parallelogram (P) [Fig. 2(b)]. In the limit
of small interfacial deformations and small Bond number,
the capillary interaction energy between six spherical parti-
cles floating at the fluid interface may be approximated by
U = −U0

∑6
i=1

∑
j>i K0(|xi − x j |/lc), where K0 is the zeroth-

order modified Bessel function of the second kind, xi denotes
the horizontal position of the ith particle in the cluster, the
capillary length of the fluid lc = √

γ /ρg = 2.64 × 10−3 m,
and g = 9.81 m/s2 is acceleration due to gravity [18,21].
The energy parameter U0 = 2πγ R2Bo2�2 ≈ 4.5 nJ, where
the Bond number Bo = (R/lc)2 = 0.1 � 1 and � = 1.38 is
the dimensionless resultant weight of the particle [18,22].
Hence U → 0 for particle spacings much greater than lc.
Computing U for the C, T, and P configurations, we find
U C = −41.3 nJ, U T = −40.9 nJ, and U P = −40.4 nJ and
hence the C configuration is the true ground state of the
six-particle system. (The hypothetical limit lc/R → 0 cor-
responds to short-range nearest-neighbor coupling in which
case the C, T, and P configurations are found to be energeti-
cally degenerate [23].)

Faraday-wave-driven structural rearrangements of few-
particle clusters. In the absence of external forcing, the capil-
lary forces are strong enough that the passive, non-Brownian
particles (kBT/U0 ∼ 10−13, where kB is the Boltzmann con-

FIG. 2. Faraday-wave-driven structural rearrangements of capillary-bound six-particle clusters. (a) Oblique images of the unique ground-
state configurations formed when fewer than six spherical particles of radius 0.079 cm are placed on the quiescent surface of a water-glycerol
mixture. (b) Addition of a sixth particle forms one of three metastable configurations: triangle (T), chevron (C, ground state), or parallelogram
(P). (c) Schematic of our experimental setup. Four clusters are confined to square-shaped corrals filled with a water-glycerol mixture. The
entire setup is vibrated vertically with acceleration � and frequency f above the Faraday threshold �F = 0.9g. Typical experimental cluster
trajectories (solid lines) over a 15 s interval are shown for (d) � = 1.0g and (e) � = 1.2g. The white-to-red colormap along the cluster trajectory
history indicates increasing time. The inset of both panels (d) and (e) plots the long-time experimental distribution of vc = ‖∑6

i=1 ẋi(t )‖2, the
instantaneous speed of the cluster center of mass. The mode of the distribution is 0.83 cm/s for � = 1.0g and 1.16 cm/s for � = 1.2g showing
a speed enhancement of the particles as � is increased. (f) Example of a P-to-C transition when a single bond between two particles (shaded in
pink) breaks. A typical transition occurs over a subsecond timescale (0.18 s in this example).
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FIG. 3. Control of six-particle assembly and transition statistics with vibrational forcing. Transition probability matrices for (a), (b) � = 1g
and (c), (d) � = 1.2g. The top figure in each pair is the experimental results, and the bottom figure the corresponding theoretical prediction
obtained from simulating Eqs. (1). The colors in panels (a)–(d) correspond to the conditional probability Pr(end|start) of finishing in a particular
end state following a transition from one of three starting states. Numerical values of the mean number of pairwise transitions taken over the
four quadrants of the experiment are overlain in panels (a) and (c), with the corresponding theoretical counts overlain in panels (b) and (d).
Transitions that terminate in a C state have higher probability regardless of start state. (e) Experimental statistical steady-state occupation
probabilities for six-particle clusters for �/g = (1, 1.05, . . . , 1.2), where the points represent the mean � computed over the four quadrants
of the experiment. The shaded regions represent the standard error around the mean. Theoretical occupation probabilities predicted from
simulations of Eqs. (1) are plotted as a function of the corresponding values of D and τ (see Ref. [22]) determined from the mean-squared
displacement and velocity-correlation function (solid dash). (f) Plots of the variation in capillary energy, U , when transitioning from a C state
through the breaking of a single bond. The lowest activation energies belong to C-C transitions where one or two particles move around the
periphery of the cluster in a hingelike motion, illuminating why the C-C transitions are favored.

stant and T is temperature) used in the present study are
irreversibly locked-in to one of the C, T, or P cluster con-
figurations [24–26]. This lack of dynamic reconfigurability
contrasts with scenarios where thermal fluctuations are suf-
ficient to overcome interparticle forces and excite transitions
between microstates [23,27]. However, agitation of the par-
ticles by Faraday waves and accompanying turbulent surface
flows [28–31] causes the clusters to translate across the fluid
surface and drives structural rearrangements between the C,
T, and P cluster topologies (Figs. 2(c)–2(f) and Video S1 in
Supplemental Material [22]). To track the particle dynamics,
we confined four sets of six-particle clusters to four sepa-
rate but identical illuminated square chambers, each filled
with 9.0 ± 0.1 ml of water-glycerol solution [Fig. 2(c)]. A
small concave meniscus on the perimeter of each chamber
repelled the clusters away from the boundary. The entire setup
is mounted on an in-house electromagnetic shaker vibrating
vertically with acceleration � cos(2π f t ), where � is the maxi-
mum acceleration, f is the vibrational frequency, and t is time.
An external air bearing guides the motion along a single axis
and a closed-loop feedback system ensures that � remains
within a tolerance of ±0.001g [32]. For all our experiments,
f = 60 Hz, and for the fluid parameters and corral geometry
reported here, the Faraday threshold (the critical value of �

for which supercritical Faraday waves spontaneously appear
on the fluid surface) of the fluid is �F = (0.90 ± 0.03)g. (We
also tested the experiment at f = 80 Hz and found similar
phenomenology but increasing f beyond 80 Hz increased the
tendency of clusters to disintegrate, significantly inhibiting the
collection of reliable statistical data of the particle dynamics.)
For each experimental run, the particles are filmed for 1 h

and 6 min using a camera recording at 40 frames per second
mounted directly over the bath surface, capturing thousands
of transitions over the lifetime of the experiment.

Cluster configurations, and hence transitions between the
C, T, and P microstates, are identified from each clus-
ter’s adjacency matrix in every frame of postprocessed
particle-tracking data [22,23]. A typical cluster rearrangement
involves a single bond between two neighboring particles
breaking before the cluster settles into a new state (Fig. 2(f)
and Video S2 in Supplemental Material [22]), similar to ther-
mally driven colloids [23]. As � is increased, there is an
accompanying speed enhancement of the particles [insets in
Figs. 2(d) and 2(e)] and rearrangements can involve the break-
ing of multiple bonds, the particles taking a more circuitous
route between states thereafter (see Video S2 in the Sup-
plemental Material [22]). On occasion, a particle can detach
from the cluster altogether and freely translate around the bath
surface before eventually docking onto the cluster once more
under the action of attractive capillary forces.

The experimental transition count matrices and resulting
transition probability matrices for � = 1g and � = 1.2g are
shown in Figs. 3(a) and 3(c), respectively. For � = 1g, the
particles spend the majority of time in the C configuration (the
ground state) and most transitions occur between two chevron
states (transitions between chevron chiral enantiomers) that
involve one or two particles moving around the perimeter of
the cluster in a hingelike motion. As � is increased, there is a
corresponding increase in the total number of transitions and
the number of transitions that occur between any two states,
yet transition pathways terminating in a C state are favoured
regardless of whether the cluster starts in a C, P, or T state.
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The appreciable number of T-T transitions for higher � is due
to the aforementioned detachment events where one or two
particles leave the cluster only to later rejoin.

The steady-state occupation probabilities (or stationary
distribution) � of the C, T, and P cluster configurations are
the left eigenvectors of the transition probability matrix P,
specifically the solutions of �T P = �T . Across the range
of � considered, we find that C states are more propitious
followed by P and then T [Fig. 3(e)]. When � = 1g, there are
relatively few instances of T and P configurations compared
to C. However, as � is increased incrementally to � = 1.2g in
steps of 0.05g, there is a monotonic reduction in � (chevron)
and a corresponding increase in the yield of both T and P
configurations. The foregoing observations highlight the role
that forcing amplitude can play in facilitating exploration of
complex energy landscapes in a more generic class of in-
teracting active particle systems with potentially numerous
microstates.

In the present capillary system, the range of particle-
particle interactions is set by the capillary length of the
fluid, which in turn is comparable to the particle size. Con-
sequently, U varies continuously along the entire reaction
coordinate as the particles traverse transition pathways. To
gain further insight into why C states are favored, we con-
sider the one-dimensional energy landscape formed by a
subset of possible transition paths wherein a single bond
breaks in a C cluster and the particles go on to form a
C, P, or T configuration [Fig. 3(d)]. In addition to the C
configuration being the true ground state of the system, we
find that lower activation energies are required to excite
hingelike C-C transitions than any other pathway, and in-
deed C-C transitions are most frequently observed [Figs. 3(a)
and 3(c)]. Beyond energetic considerations, symmetry also
plays a role: In this simplified landscape, there are four dis-
tinct ways to initiate a C-P transition but only one for C-T,
partially compensating for the higher C-P activation energy—
analogous to how degeneracy lowers the free-energy barrier
at equilibrium—with roughly three times as many C-P as
C-T transitions.

Active fluctuations drive structural rearrangements. Al-
though equilibrium arguments provide some intuition, closer
inspection of the transition statistics of the present system
reveals that the system dynamics are not readily understood
within an equilibrium framework. Equilibrium statistical me-
chanics predicts that � is Boltzmann distributed with �(C),
�(P) → 2/5 and �(T) → 1/5 for U � β−1 and �(C)
→ 1 for U � β−1, accompanied by a crossover in �(T)
and �(P) as the inverse Boltzmann energy β varies [22].
However, in the present system �(P) > �(T ) across � and
thus no such crossover is observed in our data [Fig. 3(e)].
This discrepancy motivates us to consider the canonical
measure of the departure of a stochastic process from equi-
librium, namely, the entropy production rate (EPR) σ =∑

i 	= j �iQi j ln(�iQi j/�JQji ), where Qi j is the transition rate
at which the system transitions from state i to j [33]. For
an equilibrium process, forward transitions and their reverse
counterparts are equally likely to be observed and the pro-
cess is said to satisfy detailed balance. This corresponds
to �iQi j = � jQ ji for all i and j, or σ ≡ 0. Applying this
measure to our experimental data, we instead find a nonzero

and monotonically increasing EPR with � [Fig. 4(a)]. By
computing the net probability currents Ji→ j = �iQi j − � jQ ji

between each microstate of the system, we find that this irre-
versibility originates from an imbalance in cyclic probability
currents where there is a persistent tendency for the system to
transition through the states C → P → T → C rather than the
reverse [Fig. 4(b)].

The foregoing observations prompt us to derive a corre-
sponding theoretical model for the particle dynamics. Across
the range of � considered in our experiments, we find
that the particles exhibit an exponentially decaying velocity-
correlation function (VCF) and a mean-squared displacement
(MSD) that is ballistic at short times and plateaus at long
times due to confinement (see Ref. [22] for further details).
These features of the particle motion can in principle be
captured by a Langevin equation with a conservative force;
however, this corresponds to equilibrium dynamics. Further,
while we do not observe significant inertial rebound of the
particles—a hallmark of inertial active systems [34]—we do
observe persistence in the particle trajectories arising from the
coupling of the particles to the fluid-mediated memory of the
nonequilibrium bath. This effect is known to be most pro-
nounced when the particle radius is smaller than the Faraday
wavelength [30], as in the present system. To encompass all of
the foregoing behavior, we project the particle dynamics onto
a many-body active Ornstein-Uhlenbeck (AOU) model [16],
namely,

μẋi =
∑

j 	=i

Fi j + Fcorral + μui, (1a)

τ u̇i + ui =
√

2Dηi, (1b)

where μ = (42 ± 3) mg/s (1 mg = 1 × 10−3 g) is an experi-
mentally determined drag coefficient [22]. The forces (whose
analytical forms can be found in Ref. [22]) on the right-hand
side of Eqs. (1a) from left to right are a conservative, pair-
wise interparticle force that combines the attractive capillary
force and a power-law repulsive force to maintain particle
separation upon contact; a confining force that mimics the
square-shaped corral; and an active force where the propul-
sion velocities ui follow an Ornstein-Uhlenbeck process with
correlation time τ and diffusivity D [Eqs. (1b)]. In contrast to
Brownian motion where τ ≡ 0, the AOU model is out of equi-
librium since finite-time correlations of the active force are not
balanced by corresponding temporal correlations in the drag,
violating the second fluctuation-dissipation relation [35].
Multiparticle interactions and the presence of the confining
potential preclude writing down tractable analytical expres-
sions for the VCF and MSD [36,37]. We therefore parametrize
the model by simulating Eqs. (1) and choosing the D and
τ that best fit experimental measurements of the VCF and
MSD in the L2 norm [22]. The system of equations (1) is then
solved numerically using the semi-implicit Euler-Maruyama
method to resolve stiffness arising through the contact
forces [22,38].

Fit to the fundamental statistical observables of our system,
the predictions of our theoretical model demonstrate excellent
agreement with experiment. Both the transition rates (number
of transitions per unit time) and resultant transition proba-
bilities between microstates closely align with experimental
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FIG. 4. Broken detailed balance at the macroscale. (a) The mean experimental entropy production rate σ as a function of the vibrational
forcing � (dots) compared to theoretical predictions from Eqs. (1) (solid lines) for N = 6 particles. The mean is taken over the four quadrants
of the experiment. The parameters D and τ for the theoretical model are determined from the mean-squared displacement

∑N
j=1〈|x j (t ) −

x j (0)|2〉/N and velocity-correlation function
∑N

j=1〈ẋ j (t ) · ẋ j (t ′)〉/N , where 〈·〉 denotes the average over particle trajectories. The shaded region
represents the standard error taken over each quadrant of the experiment. (b) Steady-state probability current diagram for the representative
case N = 6 and � = 1.2g, illustrating broken detailed balance via a persistent flux loop in the direction C → P → T → C. The quantities
Ji→ j = �iQi j − � jQ ji are the net probability currents between microstates i and j. (Light gray) arrows between microstates indicates the
direction of the pairwise flux, the values corresponding to the magnitude |Ji→ j |. When Ji→ j < 0, the flux is from j to i. The (black) central
arrow indicates the overall direction of the cyclic probability current. (c) Experimental stationary distribution for a seven-particle experiment
at � = 1.2g (green bars) with theoretical predictions of the model (1) shown by the (black) dots. The error bars on top of each probability
bar signify one standard deviation on the mean stationary distribution taken over the four quadrants of the experiment. Inset: Steady-state
probability current diagram illustrating broken detailed balance via the directed cycle Fl → Tu → Bo → Tr. Flux conventions are as in panel
(b). Only one representative cycle is shown for clarity; all other pairwise transitions carry nonzero currents (not shown).

values [Figs. 3(b) and 3(d)]. Likewise, computing the steady-
state occupation probabilities shows an analogous decrease
in C states with increasing forcing and the accompanying
increase in both T and P states [Fig. 3(e)]. Most notably, the
theoretical prediction of the EPR exhibits striking agreement
with experiments across the range of � [Fig. 4(a)] with broken
detailed balance brought on by an analogous imbalance in
cyclic probability currents in state space. We note that in our
simulations when τ = 0 we find no net circulation and σ = 0
as expected at equilibrium. Beyond quantitative agreement,
the success of the theoretical model clarifies the fundamental
physical processes underpinning the dynamics and emergent
statistics in driven capillary self-assembly, specifically fluid-
mediated memory and nonequilibrium driving of the fluid
bath.

Prediction of seven-particle assembly statistics. Given the
success of the model in describing six-particle clusters, it
is natural to ask whether Eqs. (1) has predictive capacity
to capture the behavior of larger assemblies. We therefore
consider a seven-particle system driven at � = 1.2g where,
following the nomenclature of Ref. [39], the four microstates
of the system are categorized as tree (Tr), turtle (Tu), flower
(Fl), and boat (Bo) whose interaction energies are U =
−53.8,−53.2,−56.7, and −52.1 nJ, respectively, rendering
Fl the ground state. Compared to the three-state network of
six-particle clusters, the four-state network of seven particles
already implies a more complex set of possible transition
pathways. Our simulations use the same parameter values for
D and τ as those calculated for the six-particle system at � =
1.2g. Like our six-particle scenario, there is excellent agree-

ment between the experimental and theoretical predictions
of the stationary distribution where we observe the ordering
�(Tr) > �(Tu) > �(Fl) > �(Bo) [Fig. 4(c)]. We note that
these statistics are more akin to those expected at equilibrium
in the high-temperature limit [22], yet in both experiment
and theory we still observe a breakdown of detailed balance
brought on by a corresponding imbalance in cyclic proba-
bility currents with an EPR of σ = (0.04 ± 0.02) s−1 and
σ = 0.03 s−1 in experiment and theory, respectively. The per-
sistence of broken detailed balance despite near-equilibrium
stationary distributions can be attributed to the richer cycle
topology of the seven-particle network, which admits multi-
ple independent cycles that provide additional pathways for
nonequilibrium circulation [see inset of Fig. 4(c), where one
representative cycle is shown for clarity; all pairwise transi-
tions carry nonzero currents].

Discussion. We have explored the emergent assembly
statistics of millimetric particles bound by capillary forces
at the fluid interface and driven out of equilibrium by
supercritical Faraday waves. By directly measuring the en-
tropy production rate both experimentally and theoretically,
we demonstrate a clear breakdown of detailed balance
in this macroscopic system. These findings highlight how
nonequilibrium external driving biases transition between
metastable states that manifest as persistent probability cur-
rents in configuration space absent at equilibrium. The active
Ornstein-Uhlenbeck model captures the essential physics of
the system and points to the possibility that analogous phe-
nomena may be observed and characterized in a broader
class of active particle systems and athermal environments,
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including active bacterial baths [40–43] or systems where the
particles themselves are living or active [44–46].

Our findings invite strategies for controlling colloidal as-
sembly [23,25] in the presence of both thermal and active
fluctuations. At this scale, the depth of the interaction potential
at closest approach for a pair of particles is typically of the
same order as the thermal energy. Hence, thermal fluctua-
tions can alone be sufficient to drive structural rearrangements
between microstates and the stationary distribution is ex-
pected to follow equilibrium statistics. However, the addition
of tunable active fluctuations (induced by light [47,48], for
example) opens the possibility of systematic exploration of
otherwise inaccessible regions of the energy landscape. Cou-
pled with engineered interparticle potentials [49,50], this
approach could enable rich programmable assembly path-
ways and the design of microstate distributions [51]. More
broadly, our results reinforce the notion that macroscopic
active matter systems [52] can serve as versatile test beds for

general principles of nonequilibrium physics and stochastic
thermodynamics, while theoretical modeling bridges insight
into self-organization across disparate physical systems from
microbial communities to robotic swarms and synthetic active
materials.
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