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Multiscale feedback drives viral evolution and epidemic dynamics
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We introduce a minimal multiscale framework that links within-host virus dynamics to population-level
susceptible-infectious-recovered-susceptible (SIRS) epidemiology through explicit, bidirectional coupling. At
the microscopic layer, a two-variant quasispecies (master and mutant genomes with packaged virions) evolves
on a fast timescale. At the macroscopic layer, two infectious classes (master- and mutant-infected), susceptible,
recovered, and deceased individuals evolve slowly. The two scales are connected through transmission rates that
depend on instantaneous virion abundance and through prevalence-weighted effective replication rates. Exploit-
ing the timescale separation, we formalize a coarse-grained slow-fast closure: The genome-virion subsystem
rapidly relaxes to quasisteady states that parametrize time-varying transmission in the slow epidemiological
system. This yields an integrated expression for the basic reproduction number and sharp inequalities that
delineate coexistence versus exclusion. A key prediction is a context-dependent error threshold that shifts
with the prevalence ratio, enabling transient pseudo-error catastrophes driven by epidemic composition rather
than intrinsic fidelity. Linearization reveals parameter regions with damped oscillations arising solely from
the microscopic-macroscopic feedback. Two illustrative extremes bracket the model’s behavior: An avirulent
strongly immunizing strain that benignly replaces the master, and a hypervirulent weakly immunizing strain that
self-limits via host depletion and collapses transmission. This framework yields testable signatures linking viral
load, incidence, and within-host composition.

DOI: 10.1103/1533-5v14

I. INTRODUCTION

Viruses infect every form of life, from viruses and mi-
crobes to plants and animals. Most coexist with their hosts, but
spillovers into new hosts can cause disease and reduce host
fitness. At the same time, viruses can drive host innovations
(e.g., Refs. [1,2]). Viral biology is studied across multiple
scales: molecular virologists dissect replication, pathogenesis,
and antiviral defenses within cells; clinicians focus on indi-
viduals; and ecologists and epidemiologists track incidence,
transmission, and ecosystem-level impacts. Accordingly, what
constitutes the “host” (cell or tissue, individual or population,
and ecosystem) and the operative “viral unit” (mutant swarms
within individuals, infected hosts in ecological studies, or evo-
lutionary lineages in phylogeography) shifts with scale. Yet
the ultimate host is the cell, where viral genes are expressed,
replication organelles form, genomes and proteins are synthe-
sized, host defenses are countered, particles assemble, and in-
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fection spreads to neighboring cells, tissues, new hosts, and ul-
timately through populations and ecosystems. Selective pres-
sures also differ across scales: Rapid replication may confer
an advantage within hosts but prove suboptimal for between-
host transmission [3]. Thus, although the qualitative link
between within-host infection dynamics and population-level
transmission is widely acknowledged, a comprehensive, quan-
titative framework that integrates these scales remains lacking.

As complex dynamical systems, viruses can exhibit phase
transitions involving abrupt changes in dynamical behavior
or internal structure [4]. At the molecular level, critical phe-
nomena are exemplified by the error threshold associated
with highly mutagenic replication of viral genomes [5,6]. At
the epidemiological level, the spread of viral diseases across
heterogeneous contact networks displays complex dynamical
behavior and phase transitions associated with the existence
of highly connected hubs [7,8]. So far, models connecting
phase transitions across biological scales deserve further ex-
ploration. In particular, no comprehensive framework has yet
been developed to investigate whether transitions at one level
may result from the dynamical properties of the lower levels.

There have been few attempts to model multiscale
selection in viruses. Existing studies have treated between-
host transmissions as a function of within-host replication
parameters [9–15], or tissue and organ colonization as
an extension of within-cell replication processes and their
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interaction with host factors [16–18]. Unfortunately, the
former models usually neglect the inherent within-host com-
plexity, while the latter rarely extend beyond individual tissues
or single hosts. Modeling multiscale processes in full mech-
anistic detail is therefore unfeasible. One alternative is to
extract the essential features of lower-scale models to embed
them into higher-scale descriptions [10]. An approach that has
been successfully taken is to separate timescales, which en-
ables the construction of effective reduced models that operate
at distinct biological scales.

Predicting when a viral mutant genotype will rise to
dominance and potentially trigger an epidemic is a critical
challenge. This problem inherently involves two scales: a mi-
croscopic scale, at which a mutant genome is generated from
a master sequence, and a macroscopic, or population scale,
at which the new virus must sustain a transmission chain to
remain in circulation and outcompete existing strains. At the
microscopic level, quasispecies theory provides a dynamical
description of replicator evolution under mutation selection
[5,19]. Within this framework, a quasispecies is understood as
a structured distribution of closely related variants maintained
by the balance between mutation and selection, rather than a
single dominant genotype [20]. In this sense, selection acts
on the population as a whole, shaping the collective compo-
sition of variants rather than favoring an individual sequence
in isolation. A fundamental result of quasispecies theory is
the existence of an error threshold, beyond which mutation
dominates over selection and the population delocalizes in
sequence space, preventing the stable maintenance of genetic
information [5,6,19]. This threshold has been experimentally
identified in RNA viruses [21] and has been proposed to
operate in hepatitis C virus-infected patients through replica-
tive, rather than mutational, thresholds [22]. At the population
level, a range of epidemiological models describes viral trans-
mission in terms of biologically meaningful parameters, with
the susceptible-infectious-recovered (SIR) model and its vari-
ants being among the most fundamental.

These two scales are deeply interconnected. Evolution-
ary pressures acting on viral populations may depend on
macroscopic factors such as host availability, population im-
munity, transmission opportunities, or behavioral changes,
while the epidemiological success of a variant depends
on microscopic properties such as replication rate, muta-
tion rate, and within-host viral production. The COVID-19
pandemic provides a clear example of this coupling, with co-
circulating SARS-CoV-2 variants emerging through random
mutation and spreading under the combined action of bio-
logical, epidemiological, and social selection pressures [23].
Understanding variant emergence and competition therefore
requires a framework able to connect intracellular viral dy-
namics with population-level transmission.

In this work, we propose a multiscale modeling approach
that integrates known intracellular replication dynamics with
macroscopic population-level transmission. Our objective is
to better understand the characteristics a mutant virus must
possess to become dominant, potentially replacing the master
sequence entirely. The link between both scales has been
explicitly made by expressing the macroscopic transmission
rates as a function of the number of viral particles produced
in infected cells. In addition, we explore how population-level

processes can drive the extinction of specific viral strains and
how intracellular dynamics can trigger nontrivial epidemic
events.

Among our findings, we present a formulation for the basic
reproduction number, R0, that incorporates parameters from
both scales, thereby providing a more comprehensive mea-
sure of viral fitness. Among the many scenarios that can be
analyzed within our framework, we illustrate two extremes
along a continuum: an avirulent virus with rapid recovery that
induces temporal immunity (i.e., a vaccinelike virus) and a hy-
pervirulent virus with slow recovery (i.e., a burnout virus). In
the first scenario, the master sequence is replaced by the aviru-
lent mutant, which persists at a high incidence in the host pop-
ulation. In the second scenario, all infected individuals eventu-
ally die, extinguishing the infection, leaving only susceptible
individuals in the population. Together, these examples show
how coupling microscopic mutation-selection dynamics with
macroscopic transmission can generate qualitatively differ-
ent epidemic regimes and provide a minimal framework for
studying viral emergence across biological scales.

II. MULTISCALE MATHEMATICAL MODEL

We propose a minimal multiscale model that links within-
host and population dynamics: A quasispecies module de-
scribing mutation from a master to a single dominant mutant
genome within an average host is coupled to a two-strain
susceptible-infectious-recovered-susceptible (SIRS) system
that distinguishes individuals infected by each variant. Here,
multiscale denotes the coupling of processes across distinct
levels of biological organization (within host and between
host), which is translated in our model into a separation of
characteristic timescales. This usage is well established in
infectious disease modeling and evolutionary epidemiology
[10,24,25]. For analytical clarity, mutation is assumed to be
unidirectional (no reverse mutation or lineage diversification).
This is a common assumption in quasispecies models: The
probability of backward mutations is extremely low due to
the enormous size of the sequence space [26]. The model
comprises two layers and two timescales (Fig. 1): A fast
microscopic layer tracking genome and virion abundances for
the master (g0, v0) and for the averaged mutant (g1, v1), and
a slow macroscopic SIRS layer with infectious classes I0 and
I1; no inflow of susceptible individuals is included. The ratio
between their respective characteristic timescales is set by the
parameter ε. This is a classical multiscale approach and has
been extensively employed in biological modeling to describe
systems with fast and slow dynamics [27]. The layers are bidi-
rectionally coupled: Transmission rates in the SIRS module
depend on the virion distribution, while key microscopic pa-
rameters are modulated by the current epidemiological state.
Despite its idealization, this framework captures the emer-
gence, competition, and replacement of dominant variants and
clarifies conditions that favor the rise of strains. The detailed
models at each level are as follows:

(1) Microscopic level. At the genome’s level, the model
follows a variant of the Swetina-Schuster quasispecies ap-
proach [28]:

εġ0 = f0(1 − μ)ν0g0 − �g0, (1)

εġ1 = f0μν0g0 + f1ν1g1 − �g1, (2)

033097-2



MULTISCALE FEEDBACK DRIVES VIRAL EVOLUTION … PHYSICAL REVIEW RESEARCH 8, 033097 (2026)

,,

FIG. 1. Schematic representation of the multiscale model (left) and summary of the associated parameters (right). Microscopic variables
include the master and mutated genomes (g0, g1) and their corresponding virions (v0, v1), while macroscopic variables comprise susceptible
(S), infected (I0, I1), recovered (R), and deceased (D) individuals.

where g0 and g1 are the master and the pool of mutant
genomes, respectively, f0 > f1 > 0 are their fitness rates, and
0 � μ � 1 is the mutation probability. The parameter ε > 0
is assumed to be small [29]. Moreover, being I0 and I1 the
prevalence of two different types of infectious individuals, we
denote by

ν0 = ν0(I0, I1) = I0

I0 + I1
and

ν1 = ν1(I0, I1) = I1

I0 + I1
, if (I0, I1) �= (0, 0), (3)

and 0 otherwise, the relative prevalence of Ii with respect
to the total infected individuals I0 + I1. Since, in our case,
all the infectious individuals arise from these two types, it
follows that ν1 = 1 − ν0, except when I0 = I1 = 0, in which
ν0 = ν1 = 0.

The function � in Eqs. (1) and (2) is the standard outflow
term introduced to keep the total population of genomes,
g0 + g1, constant. In this scenario, this is given by

� = f0ν0
g0

g0 + g1
+ f1ν1

g1

g0 + g1
.

If we take g0, g1 such that g0(0) + g1(0) = 1 (so, we will talk
about frequencies), this function becomes

� = f0ν0g0 + f1ν1g1

and hence g0(t ) + g1(t ) = 1 ∀t � 0. This will be assumed
along this work. Whenever both infected populations I0, I1

simultaneously vanish (total virus extinction), the system (1)
and (2) becomes εġ0 = 0, εġ1 = 0.

It is well known in quasispecies theory that the existence
of the so-called critical mutation driving the system into error
catastrophe, a value for μ beyond which the master sequence
disappears and only mutants persist [4–6]. In our case, it is
given [30] by

μc = 1 − f1

f0

(
1

ν0
− 1

)
, (4)

only defined for I0 > 0 (otherwise g0 cannot replicate). The
terms ν0 and ν1 connect the microscopic to the macroscopic
layers by incorporating the assumption that infected individ-
uals become a necessary substrate for the replication of viral
genomes. The fitness rates are modulated by the fraction of
infected individuals of each type.

Concerning the virion’s layer, we consider

εv̇0 = ξ0g0 − γ0v0, (5)

εv̇1 = ξ1g1 − γ1v1, (6)

where v0 and v1 are the corresponding virions for the genomes
g0 and g1, respectively, ξ0,1 > 0 denote their encapsidation
constants, and γ0,1 > 0 denote their degradation rates.

Notice, for the genome’s and virion’s systems, the inclu-
sion of the small parameter ε > 0 that makes the microscopic
level to evolve much faster in time than its counterpart macro-
scopic one (see below). This leads to a two-timescale model.

(2) Macroscopic level. This is defined as an SIRS epidemi-
ological model with feedback with the microscopic layer. The
variables S stands for susceptible individuals, I j for infected
[33] by virions’ type v j ( j = 0, 1), R for recovered, and D for
dead. The model does not include coinfection by the master
and mutant strains, nor any conversion of infected individuals
between the classes I0 and I1. Precisely, this model reads

Ṡ = −(β00I0 + β01I0 + β11I1)S + χR, (7)

İ0 = β00I0S − (π0 + δ0)I0, (8)

İ1 = (β01I0 + β11I1)S − (π1 + δ1)I1, (9)

Ṙ = π0I0 + π1I1 − χR, (10)

Ḋ = δ0I0 + δ1I1, (11)

where δ0,1 denote the viral-induced mortality rates, π0,1 the
recovery rates, and the infection rates β00, β01, β11 that will
connect the micro- and macroscopic levels (see below) being
functions of the viral composition, which itself depends on
the epidemiological state. The parameter χ > 0 is the waning
immunity rate; it is assumed (for simplicity) to be the same
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for both type of viruses (master and its mutant). The absence
of the small parameter ε makes this macroscopic system slow
in comparison with the microscopic level.

Observe that Ṡ + İ0 + İ1 + Ṙ + Ḋ = 0 and so S(t ) +
I0(t ) + I1(t ) + R(t ) + D(t ) is a first integral of the system
(7)–(11). This implies that S(t ) + I0(t ) + I1(t ) + R(t ) +
D(t ) = S(0) + I0(0) + I1(0) + R(0) + D(0), for any t � 0. It
is not a loss of generality to assume this value equal to 1 and so
consider the variables S, I0, I1, R, and D to represent fractions
of the total (invariant) population.

Multiscale coupling between microscopic
and macroscopic dynamics

The coupling between microscopic and macroscopic levels
in our model arises through the construction of key parameters
that bridge the two scales. We propose the following bidirec-
tional connections:

(1) From microscopic to macroscopic dynamics via trans-
mission rates. A connection from the intrahost to the
population level is established through the transmission rates,
denoted by βi j (v j (t )). These rates quantify the efficiency with
which an individual infected with variant i transmits the infec-
tion to a susceptible individual, who subsequently develops an
infection caused by variant j. Crucially, we assume that these
rates depend on the instantaneous concentration of virions,
v j (t ), associated with each viral variant [34]. This dependence
is modeled using a hyperboliclike function, which captures the
saturating nature of transmission dynamics with increasing
viral load.

To account for the different infection pathways, we define
three [37] distinct transmission rates:

(a) β00(v0): Transmission from a master-infected indi-
vidual leading to a new master infection.

(b) β01(v1): Transmission from a master-infected indi-
vidual leading to a new mutant infection.

(c) β11(v1): Transmission from a mutant-infected indi-
vidual leading to a new mutant infection.
To estimate the effective availability of mutant virions v1

within the population, we assume a proportional distribution
of v1 between the two types of infected individuals. Specifi-
cally, we define

v
( j)
1 = v1 × I j

I0 + I1
= v1ν j .

This assumption reflects the idea that the total mutant viral
load is partitioned among infected individuals proportion-
ally to their prevalence. Furthermore, these expressions then
inform the variant-specific transmission terms used in the
population-level model.

The transmission rates are assumed to follow a saturation
function of the form

β00 = β00(v0) = a0v0

b0 + v0
, β01 = β01(v1) = a1ν0v1

b1 + ν0v1
,

β11 = β11(v1) = a1ν1v1

b1 + ν1v1
= a1(1 − ν0)v1

b1 + (1 − ν0)v1
,

with constants a0,1 � 0, b0,1 > 0, and ν0 = ν(I0, I1) as de-
fined in Eq. (3). Biologically, a0,1 represents the contagion
potential (i.e., the maximum value of the transmission rate

function) and b0,1 represents the characteristic viral load at
which the contagion rate reaches half of its maximal value.
The terms ν0v1 and ν1v1 in β01, β11 represent the fractions
of mutant virions produced within master-infected individuals
and mutant-infected individuals, respectively. This splitting is
a mean-field closure: Instead of introducing separate micro-
scopic viral populations for each infected class, their effective
contributions are represented by averaged quantities weighted
by the prevalence ratios ν0 and ν1. Accordingly, the depen-
dence of the transmission coefficients on the epidemiological
state should be interpreted as an aggregate approximation of
viral composition.

(2) Macroscopic to microscopic levels via prevalence.
Conversely, to represent how population-level dynamics in-
fluence viral evolution at the intracellular scale, we modulate
the replicative fitness of each variant based on the relative
abundance of host types in the population. Since infected
individuals act as the primary replication environment for the
virus, the availability of hosts directly affects the success of
the variants. Although mutant virions may replicate to some
extent in individuals originally infected with the master vari-
ant, for simplicity, we assume that each viral variant replicates
predominantly within its corresponding host type. Thus, the
replicative fitness parameters are defined as functions of the
current population state:

f̃0(t ) = f0 × I0(t )

I0(t ) + I1(t )
= ν0(t ) f0,

f̃1(t ) = f1 × I1(t )

I0(t ) + I1(t )
= ν1(t ) f1 = (1 − ν0(t )) f1,

where f0 and f1 are the baseline fitness values for the master
and mutant variants, respectively. These bidirectional links en-
able the model to capture feedback loops between within-host
dynamics and between-host transmission, offering insights
into how selective pressures at one scale shape dynamics at
the other.

It is important to note that, in this framework, the term
“multiscale” refers not only to interactions between biological
levels (intracellular and population) but also to the separation
of timescales between them. Specifically, we assume that
microscopic (within-host) dynamics occur on a much faster
timescale than macroscopic (population-level) dynamics.

Regarding notation, from this point onward we denote
ν = ν0 and, consequently, ν1 = 1 − ν0 = 1 − ν. This conven-
tion fails only in the special case I0 = I1 = 0, for which
ν0 = ν1 = 0. This case is explicitly addressed at the appropri-
ate point in the analysis.

III. RESULTS AND DISCUSSION

A. Equilibrium points

We begin by computing the equilibrium points of systems
(1), (2), (5), (6), and (7)–(11). Together with other invariant
objects, these equilibria constitute the dynamical skeleton of
the system and fully determine its dynamics. Their analysis
is therefore essential for understanding the possible long-
term regimes of the model, identifying which viral strains
may persist or disappear, and clarifying how the coupling
between microscopic mutation dynamics and macroscopic
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epidemiological processes shapes the global behavior of the
system. Henceforth, we assume that the virions encapsidation
and degradation rates are positive, i.e., ξ0,1 > 0 and γ0,1 > 0,
and that μ ∈ (0, 1] (i.e., there is always g1 production due to
errors in g0 replication).

The different classes of equilibrium points are classified
according to the type (if any) of infected individuals that
remain

(1) DFE: disease-free equilibrium, when I0 = I1 = 0.
(2) NME: equilibrium with no master-infected individuals,

I0 = 0, I1 > 0.
(3) NmutE: equilibrium with no mutant-infected individu-

als, I0 > 0 and I1 = 0.
(4) CSE: cocirculating strains equilibrium, with I0 > 0,

I1 > 0.
Notice this is a macroscopic-level criterion, defined from

an epidemiological perspective. The explicit expressions of
such equilibria are provided in the following propositions.
To ease the reading, their proofs have been deferred to
Appendix A.

We also impose the following assumptions on model pa-
rameters to restrict the range of feasible scenarios:

(1) Microscopic system: μ ∈ (0, 1] and f0 > f1 > 0
(genomes); ξ0,1 � 0 and γ0,1 > 0 (virions).

(2) Macroscopic system: a0,1 � 0, b0,1 > 0, δ0,1 � 0,
π0,1 � 0, and χ � 0 (individuals).

The link between the relative prevalence ν(I0, I1) and the
critical mutation probability μc derives into a close connection
between the microscopic and macroscopic equilibrium points.
Namely, let us assume (I∗

0 , I∗
1 ) �= (0, 0) being I-equilibrium

infected populations of system (7)–(11). Denoted by ν∗ =
ν∗

0 = ν(I∗
0 , I∗

1 ) ∈ (0, 1), as defined in Eq. (3), the correspond-
ing relative prevalence of I∗

0 with respect to I∗
0 + I∗

1 , and by μ∗
c

its critical mutation rate [see Eq. (4)]:

μ∗
c = 1 − f1

f0

(
1

ν∗ − 1

)
. (12)

Recall that this value μ∗
c determines the survival of the master

strain or the dominance of the mutant. Their steady states are
strongly related to the difference between the current mutation
rate μ and this critical threshold μ∗

c . The following lemma
specifies the form of these microscopic equilibrium points. It
will be taken into account to determine the complete sets of
equilibria discussed afterward.

Lemma1(macroscopic tomicroscopicequilibriumpoints).
Let I∗

0 , I∗
1 be equilibrium points of the macroscopic

system above. Then, their associated genome-virion
equilibrium points take the following form:

QS(μ∗
c )

mic : (g∗
0, g∗

1; v∗
0 , v

∗
1 ) =

(
1 − μ

μ∗
c

,
μ

μ∗
c

;
ξ0

γ0
g∗

0,
ξ1

γ1
g∗

1

)
,

if 0 < μ < μ∗
c ,

(g∗
0, g∗

1; v∗
0 , v

∗
1 ) =

(
0, 1; 0,

ξ1

γ1

)
, if μ∗

c � μ � 1.

The full set of equilibrium points of the coupled system (that
is, the points of type DFE, NME, NmutE, and CSE defined

above) is characterized in the following propositions. Their
microscopic and macroscopic expressions are determined and
necessary feasibility conditions are explicitly stated.

The first result refers to the existence and form of the DFE
points. These equilibrium points correspond to the lack of
infection in the macroscopic system: no individuals remain
infected by either the master or the mutant strain. Recall that
in this case, ν∗

0 = ν∗
1 = 0.

Proposition 1 (Disease-free equilibrium points). Let us as-
sume an equilibrium point satisfying that I∗

0 = I∗
1 = 0. Then,

the microscopic equilibria take the form

QSmic: (g0, g1, v0, v1) =
(

g0, 1 − g0,
ξ0

γ0
g0,

ξ1

γ1
(1 − g0)

)
,

for arbitrary g0, g1 such that g0 + g1 = 1. Concerning the
macroscopic equilibrium point, it is of the form

(S, I∗
0 , I∗

1 , R, D) × (g0, g1 ; v0, v1) = (S, 0, 0, R, D) × QSmic,

where R = 0 if there is no permanent immunity (i.e., χ > 0)
or R > 0, otherwise. In all cases, S + R + D = 1.

As a general notation rule along this section, concrete
equilibrium values will be accompanied by an asterisk, for
instance I∗

j , g∗
j, . . .; while variables without it, R, D, S, . . .,

will correspond to arbitrary values, restricted always, to the
total “mass” being equal to 1.

The second type of equilibrium points, denoted by NME,
describes a situation in which the mutant population dom-
inates at the macroscopic level, with no presence of the
master-infected population. As shown in the following propo-
sition, such equilibria are feasible only if mutant-induced
mortality vanishes, so that individuals in I1 do not die. The
resulting macroscopic and microscopic steady-state values
are then determined by the waning immunity rate χ and the
transmission rate β11.

Proposition 2 (No master equilibrium points). Equilib-
rium points with no master-infected individuals and surviving
mutant-infected individuals, i.e., I∗

0 = 0, I∗
1 > 0, exist if and

only if there is no mutant-induced mortality, δ1 = 0. More-
over, the microscopic system at equilibrium falls into one of
the following two cases:

QS(0)
mic: (g∗

0, g∗
1, v

∗
0 , v

∗
1 ) =

(
1, 0,

ξ0

γ0
, 0

)
or

QS(1)
mic: (g∗

0, g∗
1, v

∗
0 , v

∗
1 ) =

(
0, 1, 0,

ξ1

γ1

)
.

The complete equilibrium set must belong to one of the fol-
lowing cases:

(1) Case χ > 0, waning immunity: They are two possible
scenarios, according to the value of the mutant transmission
rate β11.

(a) If β11 > 0, they are given by

(S∗, I∗
0 , I∗

1 , R∗, D∗) × (g∗
0, g∗

1 ; v∗
0 , v

∗
1 )

=
(

π1

β11
, 0, I∗

1 ,
π1

χ
I∗
1 , D∗

)
× QS(1)

mic.

(b) If β11 = 0, then necessarily the mutant recovery
rate must also vanish, π1 = 0, and the equilibria are of the
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form

(S∗, I∗
0 , I∗

1 , R∗, D∗) × (g∗
0, g∗

1; v∗
0 , v

∗
1 )

=
(

π1

β11
, 0, I∗

1 ,
π1

χ
I∗
1 , D∗

)
× QS(1)

mic,

with arbitrary S and D.
(2) Case χ = 0, permanent immunity: In this situation,

equilibria exist only if there is no mutant recovery rate, π1 = 0.
Like in the previous case (1), their form depends on the trans-
mission rate β11. Namely,

(a) If β11 > 0

(S∗, I∗
0 , I∗

1 , R, D) × (g∗
0, g∗

1 ; v∗
0 , v

∗
1 )

= (0, 0, I∗
1 , R, D) × {

QS(0)
mic , QS(1)

mic

}
,

with arbitrary R and D.
(b) If β11 = 0

(S, I∗
0 , I∗

1 , R, D) × (g∗
0, g∗

1; v∗
0 , v

∗
1 )

= (S, 0, I1, R, D)×{
QS(0)

mic, QS(1)
mic iff a1 = 0 or ξ1 = 0

}
,

with arbitrary S, R, and D.
Recall that, in all cases, the sum of the variables must be

equal to 1.
The case of equilibrium points of type NmutE shows, in

some sense, the symmetric situation to the latter. In this frame-
work, the master strain infection dominates (at macroscopic
level) and mutant-infected individuals disappear. As in the
previous proposition, a key point is the necessary and suffi-
cient condition for the master strain of not being lethal. The
variety of possible macroscopic steady states is given by the
waning immunity rate χ and the transmission rates β00, β01.
On the other side, the microscopic equilibrium depends on the
value of the mutation probability μ ∈ (0, 1].

Proposition 3 (No mutant equilibrium points). An equi-
librium point with I∗

0 > 0, I∗
1 = 0, that is, with no mutant-

infected individuals and survival master-infected individuals,
exists if and only if the master induced mortality vanishes
δ0 = 0.

If so, the corresponding microscopic equilibria are of the
form

QS(1)
mic: (g∗

0, g∗
1 ; v∗

0 , v
∗
1 ) =

(
0, 1, 0,

ξ1

γ1

)
or

QS(μ)
mic: (g∗

0, g∗
1 ; v∗

0 , v
∗
1 ) =

(
1 − μ,μ,

ξ0

γ0
(1 − μ),

ξ1

γ1
μ

)
,

0 < μ � 1,

and the equilibria of the macroscopic system must fall into
one of the following cases:

(1) Case χ > 0, waning immunity. There are four different
scenarios according to the value of the transmission rates β00

and β01:
(a) If β00 = 0 and β01 > 0, then it follows that, neces-

sarily, the master recovery rate must vanish, π0 = 0; the
macroscopic equilibrium point takes the form

(S∗, I∗
0 , I∗

1 , R∗, D∗) = (0, I∗
0 , 0, 0, 1 − I∗

0 ).

(b) If β00 > 0 and β01 = 0, then the macroscopic equi-
librium reads

(S∗, I∗
0 , I∗

1 , R∗, D∗)

=
(

π0

β00
, I∗

0 , 0,
π0

χ
I∗
0 , 1 − π0

β00
− I∗

0

(
1 + π0

χ

))
,

with 0 < I∗
0 � 1−π0/β00

1+π0/χ
.

(c) If β00 > 0 and β01 > 0, it follows that π0 = 0 and
the macroscopic equilibrium is

(S∗, I∗
0 , I∗

1 , R∗, D∗) = (0, I∗
0 , 0, 0, 1 − I∗

0 ).

(d) If β00 = 0 and β01 = 0, then, again, necessarily
π0 = 0; the macroscopic equilibrium has the expression

(S, I∗
0 , I∗

1 , R, D) = (S, I∗
0 , 0, 0, D), with arbitrary S and D.

(2) Case χ = 0, permanent immunity: It necessarily im-
plies the master recovery rate to vanish, π0 = 0. This, in its
turn, is divided into four cases, since their microscopic states
at equilibrium might differ. They depend on the transmission
rates β00 and β01.

(a) If β00 = β01 = 0, then

(S, I∗
0 , I∗

1 , R, D) = (S, I∗
0 , 0, R, D),

with arbitrary S, R, and D.

(b) Otherwise, they take the form

(S∗, I∗
0 , I∗

1 , R, D) = (0, I∗
0 , 0, R, D),

with arbitrary R and D.

The corresponding macroscopic and microscopic steady-state
solutions are linked through compatibility conditions imposed
between both systems. In our particular case, these constraints
depend on the value of β00 and β01 as follows:

(i) If β00 = 0, then either a0 = 0 or v∗
0 = 0. The latter may

occur either because ξ0 = 0 or g∗
0 = 0, which in turn implies

μ = 1 in the microscopic equilibrium QS(μ)
mic.

(ii) If β01 = 0, then either a1 = 0 or v∗
1 = 0. The second

case implies either ξ1 = 0 or g∗
1 = 0, which is only possible in

the extreme case μ = 0 (see Sec. III E).
(iii) The case β00 > 0 never applies, since it necessarily

requires that v∗
0 > 0, which is incompatible with the micro-

scopic state QS(1)
mic.

Remark 1. Like in the latter proposition, any full equilib-
rium state emerges from the coupling between the macro-
scopic and microscopic equilibria. They are subjected to
mutual constraints, each one imposing compatibility condi-
tions on the other. The number of admissible configurations
can be substantially reduced by fixing certain parameters in
advance.

And last but not least, the type of equilibrium states in
which both strains, master and mutant, cocirculate. As men-
tioned in the previous remark, in most of their cases, some
micro-macro compatibility conditions have to hold in order to
be real equilibrium points.

Proposition 4 (Cocirculating strains equilibrium points).
Let us consider a cocirculating strains equilibrium point, i.e.,
I∗
0 > 0 and I∗

1 > 0. Then, necessarily, both mortality rates
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must vanish, δ0 = δ1 = 0. If so, the corresponding equilibria
for the microscopic system are of the form

QS(μ∗
c )

mic : (g∗
0, g∗

1; v∗
0 , v

∗
1 ) =

(
1 − μ

μ∗
c

,
μ

μ∗
c

;
ξ0

γ0
g∗

0,
ξ1

γ1
g∗

1

)
,

if 0 < μ < μ∗
c ,

(g∗
0, g∗

1; v∗
0 , v

∗
1 ) =

(
0, 1; 0,

ξ1

γ1

)
, if μ∗

c � μ � 1,

where μ∗
c is given in Eq. (12). Moreover, it follows that the

transmission rates β01 and β11 either vanish simultaneously or
are both nonzero. The complete macroscopic and microscopic
equilibria must fall into one of the following cases:

(1) Case χ > 0, waning immunity, with two scenarios ac-
cording to the value of the transmission rate β00:

(a) If β00 = 0, then, necessarily, the master recovery
rate must vanish, π0 = 0. Moreover, we have:

(i) If β01 > 0, β11 > 0, they are of the form

(S∗, I∗
0 , I∗

1 , R∗, D) × (g∗
0, g∗

1; v∗
0 , v

∗
1 )

=
(

π1I∗
1

β∗
01I∗

0 + β∗
11I∗

1

, I∗
0 , I∗

1 ,
π1

χ
I∗
1 , D∗

)
× QS(μ∗

c )
mic .

(ii) If β01 = β11 = 0, then there must be no mutant
recovery π1 = 0, and they are

(S, I∗
0 , I∗

1 , R, D) × (g∗
0, g∗

1; v∗
0 , v

∗
1 )

= (S, I∗
0 , I∗

1 , 0, D) × QS(μ∗
c )

mic ,

with arbitrary S, D, and provided QS(μ∗
c )

mic satisfies
β∗

01 = β∗
11 = 0.

(b) If β00 > 0 and the condition

π1 >
β11

β00
π0

holds, then it follows that β∗
01 > 0 and β∗

11 > 0, and the
equilibrium points take the form

(S, I∗
0 , I∗

1 , R, D) × (g∗
0, g∗

1; v∗
0 , v

∗
1 )

=
(

π0

β∗
00

, I∗
0 ,

β∗
01π0

β∗
00π1 − β∗

11π0
I∗
0 ,

1

χ

(
π0 + π1

β∗
01π0

β∗
00π1 − β∗

11π0

)
I∗
0 , D∗

)
× QS(μ∗

c )
mic .

(2) Case χ = 0, permanent immunity. Necessarily, both
strains must have null recovery rate, that is π0 = π1 = 0.
Then, several scenarios arise:

(a) If β00 = 0, we have two possible situations:
(i) If β01 > 0, β11 > 0, then the equilibria are of

type

(S∗, I∗
0 , I∗

1 , R, D) × (g∗
0, g∗

1; v∗
0 , v

∗
1 )

= (0, I∗
0 , I∗

1 , R, D) × QS(μ∗
c )

mic ,

with arbitrary R, D, and provided that QS(μ∗
c )

mic is compat-
ible with the condition β00 = 0.

(ii) If β01 = β11 = 0, they take the form

(S, I∗
0 , I∗

1 , R, D) × (g∗
0, g∗

1; v∗
0 , v

∗
1 )

= (S, I∗
0 , I∗

1 , R, D) × QS(μ∗
c )

mic ,

with arbitrary S, R, and D, and provided that QS(μ∗
c )

mic is
compatible with the conditions β01 = β11 = 0.
(b) If β00 > 0, then

(S∗, I∗
0 , I∗

1 , R, D) × (g∗
0, g∗

1; v∗
0 , v

∗
1 )

= (0, I∗
0 , I∗

1 , R, D) × QS(μ∗
c )

mic ,

with arbitrary R, and D.
Remark 2. It is easy to see, from equation Ḋ = δ0I0 + δ1I1,

that the only possible scenario admitting—if any—periodic
solutions is when both strains (master and mutant) do not
induce mortality. Indeed, Ḋ > 0 and so D increases unless
δ0 = δ1 = 0. This is clearly an interesting point to study but it
is out of the scope of this work.

Figure 2 provides a schematic representation of the sys-
tem’s equilibrium structure as a function of the transmission
rates β00, β01, β11, and the waning immunity parameter χ .
Lines, planes, and prisms are labeled with the corresponding
equilibrium point form they give rise to. Dashed lines mean
“open” in the space of parameters (i.e., they do not include
the boundary).

B. Computation of the basic reproduction number R0

The basic reproduction number R0 is a threshold quantity
that measures the potential for the spread of an infectious
disease. It is usually defined as the average number of
secondary infections generated by a single infectious indi-
vidual introduced into a fully susceptible population (see
Ref. [38] and references therein). The computation of R0

provides an equivalent criterion, in terms of the parameters
of the model, for determining the local stability of the DFE
prior to the introduction of the first infectious individual.
In our model [Eqs. (7)–(11)], the DFE corresponds to the
state

(S, I0, I1, R, D) = (S(0), 0, 0, 0, 0) = (1, 0, 0, 0, 0),

in which the population consists entirely of susceptible in-
dividuals (with no recovered or deceased individuals, as the
disease has not yet emerged).

To compute R0, we use the so-called next generation
matrix (NGM) method, introduced in Ref. [39]. The NGM
method we use in this work is based on Refs. [40,41].
To this end, we split the variables (S, I0, I1, R, D) into two
compartments: the disease compartment x = (I0, I1) and the
disease-free compartment y = (S, R, D). We then write the
original system in the form

ẋi = Fi(x, y) − Vi(x, y), i = 1, . . . , n,

ẏ j = g j (x, y), j = 1, . . . , m, (13)

where Fi denotes the inflow of infections in compartment i
and Vi the rate of transmissions between compartment i and
other infected compartments. As noted explicitly in Ref. [41],
the decomposition into F and V is not unique and depends
on the biological interpretation of the compartments and on
whether the transitions correspond to infection events or trans-
missions among infected states. In this notation, the DFE is
(0, y0).

The required NGM assumptions are checked in
Appendix B. Hence, the linearization of the infected
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,

DFE NME NmutE CSE

: arbritrary S, R, D

S = 0

S = 0 S = 0*
*

*

S* R*= =0,D*=1-I >00 S*R*D*, , >0

R* =0

R* =0 R* =0

S*

*R* D =f(I )>0*,
>0

1

S*

*R* D =f(I )>0*,
>0

0

S*

*R* D =f(I )>0*,
>0

0
*I ,1

FIG. 2. Schematic representation of the four different equilibrium points (DFE, NME, NmutE, and CSE) in terms of the parameters
β00, β01, β11, and χ . Dashed lines represent open faces of the prism not included in the corresponding domain. The black dot indicates the
origin.

subsystem at the DFE (0, y0) reads

ẋ = (F − V )x, where F = ∂Fi

∂x j
(0, y0),

V = ∂Vi

∂x j
(0, y0), i, j = 1, . . . , n. (14)

It was shown in Ref. [39] that the local stability of system
ẋ = F (x, y) − V (x, y) around the DFE (0, y0) is determined
by the linear stability of Eq. (14). Furthermore, the matrix
FV −1 is referred to as the next generation matrix. Defining
R0 = ρ(FV −1), as its spectral radius, the following result
holds: The DFE (0, y0) is locally asymptotically stable if
R0 < 1 and unstable if R0 > 1. In our case, the disease com-
partment satisfies the ordinary differential equation (ODE),(

İ0

İ1

)
=

(
β00SI0

β01SI0 + β11SI1

)
−

(
(π0 + δ0)I0

(π1 + δ1)I1

)
= F (X ) − V (X ),

(15)

and the disease-free subsystem is given by⎛
⎜⎝

Ṡ

Ṙ

Ḋ

⎞
⎟⎠ =

⎛
⎜⎝

−(β00 + β01)SI0 − β11SI1 + χR

π0I0 + π1I1 − χR

δ0I0 + δ1I1

⎞
⎟⎠ = g(X ), (16)

where X = (S, I0, I1, R, D). Consequently, the NGM is

K = FV −1 =
(

β00

π0+δ0
0

β01

π0+δ0

β11

π1+δ1

)

and the basic reproduction number is

R0 = ρ(FV −1) = max

{
β00

π0 + δ0
,

β11

π1 + δ1

}
,

which corresponds to the maximum between the basic repro-
duction numbers of both viral strains when they are assumed
to occur independently. However, recall that in the DFE case,
I0 = I1 = 0, we have defined ν0 = 0 and ν1 = 0 and therefore

β01 = β01(v1(0)) = a1ν0v1(0)

b1 + νv1(0)
= 0 and

β11 = β11(v1(0)) = a1ν1v1(0)

b1 + (1 − ν)v1(0)
= 0.

Hence, the basic reproduction number is given by

R0 = ρ(FV −1) = β00

π0 + δ0
, (17)

the same as the one corresponding to the master strain. This
fact agrees with the intuitive idea that at the very starting point
of the epidemics, the role played by the mutant strain is, for a
while, secondary. The quotient β00/(π0 + δ0) represents the
proportion between the infectious I0 inflow (β00, infection)
and outflow (π0 + δ0 immunization and death) rates. How-
ever, this criterion only describes the initial stage, when the
viral population is effectively monomorphic. As the epidemic
evolves, mutation and transmission generate a mixture of
strains, and the dynamics can no longer be captured by the
master strain alone. This motivates the study of the condition
for a pandemic growth that extends the inflow-outflow balance
to account for the combined contribution of both strains and
their cross-scale interaction.

C. On the condition for pandemic growth

In analogy with epidemic models based on the instanta-
neous effective reproduction number—often denoted by Rt

when it varies in time—the goal of this section is to derive
a condition that ensures pandemic growth and to relate it to
the dynamics of both infected populations. Focusing first on
individuals infected by the master strain, we obtain

İ0 = (β00S − (π0 + δ0))I0,

which leads to the definition of

R(0)
t = β00

π0 + δ0
S, if I0 �= 0,

where S = S(t ) and

β00 = a0v0(t )

b0 + v0(t )
.

This is the standard definition for the (time) reproduction
number in a one-strain epidemic. It satisfies that I0 grows if
and only if I0 �= 0 and R(0)

t > 1. We can analogously seek
for a condition of I1-infected individuals. Thus, for I1 �= 0, it
follows that

İ1 = (β01I0 + β11I1)S − (π1 + δ1)I1 > 0
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is equivalent to R(1)
t > 1, for

R(1)
t = 1

π1 + δ1

(
β01

I0

I1
+ β11

)
S, (18)

where S = S(t ), I j = I j (t ), j = 0, 1, and

β01 = a1νv1(t )

b1 + νv1(t )
and β11 = a1(1 − ν)v1(t )

b1 + (1 − ν)v1(t )
,

where recall that we denote ν0 = ν and ν1 = 1 − ν when
0 < ν0 < 1. Let us now compare the conditions above with
the one ensuring the growth of the pandemic, whatever the
strain (master or mutant) is causing it. This is equivalent to
impose that İ0 + İ1 > 0. Indeed,

İ0 + İ1 = ((β00 + β01)I0 + β11I1)S − (π0 + δ0)I0

− (π1 + δ1)I1 > 0

⇔ Gt = (π0 + δ0)I0
(
R(0)

t − 1
)

+(π1 + δ1)I1
(
R(1)

t − 1
)

> 0. (19)

Notice that the terms (π j + δ j )I j , for j = 0, 1, in the ex-
pression (19) above correspond to the outflow (either by
immunization or death) of infectious population density I j . If
we denote by

O( j)
t = (π j + δ j )I j (t ), j = 0, 1,

the outflow rate at time t of I j , then Gt > 0 is equivalent to

Gt = O(0)
t

(
R(0)

t − 1
) + O(1)

t

(
R(1)

t − 1
)

> 0. (20)

Remark 3. Let us denote by

R(1)
t = β11

π1 + δ1
S(t ),

the corresponding Rt value of a pandemic driven uniquely by
the mutant variant (v1, and so I1 only). From Eq. (18) and the
expression above, it turns out that

R(1)
t = β01

π1 + δ1

I0

I1
+ R(1)

t ,

which relates the Rt values of a v1 mutant-driven pandemic
when I1 acts alone, i.e., R(1)

t , and when it comes from a
mutation/competition relation with its master virus sequence,
i.e., R(1)

t . Notice that

R(1)
t

R(1)
t

= 1 + β01

β11

I0

I1
> 1

being, therefore

R(1)
t > R(1)

t ,

both of them computed assuming the same quantity S(t ) of
susceptible individuals at time t .

D. Case of interest 1: A vaccinelike viral strain

One illustrative scenario chosen to demonstrate the appli-
cability of the model concerns the emergence of a mutant
strain that elicits a faster recovery than its master strain,
i.e., π1 > π0, while both strains are nonlethal (δ0 = δ1 = 0).
Several real examples fall within this vaccinelike regime.
The best-documented case is Sabine’s live attenuated oral
poliovirus vaccine type 2 (OPV2), which replicates in the gut,

induces strong mucosal immunity, and can secondarily spread
to close contacts, thereby boosting herd immunity [42,43].
This example maps directly onto our case assumptions: low
δ1, high π1, and transmission rates tied to fecal viral load,
such that larger v1 drives β11 toward saturation. OPV’s historic
impact stems from this benign circulation, tempered by the
rare risk of genetic reversion to circulating vaccine-derived
poliovirus—exactly the mutation-selection tension our frame-
work captures via μc(ν). From 2021 to 2025, Novel OPV2
(nOPV2) was deployed at scale to preserve OPV’s mucosal
and transmission benefits while improving genetic stability.
Field and laboratory data show substantially fewer emer-
gences than OPV2, consistent with an avirulent, strongly
immunizing agent that can circulate without appreciable mor-
tality, squarely “vaccinelike” [44].

A second example is the live-attenuated rotavirus vac-
cines. They are shed in stool following the first dose, and
although documented transmission to contacts is uncommon,
it can confer indirect protection [45]. Recent studies link shed-
ding to seroconversion, and surveillance data report very low
transmission without symptomatic disease in exposed infants
[46], again matching high π1, δ1 ≈ 0, and a typically low-
to-moderate, short lived β11(v1) as the recovered population
accumulates.

The assumptions π1 > π0 and δ0 = δ1 = 0 allow, in princi-
ple (Sec. III A), the existence of all four types of steady states:
DFE, NME, NmutE, and CSE equilibria. Another direct im-
plication of δ0 = δ1 = 0 is that Ḋ = δ0I0 + δ1I1 = 0 and so
D is a first integral. Recall that the total mass S + I0 + I1 +
R + D is also a first integral of the macroscopic system. Since
it is expected that, at the beginning of the process, D(0) = 0,
henceforth it will be assumed that D(t ) = 0 ∀t � 0 and D will
be excluded from further analysis.

For a first numerical exploration, we have conveniently
fixed the following parameters:

χ = 2, π0 = 0.5, f0 = 1, ξ0 = 2, γ0 = 0.8,

a0 = 4, b0 = 0.1, ξ1 = 1, γ1 = 0.5, b1 = 0.1, (21)

with δ0 = δ1 = 0 and the ratio between the slow and fast
timescales equal to ε = 0.01. For values of the recovery rate
π1 > π0, the mutant fitness f1, the maximal potential thresh-
old for β01 and β11, and the master’s mutation error μ, ranging
in suitable intervals, we compute the ω-limit of the trajectory
starting with initial conditions

(S, I0, I1, R, D) × (g0, g1; v0, v1)

= (1 − 10−4, 10−4, 0, 0, 0) × (1, 0; 0, 0). (22)

Along the paper, we will refer to the solution with these initial
conditions (i.c.) as the principal trajectory. According to the
type of equilibrium point reached (its ω-limit), for any choice
of the latter parameters, we paint [Fig. 3(a)] the corresponding
point in the parameter’s space with colors: NME, DFE, and
CSE. In Fig. 3(b), the time evolution of the macroscopic
and microscopic variables, respectively, for three particular
choices of these parameters is shown. To analyze the varia-
tion of the ω limit (and its time evolution) of this principal
trajectory in terms of the mutant recovery π1, we fix the rest
of parameters as a1 = 6, f1 = 0.2, and μ = 0.675.

Figure 3 suggests the following points to investigate in
terms of π1: (1) the existence of equilibrium points and their
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(a)

(b)

FIG. 3. (a) ω limits of the principal trajectory with i.c. (22) and fixed parameters (21) for three different combinations of parameters. Each
point of the plot is colored according to the type of equilibrium reached: NME, DFE, and CSE. The first and second panels correspond to
a1 = 6, while the third one fixes μ = 0.675. These, together with f1 = 0.2, will be the nominal values employed for the case study. They are
highlighted in the plots using solid white lines to facilitate visual reference. (b) Time evolution of the macroscopic and microscopic variables
for three scenarios, highlighted in the upper panel. Each simulation illustrates convergence toward a different equilibrium.

types; (2) their local stability and multistability scenarios, and,
when possible, (3) to find out mechanisms underlying changes
in the ω limit of the principal trajectory with i.c. (22).

1. Equilibrium points

The existence and expression of these equilibria follow
from the propositions in Sec. III A. Further analysis will show
how variations in the host immune response (encoded in the
value of π1) influence their behavior. We will particularly be
concerned with the possibility of cocirculation of both the
master and the mutant viral strains. Recall that D ≡ 0 will
always be assumed. Thus, regarding the equilibrium points in
this particular case, it follows that

(1) Disease-free equilibrium. They are of the form

DFE: (S∗, I∗
0 , I∗

1 , R∗, D∗) × (g∗
0, g∗

1, v
∗
0 , v

∗
1 )

= (1, 0, 0, 0, 0) ×
(

g∗
0, 1 − g∗

0,
ξ0

γ0
g∗

0,
ξ1

γ1
(1 − g∗

0)

)
,

for g∗
0 ∈ [0, 1]. However, they represent a segment in the full

system space, and so there are infinitely many of them; in
terms of the macroscopic equilibrium, they correspond to the
same steady state (S∗, I∗

0 , I∗
1 , R∗, D∗) = (1, 0, 0, 0).

(2) No master equilibrium. From Proposition 2, the only
microscopic equilibrium is given by (g0, g1) = (0, 1), which,
in its turn, yields to

(v0, v1) =
(

0,
ξ1

γ1

)
and β00 = 0, β01 = 0, β11 =

a1
ξ1

γ1

b1 + ξ1

γ1

.

From the expression for the I1 equilibrium, the following
constraint is derived:

I∗
1 =

1 − π1
β11

1 + π1
χ

∈ (0, 1) ⇒ 1 − π1

β11
> 0 ⇒ π1 < β11

⇔ π1 <
a1ξ1

b1γ1 + ξ1
,
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which in our particular case reads π1 < 40/7. If such condi-
tion holds, the expression for the unique NME equilibrium is

NME: (S∗, I∗
0 , I∗

1 , R∗, D∗) × (g∗
0, g∗

1; v∗
0 , v

∗
1 )

=
(

π1

β11
, 0,

1 − π1
β11

1 + π1
χ

,
π1

χ
×

1 − π1
β11

1 + π1
χ

, 0

)
×

(
0, 1; 0,

ξ1

γ1

)
.

(3) No mutant equilibrium. There are no equilibrium points
of this type. Briefly, the only possible microscopic solutions
(g0, g1) = (1 − μ,μ) with 0 � μ < 1 lead to

(v0, v1) =
(

ξ0

γ0
(1 − μ),

ξ1

γ1
μ

)
and

β00 =
a0

ξ0

γ0
(1 − μ)

b0 + ξ0

γ0
(1 − μ)

, β01 =
a1

ξ1

γ1
μ

b1 + ξ1

γ1
μ

, β11 = 0.

From the third equation of the macroscopic system, β01I0S =
0, it turns out that either S = 0 or β01 = 0 (i.e., a1 = 0). The
first of both cases, S = 0, does not lead to any equilibrium
solution since it leads to π0I0 = 0, which is not possible. On
the other hand, from the third equation of the macroscopic sys-
tem, β01I0S = 0, it follows that either S = 0 or β01 = 0. The
first case, S = 0, implies again that π0I0 = 0, a contradiction.
The second case is only possible if a1 = 0 (a nontransmissible
mutant), which is not the case under consideration.

(4) Cocirculating strains equilibrium. This is the most
general and intrincated case, as it is subject to the fewest
restrictions. We seek for equilibrium points with both infected
populations nonvanishing. This implies that ν∗ = ν(I∗

0 , I∗
1 ) ∈

(0, 1) and, according to the Swetina-Schuster model, the
genomes’ equilibrium is given either by

(g∗
0, g∗

1) =
(

1 − μ

μ∗
c

,
μ

μ∗
c

)
, if 0 < μ < μ∗

c

or (g0, g1) = (0, 1) (master genome’s extinction) if
μ∗

c � μ� 1, where we recall that

μ∗
c = 1 − f1

f0

(
1

ν∗ − 1

)
.

Let us analyze both cases separately.
(a) Case 0 < μ < μ∗

c . Here, we have

(g∗
0, g∗

1) =
(

1 − μ

μ∗
c

,
μ

μ∗
c

)
, (v∗

0 , v
∗
1 ) =

(
ξ0

γ0
g∗

0,
ξ1

γ1
g∗

1

)
,

and

β∗
00 = a0v

∗
0

b0 + v∗
0

, β∗
01 = a1ν

∗v∗
1

b1 + ν∗v∗
1

, β∗
11 = a1(1 − ν∗)v∗

1

b1 + (1 − ν∗)v∗
1

.

Notice that β∗
00, β∗

01, and β∗
11 are all three strictly positive. On

the other side, from Proposition 4, the following expressions
for the macroscopic variables at equilibrium hold:

S∗ = π0

β∗
00

, R∗ = π0I∗
0 + π1I∗

1

χ
, I∗

1 = I∗
0

(
β∗

01π0

β00π
∗
1 − β∗

11π0

)
.

(23)

Hence, a necessary condition for the existence of I∗
1 (and,

therefore, of CSE) is that
π0

β∗
00

<
π1

β∗
11

.

If it holds, macroscopic CSE solutions must satisfy

S∗ + I∗
0 + I∗

1 + R∗ = 1 ⇔ π0

β∗
00

+ I∗
0 + I∗

0

(
β∗

01π0

β∗
00π1 − β∗

11π0

)

+ π0I∗
0 + π1I∗

1

χ
= 1

or, equivalently, F (I∗
0 , I∗

1 ) = 0, where

F (I∗
0 , I∗

1 ) = π0

β∗
00

+ I∗
0 + I∗

0

(
β∗

01π0

β∗
00π1 − β∗

11π0

)

+ π0I∗
0 + π1I∗

1

χ
− 1.

This is an involved (but rational) equation in I∗
0 , I∗

1 , since
β∗

01 and β∗
11, in turn, also depend on them through ν∗. This

equation has been numerically solved in Fig. 4.
Remark 4. At this CSE equilibrium, the I0- and I1-

reproduction numbers (see Sec. III C) at the equilibrium,

R(0)
∗ = β∗

00

π0
S∗, R(1)

∗ = 1

π1

(
β∗

01
I∗
0

I∗
1

+ β∗
11

)
S∗,

are both equal to 1. Indeed, first, having in mind Eq. (23), it
follows that

R(0)
∗ = β∗

00

π0
S∗ = β∗

00

π0

π0

β∗
00

= 1.

Regarding the second assertion

R(1)
∗ = π0

β∗
00π1

(
β∗

01 × β∗
00π1 − β∗

11π0

β∗
01π0

+ β∗
11

)

= 1

β∗
00π1

(β∗
00π1 − β∗

11π0 + β∗
11π0) = 1.

(b) Case μc � μ � 1. In this scenario, there are no
equilibrium points of this type. Indeed, the microscopic
equilibrium is (g0, g1, v0, v1) = (0, 1, 0, ξ1/γ1), which means
β00 = 1. But this implies İ0 = −π0I0 = 0 that can only be
satisfied if π0 = 0 or I0 = 0, in contradiction with our assump-
tions.

2. Equilibria stability

In the previous section, we identified the admissible equi-
librium states of the system under the parameter regime of
interest. In this section, we analyze the local stability of each
equilibrium point by evaluating the corresponding Jacobian
matrices. Recall that the parameter choices are specified in
Eq. (21), with δ0 = δ1 = 0, ε = 0.01, and π1 varying in the
interval (π0, 10).

The Jacobian matrix determines the linearized dynamics of
the system in the vicinity of an equilibrium, and its eigenval-
ues determine the local behavior. In particular, an equilibrium
is locally asymptotically stable if and only if all eigenvalues of
the Jacobian have negative real parts. Conversely, the presence
of any eigenvalue with a positive real part implies instability.
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FIG. 4. Cocirculating strains equilibrium points, computed numerically, as a function of π1 ∈ (π0, 10) = (0.5, 10). If we define π †
1 
 1.675

and π�
1 
 8.875, then for π1 ∈ (π0, π

†
1 ) there is no equilibrium point; for π1 ∈ (π †

1 , π�
1 ) there are two, and for π1 ∈ (π�

1 , 10) there is only one.
They are plotted in the left and right panels above (top: macroscopic, bottom: microscopic). These two families of CSE equilibria show relevant
differences: On one side, family CSE1 (left) starts at a point with equal infective individuals I∗

0 = I∗
1 and exhibits a monotonous decrease of

the I∗
1 population as π1 grows; on the other side, family CES2 (right) begins with I∗

1 > I∗
0 and undergoes a bifurcation [namely, collision with

the DFE equilibrium (1, 0, 0, 0)] as π1 → π�
1 (see Fig. 5).

This analysis allows us to identify parameter regions in which
qualitative changes in stability occur, providing insights into
potential bifurcations and transitions between different dy-
namical regimes.

(1) Disease-free equilibria. They are of the form

DFE: (S∗, I∗
0 , I∗

1 , R∗, D∗) × (g∗
0, g∗

1, v
∗
0 , v

∗
1 )

= (1, 0, 0, 0, 0) ×
(

g∗
0, 1 − g∗

0,
ξ0

γ0
g∗

0,
ξ1

γ1
(1 − g∗

0)

)
,

parametrized in terms of g∗
0 ∈ [0, 1]. Their Jacobian have the

following spectrum:

λDFE =
{
−2, −4

5
, −1

2
, 0, 0, 0,

175g∗
0 − 1

50g∗
0 + 2

, −π1

}
.

All the eigenvalues are real. Three of them are zero (associated
with the freedom in I0 = I1 = D = 0), four negative, and a
unique eigenvalue

λDFE(g∗
0) = 175g∗

0 − 1

50g∗
0 + 2

,

exclusively depending on g∗
0, which determines their stabil-

ity. This was expected since the macroscopic equilibrium is
always (S∗, I∗

0 , I∗
1 , R∗, D∗) = (1, 0, 0, 0, 0). The variation in

the complete system equilibrium comes from the microscopic
equilibria, given by a segment, parametrized by g∗

0, in the
genomes-virions space. Namely, it is easy to check that a
DFE is asymptotically stable (indeed, attractor in the normal

bundle space to the invariant manifold {I0 = I1 = D = 0})
provided that g∗

0 ∈ [0, 1/175) and unstable (a saddle point) if
g∗

0 ∈ (1/175, 1].
Notice that the stability condition is equivalent (as ex-

pected) to the basic reproduction number R0 < 1 defined in
Eq. (17). Indeed, from the fact that β∗

11 = 0, from the values
of the parameters in Eq. (21), and taking into account that
v∗

0 = ξ0g∗
0/γ0, it follows that

R0 = β∗
00

π0
= 20g∗

0

0.1 + 2.5g∗
0.

< 1 ⇔ g∗
0 <

1

175
,

for any value of π1.
(2) No master equilibrium (NME). The spectrum of the

Jacobian matrix evaluated on the NME points

NME: (S∗, I∗
0 , I∗

1 , R∗, D∗) × (g∗
0, g∗

1; v∗
0 , v

∗
1 )

=
(

π1

β11
, 0,

1 − π1
β11

1 + π1
χ

,
π1

χ
×

1 − π1
β11

1 + π1
χ

, 0

)
×

(
0, 1; 0,

ξ1

γ1

)
,

defined for π1 < 40/7, is denoted by

λNME =
{

−4

5
, −1

2
, −1

2
, −1

5
, −1

5
, 0, −54 − √

2ψ

7 (π1 + 2)
,

− 54 + √
2ψ

7 (π1 + 2)

}
,
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(a)

(b)

FIG. 5. (a) Evolution of the family of CSE1 points, varying with π1 [see Fig. 4 (left)], for the (S, I0, I1) variables (left) and β∗
00, β∗

01 (right).
(b) Mechanism leading the CSE2 point [see Fig. 4 (right)] toward its collision with the DSE point (1, 0, 0, 0) as π1 tends to π�

1 . Left: (S, I∗
0 , I∗

1 )
variables. Right: Transmission rates β∗

00 and β∗
01.

with ψ = √
� and � = �(π1) := 49π3

1 − 84π2
1 − 924π1 +

338. As in the previous case, it has one zero eigenvalue (as-
sociated with the neutral (or central) manifold I0 = 0), five
real negative eigenvalues, and a couple of complex conjugate
eigenvalues

λNME− = −54 − √
2ψ

7 (π1 + 2)
, λNME+ = −54 + √

2ψ

7 (π1 + 2)
,

which can be real or complex depending on the sign of
�. This discriminant is � < 0 if π1 ∈ (0.356.., 40/7) and
� > 0 if π1 < 0.356.. or π1 > 40/7. Figure 6 shows the real
and imaginary parts of these two eigenvalues as functions of
π1.

Therefore, for π1 ∈ (π0, 40/7), we have two regions of
stability according to its value as follows:

(a) Case π1 ∈ (π0, 5.128..): In this scenario, ψ = √
� is

complex and so λnme± are a couple of complex conjugate

eigenvalues, namely,

λNME− = − 54

7(π1 + 2)
+ i

√−2�

7(π1 + 2)
, λNME+ = λnme−

Since their real part is negative, the corresponding NME
point is attractor (out of the neutral manifold). In the two-
dimensional manifold associated with λnme± , the trajectories
exhibit damped oscillations. It is known that, on this plane
and close to the equilibrium point, the quasiperiod of such
oscillations is

T (π1) 
 2π

Im (λNME− )
=

√
2π (7π1 + 2)√−�

, (24)

where � = �(π1) (Fig. 7).
(b) Case π1(5.128.., 40/7): Now the discriminant � > 0

implies that both λNME± are real. Furthermore, λNME+ < 0 and
λNME− < 0. Hence, the NME point is stable.
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FIG. 6. Eigenvalues spectrum of the Jacobian matrix at the NME point. The background color stands for the corresponding numerical ω

limit of the principal trajectory (22) (see Fig. 3), which are NME, DFE, and CSE. The two vertical green lines indicate the region in which
the system exhibits complex eigenvalues, i.e., where the Jacobian has eigenvalues with nonzero imaginary parts, corresponding to the interval
π1 ∈ (0.357.., 5.129..).

(3) Cocirculating strains equilibrium (CSE). For the set of
parameters (21), our model has two distinct families of CSE
points, denoted as CSE1 and CSE2 and found numerically
and illustrated in Fig. 4. To assess their local stability, we
numerically compute their Jacobian matrices and calculate
their spectrum. Figure 8 shows the results of this analysis.

Figure 8(a) shows the real and imaginary parts of the eigen-
values as functions of π1 for the equilibrium point CSE1 (left
panel in Fig. 4), for a range of values of the parameter π1. In
this case, all eigenvalues exhibit negative real parts across this
interval, meaning that the equilibrium is asymptotically stable.
Nonetheless, the presence of complex conjugate eigenvalues
introduces damped oscillatory modes into the local dynamics
near the equilibrium. Two eigenvalues, highlighted in orange
and yellow, remain a complex conjugate pair across the en-
tire range of π1 explored. This persistent nonzero imaginary
part indicates the existence of an oscillatory mode whose

FIG. 7. Quasiperiod T (π1) [see Eq. (24)] of the damped oscilla-
tions in a neighborhood of the NME point for π1 ∈ (1/2, 5.128..).

frequency and decay rate vary with π1. In contrast, three
other eigenvalues (blue, green, and red) alternate between
being real and forming complex conjugate pairs. These tran-
sitions correspond to bifurcations occurring at critical values
of π1, denoted by πa

1 , πb
1 , π c

1 , and πd
1 in the figure. At these

bifurcation points, the corresponding eigenvalues collide on
the real axis and subsequently branch off into the complex
plane (or vice versa), thereby introducing or annihilating ad-
ditional oscillatory modes. Figure 8(b) provides a schematic
representation of these bifurcations in the complex plane. The
trajectories of the blue, green, and red eigenvalues are illus-
trated to emphasize their transitions between real and complex
configurations. Collectively, these bifurcations enrich the sys-
tem’s dynamical landscape, enabling multiple qualitatively
distinct oscillatory regimes depending on the parameter π1.

Finally, Fig. 8(c) shows the eigenvalue spectrum corre-
sponding to CEE2 (see the right panel in Fig. 4). Across the
range of π1 studied, one eigenvalue exhibits a strictly positive
real part, which reveals the instability of CEE2. Additionally,
two eigenvalues form complex conjugate pairs, indicating the
presence of an oscillatory mode, although the dynamics would
be ultimately dominated by the unstable direction. This com-
plex conjugate pair also exhibits a bifurcation right before
CSE2 vanishing. Due to the repelling nature of CSE2, the
simulated principal trajectories will never converge to this
equilibrium.

3. The limit case π1 → +∞
An extreme scenario arises when the mutant strain induces

a very rapid recovery in the host, π1 � 1. This regime can be
mathematically approximated by taking the limit π1 → +∞.
In this extreme case, the dynamics resemble a situation in
which the master variant gives rise to a mutant strain that lacks
self-replicative capacity (see Fig. 9). In this setting, the mutant
can only increase in frequency due to erroneous replication of
the master genome (g0), which occasionally produces virions
(v1) capable of infecting hosts. However, upon infection by
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(a)

(b)

(c)

FIG. 8. (a) Real (left) and imaginary (right) parts of the eigenvalues associated with the numerically computed equilibrium point CEE1.
Insets enhance resolution within the gray-marked region. (b) Schematic representation of the evolution of the three eigenvalues undergoing
bifurcations at π1 = π

j
1 , with j = a, b, c, d (see main text). (c) Same as panel (a), for the equilibrium CEE2. In panels (a) and (c), background

color indicates the ω limit of the principal trajectory (Fig. 3): NME, DFE, or CEE. Color coding links real and imaginary parts of each
eigenvalue; black indicates a vanishing imaginary part.
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1

FIG. 9. (Left) Schematic representation of the reduced model in the limit case π1 → ∞. (Right) Macroscopic reaction network of the
model. Note, in particular, the reaction in which contact between I0 and S, mediated by mutant virions v1 (with transmission rate β01), results in
an individual that is neither infected nor susceptible, i.e., belonging to the recovered class R. The microscopic component remains unchanged,
except that f̃1 = 0 as I1 → 0, implying that no substrate is available for mutant replication.

this defective strain, the host rapidly recovers and temporarily
acquires immunity, governed by the parameter χ .

Under these conditions, we may assume that I1 → 0, since
recovery is effectively instantaneous. This implies ν1 → 0
and either ν0 → 1 (when I0 �= 0) or ν0 → 0 (if I0 = 0). Con-
sequently, β11 → 0, f̃1 = f1ν1 → 0 and either f̃0 = f0ν0 →
f0 (if I0 �= 0) or f̃0 = f0ν0 → 0 (if I0 = 0). Henceforth, we
assume that all variables and parameters take their corre-
sponding limiting values.

From Sec. III D 2, we know that two type of equilibrium
points exist in this limit: the DFE and the CSE. In the former
case, I0 = 0 implies ν0 = 0 and f̃0 = 0, leading to a trivial
genomic system ġ0 = 0, ġ1 = 0. Its equilibrium solutions are
of the form (g∗

0, 1 − g∗
0) for g∗

0 ∈ [0, 1]. Together with the
corresponding virion equilibria, these states yield to the pre-
viously defined QSmic (see Proposition 1). In this case, it is
straightforward to show that the unique macroscopic DFE is
(S∗, I∗

0 , R∗) = (1, 0, 0). In contrast, in the CSE case, when
I0 > 0, the microscopic system becomes

ġ0 = f0g0(1 − μ − g0), ġ1 = f0g0(μ − g0),

for 0 < μ < 1. This system has two equilibrium points
(g∗

0, g∗
1) = (0, 1) (repeller) and (g∗

0, g∗
1) = (1 − μ,μ) (attrac-

tor), which derive into

(v∗
0 , v

∗
1 ) =

(
0,

ξ1

γ1

)
and (v∗

0 , v
∗
1 ) =

(
ξ0

γ0
(1 − μ),

ξ1

γ1
μ

)
,

respectively, for the virion equilibria. In this scenario, the
macroscopic system reads

Ṡ = −(β00 + β01)I0S + χR,

İ0 = (β00S − π0)I0, Ṙ = β01I0S + π0I0 − χR.

Notice that v∗
0 = 0 implies β00 = 0 and so, from the second

equation above, that π0 = 0 (since I0 > 0), a contradiction
with the fact that we are assuming π0 = 2 in this section. The
second microscopic equilibrium solution is QS(μ)

mic,

(g∗
0, g∗

1; v∗
0 , v

∗
1 ) =

(
1 − μ,μ;

ξ0

γ0
(1 − μ),

ξ1

γ1
μ

)

already defined in Eq. (A1). The corresponding equilibrium
for the macroscopic system is easily derived:

S∗ = π0

β00
, I∗

0 = χ

χ +
(

1 + β01

β00

)
π0

, R∗ = 1 − S∗ − I∗
0 ,

(25)
such that the three variables sum 1.

Concerning their local stability, the computation of the
spectra of their associated Jacobian matrices, gives rise to (1)
{−χ1, β00 − π0} for the DFE point (1, 0, 0), which means
that it is stable if π0 > β00 (i.e., it has R0 < 1) and unstable
otherwise; (2) for the CSE point (25), it is straightforward to
show that its determinant is positive, the trace negative and,
hence, it is always stable. Furthermore, its behavior moves
between a stable node or focus (so, oscillations appear) de-
pending on the values of β00, β01, π0, and χ . These parameters
also determine, in the cases of bistability, the configuration of
the corresponding basins of attraction.

Biologically, this setting is reminiscent of defective viral
genomes (DVGs), which, despite their inability to au-
tonomously sustain a replication cycle by themselves, can still
be packaged into master-encoded viral particles and trans-
mitted [47]. Although such transmission does not establish
a productive infection, it may nevertheless be sufficient to
trigger an immune response in the host, for example, through
superinfection exclusion or the induction of immune memory.
Indeed, this property has opened the tantalizing possibility
of using engineered versions of DVGs as self-transmissible
vaccines [48].

E. Case of interest 2: The burnout viral strain

Below, we highlight three well-documented examples that
lie near the burnout corner of our parameter space, charac-
terized by very high virulence (δ1 � 0), transmission rate
sufficient to ignite large outbreaks (effectively large a1), and
slow recovery at the population level (effectively small π1).
Each example exhibits the core macroscopic level signa-
ture reproduced by our model: rapid epidemic growth, high
mortality, and self-limitation throughout host depletion or
behavioral change, sometimes followed by longer-term evo-
lutionary relaxation.

First, the introduction of myxoma virus (MYXV) into
Australia to control invasive European rabbits provides a
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classic illustration [49]. Initial mortality reached approxi-
mately 99%, and MYXV spread explosively via arthropod
vectors, collapsing rabbit populations from an estimated ∼600
to ∼100 million within a few years, a textbook burnout
pulse (huge realized a1 in a highly connected host-vector
system combined with extreme δ1). Remarkably, subsequent
coevolution reduced virulence and increased host resistance,
gradually shifting the system away from the burnout regime
[50]. Second, the 2014–2016 West African outbreak of Zaire
Ebolavirus was the largest filovirus outbreak on record, with
estimated case fatality rates around 60%–70% [51]. Simple
growth models during early spread gave R0 ≈ 1.6–2.0, indi-
cating sustained human-to-human transmission [52]. These
outbreaks typically burn out once susceptible depletion, im-
proved infection prevention, and control reduce effective
transmission, consistent with a high δ1 process that self-limits
in the absence of continuous replenishment of susceptibles.
Third, since 2021–2023, highly pathogenic avian influenza
virus (HPAIV) H5N1 clade 2.3.4.4b has caused unprece-
dented die-offs in wild birds and mass mortality in marine
mammals [53]. These events reveal intense transmission in
dense breeding colonies coupled with extremely high mortal-
ity, exemplifying the “ignite fast, die fast” pattern. Genomic
epidemiology provides evidence consistent with mammal-
to-mammal transmission in pinnipeds. In such colonies, the
realized a1 becomes very large while δ1 is extreme, leading to
rapid exhaustion of susceptible and epizootic burnout [54].

To explore the evolutionary consequences of virulence
emergence, we devote this section to analyzing a scenario
in which an initially avirulent master strain (δ0 = 0) with
moderate transmission (a0 = 2) gives rise to a mutant variant
with higher virulence and transmissibility, here δ1 = 1 and
a1 = 3. All the remaining parameters of the model have been
conveniently fixed at the following values:

χ = 2, δ0 = 0, δ1 = 1, π0 = π1 = 0.2, a0 = 2,

a1 = 3, b0 = b1 = 0.5, f0 = 1, f1 = 0.1, γ0 = γ1 = 0.5,

ξ0 = ξ1 = 3, γ0 = 0.8. (26)

Again, the slow-fast time ratio is taken as ε = 0.01.

As a first step in this study, we vary the mutation prob-
ability μ and analyze its impact on the dynamics of the
system. In particular, we monitor (1) the evolution of the
state variables, (2) the effective transmission rates of both
strains (β00, β01, and β11), and (3) the instantaneous fitness
of each variant ( f̃0 and f̃1) and the dynamic critical mutation
threshold [μc = μc(t )], both characteristics being crucial in
the interlevel connection. Three snapshots of this analysis are
shown in Fig. 10.

We highlight the particularly interesting case arising in the
central panels of Fig. 10, where the master variant appears to
overcome a pseudo-error catastrophe. This abrupt transition
arises due to the micro- to macroscopic coupling inherent in
the model.

When the mutation probability is very high (e.g., μ � 0.4),
continuous generation of mutant genomes g1 drives a rapid
rise in virions v1, which boosts the strain-specific transmission
rate and shifts prevalence so that I1 � I0. This macroscopic
level shift depresses the master’s context-dependent error
threshold μc(t ), pushing the within-host quasispecies beyond

the threshold and causing a transient microscopic pseudoex-
tinction of g0, a behavior consistent with error-catastrophe
experiments in poliovirus exposed to ribavirin [21]. Because
the mutant is highly virulent δ1 � 0, mortality rapidly de-
pletes I1, transmission collapses, and conditions that favor the
master return: As g1 declines, the master’s effective replica-
tive fitness f̃0 increases, μc(t ) rises above μ, and residual g0

genomes can resume replication. A macroscopic scale analog
of this “ignite fast, die fast” endgame appears in the afore-
mentioned HPAIV wildlife pulses, where explosive spread
with extreme lethality in dense colonies (e.g., sea lion mass
mortality in Peru) is followed by rapid chain collapse [54].
Ultimately, the epidemic wanes as cumulative deaths disrupt
infection chains; in our parameter region with δ0 = 0 and
δ1 > 0, only DFE are feasible, and numerical simulations
show the principal trajectory converges to DFE across com-
parable parameter sets. We analyze the DFE behavior as a
function of μ for the representative parameter choice given in
Eq. (26).

(1) Disease-free equilibria (DFE). From Proposition 1,
they are of the form

(S, I0, I1, R, D) × (g0, g1 ; v0, v1)

= (S∗, 0, 0, 0, 1 − S∗) ×
(

g∗
0, 1 − g∗

0 ;
g∗

0ξ0

γ0
,

(1 − g∗
0)ξ1

γ1

)
.

These DFE equilibria fill a two-dimensional plane, governed
by the variables (S∗, g0). Their local stability can be ap-
proached by their linearized system. Indeed, the spectrum of
the corresponding Jacobian matrices is given by

λDFE = {0, 0, 0, 0,−χ, −γ0, −γ1, −(δ1 + π1), ψ (S∗, g∗
0)},

where

ψ (S∗, g∗
0) = a0ξ0g∗

0S∗

b0γ0 + ξ0g∗
0

− π0.

The four zero eigenvalues come from the first integrals
I0 = 0, I1 = 0, R = 0, and S + I0 + I1 + R + D = 1. There are
four more negative eigenvalues and a last one, ψ (S∗, g∗

0),
whose sign determines their (transversal) stability. Indeed,
ψ (S∗, g∗

0) = 0 is equivalent to the hyperbola (see Fig. 11),

S∗ = π0

a0

(
1 + b0γ0

ξ0

1

g∗
0

)
, g∗

0 ∈ (0, 1]. (27)

IV. DISCUSSION

We have presented a minimal, mechanistically grounded
multiscale framework that links within-host quasispecies
dynamics to population-level SIRS epidemiology through ex-
plicit, bidirectional coupling: Transmission rates βi j depend
on the instantaneous virion abundance v j (t ) (microscopic
to macroscopic), and the effective replicative rates f̃ j are
weighted by the prevalence of each infected host class (macro-
scopic to microscopic). The imposed slow-fast structure
(ε � 1) yields a natural quasisteady reduction of the genome-
virion subsystem and explains why, on epidemiological
timescales, transmission can be treated as time-varying pro-
cess inherited from the fast layer while preserving a conserved
quasispecies backbone. This construction moves beyond ad
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FIG. 10. Numerical integrations of the system for nonvarying parameter set (26). The slow-to-fast time ratio is fixed at ε = 0.01. To avoid
false recoveries from pseudoextinction, we set to zero any variable below the numerical tolerance of the ODE numerical integrator (i.e., 10−14).

hoc scale-bridging approaches by keeping the error-threshold
mechanism explicit and intrinsically context dependent.

Our NGM calculation at DFE yields R0 = max{β00/(π0 +
δ0), β11/(π1 + δ1)}, clarifying that the cross-seeding pathway

β01 does not affect invasion, because the Jacobian block
is triangular at DFE (no mutant virions are present). In
contrast, β01 plays a crucial role after invasion: Once any
I0 > 0 exists, the β01 channel accelerates mutant establishment
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FIG. 11. Stability regions of the DFE plane. The attractive
(unstable) region of each DFE point is represented in black (gray)
color, in terms of g∗

0 and S∗. The hyperbola ψ (S∗, g∗
0 ) = 0 dividing

both zones is given by Eq. (27).

and shapes transient dynamics of strain replacement. The
slow-fast closure further justifies the introduction of time-
dependent effective reproduction numbers R(0)

t and R(1)
t , and

the growth diagnostic Gt > 0 [see Eq. (20)] that decomposes
overall expansion into outflow-weighted excess reproduction
of each strain (Sec. III C). These quantities admit clear bio-
logical interpretation and naturally connect to empirical data
through longitudinal proxies of viral load v j (t ), which control
the saturating transmission functions βi j .

A central theoretical contribution of this work is the
demonstration that the error threshold becomes epidemic-
state dependent [see Eq. (4)]. As a transmissible mutant
rises in prevalence (ν decreases), the critical mutation rate
μc(ν) decreases, so that, at fixed polymerase fidelity, the
master g0 can transiently fall below its error threshold. This
produces a pseudo-error catastrophe driven by cross-scale
feedback rather than a biochemical change in replication fi-
delity (Sec. III E; central panel of Fig. 10). As mortality and
host depletion subsequently collapse I1, μc(ν) increases again
above μ, allowing residual g0 to resume replication, thereby
explaining the observed “disappear-then-reappear” micro-
scopic signature during a macroscopic burnout pulse. This
mechanism cannot be recovered when within- and between-
host scales are analyzed in isolation.

The model yields sharp feasibility inequalities that de-
lineate end points and coexistence regimes. For example,
at candidate coexistence one obtains the condition π0 β∗

00 <

π1 β∗
11 (Sec. III A), where starred quantities denote the qua-

sisteady transmission rates inherited from the fast layer.
Because β∗

i j retain hyperbolic saturation and depend explic-
itly on (ξ j, γ j, f j ), these inequalities make transparent how
within-host production efficiencies bias population-level to-
ward coexistence, no master or disease-free end points.

Linear stability analysis reveals complex conjugate eigen-
values for NME and CSE across broad parameter regions
(Figs. 6 and 8), predicting damped oscillations in I0, I1 and
g j, v j , even in the absence of external forcing, a distinctive dy-
namical signature of the multiscale feedback. The quasiperiod

near NME follows directly from this complex eigenvalue pair
[see Eq. (24) and Fig. 7].

Two illustrative regimes bracket the model’s behavior and
directly connect to well-documented biology. In the “vaccine-
like” quadrant (δ0 = δ1 = 0, π1 � π0), the mutant benignly
replaces and persists at appreciable prevalence, generating
high seroprevalence without excess mortality (Sec. III D and
Fig. 3), consistent with live attenuated, strongly immunizing
circulation. In the “burnout” quadrant (δ1 � 0, modest or
weak π1), a hypervirulent mutant self-limits throughout host
depletion: the epidemic surge can pass through a pseudoex-
tinction of g0 before collapsing back to the DFE, as observed
numerically across a wide range of mutation rates (Sec. III E
and Fig. 10). Together, these extremes emphasize that epi-
demic composition, rather than intrinsic polymerase fidelity
alone, governs transient excursions across error thresholds.

We can also draw several practical implications from our
study. (1) Transient sequencing signatures: During mutant
ascents, we predict a temporary loss of the master sequence
in within-host spectra, coupled to peaks in incidence, inter-
pretable as a population-driven passage through the threshold
μc(ν). (2) Oscillatory returns: Damped endemic waves should
arise where the two-strain slow system has complex eigen-
values; these oscillations can be quantitatively fitted with
virion-dependent transmission functions βi j applied to joint
incidence and viral load time series. (3) Design criteria for
benign replacement: The coexistence inequalities translate
empirically measured load-transmission curves (aj, b j ) and
immune induction (π1) into operational thresholds for safe
dominance.

We intentionally compressed within-host diversity into
a two-type, unidirectional quasispecies and neglect explicit
immune kinetics, host heterogeneity, demographic turnover
(births and immigration of susceptibles), contact structure,
and stochastic fade-out. These simplifying choices enable
analytical tractability but preclude phenomena such as di-
versification fronts, antigenic escape, and age or network
effects on epidemic thresholds. The explicit slow-fast struc-
ture of the model suggests a rigorous Tikhonov reduction to
a closed slow system, a global bifurcation analysis (saddle-
node, Hopf) expressed in terms of measurable parameters
(e.g., peak viral load and decay), and extensions incorporating
reverse mutation, multilineage competition, host heterogene-
ity in susceptibility and waning immunity, and stochastic
invasion dynamics. Finally, the π1 → ∞ limit (Sec. III D 3)
motivates the study of defective viral genomes within the
same multiscale closure, in which the cross-seeding pathway
β01 functions as an “immunizing contact” that induces host
immunity without productive mutant infection.

V. CONCLUDING REMARKS

By tying transmission directly to intracellular produc-
tion and allowing epidemiological prevalence to feedback
on effective replication, our model shows how selection
pressures at one scale can induce phase transitionlike
shifts at the other. Most notably, how a mutant surge can
transiently trigger an intrahost error catastrophe and how
extreme virulence self-limits transmission and spread. The
“vaccinelike” and “burnout” regimes bracket a continuum
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of realistic outcomes, unify microcroscopic and macroscopic
thresholds [from μc(ν) to R0], and yield testable signatures
in coupled incidence-viral-load time series. We anticipate that
combining quasisteady reductions, joint inference on βi j (v j )
from viral load and contact data, and explicit heterogeneity
will transform this conceptual bridge into a practical tool for
anticipating which mutants are poised to dominate, coexist, or
extinguish themselves—and why.
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APPENDIX A: EQUILIBRIUM POINTS:
PROOFS OF THE PROPOSITIONS

1. Proof of Lemma 1

Notice that if one defines f̃0 = f0ν
∗ and f̃1 = f1ν

∗, the
microscopic system becomes

εġ0 = f̃0(1 − μ)g0 − �g0, εġ1 = f̃0μg0 + f̃1g1 − �g1,

with � = f̃0g0 + f̃1g1. This is a standard quasispecies model
with fitnesses f̃0 and f̃1. It is well known [19] that there
are two possible scenarios for its equilibrium points in terms
of the relation between the mutation probability μ and the
corresponding critical mutation probability:

μ∗
c = 1 − f̃1

f̃0
= 1 − f1

f0

(
1

ν∗ − 1

)
.

(1) If 0 < μ < μ∗
c , then the equilibrium point is

(g∗
0, g∗

1) =
(

1 − μ

μ∗
c

,
μ

μ∗
c

)
.

(2) On the contrary, if μ∗
c � μ � 1, the equilibrium point

is uniquely composed by mutant genomes (g∗
0, g∗

1) = (0, 1).
The expressions for the equilibrium virions derive straight-

forwardly from the ones for the genomes. �

2. Proof of Proposition 1 (DFE)

Under the assumption I∗
0 = I∗

1 = 0 the macroscopic system
becomes

Ṡ = χR, İ0 = 0, İ1 = 0, Ṙ = −χR, Ḋ = 0.

Equating them to zero (to seek for equilibrium points), we
get R∗ = 0 if χ �= 0 or arbitrary R when χ = 0. Regarding
the microscopic system, since I∗

0 = I∗
1 = 0 ⇒ ν∗

0 = ν∗
1 = 0,

we have f̃0 = f̃1 = � = 0 and so

εġ0 = 0, εġ1 = 0,

which leads to equilibria with arbitrary (g0, g1) such that g0 +
g1 = 1. Regarding virions, it is straightforward to show that
the equilibria are of type

v0 = ξ0

γ0
g0, v1 = ξ1

γ1
g1,

for any (g0, g1) satisfying g0 + g1 = 1. �

3. Proof of Proposition 2 (NME)

Substituting I∗
0 = 0 in Ḋ = δ0I∗

0 + δ1I∗
1 = 0 it turns out that

δ1I∗
1 = 0. Since I∗

1 > 0 it follows that, necessarily, δ1 = 0. We
consider two cases:

(1) Case β11 > 0. This is divided, in its turn, into the
following:

(a) Case χ > 0. From ν∗ = 0 we have, in particular, that
β01 = 0. Substituting I∗

0 = 0 into Eq. (9), İ1 = 0, we obtain

(β11S − (π1 + δ1))I1 = 0 ⇒ S = π1 + δ1

β11
,

which becomes

S∗ = π1

β11
,

since δ1 = 0. Substituting now I0 = 0 into Eq. (10), we get

Ṙ = π1I1 − χR = 0 ⇒ R∗ = π1

χ
I1,

which is well defined since χ > 0. The variable D∗ is defined
such that S∗ + I1 + R∗ + D∗ = 1.

(b) Case χ = 0: We have, from the same argument as
above, that S∗ = π1/β11. However,

Ṙ = 0 ⇔ π1I∗
1 = 0 ⇒ π1 = 0 ⇒ S∗ = 0.

That is, in this scenario, necessarily π1 = 0 and the equi-
librium point for the macroscopic system is of the form
(S∗, I∗

0 , I∗
1 , R, D) = (0, 0, I1, R, D) with arbitrary R, D, such

that I∗
1 + R + D = 1.

(2) Case β11 = 0: The conditions for having an equilibrium
point reduce to χR = 0 and −π1I∗

1 = 0. From the second
equation, it follows that, necessarily, π1 = 0. From the first
one, we have two possible solutions:

(a) If χ > 0, then R∗ = 0 and the point are of the form
(S, I∗

0 , I∗
1 , R∗, D) = (S, 0, I1, 0, D) with arbitrary S and D sat-

isfying that S + I∗
1 + D = 1.

(b) If χ = 0, the equilibrium is of the form
(S, I∗

0 , I∗
1 , R, D) = (S, 0, I1, R, D) with arbitrary R, S, and

D such that S + I∗
1 + R + D = 1.
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In both cases (1) and (2), at the genome’s level, ν∗ = 0
translates into � = f1g1 and so

εġ0 = −�g0 = − f1g1g0 = 0,

εġ1 = f1g1 − �g1 = f1g1(1 − g1) = 0.

Since g0 + g1 = 1 the only two solutions of the latter equa-
tions is either (g∗

0, g∗
1) = (1, 0) or (g∗

0, g∗
1) = (0, 1). Therefore,

joint to the corresponding solutions for the virion’s system,
one obtains the following two possible equilibrium points for
the microscopic system:

QS(0)
mic: (g∗

0, g∗
1; v∗

0 , v
∗
1 ) =

(
1, 0,

ξ0

γ0
, 0

)
and

QS(1)
mic: (g∗

0, g∗
1; v∗

0 , v
∗
1 ) =

(
0, 1, 0,

ξ1

γ1

)
.

For QS(1)
mic the condition β11 = 0 implies that either a1 = 0 or

ξ1 = 0. Condition β11 > 0 is not compatible with equilibrium
QS(0)

mic since β11 > 0 ⇒ v∗
1 > 0. �

4. Proof of Proposition 3 (NmutE)

Let us start computing the possible equilibrium points of the
microscopic system. Indeed, I∗

1 = 0 ⇒ ν∗ = 1 ⇒ � = f0g0.
Thus, the equilibrium points of the genome’s system must
solve

εġ0 = f0(1 − μ)g0 − ( f0g0)g0 = f0g0(1 − μ − g0) = 0,

εġ1 = f0μg0 − ( f0g0)g1 = f0g0(μ − g1) = 0.

Since f0 > 0, they become

g0(1 − μ − g0) = 0 and g0(μ − g1) = 0,

which leads to two possible cases depending on g0 vanishing
or not.

(1) Case g0 = 0: So g1 = 1 and then (g∗
0, g∗

1) = (0, 1).
Regarding the virion’s system, it becomes

εv̇0 = ξ0g∗
0 − γ0v0 = −γ0v0 = 0 ⇒ v∗

0 = 0,

εv̇1 = ξ1g∗
1 − γ1v1 = ξ1 − γ1v1 = 0 ⇒ v∗

1 = ξ1

γ1
.

So, the equilibrium point is

(g∗
0, g∗

1; v∗
0 , v

∗
1 ) =

(
0, 1, 0,

ξ1

γ1

)
=: QS(1)

mic.

Notice that v∗
0 = 0 implies that β∗

00 = 0, and from ν∗ = 1 it
follows that β∗

11 = 0.
(2) Case g0 �= 0: This implies (g∗

0, g∗
1) = (1 − μ,μ), with

0 < μ � 1. Again, substituting into the virion’s system, we
get

εv̇0 = ξ0g∗
0 − γ0v0 = 0 ⇒ v∗

0 = ξ0

γ0
(1 − μ),

εv̇1 = ξ1g∗
1 − γ1v1 = 0 ⇒ v∗

1 = ξ1

γ1
μ.

So, the equilibrium point for the microscopic system is

(g∗
0, g∗

1; v∗
0 , v

∗
1 ) =

(
1 − μ,μ,

ξ0

γ0
(1 − μ),

ξ1

γ1
μ

)
=: QS(μ)

mic.

(A1)

Moreover, β11 = 0 (since ν∗ = 1) and

β∗
00 = a0v

∗
0

b0 + v∗
0

, β∗
01 = a1v

∗
1

b1 + v∗
1

,

which vanish if and only if a0 = 0 or v∗
0 = 0 and a1 = 0 or

v∗
1 = 0, respectively.

Having in mind these two equilibria for the microscopic
system, we seek the equilibrium points of the macro-
scopic system. From the assumptions I∗

0 �= 0 and I∗
1 =

0, the macroscopic equations Ṡ = 0, İ j = 0, Ṙ = 0, Ḋ = 0
( j = 0, 1) become

(β00 + β01)I∗
0 S = χR, (A2)

(β00S − (π0 + δ0))I∗
0 = 0,

β01I∗
0 S = 0,

χR = π0I∗
0 , (A3)

δ0I∗
0 = 0, (A4)

where it has been taken into account that I∗
1 = 0 implies

ν∗ = 1. From Eq. (A4) it is clear that a necessary condition
to have an equilibrium of such type is that δ0 = 0. In the
following, this will be assumed.

To analyze it, we discuss two cases: χ > 0 and χ = 0.
(1) Case χ > 0: In this scenario and using that I∗

0 > 0,
Eqs. (A2) and (A3) become

(β00 + β01)I∗
0 S = χR, β00S = π0, β01S = 0, χR = π0I∗

0 .

From here, we have four possible scenarios:
(a) Case β00 = 0 and β01 > 0: Second and third equa-

tions require π0 and S∗ = 0 respectively. Given this result,
the first and last equations result into R∗ = 0. With this, the
equilibrium reads as

(S∗, I∗
0 , I∗

1 , R∗, D∗) = (0, I∗
0 , 0, 0, 1 − I∗

0 ).

(b) Case β00 > 0 and β01 = 0: Second equation leads
to S∗ = π0/β00 and last equation to R∗ = π0I∗

0 /χ . There-
fore, the equilibrium under this assumptions is

(S∗, I∗
0 , I∗

1 , R∗, D∗)

=
(

π0

β00
, I∗

0 , 0,
π0

χ
I∗
0 , 1 − π0

β00
− I∗

0

(
1 + π0

χ

))
,

with 0 < I∗
0 � (1 − π0/β00)/(1 + π0/χ ) to keep all

species between 0 and 1. Notice that the condition β00 > 0
implies an incompatibility with the microscopic state
QS(1)

mic, as it requires v∗
0 = 0.

(c) Case β00 > 0 and β01 > 0: To accomplish third
equation, S∗ = 0 is required. Substituting this into first and
second equations is trivial to see that R = 0 and π0 are
needed. With this, the equilibrium reads as

(S∗, I∗
0 , I∗

1 , R∗, D∗) = (0, I∗
0 , 0, 0, 1 − I∗

0 ).

Again, the condition β00 > 0 excludes the possibility of
having QS(1)

mic as the microstate at equilibrium.
(d) Case β00 = 0 and β01 = 0: Second equation implies

π0 = 0, fourth equation R∗ = 0, and the other two equa-
tions are satisfied no matter the values of S and I∗

0 . Thus,
the equilibrium under this condition is

(S, I∗
0 , I∗

1 , R∗, D) = (S, I∗
0 , 0, 0, D),

with S, I∗
0 , and D such that S + I∗

0 + D = 1.
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(2) Case χ = 0: Equations (A2)–(A4) simplify to

(β00 + β01)I∗
0 S = 0, (β00S − π0)I∗

0 = 0,

β01I∗
0 S = 0, π0I∗

0 = 0.

Taking into account that I∗
0 > 0 it follows that π0 = 0 and the

latter system reduces to the following three equations:

(β00 + β01)S = 0, β00S = 0, β01S = 0.

Regarding at the first equation above, it suffices β00 + β01 > 0
to imply S∗ = 0. Otherwise, if β00 = β01 = 0 then S remains
arbitrary. Thus, the solutions of these two possible scenarios
are as follows:

(a) Case β00 = β01 = 0:

(S, I∗
0 , I∗

1 , R, D) = (S, I∗
0 , 0, R, D),

with S, I∗
0 , R, and D such that S + I∗

0 + R + D = 1.
(b) Otherwise, that is, if β00 + β01 > 0, we have

(S∗, I∗
0 , I∗

1 , R, D) = (0, I∗
0 , 0, R, D),

with I∗
0 , R, and D such that I∗

0 + R + D = 1. Again, the
condition β00 > 0 is incompatible with the microscopic
state QS(1)

mic. �

5. Proof of Proposition 4 (CSE)

From the assumption I∗
0 �= 0, I∗

1 �= 0 and Eq. (11) it fol-
lows that, necessarily, δ0 = δ1 = 0. That is, both master and
mutant variants do not induce mortality. Moreover 0 < ν∗ =
ν(I∗

0 , I∗
1 ) < 1 so, in particular, the equilibrium point for the

microscopic system is given by Lemma 1, that is,

QS(μ∗
c )

mic : (g∗
0, g∗

1; v∗
0 , v

∗
1 ) =

(
1 − μ

μ∗
c

,
μ

μ∗
c

;
ξ0

γ0
g∗

0,
ξ1

γ1
g∗

1

)
,

if 0 < μ < μ∗
c ,

(g∗
0, g∗

1; v∗
0 , v

∗
1 ) =

(
0, 1; 0,

ξ1

γ1

)
,

if μ∗
c � μ � 1,

where the critical mutation probability associated with (I∗
0 , I∗

1 )
is defined as

μ∗
c = 1 − f1

f0

(
1

ν∗ − 1

)
.

We study the possible equilibria for the macroscopic system.
Like in the precedent proofs, we distinguish two cases, ac-
cording to the common waning immunity rate: (1) χ > 0; (2)
χ = 0.

(1) Case χ > 0. The macro equilibrium points come from
the solutions of

(β00I∗
0 + β01I∗

0 + β11I∗
1 )S = χR, β00S = π0,

(β01I∗
0 + β11I∗

1 )S = π1I∗
1 , π0I∗

0 + π1I∗
1 = χR,

(A5)

where we have taken into account that I∗
1 > 0. Let us now

consider two cases:

(a) Case β00 = 0. From the second expression in Eq. (A5),
it follows that π0 = 0, and from the fourth one

R∗ = π1

χ
I∗
1 .

In order to get S, notice that either both β01, β11 > 0 or β01 =
β11 = 0. This is clear from the fact that 0 < ν∗ < 1 and hence,
β01 = 0 ⇔ (a1 = 0 or v1 = 0) ⇔ β11 = 0. Therefore, two
cases arise:

(i) Case β01 > 0, β11 > 0. From equations (A5), one
gets

S∗ = π1I∗
1

β01I∗
0 + β11I∗

1

.

Thus, the complete equilibrium point is of the form

(S∗, I∗
0 , I∗

1 , R∗, D∗) × (g∗
0, g∗

1; v∗
0 , v

∗
1 )

=
(

π1I∗
1

β∗
01I∗

0 + β∗
11I∗

1

, I∗
0 , I∗

1 ,
π1

χ
I∗
1 , D∗

)
× QS(μ∗

c )
mic ,

provided that S∗ + I∗
0 + I∗

1 + R∗ + D∗ = 1.
(ii) Case β01 = β11 = 0. Having in mind the third equa-

tion in Eq. (A5), we get that π1 = 0 and so R∗ = 0. There
is no constraint for S. This means that the macroscopic
system equilibrium points are given by (S, I∗

0 , I∗
1 , 0, D)

provided that S + I∗
0 + I∗

1 + D = 1. Concerning the re-
strictions that β01 = β11 = 0 imposes on the microscopic
equilibrium point QS(μ∗

c )
mic , we have that they come from

the fact that β01 = β11 = 0 ⇔ a1 = 0 (and then, β01 ≡ 0,

β11 ≡ 0) or v∗
1 = 0 (which in our case is only possible

if ξ1 = 0 or in the limit case μ = 0, not included in
QS(μ∗

c )
mic ). That is, the complete equilibrium points are of

the form

(S, I∗
0 , I∗

1 , R∗, D) × (g∗
0, g∗

1; v∗
0 , v

∗
1 )

= (S, I∗
0 , I∗

1 , 0, D) × QS(μ∗
c )

mic ,

with arbitrary S, D such that S + I∗
0 + I∗

1 + D = 1 and

provided QS(μ∗
c )

mic satisfies β∗
01 = β∗

11 = 0.
(b) Case β00 > 0. From (A5), it turns out that

S∗ = π0

β00
.

Substituting this value into the third equation in Eq. (A5), we
have

β01π0

β00
I∗
0 + β11

β00
π0I∗

1 = π1I∗
1

and, therefore,

I∗
1 = β01π0

β00π1 − β11π0
I∗
0 , (A6)

provided that

π1 >
β11

β00
π0.

Since I∗
1 > 0, expression (A6) implies that β01 > 0

and, consequently, β11 > 0, where we have taken into
account the assertion in case (a) above. Finally, substituting
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Eq. (A6) into the fourth equation in Eq. (A5), we obtain

R∗ = 1

χ

(
π0 + π1

β01π0

β00π1 − β11π0

)
I∗
0 .

Thus, the complete equilibrium point is of the form

(S∗, I∗
0 , I∗

1 , R∗, D∗) × (g∗
0, g∗

1; v∗
0 , v

∗
1 )

=
(

π0

β∗
00

, I∗
0 ,

β∗
01π0

β∗
00π1 − β∗

11π0
I∗
0 ,

1

χ

(
π0 + π1

β∗
01π0

β∗
00π1 − β∗

11π0

)
I∗
0 , D∗

)
× QS(μ∗

c )
mic .

(2) Case χ = 0. From equation π0I∗
0 + π1I∗

1 = χR, we get
that π0 = π1 = 0 and so, the equations for the macroscopic
equilibrium points become

(β00I∗
0 + β01I∗

0 + β11I∗
1 )S = 0, β00I∗

0 S = 0,

(β01I∗
0 + β11I∗

1 )S = 0.

As before, we consider two cases:
(a) Case β00 = 0. As before, we distinguish two possible

situations:
(i) Case β01 >, β11 > 0. From the equations above, it

follows that S∗ = 0 and arbitrary R. Hence, the complete
equilibrium point is of the form

(S∗, I∗
0 , I∗

1 , R, D) × (g∗
0, g∗

1; v∗
0 , v

∗
1 )

= (0, I∗
0 , I∗

1 , R, D) × QS(μ∗
c )

mic ,

with arbitrary R, D such that I∗
0 + I∗

1 + R + D = 1 and

provided QS(μ∗
c )

mic is compatible with β∗
00 = 0.

(ii) Case β00 = β11 = 0. In this scenario, we have that
S, R, and D are arbitrary. So, the complete equilibrium is
of the form

(S, I∗
0 , I∗

1 , R, D) × (g∗
0, g∗

1; v∗
0 , v

∗
1 )

= (S, I∗
0 , I∗

1 , R, D) × QS(μ∗
c )

mic ,

with arbitrary S, R, and D such that S + I∗
0 + I∗

1 + R +
D = 1 and provided QS(μ∗

c )
mic is compatible with the condi-

tions β∗
01 = β∗

11 = 0.
(b) Case β00 > 0. In this case, it follows that S = 0. So,

the complete equilibrium point takes the form

(S∗, I∗
0 , I∗

1 , R, D) × (g∗
0, g∗

1; v∗
0 , v

∗
1 )

= (0, I∗
0 , I∗

1 , R, D) × QS(μ∗
c )

mic ,

with arbitrary R, and D such that I∗
0 + I∗

1 + R + D = 1. �

APPENDIX B: ON THE NEXT GENERATION
MATRIX METHOD

The application of the NGM method, as used in Sec. III B,
requires the verification of some assumptions on the system
(see Refs. [40,41]). Following these references, the system is
written in the form

ẋi = Fi(x, y) − Vi(x, y), ẏ j = g j (x, y),

where x denotes the infected compartments and y the
disease-free compartments. The functions F and V and the
disease-free subsystem must satisfy several mathematical as-
sumptions, namely,

(1) Fi(0, y) = 0 and Vi(0, y) = 0 ∀y � 0 and
i = 1, . . . , n. That is, all the new infections arise solely
from secondary infections generated by infected individuals.

(2) Fi(x, y) � 0 ∀x, y � 0 and i = 1, . . . , n, reflecting the
fact that the rate of new infections cannot be negative.

(3) Vi(x, y) � 0 whenever xi = 0, i = 1, . . . , n. Since Vi

represents the outflow from compartment i, these conditions
ensure that the flow is inward whenever the compartment is
empty.

(4)
∑n

i=1 Vi(x, y) � 0 ∀x, y � 0, implying that the total
outflow from the set of infected compartments is non-
negative.

(5) The disease-free subsystem ẏ = g(0, y) has a unique
equilibrium, DFE, which is asymptotically stable.

In our particular case, we assume χ > 0 [55]. It is straight-
forward to check that decomposition [Eqs. (15) and (16)]
in Sec. III B satisfy NGM assumptions (1)–(4). Concerning
(5), in the absence of infected individuals, the disease-free
subsystem is

Ṡ = χR, Ṙ = −χR, Ḋ = 0.

The point (S, R, D) = (1, 0, 0) is therefore a disease-free
equilibrium. To prove its asymptotic stability in the biologi-
cally relevant invariant set with D(0) = 0 and S(0) + R(0) =
1, observe that Ṙ = −χR implies R(t ) = e−χt R(0), and hence
limt→+∞ R(t ) = 0. Moreover, since Ḋ = 0, we have D(t ) = 0
for all t � 0. Finally, using Ṡ = χR,

S(t ) = S(0) + χ

∫ t

0
R(s) ds = S(0) + R(0)(1 − e−χt ),

so that

lim
t→+∞ S(t ) = S(0) + R(0) = 1.

Therefore, every solution in this disease-free invariant set
converges to (1, 0, 0), which proves assumption (5).
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