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Statistical learning on randomized data to verify quantum state approximate k-designs
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Random ensembles of pure states have proven to be extremely important in various aspects of quantum physics
such as benchmarking the performance of quantum circuits, testing for quantum advantage, studying many-body
thermalization, and the black hole information paradox. Although generating a truly random quantum ensemble
is experimentally challenging, approximate realizations are equally valuable and are known to emerge naturally
in a variety of physical models, including Rydberg setups. These are referred to as approximate quantum state
designs, and verifying their degree of randomness can be a measurement-intensive task, similar to performing full
quantum state tomography on many-body systems. In this theoretical work, we present a measurement scheme
and analysis techniques to validate the degree of randomness of a quantum ensemble generated by a simulated
experimental setup. This is achieved by translating the information residing in the complex many-body state into
a succinct representation of classical data using projective measurements in randomly chosen bases, which is then
processed using methods of statistical inference such as maximum-likelihood estimation and neural networks,
benchmarked against the predictions of shadow tomography. Our scheme only requires individually addressed
single-qubit operations to be performed in order to be employed, making it applicable for a range of physical
platforms.

DOI: 10.1103/16yg-xqtd

I. INTRODUCTION

Random number generation has a wide range of applica-
tions, including information security [1], networking [2,3],
board games, lotteries, and gambling [4,5]. However, it is very
costly and almost impossible to generate a genuinely random
string of numbers in the deterministic classical world. For
practical purposes, pseudorandom number generators are used
where a deterministic computer algorithm creates a sequence
of numbers that appear to be statistically random when com-
pared to a fully independent set of random variables [6–9].
Thus, the average value of the pseudorandom distribution will
not be distinguishable from the average value of a perfect
random distribution. Similarly, in combinatorial mathematics,
one can define classical k-designs that are indistinguishable
from truly random distributions up to k-moments. [10–13].

Quantum k-designs are extensions of the classical k-design
concept in which the probability distributions of unitary
operators or quantum states, averaged over a polynomial
function up to degree k, are identical to the averages taken
over a unique group-invariant measure, in this case the Haar

*Contact author: Kaustav-Mukherjee@utc.edu

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

measure. Quantum k-designs find many applications in quan-
tum information theory, which include estimating fidelity
[14], performing state tomography [15], implementing cryp-
tography [16,17], randomized encoding and benchmarking
of quantum circuits [18–22] and simulators [23], checking
for entanglement [24], generating topological order [25], and
studying the black hole information paradox [26,27]. Recent
studies also reveal the relevance of quantum k-designs in the
thermalization process for many-body systems [28–30]. How-
ever, generating quantum designs on any quantum processor is
challenging and requires a high degree of control over a large
set of noisy parameters [14,15,31–34], as the number of gates
grows exponentially with the number of qubits. Alternatively,
approximate quantum state designs (see Fig. 1) are relatively
easy to construct, and by definition, they are distributions of
states that approximate their exact counterparts.

The degree of randomness in an ensemble of states is char-
acterized by estimating its closeness to the relevant quantum
k-design, a task that naturally depends on the information
available about the ensemble of states. However, gathering
such information can be an experimentally resource-intensive
task, akin to quantum state tomography for large systems
[35–38]. Over the years, there has been a push toward efficient
quantum state tomography [38–41]. In the same spirit, this
work deals with the efficient and accurate characterization of
numerically simulated random ensembles of states.

The characterization of approximate quantum k-designs
investigated here involves two key steps: (1) sampling the
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FIG. 1. The figure depicts the quantum k-designs for a single
qubit in a Bloch sphere for k = 2, 3 in panels (a) and (b), respectively,
and an ensemble of states that approximates an arbitrary k-design
in panel (c). Less transparent vectors in panel (c) occur with higher
probability within the ensemble of states.

ensemble of states using projective measurements in the ran-
dom bases and (2) applying statistical learning methods on
the measurement data for postprocessing. Using a prototypical
platform of interacting spins in a Rydberg setup, we numer-
ically construct the ensemble of states by implementing a
protocol that involves splitting the system into two subsys-
tems: A and B, realizing an approximate quantum state design
in A and treating B as an auxiliary system used for random
ensemble generation [28]. Measuring subsystem B in the com-
putational basis projects the joint system into a corresponding
ensemble of postmeasurement states on subsystem A. We then
propose randomly selecting the basis of projective measure-
ment for subsystem A while measuring subsystem B in the
computational basis. It is well established that utilizing the
statistical correlations arising from randomized measurements
forms a flexible toolbox useful for estimating various quantum
properties of the many-body quantum state, such as purity, en-
tanglement, and out-of-time-ordered correlations [42]. Next,
we leverage tools of machine learning, which are based on
statistical inferences, to estimate the parameters that describe
the ensemble of states. Using both maximum-likelihood esti-
mation (MLE) and restricted Boltzmann machines (RBM), we
demonstrate that this routine significantly reduces the number
of measurements needed to accurately represent the ensem-
ble of states compared to either full state tomography or a
frequentist method as implemented in Ref. [28]. In addition,
we show that the maximum-likelihood approach outperforms
even efficient shadow tomography [40,43,44] for all cases
tested, while the restricted Boltzmann machines achieve this
performance in the high-data regime. Finally, we note that
our results are applicable to any quantum platform that can
generate random ensembles of states.

II. THEORY

A. Constructing approximate quantum state k-design
using projected ensembles

A uniform distribution of all pure states in a Hilbert space
is defined by the Haar ensemble [16]. Averaging arbitrary
functions across the ensemble is impossible in practice, due
to the finite number of samples that can be collected. Instead,

it is possible to use quantum state designs that reproduce the
universal properties of randomness of the Haar ensemble up
to a certain order. However, these designs are typically con-
structed approximately using random unitary quantum circuits
[31,33,45–47], which require sufficient depth of the quantum
circuit, resulting in polynomial scaling with the number of
qubits, thereby contributing to the overall infidelity of the
operation.

Another approach to generating approximate quantum
state designs involves performing local measurements on
many-body states that evolve under a time-dependent Hamil-
tonian in quantum many-body systems [28,29]. This approach
of constructing approximate k-designs, which is also referred
to as the projected ensemble method, is advantageous due to
its generality, as it can be readily implemented in experimental
platforms that realize Ising models [28]. We consider a system
of N spins, which are partitioned into two subsystems: A and
B, with NA and NB spins, respectively, such that NA � NB. In
this work, we numerically simulate the works [28,29] to gen-
erate the data for approximate quantum state k-designs, which
are then characterized using statistical learning methods.

Using the projective measurement approach, an ensemble
of pure states is generated by performing local measurements
on subsystem B for given projected states in complementary
subsystem A. The naive brute-force approach to characterize
the ensemble of states would be to perform measurements in
all directions (X,Y, Z), on both subsystems A and B. This
allows for reconstruction of the full many-body state, which
captures the complete information about the entire system.
However, this procedure is prohibitively expensive, especially
for larger systems. Alternatively, one may measure both the
subsystems, solely in the computational or Z basis as per-
formed in the original experiment [28]. Measuring the entire
system in the computational basis results in the loss of useful
information (such as phase), which can be useful for char-
acterizing the ensemble of pure states. Instead, we propose
measuring each spin in subsystem A in a randomly chosen ba-
sis from X , Y , or Z , while measuring subsystem B uniformly
in the Z basis. This measurement scheme results in bitstrings
rA ∈ {r (1)

A , r (2)
A , . . .} for r (i)

A ∈ {x(i)
A , y(i)

A , z(i)
A } for subsystem A

and zB for subsystem B. Each bitstring contains a string of
bits 0 or 1 representing the state of the individual spin when
measured in the chosen basis. The scheme of measurements
used in A is referred to as measurement in a randomly chosen
basis, as discussed in more detail in Appendix B. The many-
body state of the full system is denoted by |�〉, and the state
of subsystem A conditioned on a particular bitstring zB being
measured is given by

|�A(zB)〉 = (1A ⊗ 〈zB|)|�〉/
√

p(zB), (1)

where p(zB) = 〈�|(1A ⊗ |zB〉〈zB|)|�〉 is the probability to
measure a specific bitstring zB. The marginal probability of
measuring the subsystem A in a particular state rA for a given
choice of measurement basis is given by

p(rA) =
∑

zB

p(zB)p(rA|zB),

=
∑

zB

p(zB)|〈rA|�A(zB)〉|2, (2)
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TABLE I. Summary of different approaches for characterizing quantum state ensembles. The key methodological features of the frequen-
tist, MLE, CRBM, and shadow-tomography approaches are shown in the top three rows. Each method differs in the measurement basis, statistical
representation of the state, and the scaling of the sampling requirements. The quoted error scalings refer to different notions of statistical error.
Namely, for shadow tomography, the 1/

√||D|| scaling corresponds to the root-mean-square error of unbiased estimators constructed from
independent measurement outcomes. For MLE, the 1/||D|| scaling refers to asymptotic mean-squared error (MSE) under standard regularity
assumptions, rather than a nonasymptotic bound on state distance. For CRBM, the reported scaling reflects empirical convergence observed
in practice rather than a general theoretical guarantee. See text and Appendix D for more details. The optimal dataset size for characterizing
quantum state ensembles with each approach is obtained from Fig. 4.

Feature Frequentist Max. likelihood CRBM Shadow tomography

Measurement basis (A) Z basis Random basis Random basis Random basis

State representation
∑√

pm|m〉 ∑
z′
A

√
p(z′

A,zB )
p(zB ) |z′

A〉 √
pθ (z) eiφμ (z) ρ̂

(n)
A = ⊗

i(3|a(n)
i 〉〈a(n)

i | − I )

|�A(zB)〉 pm → prob. of |m〉 p(z′
A, zB) → Joint prob. (pθ , φμ) → (Amp., phase) |a(n)

i 〉 → Measurement n shot
i qubit

Estimation error – O(1/||D||) [67] O(1/
√||D||) [68] O(1/

√||D||) [28]
– (asymptotic MSE) (empirical) (estimator rms)

Optimal dataset size
(k = 2) – 45 576 3000
(k = 3) – 72 1152 3000

where p(rA|zB) is the conditional probability distribution.
Thus, the ensemble of states is a collection of all such
conditional states of subsystem A along with its correspond-
ing probabilities to measure a given bitstring zB and is
written as

E = {(|�A(zB)〉, p(zB))} ∀ zB ∈ [0, 2NB ). (3)

The kth moment of the ensemble E is defined as follows:

ρ
(k)
E =

∑
zB

p(zB) (|�A(zB)〉〈�A(zB)|)⊗k, (4)

while the kth moment of the Haar ensemble for a
Hilbert space of dimensionality d is defined as ρ

(k)
Haar =∫

ψ∼Haar(d) dψ (|ψ〉〈ψ |)⊗k , which has a closed analytical form
as detailed in Appendix A. Here, |ψ〉 refers to random pure
states that are obtained from the unitarily invariant (Haar)
measure on the unit sphere in d-dimensional Hilbert space.
The degree of closeness between E and the Haar ensemble is
quantified using the 1-norm, i.e., the trace distance, between
the two ensembles, which is defined as

δ(k) = 1
2 Tr

(√(
ρ

(k)
E − ρ

(k)
Haar

)†(
ρ

(k)
E − ρ

(k)
Haar

))
. (5)

Thus, for δ(k) � 1, the many-body state |�〉 yields an en-
semble of pure states on the subsystem whose probability
distribution is indistinguishable from the Haar ensemble up
to the kth moment, thereby forming an approximate quantum
state k-design. The efficient and accurate characterization of
(approximate) quantum state k-designs, which is related to es-
timating the value of δ(k), depends on the type of information
encoded in the ensemble of states E . This, in turn, relies on
the actual details of the measurement protocol.

In this work, we use four different protocols to charac-
terize quantum designs: (1) frequentist method, (2) shadow
tomography [40], (3) complex-restricted Boltzmann machine
(CRBM) [48,49], and (4) MLE, of which the latter two demon-
strate greater efficiency with respect to data acquisition. Each
of the four protocols uses a distinct ansatz to reconstruct
the state |�A(zB)〉 for each zB from repeated measurement

outcomes: (1) The frequentist method reconstructs the state
by determining the coefficients of |�(zB)〉 based on proba-
bilities of outcomes in the computational basis; (2) shadow
tomography estimates the density operator from measurement
outcomes in random bases leveraging unbiased statistics (U-
statistics; see Appendix D 4); (3) the CRBM employs a bipartite
neural network to parametrize the state from measurements in
a randomly chosen basis; and (4) the MLE directly optimizes
the coefficients of |�(zB)〉 from measurement outcomes in
random basis. Table I summarizes the measurement basis,
state representation |�A(zB)〉, and estimation errors, highlight-
ing how the error decreases with the size of the measurement
dataset for each protocol. The underlying theory of these four
protocols and their implementation for this work are described
in detail in Appendix D. In the next section, we describe
the theory behind the Rydberg simulator used to generate the
approximate k-designs similar to Refs. [28,29].

B. Generating random ensemble states with Rydberg simulator

Rydberg atoms are neutral atoms with their valence elec-
tron placed in a highly excited state, possessing large dipole
moments [50,51]. The characteristic strong dipole-dipole
interaction between neighboring Rydberg atoms has been
exploited for a wide variety of applications that include
many-body physics [52–54], quantum simulation [55–58],
and quantum computing [59,60]. In this work, a linear chain
of trapped atoms is considered, which are initialized to a
state with all atoms in their ground state |g〉. The laser with
detuning � and Rabi frequency 	 excites the individual atoms
to their Rydberg state, denoted by |e〉. The system evolves
according to the time-independent Hamiltonian

Ĥ = h̄	

2

N∑
i=1

σ̂ x
i − h̄�

N∑
i=1

n̂i + h̄
C6

a6

∑
j>i

n̂in̂ j

|i − j|6 , (6)

where σ̂ x
i = |g〉i〈e|i + |e〉i〈g|i and n̂i = |e〉i〈e|i. Two atoms

in their Rydberg states interact with each other via the van
der Waals interaction, whose strength is given by the van
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FIG. 2. Simulated Rydberg setup: N = 10 Rydberg atoms (blue
spheres) trapped by optical tweezers (red cones), which are globally
driven by a laser beam (purple) characterized by Rabi frequency 	

and detuning � (shown as inset). The first eight atoms are treated
as subsystem B whose projective measurements in the computational
basis provide the bitstring zB. The remaining two atoms form the sub-
system A described by the wave function |�A(zB)〉, which depends on
the outcome zB.

der Waals coefficient C6. Simultaneous excitations of nearest
neighboring atoms to their Rydberg states are suppressed due
to the Rydberg blockade mechanism [61]. This effect allows
us to work with the reduced Hilbert space, which makes the
numerical simulations more tractable.

C. Numerical simulation of the Rydberg experiment [28]

For the numerical simulation, we consider a system of
N = 10 atoms, partitioned into two subsystems A and B with
NA = 2 and NB = 8 in Fig. 2. The many-body system is ini-
tialized in the ground state |ggg · · · 〉, which has zero energy
expectation value with respect to Ĥ . The initial state evolves
under Ĥ to a final state |�(t )〉 = e− i

h̄ Ĥt |g · · · g〉 at time t ,
well before any decoherence process, such as spontaneous
decay of the Rydberg state, becomes significant. A natural
consequence of the interacting many-body Rydberg system
is the transition from the initially ordered state to chaotic
dynamics, characterized by the extensive occupation of a
broad manifold of eigenstates across the Hilbert space. This
is depicted in the conditional probabilities shown in Fig. 3.
The evolved state of the many-body system |�(t )〉 at time t
is expressed as

∑
zB

√
p(zB)|�A(zB)〉 ⊗ |zB〉, which provides

the dataset for the ensemble and is used for characterization
in this work. For the numerical implementation of the sim-
ulator, we closely follow the experimental setup described
in Ref. [28], which serves as our benchmarking platform,
using the following parameters: lattice spacing a = 3.3 µm
apart, C6 = 126 GHz µm6, �/(2π ) = 0.9 MHz, and Rabi
frequency 	/(2π ) = 4.7 MHz [28]. Practical implementation
of measurement in randomly chosen bases with single-qubit
rotations in Rydberg systems can be achieved in current ex-
periments [62–64].

Now, whether a chaotic final state can provide a projec-
tive ensemble of states that statistically represent a quantum
state k-design can be addressed in two different ways. First,
a random ensemble of states is known to possess certain

(a)

(b)

1/3

1/4

�

FIG. 3. (a) Numerical simulation of the Rydberg dynamics with
partition size NA = 2 and system size N = 10: Conditional proba-
bilities p(zA = 00|zB) (blue) and p(rA = 00|zB) (red) are plotted as
a function of time for finding A in state |00〉 given a measurement
zB. Lighter lines correspond to the plot of p(zA = 00|zB ) and p(rA =
00|zB ) over time for each of the possible zB outcomes, while the os-
cillating bold lines represent marginal probability p(zA = 00) (blue)
and p(rA = 00) (red), reaching a steady-state value of 0.33 and 0.25,
respectively. (b) Plot of the convergence of higher moments of the
conditional probability distribution p(zA = 00|zB ) for numerically
generated measurements with system size NA = 2 and subsystem
B size NB = 8, rescaled by ζ = DA × (DA + 1) · · · (DA + k − 1) as
indicated in the main text.

universal statistical properties such as the steady-state be-
havior of the marginal probability distributions p(rA) [see
Eq. (2)] at long times [29]. Figure 3 (a) ascertains the expected
convergence of the first moment (mean) to 1/DA, i.e., 1/3
in the Z basis and 1/4 in a randomly chosen basis. Here,
DA denotes the dimensionality of the Hilbert space for the
subsystem A. For a subsystem of two qubits, the blockade
interaction prohibits Rydberg excitation next to each other,
thereby resulting in DA = 3 possible states in the Z basis,
i.e., zA ∈ {|00〉 , |01〉 , |10〉}. In contrast, in a randomly chosen
basis, all four states contribute, leading to DA = 4 with rA ∈
{|00〉 , |01〉 , |10〉 , |11〉}, despite the presence of the Rydberg
blockade. Figure 3 (b) shows the subsequent higher moments
of the conditional probability distributions, which are de-
fined as

∑
zB

p(zB)p(zA = 00|zB)k to values k!/(DA × (DA +
1) · · · (DA + k − 1)) at long times. The curves in panel (b) are
rescaled by a factor ζ = (DA × (DA + 1) . . . (DA + k − 1)),
which thus approaches k!. Although Fig. 3(b) was done for
measurements in the Z basis, the saturation of conditional
probabilities at long times holds true independent of the basis
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chosen for projective measurements. The saturation of con-
ditional probabilities with projective measurements in the Z
basis has been verified in the recent experiment [28] and is
the first signature that the ensemble of states is approaching a
Haar-random distribution.

However, a more direct approach for verifying that a
certain ensemble state forms an approximate quantum k-
design is to demonstrate that the trace distance δ(k), which
is defined in Eq. (5), approaches zero. To evaluate the
trace distance [Eq. (5)], we first construct the ensemble in
Eq. (3) and its kth moment in Eq. (4) using the state vector
|�A(zB)〉 and probabilities p(zB), which are derived from the
time evolution of Eq. (6), followed by the simulated pro-
jective measurements on subsystem B. The construction of
δ(k) is validated against well-established results for different
system sizes in Appendix C. The evaluation of the trace
distance generally requires full knowledge of the quantum
state, rendering it experimentally exhaustive. To overcome
this limitation, we demonstrate in the next section how sta-
tistical learning models can be employed to estimate �A(zB),
and thereby the trace distance, from a limited number of
measurements.

III. RESULTS

The need for accurate quantum state tomography for en-
semble states is expensive in measurement cycles. It has been
proven that for an N-body quantum system, the classical data
obtained from randomized measurements can approximate all
reduced density matrices with fixed number of spins up to
ε accuracy with ln(N )/(ε2) measurements [42,65]. Follow-
ing this up with efficient postprocessing of the classical data
with methods such as maximum-likelihood optimization or
RBM can potentially allow future experiments to estimate
trace distances between the fitted many-body wave function
and Haar-random distribution. The results of our approach
are compared against the predictions of shadow tomography,
where the density matrix is reconstructed using a computa-
tionally more efficient U1 statistics with negligible bias for the
sample size considered here, and is discussed in more detail
in Appendix D 4.

Figure 4 compares the performance of different approaches
in terms of the trace distance with respect to the size of
the measurement dataset. Estimates calculated from each of
the different methods m in the jth repetition, denoted by
δ

m, j
(k) , are compared to the exact trace distance δe

(k), which
is calculated numerically using the true state vector |�(t )〉
obtained by numerically solving the dynamics of the Ryd-
berg system. The value of δe

(k) will in general be nonzero,
since the system we are studying produces only approxi-
mate state designs. The comparison between δe

(k) and δ
m, j
(k) for

each method m is quantified using the mean absolute error,
defined as

εMAPE = 1

(M × T )

M∑
j=1

T∑
i=1

∣∣∣∣∣δ
m, j
(k) (ti ) − δe

(k)(ti )

δe
(k)(ti )

∣∣∣∣∣, (7)

where δ
m, j
(k) (ti ) is the value of the trace distance obtained using

Eq. (5) for dataset-based method m evaluated at time step ti.

(a) 2-design

(b) 3-design

M
A

P
E

M
A

P
E

FIG. 4. Plot of the mean absolute percentage error as defined in
Eq. (7) for (a) k = 2 and (b) k = 3 with each of the four methods.
For statistical robustness, the mean percentage error is evaluated by
averaging across 21 equally spaced time steps in the thermalized
regime from 0.4 and 1.4 µs and across ten repetitions for every
time step of the numerical experiment of system size N = 10 with
NA = 2. The sample size on the x axis corresponds to the number
of measurements made in each repetition, and the empty markers
correspond to the optimal dataset sizes for 2/3-design (Shadow:
3000/3000, CRBM: 576/1152, MLE: 45/72, Frequentist: 80/144) in the
range explored.

The label j indexes the repetition of the numerical experiment.
Thus, Fig. 4 shows the efficacy of the chosen method m in
characterizing the ensemble of states as a quantum k-design
with respect to the number of measurements needed for k = 2
and k = 3, shown in panels (a) and (b), respectively. For
statistical robustness, the mean of the relative error is cal-
culated over T = 21 time steps and M = 10 repetitions of
the sampling process. In Fig. 4, we find that the best method
for characterizing the ensemble of states is the MLE method,
showing a relatively low value of the error εMAPE across the
range of dataset sizes studied in this work, including in the
low-sample regime. The CRBM approach shows poor results in
the low-sample regime but improves rapidly as more measure-
ments become available (||D|| > 1000). CRBM performs much
worse than MLE in the low-sampling regime because the actual
number of samples that can be used for training the CRBM is
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much lower than the size of the available dataset D(zB). This is
related to a technical constraint where the algorithm requires
at least one measurement to be in the Z basis (which is
hardwired in the software implementation [66]) for subsystem
A, which is sometimes missed in the random measurement
scheme. Removing this constraint in future implementations
of the software will potentially help in making better predic-
tions. Shadow tomography performs better than CRBM in the
low-sampling regime, but its error εMAPE converges slower
than CRBM and MLE. It appears that reconstructing the density
matrix directly from the measurements in randomly chosen
bases, as performed in shadow tomography (refer to Appendix
D 4), requires more measurements to achieve the same level
of accuracy in characterizing quantum k-designs compared
to the maximum-likelihood method. Finally, the standard fre-
quentist approach exhibits a consistent overestimation of the
trace distance throughout the investigated dataset sizes, with
no significant improvement with increasing sample size. This
is because in the frequentist approach, we have only Z-basis
measurements for subsystem A, as is typical in conventional
Rydberg experiments, which implies that it does a poor job
of capturing the full information of the state function. Al-
though all approaches perform better in the high measurement
regime, the MLE method has better accuracy, and it is a
few orders of magnitude faster to train. The empty markers
on the x axis indicate the minimum number of simulated
measurements needed at each time step in order to get the
best possible result for each of the algorithms within the
range of dataset sizes analyzed. These are also summarized
in Table I and are used to compare each of the methods in
Fig. 5.

Figure 5 shows the trace distances δ(2) and δ(3) as a function
of time in order to verify the quantum state 2- and 3-designs,
respectively. The black line is the trace distance calculated
using |�A(t )〉, which corresponds to the case where there
is complete knowledge of the state. The other lines show
the estimations obtained with each of the three algorithms
using simulated measurements. The algorithms were applied
to M = 10 independent simulated datasets at each time point,
and the plot shows the mean (solid line) and standard de-
viation (shaded area) across the repetitions. In the initial
times, all four algorithms display severe underestimation of
the δ(2,3) value. However, in the steady-state regime (after
about 0.25 µs), the estimates of the trace distance from the
MLE, CRBM, and shadow methods approach the true value
(solid black line), clearly outperforming the frequentist ap-
proach. Apart from predicting the average value for δ(k)(t ), it
is interesting to find that these four methods also capture some
of the fluctuations in the trace distance observed using the
exact method. The shadow tomography does not perform as
well as MLE, despite the fact that the classical shadow method
has a 2 orders of magnitude larger number of measurements
for the trace distance estimation compared to MLE (see also
Fig. 4). We suggest an explanation for this, which is that CRBM

and MLE attempt the reconstruction of a state vector, whereas
shadow tomography reconstructs a density matrix. The in-
creased number of parameters that need to be estimated may
be responsible for the higher number of samples required for
the characterization of the system using the classical shadow
method.

Frequentist 

Ensemble MLE 

Ensemble shadow 

Ensemble cRBM 

Full state

�s

FIG. 5. The figure shows trace distances estimated for 2-design
(δ(2)) and 3-design (δ(3)) using different algorithms as a function of
time. Each algorithm was performed on a dataset of size marked on
the x axis of Fig. 4. For statistical robustness, at each time, the sim-
ulated experiment was repeated 10 times. The mean reconstructed
trace distance is shown with a line, and the standard deviation is
shown as a shaded region. The black line shows the target values,
calculated using the simulated time-dependent wave function with-
out approximation.

IV. DISCUSSION

The complexity of large quantum systems makes them
difficult to characterize accurately, and full state tomography
is inefficient as it requires an exponentially large number of
experimental runs, which also amounts to an exponentially
large amount of data to process. Improving the efficiency of
quantum state tomography, in particular for large systems, is
a constant challenge and an active area of research [38,39].
Characterizing the randomness of an ensemble of states is
no exception to this plight. Full characterization of a quan-
tum state density matrix in a Hilbert space of dimensionality
D necessitates at least the preparation of O(D2) indepen-
dent copies of the system [43,69]. However, the Hilbert
space of N interacting spins, such as that of the Rydberg
setup, has dimensionality D = 2N , in which case the full
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characterization of a quantum state density matrix ρ will
require O(D2) = O(22N ) independent copies of the system,
which is still an exhaustively large number of copies.

Often, a far less complete description of the state is ade-
quate in certain cases, such that the number of experimental
runs and the amount of data needed is drastically reduced. The
key idea is to translate the information about the many-body
state of a system into classical data by performing measure-
ments in the random bases. We sacrifice some information
to make characterization feasible, aiming to strike a balance
between data requirements and accuracy. In this regard, clas-
sical shadow tomography has a relatively reduced scaling
to O(log4(M) log(D)) [70], where M are the two-outcome
measurements [70]. Measurements on a randomized basis can
reduce this scaling further to O(log(M)) independent copies
[40,42] and are at the heart of the modern classical shadow
methods [40]. However, depending on the many-body quan-
tum state that is being characterized, relevant information can
be lost, leading to an inaccurate description of the quantum
state. In such cases, statistical learning methods can be used
to make accurate predictions with low estimation error, as
outlined in Table I and, in certain cases, more efficient pre-
dictions of the quantum state, as demonstrated in this work on
characterization of emergent random ensembles of pure states.

This work uniquely accomplishes the efficient character-
ization of ensembles of random states by combining the
benefits of random basis state measurements and statisti-
cal learning methods. The ability to identify information in
reduced datasets that would otherwise be missed by naive
observations is one of the appealing features of this kind of
learning [71]. In contrast to the shadow tomography, which
requires more than 103 measurements to converge even with
efficient U1 statistics, MLE (∼50–70) and CRBM (∼500–1000)
require significantly fewer measurements. While both meth-
ods, MLE and CRBM, yield more accurate estimations, the
current implementations of CRBM are computationally more
time-consuming by orders of magnitude when compared to
the MLE approach. This may change in the future with better
and more flexible versions of CRBM routines; however, cur-
rently, this work indicates that MLE offers the most practical
balance between accuracy and efficiency, and it is applicable
to a broad class of quantum simulators that realize spin mod-
els.

Future works can involve noise modeling that takes into ac-
count imperfections in measurements, perhaps using Bayesian
methods [72–74], and could make comparisons between the
approach used in this work with other similar methods, such
as shadow estimation [40], as well as the case of mixed
states occurring due to nonunitary processes in the dynamics.
Moreover, our findings resonate with complexity-theoretic
arguments such as anticoncentration theorems, which estab-
lish the necessity of approximate designs for demonstrating
quantum speedups and validating randomness in near-term
devices [75].
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APPENDIX A: EXPRESSION FOR kth MOMENT
FOR RANDOM HAAR ENSEMBLE

Consider a Hilbert space with dimensionality d , then the
Haar ensemble is defined as the continuous random probabil-
ity distribution over pure states defined over that space. Using
the Schur-Weyl duality, an analytical expression to calculate
the kth moment of the Haar ensemble [76] is given as

ρ̂
(k)
Haar =

∑
π∈Sk

P̂d (π )

d (d + 1) · · · (d + k − 1)
. (A1)

The sum in the expression above iterates through the elements
π of the permutation group Sk . These represent all the ways
of rearranging an array of k distinct objects. For example, we
explicitly report the elements of the group S3 below, which are
needed to construct the third moment of the ensemble ρ

(3)
Haar:

π1 :

⎧⎨
⎩

π1(1) = 1,

π1(2) = 2,

π1(3) = 3,

π2 :

⎧⎨
⎩

π2(1) = 2,

π2(2) = 1,

π2(3) = 3,

(A2)

π3 :

⎧⎨
⎩

π3(1) = 3,

π3(2) = 2,

π3(3) = 1,

π4 :

⎧⎨
⎩

π4(1) = 1,

π4(2) = 3,

π4(3) = 2,

(A3)

π5 :

⎧⎨
⎩

π5(1) = 3,

π5(2) = 1,

π5(3) = 2,

π6 :

⎧⎨
⎩

π6(1) = 2,

π6(2) = 3,

π6(3) = 1.

(A4)

The operator P̂d (π ) acts as a swap operator that acts on k
copies of d-dimensional qudits and is defined as follows [76]:

P̂d (π ) =
∑

i1, ..., ik∈[1,2, ..., d]

|iπ (1), . . . , iπ (k)〉〈i1, . . . , ik|. (A5)

APPENDIX B: SIMULATING MEASUREMENT DATA

Repeated measurements are taken to obtain statistics by
randomly sampling the measurement directions between the
three mutually orthogonal directions. For spin systems, and,
in particular, for Rydberg systems, this can be experimentally
implemented by randomly rotating each spin using a unitary
operator followed by a state measurement in the Z basis [24].
The dataset D of size ||D|| is constructed by measuring the
subsystem B in the Z basis and the system A in all bases.
It is subsequently split into subsets that share the same out-
come zB of the subsystem B measurement, which we label as
D(zB). Each D(zB) contains multiple simulated measurements
of subsystem A for a particular zB, as shown in Fig. 6. The ith
measurement in A is denoted by |r (i)

A (zB)〉b = |b(i)
A,1〉 ⊗ · · · ⊗

|b(i)
A,NA

〉, where |b(i)
A, j〉 ∈ |{0, 1}〉{X,Y,Z} are the eigenstates of the

σb j Pauli operator with eigenvalue ±1. It should be noted that
the amount of data available to train the state |�(zB)〉 for a
particular zB fluctuates for each run of numerically simulated
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FIG. 6. The figure illustrates the scheme for generating the simulated measurement datasets D(zB). The numerically generated bitstrings
are collected and sorted in subsets containing the common zB. A probability is assigned to each unique zB string by counting the number of
occurrences of that bitstring in the dataset. The corresponding measurements of A associated with a particular zB determine the state |�A(zB)〉.
The tuple (p(zB), |�(zB)〉) accordingly defines the ensemble state E .

measurements. In general, zB bitstrings with a higher prob-
ability p(zb) are more likely to be sampled, and the size of
the corresponding dataset D(zB) will be, on average, larger.
This also implies that subsets D(zB) with low p(zb) may have
measurements for A that are missing in certain directions.
For example, in the illustrative set of measurements provided
in Fig. 6, the dataset D(10010101) contains measurements
of subsystem A in the basis {ZX,Y Z,Y X, ZY } for a given
outcome zB. Here, the first spin for A was never measured
in the X basis, which may then affect the quality of the
training. However, the states with particularly low p(zB) do
not contribute significantly to the ρ

(k)
E , thereby reducing the

impact of inaccurate state characterization due to the limited
data.

APPENDIX C: TRACE DISTANCE WITH SYSTEM SIZE

To verify that a certain ensemble state forms an approx-
imate quantum k-design is to demonstrate that the trace
distance δ(k), which is defined in Eq. (5), approaches zero.
To evaluate the trace distance [Eq. (5)], we first construct
the ensemble in Eq. (3) and its kth moment in Eq. (4) us-
ing the state vector |�A(zB)〉 and probabilities p(zB), which
are derived from the time evolution of Eq. (6), followed by
the simulated projective measurements on subsystem B. The
steady-state value of the trace distance, 〈δ(k)〉, is then ob-
tained by averaging δ(k)(t ) over 130 uniformly spaced time
points within the interval (1.5, 5.0) µs. Figure 7 shows the
numerical results for the emergence of approximate k-designs
in subsystem sizes (NA = 1, 2, and 3) as a function of the
subsystem B size NB. In this analysis, we consider various
possible ways of bipartitioning the system, demonstrating
that the characterization of a k-design is independent of the
specific choice of subsystem A. Furthermore, the dependence
of 〈δ(k)〉 on NB follows a simple scaling law, 〈δ(k)〉 ∝ 1

(NB )γk
,

consistent with the recent numerical observations of Ref. [28].

The exponents γk are obtained using linear fitting of the data
on a log-log scale. Moreover, a comparison across the three
subplots reveals that γk increases with NA for a fixed k. Since
larger values of k correspond to more uniform approximate
designs, this implies that increasing the subsystem size NA

leads to a more Haar-like approximate design, provided that
NA � NB.

APPENDIX D: ESTIMATORS FOR RANDOM
ENSEMBLE STATE

In this Appendix, we outline the details of the four sta-
tistical learning methods employed in this work, namely, (1)
CRBM, (2) maximum-likelihood estimation, (3) the frequentist
approach, and (4) shadow tomography, as depicted in Fig. 8.

1. Complex restricted Boltzmann machines

An RBM is a type of bipartite neural network with two
layers, which are referred to as visible and hidden layers, as
shown in Fig. 9. It is used to learn the probability distribution
over binary data in an unsupervised approach. The network
shows no intralayer connections but just interlayer ones, thus
motivating the name restricted. The nodes in the visible and
hidden layers have bias vectors b and c associated with them,
whereas a matrix W provides weights for the connections. The
nodes zi and h j can only take binary values 0 or 1 and are thus
used to represent a probability distribution p(z), where z is a
vector of N binary entries {0, 1}, i.e., z ∈ {0, 1}N . The state of
the RBM is completely defined using the two vectors:

z = (z1, z2, . . . , zV ), zi ∈ {0, 1}, (D1a)

h = (h1, h2, . . . , hH ), h j ∈ {0, 1}, (D1b)

where V and H are the total numbers of nodes in the visible
and hidden layers, respectively. Each state of the RBM has an
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NB

NA

NB

NA

NB

NA

FIG. 7. Shows the time average and standard deviation of the value of the trace distance in the steady state (y axis) as a function of different
subsystem B sizes (x axis). The system considered has a total size of N = 14 with varying subsystems and subsystem B sizes. The expected
scaling law of the trace distance is established, where the γk values are shown in the panels corresponding to different quantum state k-designs.

associated energy given by

Eθ (z, h) = −bT z − cT h − zT W h, (D2)

which is parametrized by the weights and biases of the model
θ = {b, c, W}. The probability distribution pθ (z, h) (chosen
to be a Boltzmann distribution) and the partition function
Zθ (z, h) associated with the state energy are given as

pθ (z, h) = 1

Zθ

e−Eθ (z,h), (D3)

Zθ =
∑

z

∑
h

e−Eθ (z,h). (D4)

In our work, we are interested in the probability pθ (z), which
is the marginal of pθ (z, h) and has the following analytical
expression:

pθ (z) =
∑

h′
pθ (z, h′) = 1

Zθ

e−Eθ (z), (D5)

Eθ (z) = −bT z −
H∑

j=1

ln

[
1 + exp

(
c j +

V∑
i=1

Wi jzi

)]
. (D6)

Using this formalism, a particular state z = 010 · · · 1 is asso-
ciated with a probability pθ (z) that is parametrized by θ =
{b, c, W}. The goal is to find the optimal parameters θ that
give the approximation pθ (z) ≈ q(z), given some data

D = [z(1), z(2), . . . , z(D)], where z(i) ∈ {0, 1}V , (D7)

sampled according to the target distribution q(z) from which
the data are sampled. This is referred to as training of the RBM
with respect to the data.

Training the RBM with data: The commonly used cost
function that needs to be minimized while training the
RBM is the Kullback-Leibler divergence [68,77], which is

defined as

Cθ =
∑

z

q(z) log
q(z)

pθ (z)
=

∑
z

q(z) log q(z) − q(z) log pθ (z),

(D8)
where the term

∑
z q(z) log pθ (z) = 〈log pθ 〉q is the averaged

value of log pθ (z) with respect to q(z). Given the function
Cθ , the parameters are updated to minimize this using the
following rule:

θ ← θ − η∇θCθ . (D9)

Here, η is the learning rate, and it affects the step size of the
parameter update. The dependence of the cost function on the
parameters is captured by the following expression [68,77]:

∇θCθ ≈ 〈∇θEθ 〉D − 〈∇θEθ 〉pθ
. (D10)

The first term is often called the positive phase, and it repre-
sents the average of the gradient of Eθ [cf. Eq. (D5)] evaluated
at the values of z in the dataset D. The second term is the
negative phase, and it represents the average of the gradient
of Eθ taken over the learned probability distribution pθ (z).
This last term can be computationally expensive to evaluate
during training. Indeed, the expression for pθ (z) involves the
calculation of the partition function Zθ in Eq. (D4) and is a
task that scales like O(2H × 2V ), which becomes intractable
for large systems. The standard approach to calculate the value
〈∇θEθ 〉pθ

is using an algorithm called contrastive divergence.
This algorithm allows to sample z bitstrings according to pθ

without calculating the partition function of the system ex-
plicitly. A detailed explanation of the optimization algorithm
is out of the scope of this work, but it can be found in Refs.
[68,77]. For a system size of two qubits, the wave function is
described as

|�〉 = ψ00|00〉 + ψ01|01〉 + ψ10|10〉 + ψ11|11〉, (D11)
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FIG. 8. This figure schematically summarizes the four ap-
proaches used to verify approximate quantum k-design. Numerical
simulations provide measurement data for subsystem B in Z basis
with probabilities p(zB) for all four methods. In the case of ensemble
MLE, CRBM, and shadow ensemble approaches, the measurement ba-
sis for subsystem A is chosen randomly in one of the three directions.
Applying MLE when the system A is measured only in the Z basis
becomes equivalent to the frequentist method.

and following Born’s rule, the probability distribution is given
by p(z) = |ψz|2. This defines the data that will be used to train
the RBM, which in turn implies optimizing the parameters θ

such that the probability pθ (z) ≈ p(z). Wave functions can be
reconstructed using positive real-valued coefficients ψz,θ :=√

pθ (z), but this approach has the disadvantage that phase
information is discarded. A more general approach suggested
by Torlai [78] is to consider two RBMs, one that describes the
amplitude of the coefficients ψz and the other that describes
the phase φ(z) of the coefficients ψz. The two RBMs are
parametrized with their own weights and biases separately,
which are labeled as θ and μ. They both have associated
effective energies Eθ (z) and Eμ(z), described by Eq. (D5). The
coefficients of the wave function are now parametrized as

ψz,θμ =
√

pθ (z) eiφμ(z) = Z−1/2
θ e−Eθ (z)/2 e−iEμ(z)/2

= Z−1/2
θ e−(Eθ (z)+iEμ(z))/2. (D12)

FIG. 9. Network diagram of RBM. The network is divided into
a hidden and visible layer, each one consisting of nodes h and z
that take binary values 0 and 1. RBM is parametrized by θ that
groups the weights associated with the interlayer connections and
biases associated with the hidden and visible nodes. An energy
Eθ ( h) can be calculated for each network configuration. The energy
allows defining a probability pθ ( h) that is inspired by the Boltzmann
distribution. Zθ is the normalizing partition function.

One can reconstruct the phase φz of the quantum state by mea-
suring along different directions. In this manner, a complex
quantum wave function can be represented by an RBM, and
its parameters (θ, μ) can be trained to learn the coefficients
ψz,θμ ≈ ψz.

The CRBM is optimized via a hyperparameter search that
minimizes the wave function reconstruction error, quantified
by the trace distance with respect to numerically obtained
states. This procedure yields an optimal architecture of two
nodes in the visible layer and three nodes in the hidden layer
for each RBM, with a total of two RBMs within a CRBM and
12 800 training epochs. This is implemented using a Python
library QuCumber [66]. The resulting trained model is then
applied directly within the proposed measurement framework,
enabling reconstruction of arbitrary two-qubit states generated
by the Hamiltonian.

2. Maximum-likelihood method

Another way to efficiently estimate |�A(zB)〉 from the
dataset is to apply MLE. Similar to the previous approach, the
coefficients in Eq. (D11) are fitted in a manner that maximizes
the likelihood of the dataset D(zB). This is achieved by mini-
mizing the following cost function [78]:

CD(zB )
ψ

= − 1

‖D(zB)‖
||D(zB )||∑

i=1

log
∣∣〈�A(zB; ψ)

∣∣r (i)
A (zB)

〉∣∣2
,

(D13)
over all the possible vectors of complex coefficients ψ in
Eq. (D11). The optimization is numerically implemented us-
ing the Python library NumPy [79,80]. Interestingly, if the
measurements performed on A are restricted to the Z basis,
then minimizing the above cost function is equivalent to im-
plementing the frequentist method, which uses the following
ansatz:

|�A(zB)〉 =
∑

z′
A

√
p(z′

A|zB)|z′
A〉 =

∑
z′

A

√
p(z′

A, zB)

p(zB)
|z′

A〉.

(D14)
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The joint probability p(zA, zB) is estimated from the out-
come frequencies in the datasets. The frequentist analysis
is the approach used in the Rydberg experiment [28] and
served as a benchmark for the two methods proposed in this
work.

3. Equivalence between maximum-likelihood
and frequentist approaches

In this Appendix, we mathematically show that the
frequentist approach is just a particular case of the maximum-
likelihood when considering a positive coefficient wave
function. There are M = 4 possible outcomes for a two-qubit
wave function |�〉 that is measured only in the Z basis, which
are (00, 01, 10, 11). The probability of the mth outcome is
pm = |ψm|2, where ψm = 〈m|�〉 is the coefficient of the wave
function in the computational basis. Consider a case where the
measurement has been repeated N times, giving the following
outcomes [00, 01, 00, . . .]. The number of times the mth out-
come occurs in the dataset is labeled with nm where trivially∑

m nm = N . The likelihood function defined in Eq. (D13) for
our set of measurements of the two-qubit wave function is
rewritten as

L = 1

N

N∑
i=1

log |〈m(i)|�〉x|2 = 1

N

N∑
i=1

log pm(i)

= 1

N
(n00 log p00 + n01 log p01 + n10 log p10 + n11 log p11)

= 1

N
log

(∏
m

pm
nm

)
= 1

N
logL, (D15)

where m(i) is the outcome of the ith measurement in the set
of N measurements. Using the technique of Lagrange multi-
pliers, L can be maximized under the constraint

∑
m pm = 1,

which is stated below,

∂ (L − α
∑

m pm)

∂ pm′
= nm′

pm′
L − α = 0 ∀ m′. (D16)

The factor L/α is a constant that can be fixed by enforcing the
condition

∑
m pm = 1, giving

pm = nm

N
. (D17)

Thus, L is maximized when pm = nm/N , implying that
the maximum-likelihood approach reduces to the frequentist
method when measurements only along one direction are
considered.

4. Shadow tomography

The shadow tomography on the ensemble of states is
performed similarly to the procedure described in Refs.
[40,43,44]. For every simulated measurement, the subsystem
B is measured in the Z basis, whereas each qubit A is measured
in a random basis uniformly sampled from the set {X,Y, Z}.
Each qubit in subsystem A is collapsed into some state ai,
where i indexes the measured qubit, which depends both on
the chosen basis and the measurement outcome. The dataset
D(zB) contains measurements of the state |�(zB)〉 in differ-
ent bases. We label with |a(n)〉 the state that subsystem A is

(a)

(b)

FIG. 10. (a) Comparing trace distance from the exact density ma-
trix from quantum evolution [(ρexact

A )⊗k] with estimate in Eq. (D22)
(U2 statistics) and Eq. (D24) (U1 statistics) shown with red triangle
and blue circle, respectively. (b) Comparison of computation time of
U1 (blue circle) and U2(red triangle) statistics for estimation of ρ⊗2

A

with increasing sample size. Note: Results for computation time are
based on calculations performed on an Intel Core Ultra 7 265 K.

collapsed into upon nth measurement, and with |a(n)
i 〉 the col-

lapsed state of qubit i. We consider a total M measurements,
and for each outcome zB, the dataset D(zB) contains many
shots of subsystem A measured in random local bases. More
specifically,

D(zB) := {(sn, bn)}, (D18)

where sn records the random Pauli basis selected on each
qubit and bn denotes the measurement outcome of ±1. From a
single element in D(zB), we build a single shadow ρ̂A(zB) via
the inverse measurement map

ρ̂
(n)
A (zB) =

⊗
i

(
3
∣∣a(n)

i

〉〈
a(n)

i

∣∣ − I
)
, (D19)

derived in Ref. [40].
In general, ρ⊗k

A (zB) can be typically estimated using U-
statistics of order k, which provides an unbiased approach to
estimate a parameter, defined as

Uk =
(

M

k

)−1 ∑
1�i1<···<ik�M

h(Xi1 , Xi2 , . . . , Xik ), (D20)

where Xik ∈ {X1, X2, . . . , Xn} are samples from a distribution
and h is a symmetric kernel function. Here, Xn = ρ̂

(n)
A (zB) and

for simplicity, let us consider two cases: k = 1 and k = 2, for
which the estimates of ρA(zB) and ρ⊗2

A (zB) are given by

ρA(zB) = 1

M

M∑
n=1

ρ̂
(n)
A (zB), (D21)
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ρ⊗2
A (zB) = 1

M(M − 1)

M∑
n �=m

ρ̂
(n)
A (zB) ⊗ ρ̂

(m)
A (zB), (D22)

which can be generalized to the kth moment. However,
with an increase in k, the computational complexity scales
as Mk .

Thus, in order to reduce the computational time, we con-
sider a “plug-in estimator” approach, where we consider
copies of Eq. (D21) following U1 instead of U2 statistics,
which provides us with an approximate estimate ρ̄⊗2

A (zB) =
(ρA(zB))⊗k . To identify the regime where the approximation
holds, we can derive a relation between the two estimators
ρ̄⊗2

A (zB) and ρ⊗2
A (zB). To begin with, we expand ρ̄⊗2

A (zB) as
follows:

ρ̄⊗2
A (zB) = (ρA(zB))⊗k, (D23)

=
(

1

M

M∑
n=1

ρ̂
(n)
A (zB)

)
⊗

(
1

M

M∑
m=1

ρ̂
(m)
A (zB)

)
,

= 1

M2

M∑
n,m=1

ρ̂
(n)
A (zB) ⊗ ρ̂

(m)
A (zB),

= 1

M2

(
M∑

n �=m

ρ̂
(n)
A (zB) ⊗ ρ̂

(m)
A (zB)

+
M∑

n=1

ρ̂
(n)
A (zB) ⊗ ρ̂

(n)
A (zB)

)
. (D24)

Using the expression of ρ⊗2
A from Eq. (D22), we get

ρ̄⊗2
A (zB) = M(M − 1)

M2
ρ⊗2

A + 1

M2

M∑
n=1

ρ̂
(n)
A (zB) ⊗ ρ̂

(n)
A (zB),

≈ ρ⊗2
A + 1

M2

M∑
n=1

ρ̂
(n)
A (zB) ⊗ ρ̂

(n)
A (zB)

︸ ︷︷ ︸
Bias

. (D25)

Thus, from Eq. (D25), the approximation is valid in the limit
of sufficiently large measurements M. To demonstrate this,
Fig. 10(a) compares the trace distance from the exact density
matrix from quantum evolution [(ρexact

A )⊗k] with the estimate
in Eq. (D22) (based on U2 statistics, shown as red triangles)
and Eq. (D24) (based on U1 statistics, shown as blue circles).
The two curves become indistinguishable for sufficiently large
M, indicating that it is sufficient to use U1 statistics for esti-
mating ρ⊗k

A .
We further compare the computational run-time in

Fig. 10(b), which highlights the computational efficiency of
the U1 estimator relative to the unbiased U2 estimator. The
added computational cost in U2 arises from M(M − 1) com-
binations required for the tensor product in Eq. (D22), as
compared to only M combinations required in U1 statistics
in Eqs. (D21) and (D24), as discussed earlier. Thus, for con-
structing a k-design, using U1 statistics provides an Mk−1

advantage over the corresponding Uk statistics.
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