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Random exclusion codes: Quantum advantages of single-shot communication
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Useful applications of quantum information technologies can be found by identifying tasks in which quan-
tum resources outperform their classical counterparts. In this work, we introduce a two-party communication
primitive, random exclusion code (REC), which is a single-shot prepare-and-measure protocol where a sender
encodes a random message into a shorter sequence and a receiver attempts to exclude a randomly chosen letter in
the original message. We present quantum advantages in RECs in two ways: probability and dimension. We show
that RECs with quantum resources achieve higher success probabilities than classical strategies. We verify that,
with the additional constraint that successful outcomes occur uniformly and without error, the quantum resources
required to describe detection events of RECs have a smaller dimension than classical ones. We also show that a
guessing counterpart, random access codes, may not have a dimension advantage over classical resources. Our
results elucidate various possibilities of achieving quantum advantages in two-party communication.
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I. INTRODUCTION

One of the key challenges in quantum information theory
is to address information tasks that demonstrate the distinct
nature of quantum and classical resources. A gap in perfor-
mance appearing from the distinction, even if it is small, may
be amplified toward practical applications, namely, quantum
advantages in communication [1]. It is hence of both fun-
damental and practical importance to identify the simplest
information scenario, such as a point-to-point communica-
tion protocol, such that quantum advantages are present. The
Holevo theorem, concerning the channel capacity with i.i.d.
quantum states, was the first attempt along these lines but
failed to show a quantum advantage [2–4].

It was the study of random access codes (RACs) that
verified the existence of quantum advantages in two-party
communication [5–8]. We emphasize that the setting is a
single-shot scenario, in which a single outcome is obtained
from a detection event, from which a receiver learns about
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a message. The guess is then correct with some probability.
The quantum advantage is demonstrated by the fact that the
guessing probability in RACs is higher if quantum, rather than
classical, resources are used.

Although the connection is not direct, RACs are closely
related to quantum state discrimination [9–12]. Interestingly,
quantum state exclusion, also known as antidiscrimination,
which efficiently excludes a state from an ensemble, has been
used as an effective tool to clarify the distinctions between
quantum and classical resources in single-shot experiments
[13–16]. Quantum advantages can be obtained in terms of a
success probability [17,18], and a quantum-classical gap is
also present in detection events. The Pusey-Barrett-Rudolph
(PBR) theorem [14], for instance, rules out a certain interpre-
tation of quantum states by pinpointing a detection event that
cannot happen with quantum resources.

Upon examining the fundamental tasks closely, it becomes
clear that discrimination and exclusion are distinct in nature.
Perfect discrimination of states may achieve perfect exclusion
by reassigning events to different labels. The converse does
not generally hold. Quantum state exclusion is thus opera-
tionally more general. State exclusion may therefore lead to
greater possibilities of quantum advantages.

As discussed above, efforts to distinguish quantum and
classical resources in a single-shot scenario take one of several
approaches. One is to compare the success probability for a
single detection event. As with RACs, the probability with
quantum resources may be higher than that with classical
resources. The other approach is to take into account detec-
tion events. Along these lines, the PBR theorem signifies a
detection event that is impossible with quantum resources but
is possible with independent ontic preparations [14,19]. Note
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that the Bell theorem is comparable to the latter in that it also
rules out an ontic interpretation of quantum states; in contrast
to the PBR result, two parties repeat a Bell experiment for
estimating joint probabilities [20,21]. It is worth mentioning
that the quantum-classical gap from the Bell theorem has been
developed as a practical tool for device-independent quantum
information processing, such as randomness extraction [22],
quantum key distribution [23], and state certification [24,25].
One would therefore expect useful applications to follow from
other quantum-classical distinctions.

In this work, we present random exclusion codes (RECs)
that leverage quantum state antidiscrimination to a communi-
cation primitive. Throughout, an (n, m, d )-REC of interest is a
single-shot and prepare-and-measure protocol where a sender,
Alice, encodes a random message of length n using a set of m
letters into a d-dimensional system and transmits it. Bob, a
receiver, realizes a decoding to exclude a chosen letter in the
original message.

We show the quantum advantages of RECs in two ways:
One is the probabilistic advantage for a single detection event,
and the other is the dimension advantage for a collection of
possible detection events. First, a higher success probability
in the exclusion task of a REC can be achieved with quantum
resources than with classical ones. Second, quantum resources
in a smaller Hilbert space achieve RECs that can be realized
only in a larger classical dimension. Note that a classical
dimension denotes the minimal number of distinguishable
letters of an alphabet.

The importance of the results is twofold. On the one hand,
we relate state exclusion, a fundamental tool for verifying
distinctions between the elements of quantum and classical
theories [13–15,26], to a communication primitive that may
find practical applications. On the other hand, we demonstrate
the quantum-classical gap within a single-shot framework by
highlighting the differences between quantum and classical
supports for detection events (see also Ref. [14]). We also find
that RACs may not have a comparable dimension advantage.

The article is structured as follows. We first remind the
reader of some relevant results in the theory of quantum
state exclusion and random access coding. We then introduce
random exclusion codes and show that quantum resources
outperform classical ones in the simplest nontrivial setting.
We then analyze the required dimensional supports for perfect
quantum and classical RECs and see that the former require
fewer dimensions. Throughout, our results are contrasted with
those from the equivalent RAC.

II. BACKGROUND

A. Quantum state exclusion

In information processes, one is typically interested in de-
termining that a datum takes a particular value from a known,
discrete alphabet. Exclusion conversely refers to the opposite
task of determining that a datum does not have a given value
[26]. The latter task is in general easier than the former, but
recent works have shown that perfect implementation of this
task is a signature of quantum behavior.

In quantum state exclusion, a classical alphabet of size m
will be associated with a set of quantum states {ρα}m−1

α=0 by

FIG. 1. Trine states (black) in Eq. (1) and an antitrine measure-
ment (blue) in Eq. (2) can realize an unbiased exclusion task. For
instance, an outcome π0 concludes state ψ1 or state ψ2 with equal
probabilities 1/2 while excluding ψ0 unambiguously.

a party Alice. She is given a value α at random and sends a
system prepared in the appropriate state to a receiving party,
Bob, who must announce one of the values that α is not.
He determines his choice by implementing an m-outcome
positive operator-valued measure (POVM) {πβ}m−1

β=0 .
We can distinguish between different criteria for state ex-

clusion. Perfect state exclusion is that with zero error, so that,
whenever Alice prepares the state α, Bob is guaranteed to
announce a value β �= α. Uniform state discrimination, on the
other hand, refers to the case in which all allowed outcomes
occur with uniform probability. We will return to this point in
later sections of the article.

The simplest nontrivial construction that is able to imple-
ment perfect and uniform state exclusion is the set of trine
states

|ψα〉 = 1√
2

(|0〉 + ei2πα/3|1〉), α = 0, 1, 2, (1)

and antitrine measurements

πβ = 2
3 |ψ⊥

β 〉〈ψ⊥
β |, β = 0, 1, 2, (2)

where 〈ψβ |ψ⊥
β 〉 = 0. This set of states and measurements

is shown in Fig. 1 and has been used to implement key
distribution [27] and in showing gaps between classical and
quantum behavior [28]. The defining feature in this example
is symmetry. In similar symmetric constellations, one finds the
excluding POVM as a group covariant POVM [16].

The problem of state exclusion was first studied by Caves
et al. [13] and came to wider attention when it was used to
prove the PBR theorem regarding the ψ onticity of quantum
theory. Subsequent investigations have aimed to characterize
the set of quantum ensembles, which states can be unam-
biguously excluded [29], and related conclusive exclusion to
various foundational problems in quantum theory [30–32].
State exclusion as a primitive has also found applications
in communication tasks. For example, three-state quantum
key distribution protocols implement the previously discussed
trine-antitrine discrimination task in order to share a secret
key [27]. Recently, the existence of perfectly excludable en-
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FIG. 2. In an (n, m)-REC, a sender prepares a message, a =
a1 · · · an, of length n, where each is chosen from an alphabet of m
letters ai ∈ {0, 1, . . . , m − 1}. An encoding corresponds to a prepa-
ration of a single system of cadinality d , which is sent to Bob, who
first decides which letter he will read, say the jth one, and reads
bj . Bob wants to exclude the message sent by Alice, i.e., bj �= aj .
In RACs, parties want to have bj = aj . For these purposes, parties
optimize strategies with quantum or classical resources.

sembles has been shown as a necessary resource for the
construction of zero-error communication channels [33,34].
The key takeaway from these results has been that perfect
state exclusion is a signature of quantum behavior and, fur-
thermore, may be exploited for improved communications.

B. Random access codes

Random access codes, displayed in Fig. 2, are a commu-
nication primitive widely studied in the context of quantum
theory for both their information-theoretic applications and
foundational significance [5–8]. An (n, m, d ) RAC protocol
runs as follows: (1) Alice holds a string a = a1 · · · an consist-
ing of n independent classical labels each taken equiprobably
from an m-symbol alphabet {0, . . . , m − 1}. (2) These data
are encoded into a system, either classical or quantum, of
dimension d , which is then sent to the receiver, Bob. (3) He is
given a question label, i, and aims to respond with bi such that
bi = ai. The average success probability, given by

p(RAC) = 1

nmn

∑
a

n∑
i=1

Prob[bi = ai], (3)

measures his ability to perform this task. If the communication
system is quantum, Alice’s encoding will map the data to a
set of density matrices {ρa} and Bob’s decoding will be a
set of POVMs Mi. If the system is instead classical, then the
encoding and decoding are simply maps to and from dits. The
most well understood random access codes are those in which
Alice receives strings of n = 2 consisting of letters from the
alphabets {0, . . . , m − 1} and sends a message of dimension
d = m.

In the considered class, the respective maximum classical
and quantum success probabilities are known [6,7]:

max
Q

p(RAC) = 1

2

(
1 + 1√

m

)
,

max
C

p(RAC) = 1

2

(
1 + 1

m

)
.

(4)

It is seen that maxQ p(RAC) > maxC p(RAC) and a quantum ad-
vantage may therefore be observed. Apart from a few known
maximum classical and quantum success probabilities [35], in
general only upper bounds have been characterized.

III. RANDOM EXCLUSION CODES

Throughout, we consider a single-shot prepare-and-
measure protocol in which Alice sends a single classical or
quantum message to Bob, who then decodes it. A random
exclusion protocol follows the same steps as one for access, as
discussed above and shown in Fig. 2, with the key difference
that, in Step (3), Bob is looking to exclude rather than identify
the bit corresponding to his received input.

The average probability of successful exclusion is hence
given by

p(REC) = 1

nmn

∑
a

n∑
i=1

Prob[bi �= ai], (5)

which should be contrasted with Eq. (3). A quantum realiza-
tion signifies a preparation of a d-dimensional quantum state
and m-outcome measurements for Bob to obtain bj .

For RACs, in contrast to RECs, Bob wants to guess Alice’s
message and the average success probability is computed from
Eq. (3). In both the tasks, above in Eqs. (3) and (5), parties aim
to maximize the success probability over all strategies with
given resources.

Note that state discrimination and state exclusion are
equivalent for an alphabet of two letters: guessing one imme-
diately excludes the other, and vice versa. For example, for
binary messages ai ∈ {0, 1}, Bob can apply two-state discrim-
ination and it holds that

max
S

p(RAC) = max
S

p(REC), (6)

where the maximization runs over all strategies S. From this,
one immediately concludes that RECs bear the same quantum
advantages as RACs in the (2, 2, d ) instance. However, the
relation above no longer holds when an alphabet contains
more than two letters, as excluding a correct value does not
yield a single outcome but rather multiple ones. As our focus
will be on scenarios with two-dimensional communication,
we simplify the notation from (n, m, 2) to (n, m).

Let us then consider the next simplest case, the (2, 3)-
REC, where two-trit messages a = a1a2 for ai ∈ {0, 1, 2} are
encoded to a binary system, for which a quantum (classi-
cal) realization is a single qubit (bit). In what follows, we
demonstrate a quantum advantage by showing that Bob has a
higher probability of excluding a message sent by Alice with
quantum rather than classical resources.

IV. QUANTUM ADVANTAGE IN (2, 3)-RECs

We prove analytically that, if the communication system
is a classical bit, the maximum value of the average proba-
bility of success in the considered task is 8

9 . We then show
that if instead quantum systems of dimension 2 are used, a
larger value of 7+√

2
9 can be attained. It is worth mentioning

here that for the considered REC, since the alphabet {0, 1, 2}
is nonbinary, the corresponding RAC task is not equivalent,
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which can be seen from the fact that the maximum classical
value for the RAC task is 5

9 (see Result 3 in Ref. [36]).
The inequivalence also holds for the quantum values, where
the maximum success probability for the corresponding
RAC is 4+√

2
9 .

A. Optimal bit implementation

We first compute the maximum average success probability
with classical resources, which can be summarized as follows:

Proposition 1. The maximum classical average success
probability in the (2, 3) random exclusion task, consisting of
length n = 2 words using a size m = 3 alphabet and d = 2
dimension communicated system, is 8/9.

Proof. Let us begin by calculating the optimal value over
all deterministic protocols. The two stages of a determin-
istic protocol are as follows: (1) The set of all possible
words {a1a2 : a1, a2 ∈ {0, 1, 2}} is partitioned into two parts
{P0,P1}; if a word to Alice belongs to the part P0 (P1), she
communicates to Bob c = 0 (c = 1). (2) Bob, on receiving a
question i ∈ {1, 2}, answers bc

i ∈ {0, 1, 2} following a deter-
ministic strategy, i.e., a map {b0

1, b0
2, b1

1, b1
2} �→ {0, 1, 2}.

Let us first note that, for a given deterministic strategy
of Bob, two specific words follow, namely, the word b0

1b0
2

and the word b1
1b1

2. Now, let us consider that Alice receives
either of these words. The message she communicates will
then be determined by her partition, and there are four cases
to consider:

(1) b0
1b0

2, b1
1b1

2 ∈ P0,

(2) b0
1b0

2, b1
1b1

2 ∈ P1,

(3) b0
1b0

2 ∈ P0 and b1
1b1

2 ∈ P1,

(4) b0
1b0

2 ∈ P1 and b1
1b1

2 ∈ P0.
We study each case in turn. In Case 1, when Alice receives

the word a = b0
1b0

2 she will communicate the value c = 0
to Bob. For each question i that he is asked he will output
b0

i , which was the value he aimed to exclude. Therefore, the
protocol fails two times. Note that, in this case, if instead she
received the message a = b1

1b1
2, Bob will end up answering b0

1
and b0

2, which need not be the same as the initial string; he can
therefore succeed in these cases. Case 2 follows the same ar-
gument as Case 1. For Case 3, when Alice receives a = b0

1b0
2,

her message is c = 0 and Bob’s output will therefore be b0
i ,

so he fails for both questions. Similarly, he will be incorrect
whenever b1

1b1
2 is the message received by Alice. Thus, in Case

3, Bob fails in at least four instances of the protocol.
In Case 4, as in Case 3, it can never follow that b0

1b0
2 =

b1
1b1

2, as this would mean that Alice puts the same word into
two sides of the partition. Let us first suppose that b0

1b1
2 �=

b0
2b1

1. Then, when Alice receives a = b0
1b1

2, she will commu-
nicate either c = 0 or c = 1 depending on which partition it
belongs to. In the former case, Bob’s answer is in the string
when his question is i = 1 and in the latter case it is in
the string when his question is i = 0. Similarly, he will be
incorrect in at least one position i when the initial string is a =
b0

2b1
1. Case 4, therefore, fails at least four times if b0

1b0
2 = b1

1b1
2.

The final situation is that b0
1b1

2 = b0
2b1

1. This implies further
that b0

1 = b0
2 and b1

1 = b1
2. On considering the words a = b0

1b1
1

and a = b1
1b0

1, irrespective of which partition they belong to,
the protocol will fail at least once for each. Therefore, in Case

4 as well, it is observed that the protocol fails to exclude in at
least two instances.

We can hence see that, in all four cases, for any determin-
istic strategy Bob answers incorrectly in at least 2 out of 18
instances of the protocol. The maximal average success proba-
bility with deterministic strategies is therefore upper bounded
by p(REC) � 16/18 = 8/9. This bound is, in fact, tight and can
be achieved if Alice uses the partition P0 = {11, 12, 21, 22}
and P1 = {00, 01, 02, 10, 20}, and if Bob’s decoding is bc

i =
c. One can easily verify that this strategy gives the desired
value.

Finally, we show that probabilistic strategies cannot per-
form better. Let us assume that there are K deterministic
strategies S j where j ∈ {1, . . . , K} and the parties have ac-
cess to shared random variables {λ j}K

j=1 with probability
distribution p(λ j ) = p j . Note that any probabilistic strat-
egy can be implemented with access to these random
variables. If Alice and Bob apply strategy S j with prob-
ability p j we get a probabilistic strategy S = {p j, S j}K

j=1.
The average success probability with any such strategy S is
p(REC)

S = ∑
j p j p(REC)

S j
� ∑

j p j (8/9) = 8/9. This completes
the proof. �

B. Qubit implementation and quantum advantage

We next present a (2, 3)-REC with single qubit states in the
following:

ρa := ρa1a2 = |ψa1a2〉〈ψa1a2 | for ai ∈ {0, 1, 2}, (7)

where

|ψ00〉 = |0〉 + eiπ/4|1〉√
2

, |ψ01〉 = |0〉 + e−iπ/4|1〉√
2

,

|ψ10〉 = |0〉 + ei3π/4|1〉√
2

, |ψ11〉 = |0〉 + e−i3π/4|1〉√
2

,

|ψ20〉 = |0〉 + eiπ/2|1〉√
2

, |ψ21〉 = |0〉 + e−iπ/2|1〉√
2

,

|ψ02〉 = |0〉 + |1〉√
2

, |ψ12〉 = |0〉 − |1〉√
2

, and ρ22 = I/2.

We construct a decoding with two-outcome measurements,

M1 = {M10, M11, M12} and M2 = {M20, M21, M22}, (8)

where

M10 = |−〉〈−|, M11 = |+〉〈+|, M12 = 0

M20 = | − i〉〈−i|, M21 = | + i〉〈+i|, and M22 = 0,

and |±〉 = (|0〉 ± |1〉)/
√

2 and | ± i〉 = (|0〉 ± i|1〉)/
√

2. No-
tice that the states and measurements above are on a great
circle of the Bloch sphere. We display the states and measure-
ments of our scheme in Fig. 3.

The quantum protocol works as follows. Alice sends a state
ρa1a2 and Bob first decides which one, a1 or a2, he is going to
read. For the first trit a1, he applies measurement M1, and for
the second, a2, he applies M2. The probability of successfully
excluding a one-bit message of Alice is given by

p(REC)
Q = 1

18

∑
a

2∑
i=1

Tr[(Mi(ai⊕1) + Mi(ai⊕2))ρa1a2 ], (9)
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FIG. 3. Illustration of states and measurements for the scheme
discussed in text. States are displayed in light blue and the measure-
ments M1 and M2 in red and green, respectively.

where ⊕ represents addition modulo three. It follows that

p(REC)
Q = 7 + √

2

9
, (10)

which is larger than the maximum classical value 8/9 (Propo-
sition 1). Thus, the utility of quantum resources in RECs is
demonstrated.

C. Maximum quantum advantage

There may exist states and measurements other than those
in Eqs. (7) and (8), in particular using POVMs containing no
null elements, such that the success probability is even higher.
That is, one can ask if the bound in Eq. (10) is maximal. Our
answer is in the affirmative. First, we find that to maximize
the success probability with qubit transmission, it suffices to
restrict states and measurements to a half-plane on a Bloch
sphere. This also holds true even if parties aim at a guessing
task, and hence, applies to RACs with qubits. Second, exten-
sive numerical optimization of the average success probability
finds Eq. (10) with two POVM elements are zeros. We detail
the calculations in Appendix A. The gap between quantum
and classical bounds is

�
(REC)
QC = max

Q
p(REC) − max

C
p(REC) =

√
2 − 1

9
, (11)

which is approximately 0.046.
For comparison, let us also consider a (2, 3)-RAC with

single-qubit transmission. An upper bound to success prob-
abilities with classical strategies is known as 5/9 [36]. We
compute the maximum average probability with quantum re-
sources, applying the aforementioned result of reducing to a
great circle. We find that a relabelling of our quantum protocol
for the REC gives the quantum maximum for the RAC (see
Appendix A); messages a = a1a2 are encoded in the states or-
thogonal to ones given in Eq. (7) and the same measurements
as in Eq. (8) are applied for decoding. The quantum bound is
obtained as (4 + √

2)/9. Interestingly, the gap is identical to

Eq. (11), i.e.,

�
(RAC)
QC = �

(REC)
QC (12)

for the considered (2, 3)-RAC and (2, 3)-REC.
To summarize, we have characterized bit and qubit imple-

mentations of the (2, 3)-REC and shown that using quantum
systems allows for a higher average probability of success.
We also contrasted the behavior of the (2, 3)-RAC. As a
further point, it is worth emphasising that, while we have not
explicitly assumed that Alice and Bob have access to shared
randomness as a resource, it should be clear that it will provide
no advantage in the quantum case. This is for the same reason
as the classical scenario: shared randomness will only allow
the two parties to mix strategies, and will not allow them to
go beyond the limits of a single one.

V. DIMENSIONAL ADVANTAGES

In what follows, we are motivated by the observation that
a single-shot scenario gives one outcome among possible
detection events. This raises the question of which dimen-
sional resources are required to observe distinctions between
classical and quantum behaviors in the single-shot setting.
Having characterized above the optimal performance of the
(2, 3)-REC in two-dimensional systems, we now turn our
attention to a more general setting. It is worth noting that
dimensional gaps in performance were already observed in
the earlier section. If the success probability is above 7/9, the
required quantum dimension will be two, whereas it will be
greater than two for classical implementations. It will be seen
later that this dimensional gap will exist for all alphabet sizes.

We now investigate the minimal quantum and classical
resources to describe possible detection events in an errorless
(2, 3)-REC. We first note that there is no difference in behavior
for the standard scenario. This further motivates us to add
an extra constraint, uniformity of outcomes, to our protocol.
Classical implementations of this modified protocol require
nine-dimensional systems, whereas quantum systems of four-
dimensional behavior, showing a dimensional advantage in
uniform RECs. This behavior is contrasted with RACs, where
no such advantage can be observed.

A. Perfect random exclusion codes

We first note that no dimensional advantage can be ob-
served for zero-error implementations of the basic (2, 3)-REC,
which has been discussed so far. To do this, we note that
there exists a three-dimensional classical, and therefore also
quantum, strategy, which may implement this task with no
error. The explicit strategy is for Alice to encode her messages
using the partition

P0 = {11, 12, 22},
P1 = {00, 02, 20, 22},
P2 = {01, 10},

(13)

and send the relevant trit value to Bob. If he announces the
value he has received, he will exclude without error. As we
saw in the previous section, there exists neither a classical nor
a quantum strategy that is able to achieve an average success
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probability of one using a two-dimensional implementation.
We can thus conclude that three is the minimal dimension
requirement in both cases.

B. Uniform random exclusion codes

In order to witness a dimensional advantage in the (2,
3)-REC, we must therefore analyze a modified form of the
problem. This extra requirement will be uniformity of the
outcomes, meaning that the correct answers by Bob all occur
with equal probability, i.e.,

Prob[bi = a j] = 1

m − 1
∀ i �= j. (14)

This constraint is regularly considered in the literature on
exclusion tasks (see, e.g., Refs. [18,28]) in order to avoid
certain trivial solutions to the problem of state exclusion. It is
in fact uniform state exclusion that can be considered a strong
signature of quantum, rather than classical, behavior. The con-
straint can be furthermore justified if we consider that Alice
and Bob are trying to convince a referee, who provides Alice
with her string, of their ability to perform quantum exclusion.
If their results are nonuniform, then the referee will be able
to use their strategy against them when the task is performed
over several rounds [37]. For example, in our optimal qubit
scheme, Bob will never announce 2 as his answer. The referee
can thus always send strings that do not contain this value,
lowering their probability of success. To summarize, our aim
here will be to determine the minimum quantum and classical
dimensions required to implement a zero-error, uniform (2,
3)-REC.

The natural framework for studying dimensional require-
ments is that of communication matrices [38–41], which we
review here for the reader’s convenience. A communication
matrix is a row-stochastic matrix encoding the conditional
probabilities of prepare-and-measure experiments. If the in-
puts are a set of classical labels α ∈ [0, m − 1] and the outputs
a set of classical labels β ∈ [0, n − 1] then the communication
matrix is an m × n-sized row-stochastic matrix C in which

Cαβ = ProbM|P(β|α), (15)

where the subscripts P and M denote preparation and
measurement, respectively. For instance, the communication
matrix of a binary state discrimination task in which two
states are perfectly distinguished would be the diagonal matrix
S2 = diag[1, 1]. Similarly, a uniform state exclusion task with
three states excluded in an unbiased manner would correspond
to the communication matrix

A3 = 1

2

⎡
⎣0 1 1

1 0 1
1 1 0

⎤
⎦. (16)

This can be implemented in a quantum system by the trine-
antitrine construction given earlier in Eqs. (1) and (2).

The use of communication matrices in quantum informa-
tion science regards the different sets Cd

cl and Cd
q , which can

be generated by d-dimensional classical and quantum sys-
tems, respectively. We recall that the quantum dimension is
that of the associated Hilbert space and the classical one is
defined by the number of perfectly distinguishable letters in a

communication channel. An important theorem due to Frenkel
and Weiner [41] tells us that the closure of the quantum and
classical sets is equal whenever they are generated by systems
with matching dimension, and Alice and Bob have access to
shared randomness as a free resource. The question becomes
more intriguing if we ask how many dimensions are required
of a quantum or classical system to implement a given com-
munication matrix. With this in mind, it has been shown that
the minimal quantum and classical dimensions follow from
two different properties of a given communication matrix
[38]. First, it is known that the minimum classical dimension
required is given by the non-negative rank:

Definition 1. Non-negative rank. A matrix C is said to
be non-negative if all elements are non-negative. The non-
negative rank [42] of an n × m matrix C, denoted rank+(C),
is defined as the smallest number k such that there exists an
n × k non-negative matrix L and k × m non-negative matrix
R, such that LR = C.

Similarly, the minimum dimension of a quantum system is
given by the positive semidefinite rank:

Definition 2. Positive semidefinite rank. The positive
semidefinite rank [43] (also psd rank) of a n × m non-negative
matrix C, denoted rankpsd(C) is defined as the smallest integer
k such that there exist positive semidefinite k × k matrices
A1, . . . , An and B1, . . . , Bm, such that Ci j = Tr[AiBj].

Let us consider these quantities for the three-input unbi-
ased exclusion task seen in A3 [Eq. (16)]. The psd rank of this
matrix is found to be rankpsd(A3) = 2, which concurs with our
observation that it may be implemented using qubits. On the
other hand, the non-negative rank is rank+(A3) = 3, mean-
ing that classical bits may not implement unbiased exclusion
without error.

With this in mind, let us find the minimal dimension sys-
tems required for our task. The communication matrix for the
considered uniform (2, 3)-REC with unit success probability
can be obtained as follows:

D3 = 1

4

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 1 1 0 1 1
0 0 0 1 0 1 1 0 1
0 0 0 1 1 0 1 1 0
0 1 1 0 0 0 0 1 1
1 0 1 0 0 0 1 0 1
1 1 0 0 0 0 1 1 0
0 1 1 0 1 1 0 0 0
1 0 1 1 0 1 0 0 0
1 1 0 1 1 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (17)

where each element corresponds to the probability of Bob
inferring a given string using his observed outcome.

To see how the matrix D3 relates to the uniform (2, 3)-REC
task, it is helpful to consider each row and column of the
matrix as indexed by a double trit i j. On the i jth row, Alice
sends Bob the state 	i j and then Bob should exclude outcome i
on the first trit and outcome j on the second trit. Bob measures
the state sent by Alice, after which his task is to produce an
outcome that is different from i on the first bit and j on the
second bit. It is noteworthy that we have chosen the setup in
such a way that Bob always measures the state sent by Alice
first, and the choice of which trit should be excluded occurs
only after the measurement. This is slightly different from the
case where Bob is first told on which trit he is to perform the
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exclusion. The analysis in the latter case would be slightly
different, but our construction represents operationally the
strongest form of exclusion task: Alice is first told a string,
she sends Bob a quantum state which Bob measures, and after
the communication Bob has to produce an outcome that is
different from either i or j.

Note, furthermore, that the matrix D3 can be decomposed
as D3 = A3 ⊗ A3. The significance of this decomposition
is that the communication task has a simple, although not
necessarily optimal, quantum implementation where the com-
munication task A3 is performed on two separate qubits. Alice
encodes the symbols to exclude on two qubits separately,
and both are sent to Bob. Bob then performs the antitrine
measurement on both qubits separately. We will soon see that
this is also an optimal strategy for the uniform (2, 3)-REC
task.

We first note that the non-negative rank of D3 is equal to
nine. As the non-negative rank is lower bounded by the rank,
and the above matrix is full rank, it follows that rank+(D3) =
9. Thus, a classical channel with at least nine perfectly dis-
tinguishable symbols is required to realize (2, 3)-RECs in a
perfect, uniform manner.

A minimal quantum dimension can be found by upper and
lower bounds to the positive-semidefinite rank. We consider
a quantum realization to ensure an upper bound and then
compute a general lower bound. The two bounds are found
to coincide.

A quantum realization using two qubits is as follows. Alice
encodes a1 of her string into one qubit, and a2 into another, as
one of the three trine states in Eq. (1). That is, the encoding is

ρa1a2 = |ψa1〉〈ψa1 | ⊗ |ψa2〉〈ψa2 |. (18)

On receiving the systems, Bob applies an antitrine measure-
ment [see Eq. (2)] onto the relevant qubit. That is, if he wishes
to perform exclusion on the first bit of the string, he uses the
POVM

M1 = {
2
3

∣∣ψ⊥
b1

〉〈
ψ⊥

b1

∣∣ ⊗ I
}2

b1=0
, (19)

and likewise, to perform exclusion on the second bit, the
POVM

M2 = {
2
3I ⊗ ∣∣ψ⊥

b2

〉〈
ψ⊥

b2

∣∣}2

b2=0. (20)

He can hence exclude the state, and therefore classical la-
bel, unambiguously. Furthermore, due to the symmetry in
the ensemble, the remaining outcomes occur equiprobably,
satisfying our second constraint. A two-qubit space with a
dimension of four, therefore, suffices for the purpose. We have

rankpsd(D3) � 4. (21)

In Ref. [44], a lower bound to psd ranks for positive doubly
stochastic matrices is shown. Applying the bound to D3, we
have

rankpsd(D3) � max
q

1∑
i, j qiq jF (coli(D3), col j (D3))2

,

where coli(D3) is the ith column of D3, the maximum
runs over probability vectors q = [q1, . . . , q9] and F (a, b) =∑

i

√
aibi. We compute that the lower bound is

rankpsd(D3) � 4,

which occurs if qi = 1/9 for i = 1, . . . , 9. As upper and lower
bounds coincide, we conclude a minimal quantum dimension
4. The (2, 3)-REC can be realized on a smaller quantum
dimension than a classical one, showing a distinction in quan-
tum and classical supports for detection events.

C. Dimension requirements for (2, 3)-RAC

In contrast, we also consider the required minimal quantum
and classical dimensions for a (2, 3)-RAC. Again, we will be
concerned with a perfect implementation of a random access
code, i.e., one with an average success probability of one. In
order to implement RACs perfectly, one would expect that
all possible bit strings can be encoded onto perfectly dis-
tinguishable quantum or classical states. This can be proven
if one notices that the communication matrix for noiseless
communication is given by

I9 = diag[1, 1, 1, 1, 1, 1, 1, 1, 1], (22)

which is on the support of a dimension 9. For this matrix, it
can be shown that rank+(I9) = rankpsd(I9) = 9, following a
known theorem that the non-negative and positive semidefi-
nite ranks coincide with the dimension for the identity matrix
[43]. Hence, no dimensional advantage is achieved in the
perfect (2, 3)-RAC. In other words, if a protocol can imple-
ment random access perfectly, we can implement exclusion
perfectly by relabelling outcomes. The converse, however, is
not true: One cannot realize random access with certainty on
the quantum support where random exclusion is perfect. In
general, one would expect that perfect access of data would
require at least as many perfectly distinguishable states as the
number of bit strings available to participants, whereas, as
we have shown, this does not hold for exclusion. This result
emphasizes that exclusion is a strong signature of quantum
behavior.

VI. DISCUSSION AND CONCLUSIONS

Finally, RECs can be generalized to higher dimensions.
We analyze in Appendix B the (2, m)-REC with a single
qubit and show quantum advantages for all values of m � 2.
Namely, we have the maximum of the success probability with
classical resources,

max
C

p(REC) = 1 − 1

m2
. (23)

We extend the quantum strategy considered for m = 3 to a
larger m and have

p(REC)
Q = 1 − 2 − √

2

m2
, (24)

which is strictly higher than the classical one. Quantum ad-
vantages remain for all m � 2. It should be emphasized that
the upper bound we have provided for quantum (2, m)-RECs
may not be optimal.

In conclusion, we have presented a framework for iden-
tifying quantum advantages of a single-shot protocol by
introducing a communication primitive, RECs, which relies
on an exclusion task. A single-shot scenario has a detection
event where outcomes occur probabilistically. Quantum ad-
vantages are provided by a probability and a dimension. First,
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the probability that the exclusion task is successful from a
single detection event is higher with quantum strategies than
with classical ones. Secondly, by exploiting communication
matrices, we have shown that the quantum resources of a
smaller dimension can realize RECs with a larger alphabet.
The dimensional quantum advantage may be lacking in RACs;
a protocol for an RAC implies an implementation of a REC
by relabelling, but the converse does not hold, similarly to the
distinction between state discrimination and state exclusion.

The most immediate application of our work is as a tool
for distinguishing quantum bits from classical bits, which
would naturally generalize to distinguishing qudits from cdits
with a more general analysis. One may, furthermore, propose
quantum dimension witnesses based on RECs, as has been
done for RACs [45,46], following our dimensional analysis
above. Theoretical obstacles prevent us from doing this here.
Firstly, one needs to understand more deeply the relations
between success rates, alphabet sizes, and system dimension.
Second, noise analysis for communication matrices remains
an open question, and would be required for building resilient
witnesses. We thus leave this as an open question for future
research.

Regarding future directions, it would be interesting to in-
vestigate general properties of (n, m)-RECs and their relations
to quantum state exclusion. In particular, we leave it open to
characterize optimal measurements for RECs and quantum
state exclusion to find general relations between them. We
also conjecture that RECs may have quantum advantages for
all n, m � 2. In addition, it is also interesting to combine
the probability and the dimension advantages of quantum
resources to amplify the utility. We envisage that our results
would lead to practical quantum information applications that
outperform their classical counterparts.
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APPENDIX A: MAXIMUM QUANTUM SUCCESS
PROBABILITY IN (2, 3)-REC

Here, we provide a proof of the maximum quantum success
probability in a (2, 3)-REC task. To this end, in the following,
first we show by applying a known result for an optimal
quantum random access code that if only two-outcome mea-
surements are applied for decoding, the quantum protocol we
have provided in the main text is an optimal one.

Proposition A1. Over the set of all two-outcome POVMS,
the maximum average success probability in the quantum
random exclusion task is 7+√

2
9 .

Proof. Without loss of generality, we consider the 2 two-
outcome POVMs applied in the protocol are M1 ≡ M10 +
M11 = I (we take M12 = 0) and M2 ≡ M20 + M21 = I (we
take M22 = 0). Let us partition the set of all words a =
a1a2 ∈ A2 into two parts: P = {00, 01, 10, 11} and P c =
{02, 20, 12, 21, 22}. Then, from Eq. (9), we get

p(REC)
Q = 1

18

∑
a

2∑
i=1

Tr[(I − Miai )ρa1a2 ]

= 4

9

⎧⎨
⎩1

8

∑
a∈P

2∑
i=1

Tr[(I − Miai )ρa1a2 ]

⎫⎬
⎭

+ 1

18

∑
a∈P c

{
2∑

i=1

Tr[(I − Miai )ρa1a2 ]

}

� 4

9

⎧⎨
⎩1

8

∑
a∈P

2∑
i=1

Tr[(I − Miai )ρa1a2 ]

⎫⎬
⎭ + 5

9

� 4

9

⎧⎪⎪⎨
⎪⎪⎩max

{Miai ,

ρa1a2

}

1

8

∑
a∈P

2∑
i=1

Tr[(I − Miai )ρa1a2 ]

⎫⎪⎪⎬
⎪⎪⎭ + 5

9

= 4

9

⎧⎪⎪⎨
⎪⎪⎩max

{M̃iai ,

ρa1a2

}

1

8

∑
a∈P

2∑
i=1

Tr[M̃iaiρa1a2 ]

⎫⎪⎪⎬
⎪⎪⎭ + 5

9

(we rewrite I − Miai = M̃iai ),

� 4

9

{
1

2

(
1 + 1√

2

)}
+ 5

9
= 7 + √

2

9
. (A1)

In the last step above, we simply apply the known result,
i.e., in a (2, 2)-RAC, the quantum maximum for the average
success probability is (1 + 1/

√
2)/2. Since our quantum pro-

tocol reaches the derived quantum upper bound, we find it
to be optimal over the set of all two-outcome measurement
protocols. �

In general, the optimization problem consists of maximiz-
ing the figure of merit over all possible three-outcome POVMs
on a qubit space. To find optimal states and measurements for
the purpose, let us rewrite the average success probability as
follows:

p(REC)
Q = 1

36

∑
a

Tr

[
2∑

i=1

[(I − Miai ) ⊗ ρT
a1a2

)|φ+〉〈φ+|
]
,

where |φ+〉 = (|00〉 + |11〉)/
√

2. Note that a state |φ+〉 is
permutationally invariant, which means that the states and the
measurements that maximize the success probability should
be in a symmetric subspace, supported by a quantum 2-design.
This implies that optimal states and measurements fulfill the
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condition,

2∑
i=1

(I − Miai ) ∝ ρ∗
a1a2

. (A2)

Applying the above equation, we will then show that to
achieve the maximal success probability, it is sufficient to
optimize a function which depends only on the measurement
parameters (i.e., for any given decoding measurements, one
can always choose an optimal set of states derived from the
measurement). All these simplify the construction of states
and measurements.

First, recall that we need to maximize p(REC)
Q in Eq. (9)

in the main text. From the objective function, one can see
that the maximum is achieved with extremal (pure) states and
measurements. Then, let us consider a set of nine pure qubit
states:

ρa1a2 = 1
2 (I + n̂a1a2 · �σ ), (A3)

where n̂a1a2 for a1, a2 ∈ {0, 1, 2} are unit vectors on the Bloch
sphere, and two measurements corresponding to extremal
POVMs, which are given by rank one projectors, i.e.,

M1a1 = r1a1

(
I + m̂1a1 · �σ

2

)
, (A4)

M2a2 = r2a2

(
I + m̂2a2 · �σ

2

)
, (A5)

where m̂1a1 (m̂2a2 ) are unit vectors on the Bloch sphere in
a plane passing through the origin, such that weights 0 �
r1a1 � 1 (0 � r2a2 � 1) and

∑
a1

r1a1 = 2 (
∑

a2
r2a2 = 2). On

rearranging the terms in p(REC)
Q in Eq. (9), the expression for

quantum success probability becomes

p(REC)
Q = 1 − 1

18

∑
a

Tr
[(

M1a1 + M2a2

)
ρa1a2

]

= 2

3
− 1

36

∑
a

{
n̂a1a2 · (r1a1 m̂1a1 + r2a2 m̂2a2

)}
,

then application of Eq. (A2) gives

p(REC)
Q � 2

3
+ 1

36

∑
a

∣∣r1a1 m̂1a1 + r2a2 m̂2a2

∣∣. (A6)

Note that, very similar to the considered REC task, on ana-
lyzing the corresponding RAC, through Eq. (3), for maximum
quantum success, we get an achievable upper bound function
as follows:

p(RAC)
Q � 1

3
+ 1

36

∑
a

∣∣r1a1 m̂1a1 + r2a2 m̂2a2

∣∣. (A7)

Thus, the optimization problems both for the quantum REC
and RAC reduce to maximizing the same objective function

f =
∑

a

∣∣r1a1 m̂1a1 + r2a2 m̂2a2

∣∣. (A8)

From the steps above, one can easily see that for arbitrary
fixed measurements, one can always choose states such that
the upper bound is attained. Therefore, it is sufficient to max-

FIG. 4. Illustration of a three-outcome extremal POVM (on a
qubit) on a plane passing through the origin of the Bloch sphere.

imize the quantity

f =
2∑

a2=0

2∑
a1=0

∣∣r1a1 m̂1a1 + r2a2 m̂2a2

∣∣

=
2∑

a2=0

2∑
a1=0

{
r2

1a1
+r2

2a2
+2r1a1 r2a2 cos(φ1a1 −φ2a2 ) sin θ2a2

} 1
2 ,

(A9)

which is a function of the two measurements derived from
the extremal POVMs Mi, where i ∈ {1, 2} and (θiai , φiai ) are
spherical polar coordinates of the Bloch vector m̂iai . The
weight parameters of the three-outcome (corresponding to
indices κ ∈ {0, 1, 2}) POVMs, can be written by

riκ = 2 sin αiκ

sin αi0 + sin αi1 + sin αi2
, (A10)

αi0 + αi1 + αi2 = 2π, (A11)

0 � αi0, αi1, αi2 � π. (A12)

See Fig. 4 to visualize the measurements.
In general, the Bloch vectors corresponding to two dif-

ferent measurements may occupy two different planes. We
choose, without loss of generality, the Bloch plane of the
measurement M1 as the XY plane. We choose the Y axis
along the line where the planes of the two measurements M1

and M2 intersect. Let us denote the angle of the unit vector
normal to the plane of the measurement M2 with the Z axis by
0 � � � π . Further, without loss of generality, for the second
measurement M2, we set the angle of the Bloch vector of the
first outcome φ20 = 0, and for the first measurement let us
denote the angle of the Bloch vector of the first outcome φ10 =
�. Now, the objective function in Eq. (A9) can be rewritten in
terms of the variables αiai , �, and � by applying Eq. (A10)
and transforming the variables (θiai , φiai ) to the new variables.

Let us then choose a vector orthonormal to the plane M2 as
n̂2 = (− sin �, 0, cos �) and a reference vector in the plane
M2 as p̂2 = (sin(π/2 − �), 0, cos(π/2 − �)). The Bloch
vectors of the POVM elements M2 j , where j ∈ {0, 1, 2} is
given by

m̂2 j = (sin θ2 j cos φ2 j, sinθ2j sin φ2 j, cosθ2 j ). (A13)
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FIG. 5. Illustration of three-outcome extremal POVMs on the
XY plane of the Bloch sphere.

One can solve the system of equations

n̂2 · m̂2 j = 0, (A14)

p̂2 · m̂2 j = cos α2 j, (A15)

to find the variables θ2 j and φ2 j in terms of the variable � and
α2 j . Thus, the objective function f in Eq. (A9) is now written
in terms of six free variables, i.e., f (�,�, α10, α12, α20, α22).
[Here, we have applied Eq. (A11) to eliminate the two depen-
dent variables α11 and α21.] Then the following proposition
holds.

Proposition A2. The optimal value of f in Eq. (A9) is
achieved with both the three-outcome POVMs M1 and M2

in the XY plane of the Bloch sphere, that is, when variable
� = 0.

Proof. We omit the lengthy expressions and steps, but the
idea is simple. The objective function in Eq. (A9) is written in
terms of � and the remaining variables. Then, we analyze the
effect of changing the angle � between the two measurement
planes. This is done by taking the partial derivative of the
objective function f with respect to the variable �. We find
that for an arbitrarily fixed value of all the other variables,
the partial derivative with respect to � is either always non-
negative or always nonpositive, i.e., the function is either
increasing or decreasing. A maximum (for any fixed value of
all the other variables) will therefore be achieved at an end
point in the interval 0 � � � π , implying that the optimal
measurement M2 lies in the XY plane of the Bloch sphere (i.e.,
both the measurements are in the same plane). �

Applying the above proposition, the optimization problem
is now reduced to maximizing

f ∗ =
2∑

a2=0

2∑
a1=0

{
r2

1a1
+r2

2a2
+2r1a1r2a2 cos(φ1a1−φ2a2 )

} 1
2, (A16)

where both the three-outcome measurements are from the XY
plane. In Fig. 5, 2 three-outcome extremal POVMs in the XY
plane are shown.In Eq. (A16), for i ∈ {1, 2}, we substitute

ri0 = 2 sin αi0

sin αi0 − sin(αi0 + αi2) + sin αi2
, (A17)

ri1 = −2 sin(αi0 + αi2)

sin αi0 − sin(αi0 + αi2) + sin αi2
, (A18)

ri2 = 2 sin αi2

sin αi0 − sin(αi0 + αi2) + sin αi2
, (A19)

φi0 = (2 − i) �, (A20)

φi1 = (2 − i) � + αi2, (A21)

φi2 = (2 − i) � + αi2 + αi0. (A22)

The free variables in the optimization problem are now ex-
plicit; constraints on these variables are given by

0 � αi0, αi2 � π and π � αi0 + αi2 � 2π, (A23)

0 � � � π. (A24)

Proposition A3. The optimal value of f ∗ in Eq. (A16) is
given by 4(1 + √

2) and is achieved when both measure-
ments M1 and M2 are two-outcome projective measurements
in orthogonal directions. Consequently, the optimal quantum
success probability for the REC task is (7 + √

2)/9 (and that
for the corresponding RAC task is (4 + √

2)/9); in particular,
the quantum protocol presented in the main text is an optimal
one for the REC task.

Our proposition is supported by our analytical simpli-
fication (reduction) of the optimization problem stated in
Proposition A 2, followed by numerical optimization imple-
mented on Mathematica, giving an approximate maximum
value max( f ∗) ≈ 9.65685 ≈ 4(1 + √

2).

APPENDIX B: BOUNDS ON RANDOM EXCLUSION
TASK FOR ALPHABET SIZE m

Proposition B1. The maximum classical average success
probability for the random exclusion task with alphabet size
m is maxC p(REC) = (1 − 1

m2 ).
Proof. Let us first find the optimal value over all the de-

terministic protocols. Our proof follows closely that of the
(2, 3)-REC analyses in the main text. The two stages of any
deterministic protocol are as follows. (1) Alice sending one-
bit information c ∈ {0, 1} corresponds to some two partitions
P0,P1 of the set of all possible words A2 := {a1a2 : a1, a2 ∈
{0, 1, 2, . . . , m − 1}}; if the received word a = a1a2 ∈ P0, Al-
ice communicates c = 0 to Bob, otherwise she sends c = 1.
(2) Bob’s answer depends on the received bit, he answers
with, say, bc

i ∈ {0, 1, 2, . . . , m − 1}, i.e., Bob’s deterministic
strategy corresponds to assigning values to b0

1, b0
2, b1

1, b1
2 ∈

{0, 1, 2, . . . , m − 1}.
First, we show that for any deterministic strategy of Alice

and Bob, for at least two out of the total 2m2 possible instances
(m2 possible words to Alice and two possible questions to
Bob), Bob’s answers will be incorrect. To show this, first,
we note that from any deterministic strategy of Bob, one can
derive the following two words b0

1b0
2, b1

1b1
2 ∈ A2, therefore, for

these two words, given a deterministic strategy of Alice, there
are four possibilities:

(1) b0
1b0

2, b1
1b1

2 ∈ P0,

(2) b0
1b0

2, b1
1b1

2 ∈ P1,

(3) b0
1b0

2 ∈ P0 and b1
1b1

2 ∈ P1,

(4) b0
1b0

2 ∈ P1 and b1
1b1

2 ∈ P0.
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In Case 1, when Alice receives the word b0
1b0

2, Bob’s an-
swer is b0

i , which is incorrect at both the positions i ∈ {1, 2}. In
Case 2, similar to Case 1, when Alice receives the word b1

1b1
2,

Bob’s answer is b1
i , which is incorrect at both the positions

i ∈ {1, 2}.
In Cases 3 and 4, it can never happen that b0

1b0
2 = b1

1b1
2

because same word cannot appear in two distinct partitions.
For Case 3, when Alice receives the word b0

1b0
2 (b1

1b1
2),

Bob’s answer is b0
i (b1

i ), which is incorrect at both the positions
i ∈ {1, 2}; thus in Case 3, Bob answers incorrectly in at least
four instances, namely b0

1b0
2, b1

1b1
2.

Finally, in Case 4, first suppose that b0
1b1

2 �= b0
2b1

1. Then, for
the word b0

1b1
2, to whichever partition it belongs, Bob’s answer

will be incorrect at least at one position i ∈ {1, 2}; similarly,
for the word b0

2b1
1, to whichever partition it belongs, Bob’s an-

swer will be incorrect at least at one position i ∈ {1, 2}. In the
remaining situation, i.e., b0

1b1
2 = b0

2b1
1 ⇔ b0

1 = b0
2 and b1

1 =
b1

2, on considering the words b0
1b1

1 and b1
1b0

1 (irrespective of
which partition they belong to) Bob’s answer is incorrect at
least two times; at least once for the first word b0

1b1
1 and at

least once for the second word b1
1b0

1. Then, in Case 4 as well,
Bob’s answer is incorrect at least in two instances.

Therefore, in all the four cases, we get that for any de-
terministic strategy of Alice and Bob, in at least two out
of 2m2 cases Bob answers incorrectly. Therefore, maximal
average success probability with deterministic strategies is

upper bounded by 2m2−2
2m2 = 1 − 1

m2 .
Finally, we show that probabilistic strategies cannot do

better. Let us say there are total N number of deterministic
strategies S j , where j ∈ {1, . . . , N}. Suppose, Alice and Bob
have shared random variables {λ j}N

j=1 with probability dis-
tribution p(λ j ) = p j . Note that any probabilistic strategy can
be implemented with an access to the considered shared ran-
dom variables. Then, if Alice and Bob apply strategy Sj with
probability p j , we get a probabilistic strategy S = {p j, S j}N

j=1.
Then, the average success probability with any such strategy
S is p(REC)

S = ∑
j p j p(REC)

S j
� ∑

j p j (1 − 1
m2 ) = 1 − 1

m2 . This
completes the proof. �

Quantum advantage. Here, we will show that there is a
quantum protocol that considers only two-outcome measure-
ments for decoding to beat the optimal classical value derived
above. Alice sends the information in her words a1a2 by
encoding in a one-qubit state ρa1a2 as follows:

ρ00 = 1

2
(I + σx ), ρ01 = 1

2
(I + σz ), ρ0c2 = 1

2

(
I + σx + σz√

2

)
,

ρ10 = 1

2
(I − σz ), ρ11 = 1

2
(I − σx ), ρ1c2 = 1

2

(
I − σx + σz√

2

)
,

ρc10 = 1

2

(
I + σx − σz√

2

)
, ρc11 = 1

2

(
I + σz − σx√

2

)
, ρc1c2 = I

2
,

where c1, c2 ∈ {2, 3, . . . , m − 1}. (B1)

All the qubit states used for encoding are from the XZ plane of the Bloch sphere. To answer the first position in the Alice’s word,
Bob performs a two-outcome projective measurement M1; on measurement outcome +1 (−1) he answers 0 (1). Whereas for
answering the second position, he measures M2 and answers with 0 (1) when the measurement outcome is +1 (−1). The average
success probability of our protocol is

p(REC)
Q := 1 − 1

2m2

∑
a1,a2∈A

Tr[ρa1a2 (M1a1 + M2a2 )]

= 1 − 2 − √
2

m2
.

Here, the first and second measurements are implemented as follows:

M1 ≡
{

M10 = 1

2

(
I − σx + σz√

2

)
, M11 = 1

2

(
I + σx + σz√

2

)
, M1c1 = 0

}
,

M2 ≡
{

M20 = 1

2

(
I + σz − σx√

2

)
, M21 = 1

2

(
I + σx − σz√

2

)
, M2c2 = 0

}
. (B2)

Note that Bob never answers {2, 3, . . . , m − 1}, still our pro-
tocol gives a high success because the goal here is to answer
with alphabet different from those appearing in the words.
Also note that the state ρc1c2 used for encoding the words
c1 c2, can be any arbitrary state, even any mixed state, e.g.,
maximally mixed state I

2 . This is due to the fact M1c1 = 0 and
M2c2 = 0, i.e., outcomes c1 or c2 never occur for the consid-
ered measurements.

Proposition B2. The maximum average success probabil-
ity in the quantum random exclusion task, with alphabet size
m, for a two-outcome POVM is achieved with the above
discussed quantum protocol.

Proof. Let us address the scenario wherein Alice sends a
qubit instead of a bit. We can show that there is a quantum
advantage in this case for all m. The proof of advantage
only requires Bob to perform 2 two-outcome measurements.
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Say, we form the partition as Q = {00, 01, 10, 11} and
Q = {a1a2 ∈ A2 : a1a2 /∈ Q}. The 2 two-outcome measure-
ments can be used to distinguish between states associated

with Q. For the states associated with Q, the measurement
output is always correct for our task. We can find an
upperbound for the quantum success probability as well:

p(REC)
Q = 1

2m2

∑
a∈A2

2∑
i=1

Tr[(I − Miai )ρa1a2 ]

= 4

m2

⎧⎨
⎩1

8

∑
a∈Q

2∑
i=1

Tr[(I − Miai )ρa1a2 ]

⎫⎬
⎭ + 1

2m2

∑
a∈Q

{
2∑

i=1

Tr[(I − Miai )ρa1a2 ]

}

� 4

m2

⎧⎨
⎩1

8

∑
a∈Q

2∑
i=1

Tr[(I − Miai )ρa1a2 ]

⎫⎬
⎭ + m2 − 4

m2

� 4

m2

⎧⎨
⎩ max

{Miai ,ρa1a2 }
1

8

∑
a∈Q

2∑
i=1

Tr[(I − Miai )ρa1a2 ]

⎫⎬
⎭ + m2 − 4

m2

= 4

m2

⎧⎨
⎩ max

{M̃iai ,ρa1a2 }
1

8

∑
a∈Q

2∑
i=1

Tr
[
M̃iaiρa1a2

]⎫⎬⎭ + m2 − 4

m2
(hereM̃iai = I − Miai ),

� 4

m2

{
1

2

(
1 + 1√

2

)}
+ m2 − 4

m2

= 1 − 2 − √
2

m2
.

In the last step above, we simply apply the known result, i.e.,
in a (2, 2)-RAC, the quantum maximum for the average suc-
cess probability is (1 + 1/

√
2)/2. Since our quantum protocol

reaches the derived quantum upper bound, we find an optimal
over the set of all two-outcome measurement protocols. �

With this result, we can see that, as long as Alice is only
using a two-level system to communicate to Bob, Alice can
achieve a quantum advantage for any finite alphabet size m of
Alice’s input, since 1 − 2−√

2
m2 > 1 − 1

m2 .
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