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Thick liquid crystalline cholesteric shells
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We numerically investigate the phase behavior of thick shells of cholesteric liquid crystals with tangential
anchoring at the shell boundary. For achiral liquid crystals, we demonstrate a thickness-dependent transition
from a configuration featuring four disclination lines connecting the inner and outer surfaces to a defect-free bulk
state, where each surface is topologically isolated and features two boojums. Incorporating chirality stabilizes
defect arrangements, including a mixed state combining boojums and disclination lines, as well as blue phases at
high chirality, and we show that shell thickness strongly modulates these transitions. We exploit the metastable
features of the observed phases to obtain an elastically induced rearrangement of the shell surfaces during
a cholesteric hysteresis cycle, stabilizing an alternative configuration that minimizes the free energy at low
chirality. Finally, we consider the case of shells featuring multiple inner isotropic cores, that induce a topological
and morphological reorganization, where some inclusions form a connected cluster with the outer shell, while the
remaining inclusions become isolated. Our work paves the way for exploring dynamic behaviors under external
fields, mixed anchoring conditions, or active flows.

DOI: 10.1103/1g3c-j9vp

I. INTRODUCTION

Liquid crystals (LCs) are a fascinating phase of matter
of enduring interest in physics, serving as a versatile plat-
form for studying and exploiting topological phases [1–7].
Theoretically, LCs offer a unique opportunity to investigate
topological phenomena in experimentally accessible systems,
where the interplay between molecular chirality, confinement,
and defect structures gives rise to complex and often sur-
prising behavior. From an applied perspective, LCs exhibit
unique optical properties arising from their striking interac-
tion with electromagnetic fields that have positioned LCs at
the forefront of applications in nanotechnology, from photonic
crystals [8–10], display devices and laser media [11,12] to
smart nanomaterials [12–15] and sensing devices [16]. This
diverse behavior has motivated a wealth of research, highlight-
ing the tunability of liquid crystals as a platform for creating
materials with engineered optical properties.

Confinement plays a crucial role in shaping the optical
properties of LC [4,17–23]. By restricting LCs within specific
geometries, the topological characteristics of the system—and
thus its defect structures—can be precisely controlled. This is
particularly impactful because the characteristic sizes of LC
defects and distortions often match the wavelength of visible
light, allowing LCs to act as exceptional anisotropic media

*These authors contributed equally to this work.
†Contact author: lcarenza@ku.edu.tr

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

with remarkable optical properties. A compelling demon-
stration of the interplay between topology and geometry is
provided by liquid crystalline spherical droplets and shells
with tangential anchoring. Both conform to the Poincaré-Hopf
[17,24,25] theorem, which dictates that the total topological
charge on any spherical surface must equal the Euler charac-
teristic of the sphere [3,17,26,27], i.e., +2. In LC droplets, this
constraint is satisfied by the formation of boojums, namely,
+1 defects positioned at the poles. In contrast, thin spherical
shells accommodate this requirement through a configuration
of four +1/2 defects arranged at the vertices of a regular
tetrahedron [28,29].

Chirality introduces a further feature to the study of
LCs, playing a central role in stabilizing topological phases
[30–40]. Blue phases (BPs) are a remarkable example [9,41–
48], characterized by networks of skyrmions that arise from
topological frustration as the system accommodates helical
twisting in multiple spatial directions by patching together
double-twist cylinders. When confined, a cholesteric liquid
crystal (CLC) must balance its intrinsic helical twist with the
constraints imposed by finite geometry and its topology. This
competition between topological and geometric frustration
gives rise to phases, enabling precise tuning of LC properties
by adjusting the geometry and size of the confining domain.
This intricate interplay has been the focus of various studies.
For example, de Pablo and co-workers investigated confined
CLC droplets and blue phases [49], revealing that confinement
not only broadens the typically narrow stability range of BPs
but also alters their topological and optical characteristics.
Moreover, some of the authors of the present study demon-
strated numerically that CLCs confined to the surface of an
infinitesimally thin shell exhibit fascinating phases that are
robust regardless of the anchoring conditions on the sphere
[50,51]. In such configurations, BPs appear as arrays of 2D
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skyrmions distributed across the spherical surface, forming
skyrmionic quasi-crystals and amorphous patterns, further ex-
panding the range of phases accessible to confined CLCs.

A particularly interesting setup is the one of thick spherical
shells of LC with degenerate tangential anchoring. This ap-
proach enables the systematic modulation of the competing
effects of chirality-induced topological frustration and geo-
metrical confinement, offering a flexible platform to explore
the resulting phases and defect structures. Experimental stud-
ies on thick shells of CLCs, such as those in Refs. [52,53],
have revealed a variety of topological defect arrangements.
These include configurations beyond the classic bipolar shell
and the four +1/2 defect arrangements, such as the stabi-
lization of a Frank-Pryce-like structure featuring a single +2
defect, as well as intermediate defect configurations. While
the equilibrium properties of nematic and cholesteric shells
have been previously studied through experiments and simu-
lations [4,52–54], the dynamics of thick shells—particularly
under deformable boundary conditions—remain poorly in-
vestigated. Our work bridges this gap by introducing a
computational framework that captures the coupled hydrody-
namic of surface tension and elastic effects in thick cholesteric
shells.

Inspired by prior studies on confined cholesteric liquid
crystals, in this article we numerically investigate the interplay
between topological and geometrical confinement in thick
shells of CLCs, to build a phase diagram of their topological
features at varying the shell thickness and LC chirality. In
this work, we consider the hydrodynamic coupling between
the nematic order parameter and the underlying liquid crys-
talline backflow, critical when studying LC systems featuring
metastability [50]. To this end, we use lattice Boltzmann sim-
ulations to study the phase behavior of CLCs confined in a
thick soft spherical shell modeled as dynamical phase fields,
accounting for the intrinsic dynamics of the shell boundary
mediated by surface tension.

Our findings reveal how the constraints imposed by the
Gauss-Bonnet theorem shape the defect configurations in
shells of varying thickness. This requirement, which ensures
a total topological charge of +2 on any spherical surface,
governs the structures that can emerge under different geo-
metric and chiral conditions. For sufficiently thick shells, we
identify distinct phases depending on the chirality, including
the bipolar structure, +1/2 disclinations connecting the inner
and outer surfaces, and an intermediate phase that combines
features of both. Interestingly, the transition from the boojum
configuration to the four disclination lines can be induced ei-
ther by reducing the shell thickness or increasing the chirality.
In the latter case, the transition exhibits a metastable region
occupied by intermediate states and pronounced hysteresis
effects. For thin shells, the most stable configuration is char-
acterized by four disclination lines, with a direct transition to
BP.

II. THE MODEL

To model thick cholesteric shells, we adopt a hydrody-
namic approach based on coarse-grained order parameters
for nematic ordering and concentration fields. In particular,
we consider a multiphase field approach [55,56] and intro-

duce two scalar phase fields φi(r, t ), with i = 1, 2, and the
nematic Q-tensor Q(r, t ), whose principle eigenvector n—
the so-called director field—defines the local direction of
alignment of the LC. Finally, we consider the incompressible
velocity field v(r, t ). The equilibrium of the system is defined
by the free energy

F =
∫

dr
(

f φ + f LC + f anch
)
, (1)

where f φ is the concentration free energy density, f LC is the
liquid crystal free energy accounting for the isotropic-nematic
transition and elastic properties of the LC, and f anch defines
the anchoring properties of the LC at the shell interface. In
particular,

f φ =
2∑

i=1

a

4
φ2

i (φi − φ0)2 + kφ

2

2∑
i=1

(∇φi )
2 + εφ2

1φ
2
2 . (2)

For a, kφ > 0, f φ describes phase separating fields with two
minima at φi = φ0 and φi = 0 that, at equilibrium, arrange
into spherical droplets with surface tension σ = √

8akφ/9,
and interface thickness ξφ = √

2kφ/a. The interaction term
proportional to ε gives rise to a repulsive contribution (ε > 0)
that allows for the stabilization of the emulsion. The LC free
energy density f LC = f bulk + f el, where

f bulk = A0

[
1

2

(
1 − χ (φ̄)

3

)
TrQ2 − χ (φ̄)

3
TrQ3

+ χ (φ̄)

4
(TrQ2)2

]
, (3)

f el = f sb + f tw = L

2
[(∇ · Q)2 + (∇ × Q + 2q0Q)2] . (4)

In Eq. (3), the bulk constant A0 > 0, and χ (φ̄) is a temper-
aturelike parameter that drives the isotropic-nematic transition
that occurs for χ (φ̄) > χcr = 2.7 [1], where we have denoted
the global concentration field with φ̄ = φ1 + φ2. We choose
χ = χ0 + χsφ̄, with χ0 > 2.7 and χs < 0 to confine the LC
within the region where φ̄ = 0. The elastic free energy den-
sity in Eq. (4) proportional to the elastic constant L captures
the energy cost of elastic deformations in the single elastic
constant approximation [1]. It has been split into a splay-bend
contribution f sb and a twist contribution f tw, which stabilizes
helical structures when the chiral wave number q0 is nonzero.
For q0 > 0, the equilibrium configuration in unconfined ge-
ometries features a right-handed helix with pitch p0 = 2π/q0.
Finally, the anchoring contribution to the free energy

f anch = W
2∑

i=1

[∂αφiQαβ∂βφi] (5)

defines the orientation of the LC at the shell’s interface. We
choose W > 0 to impose tangential anchoring to the surface.

The dynamics of the fields is governed by the following set
of coupled partial differential equations:

Dtφi = M∇2μi, (6)

Dt Q = S(W , Q) + γ −1H, (7)

ρDtv = ∇ · (σhydro + σφ + σLC), (8)
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where the operator Dt = ∂t + v · ∇ denotes the material
derivative. Equation (6) is a Cahn-Hilliard equation for the
conserved concentration field φi, with M the mobility pa-
rameter, and μi = δF/δφi for i = 1, 2 denoting the chemical
potential. Equation (7) is the Beris-Edwards equation ruling
the dynamics of the Q-tensor. The operator S(W , Q) denotes
the corotational derivative and defines the dynamical response
of the LC to straining and shearing. Its explicit form, re-
ported in Appendix A 1, depends on both the velocity gradient
W = ∇v and the Q-tensor configuration. The coefficient γ is
the rotational viscosity measuring the relative importance of
advection with respect to relaxation, and the molecular field
H = − δF

δQ + (I/3)Tr δF
δQ . Finally, Eq. (8) is the Navier-Stokes

equation for the incompressible velocity field (∇ · v = 0) with
constant density ρ. Here, the stress tensor has been divided
into (1) a hydrodynamic contribution σhydro = −PI + η∇v

accounting for the hydrodynamic pressure P ensuring incom-
pressibility, and viscous effects, proportional to the viscosity
η; (2) an interface contribution σφ ; and (3) a LC contri-
bution σLC accounting for elastic and flow-aligning effects
and whose explicit expressions are reported in Appendix A 2.
Unlike mesoscopic methods that rely on molecular pseudopo-
tentials [54], our Landau-de Gennes mean-field framework
provides an optimal balance of spatial and temporal resolution
and computational efficiency while naturally incorporating
hydrodynamic couplings essential for capturing the system’s
evolution. In addition, hydrodynamics actually helps over-
coming the energy barrier typical of metastable states, and hop
over free energy barriers and kinetic traps often displayed by
chiral liquid crystals.

Dimensionless numbers

Thick LC shells can be obtained by encapsulating an
isotropic droplet of the phase field φ1 with radius R1 (φ1 = φ0

for r < R1) into an inverted larger droplet of the phase field
φ2 with radius R2 > R1 (φ2 = φ0 for r > R2). This effectively
realizes a shell of the total concentration field characterized
by φ̄ = 0 where the LC is in the nematic phases, for R1 < r <

R2.
In the following, we will fix the radius of the external

droplet R2 and vary the radius R1 of the internal core. A suit-
able dimensionless number to characterize the shell thickness
is therefore

r = R2 − R1

R2
, (9)

which ranges between 0 and 1. For the limit case of a thin
shell, R1 ≈ R2 and r ≈ 0; conversely for the case of a full
droplet, in absence of an internal core, R1 = 0 and r = 1.

The cholesteric power of the LC will be expressed in terms
of the reduced chirality

κ =
√

108q2
0L

A0χ0
, (10)

proportional to the ratio �c/p0, where the coherence length
�c = √

L/A0 is a measure of how rapidly nematic order decays
in proximity of a topological defect.

(a)

(b)

(c)

FIG. 1. Nematic shells. (a) Thin LC shells are characterized by
four +1/2 topological defects. The defects on the inner and outer
surface of the shell are terminal points of an open disclination line
(yellow line in the zoom). (b) Full nematic LC droplets arrange
into a bipolar configuration, featuring two antipodal boojums. These
defective structures consist of a +1 surface defect that escapes in
the third dimension in the droplet bulk, leaving the droplet’s inte-
rior defect free. Right panel shows the nematic arrangement in the
droplet’s cross section along the plane highlighted in yellow on the
left. (c) Elastic energy F el at varying the normalized shell thickness
r. Dashed gray line marks the transition point between 4DL (four
disclination lines connecting the inner and outer surfaces) and 4B
(four boojums) configurations at r∗

DL-B ≈ 0.6.

III. NONCHIRAL NEMATIC SHELLS

We begin our discussion by analyzing the topological prop-
erties and defect configurations of nematic shells with variable
thickness r in the absence of chirality (κ = 0).

In the limiting case of an infinitesimally thin shell (r = 0),
the LC behaves as a two-dimensional system, and the equilib-
rium configuration is characterized by four defects of charge
s = +1/2 arranged in the so-called baseball ball configura-
tion, summing to a total topological charge of +2, as required
by the Poincaré-Hopf theorem [see Fig. 1(a)]. While the topo-
logical constraint allows for any defect configuration with a
total charge equal to the Euler characteristic of the sphere
χE = 2, the equilibrium state minimizes the free energy, as
described by Eq. (1), for the given geometry. For instance,
the topological requirement could also be satisfied by two
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integer defects of charge s = +1. However, such a config-
uration is energetically unfavorable because the energy of a
two-dimensional defect scales with the square of its charge,
Fdef ∼ s2. Consequently, while topologically equivalent, a
configuration with four half-integer defects is energetically
preferred, as it reduces the defect energy by half compared
to the two-integer-defect arrangement. When the shell thick-
ness r increases to finite values, the topology of the system
changes. Now, the topological constraint must be satisfied on
both the internal and external surfaces of the LC shell. For thin
shells, the baseball ball pattern of four defects is reproduced
across concentric spherical surfaces, from the outer to the
inner shell surface. This leads to the stabilization of four
disclination lines connecting the +1/2 defects on the outer
and inner surfaces of the shell, as illustrated in the magnified
view in Fig. 1(a).

For the limit case of a full LC droplet (r = 1), the topolog-
ical requirement of a total charge of +2 on the droplet surface
remains unchanged. However, in this case, the energetically
favored configuration must minimize the elastic energy of the
whole droplet, not just the surface. This leads to a drastic
change in the defect arrangement. The four disclination lines
give way to the bipolar configuration, i.e., two antipodal boo-
jums on the droplet surface. These singular structures consist
of a surface +1 defect that escapes into the third dimension
within the droplet’s bulk, leaving it free of disclination lines
[see Fig. 1(b)]. In this regard, it is important to remember that
the radial symmetry of +1 defects allows the director to rotate
away from the plane of the defect, so that the singular behavior
in the bulk softly and suddenly vanishes away [27,57]. This is
in stark contrast to semi-integer defects, where a continuous
out-of-plane rotation of the director around the singularity
would introduce a discontinuity along a ray extending from
the singularity—commonly referred to as Volterra’s cut.

Interestingly, we observe a configuration analogous to the
bipolar arrangement for very thick shells (r � 1). In these
cases, the topological requirement on the inner shell surface is
satisfied by the emergence of two additional boojums, while
the nematic pattern in the bulk remains devoid of disclination
lines [see Figs. 2(a) and 2(b) for reference].

Having described the two limiting cases, we now address
the transition between these states as the shell thickness r
varies. Specifically, we find that the system undergoes a
transition from a configuration with four disclination lines
connecting the inner and outer surfaces (4DL) to one char-
acterized by four boojums (4B), where the defect lines vanish
entirely from the bulk. This transition occurs at a critical shell
thickness of r∗

DL-B ≈ 0.6. We rationalize this transition as a
balance between the elastic energy contributions from the bulk
and the surfaces. For configurations with disclination lines,
the +1/2 surface defects are energetically favored over integer
defects due to their lower surface energy. However, the energy
of the disclination lines scales linearly with their length, mak-
ing them increasingly costly as the shell thickness grows. In
contrast, boojums, despite their higher surface energy due to
the +1 charge, completely eliminate disclination lines from
the bulk. This results in a weakly deformed nematic director
field within the bulk, significantly reducing the bulk elastic
energy for r > r∗

DL-B. This is evidenced by the behavior of the
splay-bend contribution to the elastic energy, which stabilizes

at a constant value beyond the transition [see Fig. 1(c)]. This
is primarily attributed to localized splay deformations near
the boojums. Meanwhile, the twist contribution to the elas-
tic energy decreases as the shell thickness increases, further
minimizing the total elastic energy.

IV. CHOLESTERIC LC SHELLS

We now turn our attention to cholesteric liquid crystalline
shells. In the presence of chirality, we observe a wide range of
configurations that depend on both the chirality of the liquid
crystal and the shell thickness. We begin by describing their
topological properties and then discuss their stability.

4B. As outlined in the previous section, the topological
constraint of a total +2 topological charge can be satisfied
by the formation of two boojums on both the inner and outer
surfaces of the shell [Fig. 2(a)]. When chirality is introduced,
the internal arrangement of the liquid crystal adapts to incor-
porate a twisting deformation with a pitch determined by the
equilibrium cholesteric wave number q0 [Fig. 2(b)]. Under
cross-polarized light oriented parallel to the axis defined by
the four boojums, the transmitted light intensity is enhanced
along this axis and displays a characteristic modulation in
the transverse direction, reflecting the twisted liquid crystal
pattern.

4DL. In the presence of chirality, the 4DL structure retains
its defining feature of four disclination lines connecting semi-
integer defects on the inner and outer surfaces of the shell. Due
to the imposed equilibrium twist, the disclination lines adopt
a helical configuration [Fig. 2(c)]. In particular, at sufficiently
high chirality, the liquid crystal in the bulk forms skyrmionic
structures that emerge between each pair of disclination lines,
as illustrated in the cross section shown in Fig. 2(d). Cross-
polarizer experiments reveal a distinctive quadrupolar pattern,
with shadowed regions corresponding to the positions of the
four disclinations and intensity modulations indicative of the
internal twisted arrangement.

2B-2DL. Not encountered in absence of chirality, the
2B-2DL structure is a mixed structure resulting from the
combination of the 4B and 4DL configuration. It features
two boojums (one on the internal and one on the external
surface) and two disclination lines connecting semi-integer
surface defects on the internal and external surface [Fig. 2(e)].
The resulting configuration in the bulk is characterized by
an escaped configuration in the region occupied by the two
boojums and a skyrmionic structure separating the two discli-
nation lines. The cross-polarizer textures reveal a strong
luminosity in correspondence of the skyrmionic structure
[Fig. 2(f)]. Notably, we observe that the inner core of the shells
exhibiting a 2B-2DL structure is slightly displaced from the
center, shifting toward the shell surface along the direction of
the disclination lines.

BP. The BP is a topological phase that emerges at
sufficiently high chirality and is characterized by a three-
dimensional network of disclination lines [Fig. 2(g)], which
accommodate an array of double-twist cylinders in the
director field [Fig. 2(h)]. In our simulations, the disclina-
tion network does not exhibit periodicity, resulting in a
structure that resembles an unconfined blue phase of type
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(e) (f)

(a)

(c) (d)

(g) (h)

(b)

FIG. 2. CLC shells. Typical defect configurations, cross-polarizer textures, and bulk arrangement of director field for (a), (b) 4B state (r =
0.74; κ = 0.2); (c), (d) 4DL state (r = 0.76; κ = 0.6); (e), (f) 2B − 2DL state (r = 0.66; κ = 0.64); and (g), (h) BP state (r = 0.68; κ = 0.84).
The red-white arrows at the top right corner of the panels on the left define the cross-polarizer orientation. Right panels [(b), (d), (f), and (h)]
show the director field (white rods) on the inner shell surface and on the central slice parallel to the cross-polarizer plane. In all panels, the
full three-dimensional disclination lines are shown as yellow-orange curves, except in panel (h), where they are omitted for clarity due to the
complexity of the BP disclination network.

III, commonly referred to as blue fog [41,45] due to its diffuse
and irregular optical appearance under cross-polarizers.

Phase behavior of CLC shells

We now analyze the stability of the four states discussed
in the previous section as a function of shell thickness r

and reduced chirality κ . The complete phase diagram of the
system is shown in Fig. 3.

In Sec. III, we described the transition from the 4DL
configuration (green region in Fig. 3) to the 4B configura-
tion (red region) as the shell thickness exceeds the critical
value r∗

DL-B. For low chirality (κ∗ � 0.2), this transition re-
mains unchanged. This is because for chirality to affect the
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FIG. 3. Phase diagram. Phase diagram at varying normalized shell thickness r and reduced chirality κ .

transition, the equilibrium pitch must be comparable to the
shell thickness, i.e., p0 ≈ R2r∗

DL-B, which corresponds to κ =
0.22, in agreement with our observations.

As chirality increases beyond κ∗, the stability range of the
4DL configuration extends to thicker shells. This occurs be-
cause the topological frustration introduced by chirality forces
the liquid crystal in the bulk to a chiral arrangement, lead-
ing to helical disclination lines that accommodate skyrmionic
structures [Figs. 2(c) and 2(d)]. Notably, the transition be-
tween 4DL and 4B regions in the phase diagram of Fig. 3
is now separated by a phase coexistence region (shaded in
Fig. 3), where 4DL, and 4B, and 2B-2DL configurations are
observed. The 2B-2DL configuration stabilizes for thicker
shells (r � 0.82) and intermediate chirality values (0.4 � κ �
0.6) colored blue in Fig. 3. For higher chirality values (κ >

κ∗
BP = 0.6), BP states emerge for thick shells (yellow region

in the phase diagram of Fig. 3). This roughly corresponds
to the transition points between a helical state and the BP in
an unconfined geometry [48,49]. Interestingly, the frustration
of the helical LC pattern induced by the shell thickness at
small r, allows for the stabilization of 4DL states even at
large chirality. This effect is particularly evident for r < r∗

DL-B,
consistent with the requirement that the pitch p0 of the blue
phase’s double-twist cylinders matches the shell thickness.
Finally, for κ > κISO = 1.5, the BP structure transitions to
the isotropic phase (purple region Fig. 3), independently of
the thickness, analogously to what happens in bulk and under
spherical confinement [48,49].

To better characterize the transitions between the various
phases described above, Fig. 4 shows the elastic energy F el

and the total length of the disclination lines � normalized
by the shell thickness �R as functions of chirality κ for a
shell with reduced thickness r = 0.84 (details on the numer-
ical implementation of disclination line detection provided in
Appendix C 1). At low chirality, the shell adopts the 4B con-
figuration, where disclination lines are effectively absent. As
chirality increases, the system transitions to the region charac-
terized by phase coexistence, where it alternates between the
2B-2DL and 4DL configurations. This transition is marked by
a significant rise in the total length of the disclination lines.

In this region, we perform up to 10 independent simulations
for each parameter point, starting from different random ini-
tial conditions. Among these, the configuration attaining the
lowest final free energy is reported in the phase diagram of
Fig. 3 as the representative state. With further increases in
chirality, the disclination lines lengthen as they develop helical
structures that extend beyond the shell thickness �R. When
the system enters BP, the length of the disclination lines �

continues to grow due to the formation of the network of
double-twist cylinders and their shrinkage as κ increases. This
effect is further accompanied by the monotonous increase
in the elastic energy. Finally, as chirality exceeds κISO, the
system transitions to the isotropic phase, causing the elastic
energy to drop.

FIG. 4. Characterization as a function of κ for r = 0.84. The top
panel shows the total elastic energy F el, plotted as a function of the
reduced chirality κ . The bottom panel displays the total disclination
line length �, normalized by the shell thickness �R = R2 − R1, with
the y axis plotted on a logarithmic scale. Data points in both panels
are color coded according to the phase diagram in Fig. 3, as indicated
by the legend in the bottom panel.
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(b)

(a)

(c)

(i) (ii) (iii) (iv) (v) (vi)

FIG. 5. Hysteresis test at r = 0.71. (a) Gallery of configurations observed during the hysteresis test, with disclination lines highlighted
in orange. (b) Elastic free energy, F el, as a function of reduced chirality, κ . The inset provides a closer view of the low-chirality region
during the hysteresis test. (c) Relative displacement of the center of mass of the internal droplet, rcm

1 , with respect to the center of mass of the
external droplet, rcm

2 , normalized by the radius of the external droplet, R2. The curves in panels (b) and (c) are color coded to correspond to the
configurations described in the legend of panel (b). Colored dots in panels (b) and (c), labeled with Roman numerals, indicate the configurations
shown in panel (a). The colored bars at the bottom of panels (b) and (c) denote the observed phases, as reported in the phase diagram of Fig. 3
for r = 0.71. The dashed region labeled as MS refers to the metastability region observed in panels (a)(ii) and (a)(v).

V. HYSTERESIS TEST

To further investigate the nature of the transitions between
configurations, we perform a hysteresis test by quasi-statically
increasing the chirality of the CLC in a shell with reduced
thickness r = 0.71. Starting from a chirality-free initial state
in the 4B configuration [Fig. 5(a)(i)], we tracked the changes
in configuration by plotting the elastic free energy F el as a
function of reduced chirality in Fig. 5(b). Notably, the 4B
configuration remained stable up to κ � 0.57, well beyond the
transition point κPC−DL(r = 0.71) � 0.5 between phase coex-
istence and 4DL state, therefore indicating strong metasta-
bility within the phase coexistence region identified in the
phase diagram. Beyond κ � 0.57, the system transitioned into
spurious metastable configurations, as shown in Figs. 5(a)(ii)
and 5(a)(v). This state is labeled in Figs. 5(b) and 5(c) as
MS. Here, the two boojums on the external surface split into
pairs of semi-integer surface defects connected by disclina-
tion lines. On the inner shell, one boojum remained stable,
while the other split into semi-integer defects connected by
a disclination running through the droplet’s bulk. This re-
arrangement significantly affected the internal shell surface,
which shifted in the direction of lower disclination density. To
quantify this effect, Fig. 5(c) plots the relative displacement
of the internal droplet’s center of mass rcm

1 with respect to
the external droplet’s center of mass rcm

2 (details are given
in Appendix C 2). The internal droplet’s asymmetry increased
markedly with chirality and stabilized once the system entered
the BP phase at κ � 0.75. In this phase, the displaced inter-

nal core favored the formation of a network of double-twist
cylinders in the region vacated by the core [Fig. 5(a)(iii)].
Upon further increasing κ , the center-of-mass displacement
stabilized until we reversed the process by quasi-statically de-
creasing chirality. During this stage, the inner core was pushed
rapidly toward the outer shell, as shown in Figs. 5(a)(iv) and
5(c). This effect arose because the decreasing chirality en-
larged the double-twist cylinders, generating elastic pressure
in disclination-rich regions that progressively pushed the inner
core outward. This process also caused the elastic free energy
to decrease more rapidly than during the chirality-increasing
phase [Fig. 5(b)]. Below κ � 0.4, the disclination network
collapsed, leaving behind metastable spurious configurations
[Fig. 5(a)(v)], which eventually transitioned to the 2B-2DL
state at κ � 0.3. However, unlike the thermalization experi-
ments used to draw the phase diagram of Fig. 3, which began
from a high-temperature isotropic state, the internal core in
this case remained off-center, almost contacting the external
surface [Fig. 5(a)(vi)]. In this configuration, the disclination
lines had minimal extension, enabling a defect-free bulk con-
figuration in the limit of vanishing chirality. The energy of
this state matched that of the 4B configuration [Fig. 5(a)(i)],
as shown in the inset of Fig. 5(b).

VI. MULTICORE CHIRAL SHELLS

We now turn to liquid crystal droplets containing multiple
isotropic inclusions. In this set of numerical experiments,
the size of the inner droplets is kept constant, while we
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FIG. 6. Multiple inclusions. Gallery of defect configurations observed in multicore chiral shells. Disclination lines are highlighted in
yellow. The size of the inner isotropic droplets is fixed at R1 = 12 (r = 0.68).

systematically vary both the number of inclusions and the
reduced chirality parameter, κ .

We begin by considering the achiral case (κ = 0), shown
in the first column of Fig. 6. For droplets with two inclusions,
the defect configuration is relatively symmetric: The outer
shell hosts four +1/2 disclinations, each connected to a +1/2
defect on the surface of an inclusion. To satisfy the topological
constraint on each inclusion, a boojum forms on its surface.
Increasing the number of inclusions to three introduces a more
intricate network. One inclusion is connected to the outer shell
by two disclination lines and carries a boojum, while the other
two inclusions are linked to the outer shell through single
disclination lines and are mutually connected by an additional
disclination; these inclusions also exhibit two boojums each.
When the number of inclusions reaches four, the system re-
organizes into two pairs of droplets. Within each pair, the
inclusions are connected by a disclination line terminating
at +1/2 defects on their surfaces, while each droplet also
connects to the outer shell through a separate disclination and
carries a boojum.

Introducing chirality modifies these configurations dif-
ferently for cases with different number of inclusions.
For moderate chirality (κ � 0.5), the overall topology for
two-core emulsions remains unchanged, with chirality pri-
marily affecting the length, and twisting of the disclination
lines. However, for higher number of inclusions (three- and

four-core emulsions), the system undergoes a topological
reorganization. In these cases, two inclusions preferentially
localize near the outer shell and are connected to both the
outer shell and each other by disclination lines, while the
remaining inclusion(s) remain isolated, each hosting two boo-
jums (see also Movies S1 and S2 in the Supplemental Material
[58]). This behavior suggests that chirality energetically fa-
vors configurations with fewer disclination lines, promoting
defect-free twisting regions instead.

Upon further increasing chirality (κ � 0.6), the system
transitions into a blue phase. Here, the inclusions migrate
toward the outer shell, with a dynamics similar to that pre-
viously described in the hysteresis test of Sec. V, leaving
behind a continuous liquid crystalline matrix that develops
an intricate defect lattice characteristic of the blue phase. The
segregation of the inner cores to the outer surface effectively
decouples the topology of the inclusions from the bulk defect
network, therefore allowing the LC to develop double-twist
structures expected in bulk for large chirality.

VII. DISCUSSION AND CONCLUSIONS

In this study, we numerically investigated the interplay
between topological and geometrical constraints in thick CLC
shells. Our numerical approach enables the simulation of
the full nemato-hydrodynamic equations in a shell geome-
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try of arbitrary thickness while accounting for the intrinsic
dynamics of the shell boundary mediated by surface tension
and anchoring couplings with the confined LC. For nematic
LC shells without chirality, we demonstrate that increasing
shell thickness drives a transition from a 4DL configuration,
where the inner and outer shell surfaces are connected by
four disclination lines, to a configuration in which the two
shell surfaces are topologically isolated, each featuring two
boojums (4B). This transition arises from a balance between
elastic bulk and surface energies. Thin shells favor the 4DL
arrangement due to the reduced surface energy of s = +1/2
defects, whereas thicker shells minimize bulk elastic energy
by adopting the 4B state, which eliminates disclination lines.
Introducing chirality stabilizes configurations not observed in
nonchiral nematic LCs. At low chirality, corresponding to a
pitch larger than the shell thickness, the behavior remains
analogous to nematic shells, with transitions dominated by
shell thickness alone. At higher chirality, however, chiral frus-
tration leads to helical distortions of the disclination lines
and the emergence of skyrmionic structures. For intermediate
chirality and thick shells, we observe a mixed state (2B-2DL),
which combines boojums and disclination lines, balancing
elastic energy contributions from bulk and surface. At high
chirality, the system transitions to the BP state, characterized
by a disordered network of double-twist cylinders, resembling
the unconfined blue fog phase. Interestingly, the transition to
the BP state is strongly influenced by shell thickness, with
thinner shells delaying the onset of this phase. Our simulations
also reveal phase coexistence between 4DL, 4B, and 2B-2DL
states, suggesting a rich energy landscape with multiple lo-
cal minima. This underscores the importance of the system’s
history, initial conditions, and external perturbations in deter-
mining the equilibrium configuration.

Our findings are qualitatively consistent with prior ex-
periments on CLC shells. In Refs. [52,53], Darmon et al.
reported five distinct defect morphologies, three of which—
4B, 4DL, and 2B−2DL—also arise in our simulations. The
remaining two experimental states involve (1) two disclina-
tion lines joining the inner and outer interfaces with local
+1/2 and +3/2 profiles, and (2) a single defect on each
surface (net surface charge +2) connected by a Dirac string
(the Frank-Pryce structure [4]). We do not observe these
latter configurations numerically, plausibly because they are
metastable (the first is rare experimentally) and/or require
elastic anisotropy or anchoring asymmetry beyond the one-
elastic-constant approximation adopted here. Despite this, the
close agreement on the most frequently realized states sup-
ports the validity of our framework, which we use to build
the full phase diagram and reconstruct the three-dimensional
organization of disclination networks. Importantly, to address
potential metastability induced by geometric constraints, we
integrate the full hydrodynamic Q-tensor dynamics, explic-
itly coupling elasticity and flow to capture defect transport,
reconnection, and annihilation, which guide the relaxation of
the system together with shell deformations, as highlighted
by the hysteresis test. Finally, We further generalize to mul-
ticore shells and uncover a geometry-controlled topological
recombination driven by the additional inner interfaces. Taken
together, these results provide a quantitative, predictive bridge
between theory and experiment and reveal design principles
for steering defect topology in CLC shells.

These findings form the basis for future investigations into
the dynamic behavior of these systems under external stimuli,
mixed boundary conditions, or in multicore emulsions. Ad-
ditionally, it would be intriguing to explore how activity and
self-sustained flows [55,59–64,66] influence the topological
states observed at equilibrium.
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APPENDIX A: NEMATO-HYDRODYNAMICS

1. Corotational derivative

The explicit expression of the corototational derivative
S(W , Q) appearing in Eq. (7) is given by

S(W , Q) = (ξD + �)(Q + I/3) + (Q + I/3)(ξD − �)

− 2ξ (Q + I/3)Tr(QW ), (A1)

Here, D = (W + W T)/2 and � = (W − W T)/2 are the sym-
metric and antisymmetric part of the velocity gradient tensor
Wαβ = ∂βvα , respectively. The flow alignment parameter ξ

determines the aspect ratio of the LC molecules and the
dynamical response of the LC to an imposed shear flow.
Here, we choose ξ = 0.7 to consider flow-aligning rodlike
molecules.

2. Stress tensor

The explicit expression of the interface contribution σφ to
the total stress is given by

σ
φ

αβ =
2∑

i=1

[(
f − φi

δF
δφi

)
δαβ − ∂ f

∂ (∂βφi )
∂αφi

]
, (A2)

while the explicit expression of the LC contribution is

σ LC
αβ = −ξHαγ

(
Qγ β + 1

3
δγβ

)
− ξ

(
Qαγ + 1

3
δαγ

)
Hγ β

+ 2ξ

(
Qαβ − 1

3
δαβ

)
QγμHγμ + Qαγ Hγ β − Hαγ Qγ β

− ∂αQγμ

∂ f

∂ (∂βQγμ)
. (A3)
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APPENDIX B: NUMERICAL EXPERIMENTS

1. Simulation protocol

We integrate the dynamics of the hydrodynamic fields
in Eqs. (6)–(8) in a cubic grid of size L = 128 with
a predictor-corrector hybrid lattice Boltzmann approach
[67,68] consisting of solving Eqs. (6) and (7) with a finite-
difference algorithm implementing first-order upwind scheme
and fourth-order accurate stencils for space derivatives, and
the Navier-Stokes equation through a predictor-corrector LB
scheme on a D3Q15 lattice. For technical details on the lattice
Boltzmann method implemented here, refer to Refs. [68,69].

For the quenching experiments from high-temperature con-
figurations used to produce the phase diagram in Fig. 3, the
system is initialized in the following manner. The concentra-
tion field φ1 is set as a spherical droplet with radius R1, where
φ1 = φ0 inside the droplet and φ1 = 0 outside it. Similarly,
the concentration field φ2 is initialized as a spherical droplet
with radius R2 > R1, where φ2 = 0 inside and φ2 = φ0 out-
side. This configuration produces a global concentration field
φ̄ = φ1 + φ2 that is zero within a spherical shell between the
internal radius R1 and the external radius R2, and reaches the
value φ0 outside this shell and within the internal inclusion.
The Q-tensor is initialized in an isotropic state outside the
shell, while inside the shell it is initialized with a small ampli-
tude and a random orientation. The velocity field is initialized
to 0.

For the hysteresis test presented in Fig. 5, we started from a
4B configuration obtained in absence of chirality and reduced
thickness r = 0.71, according to the previous protocol. Then,
we have steadily increased the chirality at a rate of �q0/�t =
3.5 × 10−6 [L]−1/iteration, corresponding to a variation of
the reduced chirality of �κ/�t = 2 × 10−6 (iteration)−1.

2. Simulation parameters and mapping to physical units

In this study, we varied two control parameters: (1) the
radius R1 of the internal droplet, which was varied between
0 and 29 while keeping the outer droplet radius R2 = 38
constant, corresponding to a variation of the normalized
radius r from 1 to 0.24; and (2) the chiral power q0, which
was varied between 0 and 0.54, corresponding to a variation
of the reduced chirality κ from 0 to 1.6. In particular,
a = 0.091, φ0 = 2.0, kφ = 0.13, ε = 0.01, M = 0.35, A0 =
0.13, χ0 = 2.85, χs = −0.25, L = 0.03,W = 0.05, ξ =
0.7, γ = 1.0, ρ = 2.0, and the viscosity η = 1.67. A mapping
from lattice units to physical units can be obtained by fixing
the relevant length, time, and force scales, respectively, given
by l∗ = 100 nm, t∗ = 1 µs, f ∗ = 250 pN which are set to 1
in LU [50,51,70]. Some relevant parameters are reported
in Table I. Following Ref. [71], for the case of 5CB liquid
crystal with 5% CD1 chiral dopant at 30◦C, we propose here
an approximate estimation of this experimental setting in
terms of our rescaled dimensionless units. Assuming for the
elastic constant L ≈ 7.5 pN the average value of the three
elastic contributions (splay, twist, and bend) and a coherence
length �c ≈ 50 nm (see also Ref. [72]), we can therefore
estimate the value of the bulk constant A0 from the relation
�c = √

L/A0. This gives for the reduced chirality κ ≈ 0.6.

TABLE I. Mapping between simulation and physical units.
Length scale l∗ = 100 nm, timescale t∗ = 1 µs, and force-scale f ∗ =
250 pN are set to 1 in LB units.

Model parameter Simulation units Physical units

Shear viscosity, η 5/3 41.67 mPa s
Elastic constant, L 0.03 7.5 pN
Shape factor, ξ 0.7 dimensionless
Diffusion constant, D = Ma 0.03185 318.5 µm2/s
Coherence length, �c = √

L/A0 0.48 48 nm
Internal radius, R1 0–29 0−2.9 µm
External radius, R2 38 3.8 µm
Pitch, p0 �11.6 �1.16 µm

3. Free energy relaxation

After initializing the Q-tensor to an isotropic state out-
side the shell and to a small amplitude, randomly oriented
field inside, we fix the control parameters (chirality and in-
ner droplet radius) and evolve the system to steady state.
Steady state is identified by the total free energy reaching
a time-independent plateau, where the relative free-energy
variation satisfies �F/F < 10−3, with �F evaluated over a
lapse of �t = 103 iterations. This typically requires 5 × 105

iterations. Figure 7 shows the time evolution of the elastic
free energy and its twist and splay-bend components for four
representative parameter sets, corresponding to the phases
displayed in Fig. 3.

In the phase coexistence region, the system exhibits strong
sensitivity to initial conditions, as multiple locally stable
configurations can emerge for the same set of parame-
ters. Consequently, distinct random initial states may evolve
toward different metastable equilibria. In this region, we
perform up to ten independent simulations for each param-
eter point, starting from different random initial conditions.
Among these, the configuration attaining the lowest final free
energy is reported in the phase diagram of Fig. 3 as the
representative state.

FIG. 7. Free energy evolution. Elastic free energy, decomposed
into its twist and splay-bend components, is plotted as a function of
time for the phases indicated in the legend: BP (κ = 1.25), 4DL (κ =
0.61), 2B − 2DL (κ = 0.44), and 4B (κ = 0.19). The inner isotropic
droplet size is fixed at R1 = 6 (r = 0.84).
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APPENDIX C: MEASUREMENTS

1. Disclination line identification

To classify the configurations among the states reported in
the phase diagram of Fig. 3, we analyze the disclination lines
as described below. We identify disclination lines and quantify
their lengths using the disclination density tensor introduced
by Schimming and Viñals [73]

Di j = εiμν ε jlk ∂lQμα ∂kQνα, (C1)

where i, j, k, l, α, μ, ν denote tensor indices, with summation
implied over repeated indices. The Frobenius norm ‖D‖F

measures the local spatial variation of the Q-tensor and attains
its maximum along the disclination cores, making it a natural
measure for detecting disclination lines.

Near the core, the tensor D(r) can be accurately approxi-
mated as rank one, reflecting a single dominant rotation axis
and tangent direction. In the idealized core limit, the approxi-
mation is exact, allowing Eq. (C1) to be reformulated as

D(r) = s(r)(�(r) ⊗ T (r)), (C2)

where �(r) and T (r) are unit vectors representing the local
rotation axis of the director field and the tangent to the discli-
nation line, respectively. The scalar field s(r) quantifies the
local magnitude of D and is given by the Frobenius norm,
s(r) = ‖D(r)‖F .

From Eq. (C2), the local rotation axis � and the discli-
nation tangent T are identified as the nondegenerate eigen-

vectors of DDT and DTD, respectively. Since sgn(Tr(D)) =
sgn(� · T ), fixing the direction of T uniquely determines the
orientation of �. It should be noted that the tensor D is not
strictly rank one except in the idealized core limit. However,
the dominant eigenvectors of DDT and DTD still provide
robust and reliable estimates of � and T even away from the
idealized core limit.

For the phases observed in our simulations, disclination
cores are identified as regions where s(r) � scut, with scut =
0.033 for 4B, scut = 0.035 for 2B − 2DL, scut = 0.038 for
4DL, and scut = 0.025 for the BP phase. For each phase,
points exceeding the corresponding threshold are selected.
The local tangent vector T , obtained from the dominant eigen-
vector of DTD, is then used to order the points along each
line. After ordering, the resulting curves are smoothly inter-
polated to form continuous disclination lines, from which the
total disclination lengths are then computed.

2. Analysis of the center of mass

The center of mass of each droplet has been computed as

rcm
i =

∫
dr r ϑH

(
φi − φ0

2

)
∫

dr ϑH
(
φi − φ0

2

) , (C3)

where ϑH (x) is the Heaviside step function taking the value 0
when x < 0, 1/2 at x = 0, and 1 when x > 0.
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