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Covariant formulation of the Berry connection in non-Hermitian systems
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Non-Hermitian systems exhibit spectral and topological phenomena absent in Hermitian physics; however,
their geometric characterization remains subtle due to the intrinsic ambiguity of biorthogonal eigenspaces. Since
left and right eigenvectors are not related by Hermitian conjugation, the associated Berry connection is generally
nonunique, leading to complex geometric phases and ambiguously defined holonomies. Here, we formulate
a covariant geometric framework for non-Hermitian quantum systems based on the metric structure of the
underlying Hilbert space. We show that, in the quantum regime with continuous state evolution, the conventional
Berry connection and the associated Berry holonomy over closed parameter-space loops can be consistently
defined only in the pseudo-Hermitian limit, where the spectrum is real. For generic non-Hermitian Hamiltonians
with complex spectra, the relevant geometric object is instead the Aharonov-Anandan holonomy associated
with cyclic evolution in projective Hilbert space. Within the pseudo-Hermitian regime, we construct a unique
Hermitian Berry connection that is covariant under arbitrary GL(N,C) frame transformations and reduces to
the standard Berry connection in the Hermitian limit. The resulting formalism separates the intrinsic geometry
of the Hamiltonian eigenspace from contributions arising from the parameter dependence of the Hilbert-space
metric, revealing that the conventional biorthogonal formulation generally mixes these distinct geometric effects.
Consequently, geometric phases, synthetic gauge fields, and topological characteristics commonly attributed to
non-Hermitian eigenspace geometry may, in part, originate from the underlying metric structure. Our framework
therefore provides a consistent geometric foundation for Berry phases, non-Abelian holonomies, and topological
invariants in non-Hermitian quantum systems.
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I. INTRODUCTION

Berry connection, geometric phase, holonomy, and the
topology encoded in Bloch bands play a central role in mod-
ern quantum physics, underpinning phenomena ranging from
charge pumping and the quantum Hall effect to topologi-
cal insulators and superconductors [1–7]. Their extension to
non-Hermitian systems has recently attracted considerable at-
tention owing to the emergence of spectral and topological
structures absent in Hermitian physics [8–11].

Non-Hermitian Hamiltonians (NHHs) arise in a wide
variety of physical platforms, including photonic [12–20], me-
chanical [21], optomechanical [22,23], and electrical [24–27]
systems, acoustic and phononic lattices [28–32], cold-atom
systems [33,34], and circuit-QED architectures [35,36], to
name a few. These systems exhibit phenomena such as
exceptional-point topology, the non-Hermitian skin effect, and
non-Bloch band structures [9,10,37–41], thereby revealing
geometric and topological features with no direct Hermitian
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counterpart. See also extensive reviews on these and related
topics [7,8,11,42,43].

A defining property of non-Hermitian Hamiltonians is the
biorthogonality of their eigenspaces: right and left eigen-
vectors are generally independent and are not related by
Hermitian conjugation [44,45]. Consequently, eigenstates
possess an intrinsic GL(N,C) gauge freedom associated with
independent local rescalings of left and right eigenvectors.
While this freedom leaves spectral quantities invariant, it
directly affects geometric objects constructed from eigenvec-
tor derivatives. In particular, the conventional non-Hermitian
Berry connection admits four inequivalent biorthogonal forms
depending on how left and right eigenvectors are paired
[46–49]. Since these connections generally transform differ-
ently under nonunitary gauge transformations, the resulting
geometric phases and Berry curvatures become gauge depen-
dent and, in general, complex valued.

Although such complex geometric phases are natural in
classical and semiclassical dissipative systems, where the
evolving field may physically amplify or attenuate along a
trajectory [48,50–52], the situation is fundamentally different
in the quantum regime. When the wave function represents
probability amplitudes, continuous and deterministic evolu-
tion requires preservation of the total state norm [53,54], while
dissipation and probability loss are associated with quantum
jumps or conditional measurement processes [55–57].
From this perspective, the common practice of enforcing
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normalization through ad hoc state renormalization
[48,50,51,58,59] may obscure the distinction between
genuine eigenspace geometry and contributions originating
from the underlying Hilbert-space metric.

These issues have motivated recent attempts to formu-
late Hermitian Berry connections for non-Hermitian systems
[49,60,61]. However, existing approaches remain restricted
either to degenerate eigenspaces or to specific forms of the
metric structure, and a general covariant geometric framework
is still lacking.

In this work, we construct a unique Hermitian and co-
variant Berry connection (CBC) for non-Hermitian quantum
systems based on the metric structure of the associated Hilbert
space. Most importantly, we show that, in the regime of con-
tinuous norm-preserving quantum evolution, the conventional
Berry connection and the associated Berry holonomy can
be consistently defined only for pseudo-Hermitian Hamilto-
nians characterized by real spectra. In contrast, for generic
non-Hermitian Hamiltonians with complex spectra, the fun-
damental geometric object is no longer a Berry holonomy
over closed parameter-space loops, but rather an Aharonov-
Anandan (AA) holonomy associated with cyclic evolution in
projective Hilbert space.

The resulting covariant formalism disentangles the intrin-
sic geometry of the physical eigenspace from metric-induced
contributions associated with the parameter dependence of the
Hilbert-space structure. As a consequence, geometric phases
and synthetic gauge fields obtained within the conventional
biorthogonal formalism may partially reflect metric effects
rather than intrinsic properties of the Hamiltonian eigenbundle
itself. The proposed framework therefore provides a con-
sistent geometric foundation for Berry phases, non-Abelian
holonomies, and topological invariants in quantum systems
described by non-Hermitian Hamiltonians.

II. METRIC TENSOR AND COVARIANT
DERIVATIVE IN THE HILBERT SPACE
OF NON-HERMITIAN HAMILTONIANS

Consider dynamics of a state |ψ〉 evolving under a non-
Hermitian Hamiltonian H (λ) defined over the parameter
space λ through the Schrödinger equation (by setting h̄ = 1):

i∂t |ψ〉 = H (λ)|ψ〉. (1)

To treat |ψ〉 as a quantum state describing the probability
amplitudes, we require its norm to remain unity. For an NHH,
this necessitates a positive-definite metric operator η on its
Hilbert space such that

〈ψ |η|ψ〉 = 1. (2)

To ensure the latter, the metric itself must obey the equation

∂tη = iηH − iH†η. (3)

Evidently, for Hermitian systems η = I . Because η is Her-
mitian and positive-definite operator, it can be alternatively
represented as

η = S†S, (4)

for some invertible operator S, which is in general time de-
pendent. The invertibility of S ensures that this decomposition

is valid throughout the parameter space, except at spectral
singularities, i.e., exceptional points (EPs), where the metric
may diverge [44]. Though at the very EPs, the metric can
still be defined using generalized eigenvectors [62], or even
in more general settings where the metric can be made ev-
erywhere smooth by appropriately modifying the Hamiltonian
parameter space [63]. In this work, we restrict our analysis
to regions where the metric is well defined, as geometric
observables, such as Berry phases and holonomies, require a
smooth manifold structure away from spectral singularities.
Accordingly, unless stated otherwise, throughout the text we
implicitly assume that the map S is smooth in these regions of
interest.

The operator S plays the role of the vielbein within the
framework of the Einstein elevator [64], or the Dyson map
[65]. Because of this, one can effectively map the right vectors
|ψ〉 of NHH to a vector

|φH 〉 ≡ S|ψ〉, (5)

corresponding to, in general, a time-dependent Hermitian
Hamiltonian [66]:

HH = SHS−1 + i(∂t S)S−1. (6)

Note that the Hermitizing map S possesses a unitary gauge
freedom and is therefore not unique [64]. Indeed, under the
transformation S → US with a unitary gauge U , the metric η

remains invariant. This unitary gauge freedom does not affect
the conclusions of this work, since the resulting geometric
phases and holonomies remain invariant under such gauge
transformations.

One can choose a minimal S, whose parameter dependence
stems solely from the metric, i.e.,

S =
√

DW †, η = W DW †, (7)

with W ∈ U (N ), and D is a positive-definite diagonal matrix.
We note that an alternative choice frequently encountered in
the literature is S = √

η, as adopted, for example, in Ref. [61].
However, such a construction generally does not properly
account for the parameter dependence of the metric eigen-
vectors themselves [67], and may therefore obscure geometric
contributions associated with rotations of the metric frame in
parameter space [68].

In contrast to the conventional biorthogonal formalism,
the vielbein S enables a consistent definition of the inner
product between states associated with different points on the
extended parameter manifold

M = Mλ × Rt , (8)

with coordinates

xμ = (λ, t ). (9)

For two points x1, x2 ∈ M, the physically meaningful overlap
is defined as

〈ψ (x1)|η(x1, x2)|ψ (x2)〉, (10)

where the corresponding two-point metric operator is

η(x1, x2) = S†(x1)S(x2). (11)
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FIG. 1. Symbolic illustration of the vielbein map S, according to
Eq. (5), which relates the deformed (e.g., stretched) Hilbert space
HNH of the non-Hermitian Hamiltonian, equipped with the metric
η = S†S, and characterized by nonequivalent local frames at different
points, to the flat Hilbert space HHerm associated with the correspond-
ing Hermitian Hamiltonian, which admits a single global frame.

This contrasts with the conventional biorthogonal overlap

〈ψL(x1)|ψR(x2)〉, (12)

where

〈ψL(x)| = 〈ψR(x)|η(x). (13)

Since, in general,

η(x1) �= η(x1, x2), (14)

the conventional biorthogonal construction does not provide
a consistent inner product between states defined at different
points of the extended manifold.

Consequently, in an η-deformed Hilbert space the inner
product would vary across the system parameter space, ren-
dering ordinary derivatives insufficient for comparing state
vectors at different points. A covariant derivative is thus re-
quired [69]. The construction of the covariant derivative is
greatly simplified by exploiting the relation between the states
of non-Hermitian and Hermitian Hamiltonians in Eq. (5)
[67,68]:

Dμ = ∂μ + S−1∂μS, (15)

where the term

S−1∂μS = �μ (16)

serves as the metric-compatible connection component on
the η-deformed Hilbert space, and which obeys the equa-
tion ∂μη = η�μ + �μ†η. Furthermore, this connection is
curvature-free, as it is generated by a pure-gauge structure
(i.e., the Maurer-Cartan form) S−1dS, implying [Dμ′, Dμ] = 0
[69,70], Meaning that the Hilbert space, endowed with the
metric η, is locally flat despite the seeming deformation (see
Fig. 1).

III. AHARONOV-ANANDAN HOLONOMY AND BERRY
CONNECTION IN PSEUDO-HERMITIAN LIMIT

A. Aharanov-Anandan holonomy in non-Hermitian systems

Owing to the existence of the Hermitizing map S in
Eq. (5), which establishes a one-to-one correspondence be-
tween non-Hermitian and Hermitian representations, the

geometric aspects of non-Hermitian quantum evolution can
be formulated consistently in the associated Hermitian frame.
This provides a natural route for extending geometric notions,
such as holonomy, to non-Hermitian systems in a manifestly
covariant manner: the relevant geometric objects are first
identified in the Hermitian representation and subsequently
mapped back to the non-Hermitian frame.

The relation between a non-Hermitian Hamiltonian H
and its Hermitian counterpart HH is conveniently expressed
through the metric-compatible (Dyson) temporal connection

�t = S−1∂t S, (17)

such that

HH (t ) = S(H + i�t )S−1. (18)

The operator inside the parentheses is pseudo-Hermitian and
is related to the Hermitian Hamiltonian HH through a simi-
larity transformation. In this sense, the Dyson connection �t

compensates the nonunitarity associated with the explicit-time
dependence of the metric stemming from the imaginary spec-
trum of the NHH.

Importantly, the Hamiltonian HH in Eq. (18) generally
possesses explicit time dependence in addition to any depen-
dence induced by the parameters λ(t ). As a consequence, the
instantaneous eigenspaces of HH do not, in general, define
a vector bundle over the parameter manifold Mλ alone. In
particular, even when the parameters λ(t ) trace a closed loop,
the evolution is not, in general, governed by a Berry holonomy
associated with a parameter-space eigenbundle, which is the
underlying assumption of the conventional Berry construc-
tion.

More specifically, in this setting time acts as an indepen-
dent parameter, so that the quantum evolution is determined
by the full trajectory of the state |φH (t )〉 in projective Hilbert
space rather than by a geometry induced solely from the
parameter manifold Mλ. Moreover, the explicit time depen-
dence generated by the Hermitizing transformation need not
correspond to a cyclic adiabatic driving protocol. Therefore,
unlike in the Thouless pumping mechanism [71], there is no
generic justification for treating time as an additional periodic
parameter and defining a Berry holonomy over closed trajec-
tories in the extended “spacetime” manifold M in Eq. (8).
Instead, the geometric characterization must be formulated
directly in terms of the evolution of quantum rays in projective
Hilbert space, naturally leading to the Aharonov-Anandan
framework.

In other words, the appropriate geometric object is there-
fore the holonomy associated with cyclic evolution of the
quantum ray. This leads naturally to the AA framework [72],
which assigns a geometric phase directly to closed curves in
projective Hilbert space and does not rely on the existence of
a parameter-space eigenbundle or on an adiabatic projection
onto it.

To establish the corresponding AA holonomy, consider an
arbitrary solution of the Schrödinger equation in the Hermi-
tian frame

i∂t |φH (t )〉 = HH (t )|φH (t )〉. (19)
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Now, suppose that after a finite evolution time T the state
satisfies

|φH (T )〉 = eiγ |φH (0)〉, (20)

so that the evolution defines a closed curve in the projective
Hilbert space P (H). The latter is obtained from the Hilbert
space H through the projection map

	 : H → P (H), (21)

which associates with every nonzero state vector its equiva-
lence class

	(|φH 〉) = [ |φ′H 〉 ] = {c|φH 〉 : c ∈ C \ {0}}. (22)

The evolving state |φH (t )〉 therefore defines a curve in Hilbert
space,

CH : [0, T ] → H, (23)

whose projection

	 ◦ CH : [0, T ] → P (H) (24)

defines the corresponding loop trajectory in projective Hilbert
space. Following Ref. [72], such cyclic evolution along CH

gives rise to the AA geometric phase, defined as

γAA = i
∫ T

0
〈φ̃H |d|φ̃H 〉, (25)

where

|φ̃H (t )〉 = exp(−i f (t ))|φH (t )〉, (26)

with the condition f (T ) − f (0) = γ . The dynamical phase is
determined by the integral

γdyn = −
∫ T

0
〈φH (t )|HH (t )|φH (t )〉 dt, (27)

such that the total phase γ in Eq. (20) reads

γ = γAA + γdyn. (28)

Transforming back to the non-Hermitian frame yields

|ψR(T )〉 = S−1
T S0 eiγdyn eiγAA |ψR(0)〉. (29)

The prefactor S−1
T S0 accounts for the metric-induced frame

transformation and guarantees consistency of the η-inner
product according to Eq. (10). In particular,

〈ψR(0)|η(0, T )|ψR(T )〉 ∈ U(1), (30)

ensuring that the evolution is cyclic in projective Hilbert space
equipped with the metric η. In this sense, the closed curve CH

in the Hermitian representation induces a closed ray trajectory
CNH in the non-Hermitian frame in the η-deformed projective
Hilbert space, and therefore defines a well-posed Aharonov-
Anandan holonomy for the state |ψR(t )〉.

Now, expressing the dynamical and geometric phases via
states in the non-Hermitian frame one attains

γAA = i
∫ T

0
〈ψ̃R|D|ψ̃R〉, |ψ̃R(t )〉 = e−i f (t )|ψR〉,

γdyn = −
∫ T

0
〈ψR|η(H + i�t )|ψR〉dt, (31)

where the total covariant derivative is defined as D = Dμdxμ,
in accordance with Eqs. (9) and (15). Both phases are real in
Eq. (31), consistent with their Hermitian-frame counterparts
in Eq. (25).

Equations (29) and (31) therefore define the AA holon-
omy associated with cyclic evolution generated by a generic
NHH, irrespective of whether its spectrum is real or complex.
Importantly, the emergence of the AA holonomy is a direct
consequence of requiring a covariant geometric description of
the evolution. Since covariance must be maintained under the
Hermitian–non-Hermitian correspondence generated by the
Hermitizing map, the geometric phase is naturally associated
with the evolution of quantum rays in projective Hilbert space
rather than with a parameter-space eigenbundle alone, i.e.,
expressed via the Berry holonomy. Consequently, the appro-
priate geometric object for generic non-Hermitian systems is
the AA holonomy. As shown below, the conventional Berry
holonomy, in its covariant form, is recovered only in the
pseudo-Hermitian limit.

B. Adiabatic theorem: Consistently defined covariant Berry
connection in pseudo-Hermitian limit

In the previous subsection, it was shown that, for a generic
non-Hermitian Hamiltonian, the natural geometric structure
is the AA holonomy associated with cyclic evolution in pro-
jective Hilbert space. A reduction to the conventional Berry
framework becomes possible only under additional structural
constraints.

Specifically, when the metric does not exhibit explicit time
dependence, the evolution admits a consistent adiabatic de-
scription in terms of instantaneous eigenstates, allowing one
to define a Berry connection on the parameter-space base
manifold Mλ, in analogy with standard Hermitian quantum
mechanics.

This situation is realized in pseudo-Hermitian systems in
the exact pseudo-Hermitian regime, where the Hamiltonian
possesses a real spectrum and the Hermitizing transformation
can be chosen such that the metric has no explicit time depen-
dence [while retaining an implicit dependence through λ(t )].
More specifically, in this case, Eq. (18) reduces to

HH = SHS−1, �t = 0. (32)

Indeed, the condition in Eq. (32) is equivalent to η-pseudo-
Hermiticity of the NHH H , namely, H† = ηHη−1, with a
positive-definite metric η = S†S [73]. In the following, the
term “pseudo-Hermitian” is understood in this sense, namely,
with respect to a positive-definite metric operator η. We note
that the operator appearing in the defining pseudo-Hermiticity
relation need not itself be positive definite [73]. However,
the physically relevant Hilbert-space metric is the positive-
definite operator η that defines the conserved inner product
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and the associated probability interpretation. In many pseudo-
Hermitian systems, such a metric can be constructed through
an appropriate C-operator formulation [63].

Accordingly, to recover Berry holonomy in the conven-
tional sense, i.e., as a holonomy generated by a connection
on the eigenbundle over the parameter manifold Mλ, we
consider a slowly varying Hermitian Hamiltonian satisfying
the instantaneous eigenvalue equation

HH (t )
∣∣φH

n (t )
〉 = EH

n (t )
∣∣φH

n (t )
〉
, (33)

with EH
n (t ) ∈ R being a nondegenerate instantaneous

eigenenergy.
By expanding an evolving state |φH (t )〉 as

|φH (t )〉 =
∑

n

an(t ) exp

[
−i

∫ t

0
EH

n (t ′)dt ′
]∣∣φH

n (t )
〉

(34)

and using the Schrödinger equation in Eq. (19), we obtain

ȧm = −am
〈
φH

m

∣∣φ̇H
m

〉
−

∑
n �=m

an

〈
φH

m

∣∣ḢH
∣∣φH

n

〉
EH

n − EH
m

exp

[
i
∫ t

0

(
EH

m − EH
n

)
dt ′

]
.

(35)

The adiabatic regime is characterized by [1]

∑
n �=m

∣∣∣∣∣
〈
φH

m

∣∣ḢH
∣∣φH

n

〉
(
EH

n − EH
m

)2

∣∣∣∣∣ � 1, (36)

ensuring that transitions between instantaneous eigenstates
are suppressed.

Assuming an(0) = δmn and an adiabatic evolution along
a closed loop in parameter space of period T , with λ(T ) ≡
λ(0), and with no spectral singularities encountered, the state
evolves as ∣∣φH

m (T )
〉 = e−i

∫ T
0 EH

m (t ) dt ei
∮

AH
m dλ

∣∣φH
m (0)

〉
, (37)

where AH
m = i〈φH

m |∇λ|φH
m 〉 is the Berry connection.

Again, transforming back to the non-Hermitian frame gives∣∣ψR
m(T )

〉 = S−1
T S0 e−i

∫ T
0 EH

m (t ) dt ei
∮

AH
m dλ

∣∣ψR
m(0)

〉
. (38)

Equation (38) shows that, in this pseudo-Hermitian adiabatic
regime, the geometric contribution to the evolution is fully
captured by the Berry phase

γB =
∮

AH
m dλ.

Similarly to Eq. (29), the quantity S−1
T S0 ensures that the inner

product 〈ψR
m(0)|η(0, T )|ψR

m(T )〉 ∈ U(1).
Consequently, for an arbitrary (possibly degenerate) right

eigenspace, the resulting Berry connection assumes a covari-
ant Hermitian form

Aλ
mn = AλH

mn = i
〈
φH

m

∣∣∂λ|φH
n 〉 = i

〈
ψR

m

∣∣ηDλ

∣∣ψR
n

〉
, (39)

or, equivalently,

Aλ
mn = ALR

λ,mn + i
〈
ψL

m

∣∣�λ
∣∣ψR

n

〉
, (40)

where

ALR
λ,mn = 〈

ψL
m

∣∣∂λ

∣∣ψR
n

〉
(41)

is the conventional left-right Berry connection [48,50,51,58],
and Dλ with �λ are given in Eq. (15).

In the Hermitian limit, the covariant Berry connection Aλ
mn

reduces to the standard Berry connection, since η → I and
Dλ → ∂λ. Likewise, when the metric is constant, i.e., �λ = 0,
the CBC reduces to the usual left-right non-Hermitian Berry
connection given in Eq. (41). In this sense, the standard left-
right connection ALR is appropriate in the genuine quantum
regime only when the Hilbert-space metric is constant in
parameter space.

In direct analogy with Eq. (18), where the timelike con-
nection compensates for the non-Hermitian contribution to the
spectrum, the parameter-space metric-compatible connection
�λ compensates for the contribution to the Berry connection
arising from the rotations and rescaling of the metric, thus
isolating the geometry associated with the physical, norm-
preserving, eigenspace of the NHH. This demonstrates that
the covariant Berry connection is not an arbitrary extension,
but rather the unique geometric object physically consistent
with the norm-preserving quantum evolution of a state.

In this context, it is also instructive to compare with an
alternative definition within the metric formalism proposed in
Ref. [70], where the Berry connection is obtained by imposing
parallel transport of the right eigenvectors in the η-deformed
Hilbert space, i.e., Dλ|ψ〉 = 0. While this approach is math-
ematically consistent and provides valuable insight, it relies
on an additional constraint that is not dictated by the un-
derlying quantum dynamics. Namely, under this assumption,
the metric-compatible connection � becomes equivalent to
the conventional left-right Berry connection ALR. Concep-
tually, however, the two are defined on distinct structures:
�λ accounts for the geometry of the η-deformed Hilbert
space, whereas ALR encodes the geometry and topology of the
Hamiltonian eigenbundle. Moreover, in the Hermitian limit,
�λ → 0, this would imply that the Berry connection can al-
ways be set to zero, thus leading to inconsistencies.

On the other hand, the metric-dependent Berry connection
introduced in Ref. [61] is only applicable for pseudo-
Hermitian systems with a specific form of metric-compatible
connection � = η−1dη/2. This corresponds to a particular
choice of the connection in Eq. (16) and effectively assumes
that the eigenvector space of η is independent of the system
parameters. As a result, this construction does not exhibit full
covariance [67,68].

From the discussion above, it becomes evident that a Berry
connection in the conventional sense, i.e., understood as a
geometric holonomy associated with closed trajectories in the
parameter manifold Mλ, can be consistently defined only
in the pseudo-Hermitian limit. Consequently, in the present
work we primarily focus on this regime in order to formulate
the Berry connection for non-Hermitian systems within this
conventional geometric framework. Importantly, even within
this restricted setting, as we show below, the covariant formu-
lation of the Berry connection reveals a nontrivial departure
from the standard biorthogonal framework in the definition
of holonomies. This highlights that the pseudo-Hermitian
limit does not merely recover the standard biorthogonal Berry
phase, but instead provides a covariant geometric structure in
which the metric degrees of freedom actively participate in
defining the Berry connection and its associated holonomy.
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IV. GAUGE TRANSFORMATION OF THE COVARIANT
BERRY CONNECTION

In the following sections, we restrict our attention to the
pseudo-Hermitian limit, in which the studied geometric struc-
ture reduces to a conventional parameter-space eigenbundle
over Mλ. We then focus on the gauge structure and curvature
associated with the parameter-space CBC Aλ introduced in
Eq. (39).

Here, we discuss the transformation properties of the CBC
under general GL(N,C) gauge transformations. Such trans-
formations arise either from the intrinsic biorthogonal gauge
freedom of left and right eigenvectors or from transition func-
tions relating local trivializations across overlapping patches
when the CBC is defined over a nontrivial parameter-space
bundle.

Let |R〉 (〈L|) denote the matrices consisting of columns
(rows) of right (left) N degenerate eigenvectors. One can ver-
ify that, for such an N-dimensional eigenvector frame of the
NHH H , an arbitrary frame transformation T ∈ GL(N,C):
|R′〉 = |R〉T and 〈L′| = T −1〈L| induces the following affine
gauge transformation of the CBC:

A′λ = T −1ÃλT + iT −1∂λT, Ãλ = Aλ + �λ, (42)

where

�λ = i〈R|η(�′λ − �λ)|R〉 = i〈R|η(T ∂λT −1)|R〉, (43)

with �′λ = �λ + T ∂λT −1 being the transformed metric-
compatible connection under the frame change. This follows
from the covariance of the covariant derivative under the
frame change, i.e., D′

λ|R′〉 = (Dλ|R〉)T .
Equation (42) shows that the CBC does not transform as

a standard gauge potential, but rather as an affine connection
built from the shifted quantity Ãλ = Aλ + �λ. The additional
term �λ originates from the transformation of the metric-
compatible connection �λ and therefore encodes the change
of the Hilbert-space metric under GL(N,C) frame transfor-
mations. In this sense, �λ is not an independent gauge field,
but a metric-induced correction that ensures covariance of the
CBC in an η-deformed Hilbert space. More specifically, �λ

stems from the nonunitary (positive-definite) part P in the po-
lar decomposition of T = UP. In other words, the affine term
compensates for the local rescaling of eigenvectors induced
by P. For a purely unitary transformation T = U , (�′ − �) is
a pure gauge. This means that together with the inner unitary
gauge freedom of the metric connection, one can always set
�λ = 0, and thus Aλ transforms as an ordinary U(N ) gauge
potential. Evidently, in the Hermitian limit �λ → 0, �λ → 0,
Eq. (42) reduces the standard Berry connection transformation
law [74].

To recap, the transformation law, in Eq. (42), separates two
distinct geometric contributions: the intrinsic geometry of the
Hamiltonian eigenbundle, captured by Aλ, and the geometry
associated with the parameter-dependent metric, encoded in
�λ. That is, the CBC effectively isolates the physical, norm-
preserving eigenspace geometry by consistently eliminating
metric-induced effects via the affine term. This is to com-
pare with the conventional biorthogonal gauge transformation
law where no such compensation is provided, and where the

metric and intrinsic eigenspace geometry are becoming mixed
under GL(N,C) frame transformations.

V. BERRY CURVATURE

Evidently, the Berry curvature associated with the CBC has
exactly the same algebraic structure as in Hermitian systems.
In the general differential form and component notation, re-
spectively, it reads [4]

F = dA − iA ∧ A, Fνμ = ∂νA
μ − ∂μA

ν − i[Aν,Aμ],
(44)

where d denotes the ordinary exterior derivative acting on
the connection 1-form and ∧ is the graded wedge product
for matrix-valued differential forms [75]. This immediately
implies that, given the affine transformation law [Eq. (42)],
the Berry curvature transforms accordingly under a general
frame change T ∈ GL(N,C) as

F ′ = T −1F̃T, F̃ = dÃ − iÃ ∧ Ã, (45)

with Ã given in Eq. (42). Importantly, the affine curvature F̃
represents the genuine gauge-covariant curvature of the eigen-
bundle associated with norm-preserving state vectors under
frame transformations.

Because both the CBC and curvature defined in Eqs. (42)
and (45) are uniquely specified, the corresponding topologi-
cal invariants, such as Chern numbers, are likewise uniquely
defined. This contrasts with the four definitions of Chern
numbers for Abelian eigenbundles discussed in Ref. [47],
which, although distinct, yield the same invariant. Within the
covariant framework, however, the resulting topology of the
physical (norm-preserving) eigenbundle may differ from
the conventional biorthogonal one [47], since in the latter,
the non-Hermitian curvature can arise purely from the metric
rather than from intrinsic geometry of the eigenspace (see
Sec. VI), and therefore can be fictitious. Notably, all contribu-
tions involving the affine term � in Eq. (45) are topologically
trivial: they either vanish or reduce to exact differential forms,
since they are generated pure gauge terms, and therefore do
not contribute to Chern integrals over closed manifolds.

VI. EXAMPLES

Let us illustrate the proposed framework with a couple
of concrete examples, showcasing how the CBC effectively
handles the biorthogonal gauge freedom and in parallel high-
lighting the fundamental difference between the conventional
left-right and covariant Berry connection formalisms.

A. Abelian covariant Berry connection

We first consider a pseudo-Hermitian Hamiltonian of the
form

HpH = tσz + ixσy − iyσx + a0I, t, x, y, a0 ∈ R, (46)

where σi are Pauli matrices. This two-level Hamiltonian can,
for instance, effectively describe topological magnons on a
honeycomb lattice [76,77]. The same model was recently
analyzed in Ref. [78], in the context of emerging synthetic
electromagnetic fields.
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The eigenvalues of the Hamiltonian are

E± = a0 ± l, with l =
√

t2 − x2 − y2, (47)

implying that the condition l > 0 defines an exact pseudo-
Hermitian phase where the eigenspectrum is real. Following
Ref. [78], for simplicity, we focus on a single isolated energy
band with E−. Through the hyperbolic parametrization

t = l cosh ξ, x = l sinh ξ cos λ, y = l sinh ξ sin λ,(48)

the eigenvectors take the form on the reduced two-
dimensional parameter manifold (λ, ξ ) [78]:

|ψR
−〉 =

(−e−iλ sinh ξ

2
cosh ξ

2

)
, |ψL

−〉 =
(

e−iλ sinh ξ

2
cosh ξ

2

)
. (49)

By fixing E− = const �= a0, and exploiting Eqs. (41) and (49),
the corresponding conventional left-right Berry connection
reads

ALR
− = i〈ψL

−|d|ψR
−〉 = − sinh2 ξ

2
dλ. (50)

Now, using the biorthogonal gauge freedom for the eigenvec-
tors in Eq. (49), one may rescale both of them by a normalized
factor

N =
√

sinh2 ξ

2
+ cosh2 ξ

2
(51)

(the normalization factor N is chosen such that 〈ψ ′R
i |ψ ′R

i 〉 = 1
for i = ±), namely,∣∣ψ ′R

i

〉 = N−1
∣∣ψR

i

〉
,

∣∣ψ ′L
i

〉 = N
∣∣ψL

i

〉
, (52)

such that 〈
ψ ′L

i

∣∣ψ ′R
i

〉 = 〈
ψL

i

∣∣ψR
i

〉 = 1, i = ±. (53)

That is, in this particular case, the frame transformation is

T = N−1I2 ∈ GL(2,R). (54)

Because of this, the conventional left-right Berry connection
transforms as

A′LR
− = ALR

− − i

2
(tanh ξ )dξ . (55)

Evidently, after such a rescaling the left-right Berry connec-
tion acquires an additional imaginary term. As a consequence,
along a given open-path trajectory the Berry phase devel-
ops a dissipative component γd ≡ ∫

(tanh ξ )dξ . This shows
that within the conventional non-Hermitian formalism, the
biorthogonal gauge freedom alone can induce a geometric
dissipation of a state along open paths in the system parameter
space, though the energy remains real.

Now, we consider the CBC. For that purpose, one must first
find the connection

� = S−1dS = �λdλ + �ξ dξ, (56)

according to Eqs. (15) and (39). The components of the con-
nection are found as (see Appendix A for details)

�λ =
(

i 0
0 0

)
, �ξ = 1

2

(
0 e−iλ

eiλ 0

)
. (57)

The CBC in Eq. (39) then reads (see Appendix B)

A− = 0. (58)

That is, under the wave-function norm-preserving condition,
the CBC vanishes identically. As a result, no geometric phase
is accumulated when the state undergoes a cyclic evolution.
This is in contrast to the conventional left-right Berry con-
nection in Eq. (50), which generally depends on ξ . In other
words, the nonzero left-right Berry connection in Eq. (50)
arises solely from the metric, rather than from the intrinsic
geometry of the Hamiltonian eigenspace.

Crucially, under the rescaling of the eigenvectors by the
factor N , the associated CBC, according to Eq. (42), remains
unchanged, i.e.,

A′
− = 0 (59)

(see Appendix C for details). This demonstrates that the CBC
is insensitive to such length-changing transformations of the
eigenvectors. Indeed, the affine component of the CBC in
Eq. (43) (see Appendix C),

� = i

2
tanh ξdξ, (60)

exactly cancels the arising imaginary contribution in the
left-right Berry connection in Eq. (55), thus ensuring norm
preservation of the quantum state under adiabatic evolution.

In light of the above, it is clear that, for this analyzed
model, no Berry curvature is generated within the CBC for-
malism, i.e.,

F = 0, (61)

according to Eq. (44), in the entire (λ, ξ ) space. This stands
in contrast to the nonzero curvature F = −i(sinh ξ )σy/2 [78]
obtained from the left-right Berry connection in Eq. (50).

These findings can be additionally understood from the
perspective of the Hermitizing maps S and S′ associated with
the original and rescaled frames. As shown in Appendix D, the
corresponding eigenvectors of the Hermitian Hamiltonians,

HH = SHpHS−1 ≡ lσx (62)

and

H ′H = S′HpHS′−1 ≡ l cosh ξσx, (63)

namely,

|φH
−〉 = S|ψR

−〉 and |φ′H
− 〉 = S′|ψ ′R

− 〉, (64)

are equivalent up to an arbitrary phase, with the globally
smooth S and S′. Explicitly, one finds

|φ′H
− 〉 ≡ |φH

−〉 ≡ [1, 1]T . (65)

That is, the eigenvectors associated with the Hermitian Hamil-
tonian are fixed throughout the entire (ξ, λ) space, and the
corresponding Berry connections, therefore, vanish identi-
cally in this region. In other words, the apparent rotations
of the right eigenvectors in the non-Hermitian frame arise
solely from the metric: the metric eigenvectors, in addition to
the rescaling determined by ξ , undergo parameter-dependent
rotations governed by λ (see Appendix A). However, the in-
trinsic geometry of the Hamiltonian eigenspace is trivial.
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B. Non-Abelian covariant Berry connection

Let us consider another minimal, analytically tractable,
example of a pseudo-Hermitian system, now featuring an
exceptional point in its spectrum. The Hamiltonian reads

H0 = (ε − i�)σz + (k + iχ )σx. (66)

Such a model describes, for instance, two coupled dissipative
optical cavities (in the mode representation), where � (−�)
denotes the gain (loss) rate and ε the frequency detuning. The
parameters k and χ correspond to coherent and incoherent
coupling strengths, respectively.

Introducing the hyperbolic parametrization [79]

� = α sinh φi sin φr, ε = α cosh φi cos φr,

k = α cosh φi sin φr, χ = α sinh φi cos φr, (67)

where φ = φr + iφi = arctan(z−1) ∈ C, with z = x + iy,
x, y ∈ R, and α = x sinh φi/ sin φr ∈ R, the Hamiltonian in
Eq. (66) takes the form

H = α

(
cos φ sin φ

sin φ − cos φ

)
, E1,2 = ∓α. (68)

The corresponding right and left eigenvectors of H are

|r1〉 ≡
[
− sin

φ

2
, cos

φ

2

]T

, |l1〉 ≡
[
− sin

φ∗

2
, cos

φ∗

2

]T

,

|r2〉 ≡
[

cos
φ

2
, sin

φ

2

]T

, |l2〉 ≡
[

cos
φ∗

2
, sin

φ∗

2

]T

.

(69)

The spectrum exhibits two EPs in the parameter space at
x = 0, y = ±1, i.e., at z = ±i (see Fig. 2 in Ref. [79]). At
these points, two real-valued Riemann energy sheets intersect,
forming branch points, i.e., EPs.

The presence of such branch points implies that eigenstates
can undergo permutation upon encircling either of them. To
capture this nontrivial holonomy, one must therefore employ
the non-Abelian Berry connection. We begin by evaluat-
ing the conventional left-right Berry connection. Combining
Eqs. (41) and (69), we obtain

ALR = σy

2(1 + z2)
dz, (ALR)† �= ALR. (70)

Given the form of Eq. (70), the holonomy associated with a
loop encircling the EP at z = i is readily evaluated as

Uhol = P exp

(
i

2

∮
σydz

1 + z2

)
= iσy ∈ SU(2). (71)

This result reflects the characteristic behavior of an EP: after
a single encircling, the eigenstates are exchanged, with one of
them acquiring an additional phase of π .

Notably, using the conventional biorthogonal formalism,
the resulting holonomy is revealed to be unitary, despite
ALR being non-Hermitian, contrasting with typical nonunitary
holonomies in non-Hermitian systems when encircling an EP
[80–82]. This also indicates that this unitary holonomy can
be potentially observed in (semi)classical systems described

by the NHH H , where consistent accounting for state-norm
preservation is unnecessary.

We now examine whether this holonomy reflects intrinsic
geometry of the Hamiltonian physical eigenspace or merely a
metric-induced artifact in the genuine quantum regime. To this
end, we construct the metric η. Using Eqs. (A3) and (69), we
find

η = I2 cosh θ − σy sinh θ, θ = Imφ = 1

4
ln

x2 + (y − 1)2

x2 + (y + 1)2
.

Diagonalizing η yields

D = diag[e−θ/2, eθ/2], U = 1√
2

(−i i
1 1

)
. (72)

The corresponding vielbein S then reads

S = 1√
2

(
ie−θ/2 e−θ/2

−ieθ/2 eθ/2

)
. (73)

Accordingly, the metric connection 1-form is

� = −σy dθ/2. (74)

Consequently, the CBC, in Eq. (40), attains the following
Hermitian form:

A = ALR + i〈L|�|R〉 = σy

2

(
dz

1 + z2
+ i dθ

)
, A† = A,

where 〈L| (|R〉) is a matrix consisting of rows (columns) of
the left (right) eigenvectors in Eq. (69). Evidently, A �= ALR.
The metric correction in the CBC is thus encoded in the term
iσydθ/2. However, for a closed loop encircling the EP, one has∮

dθ = 0, (75)

since θ is single-valued along the cycle. Therefore, this metric
compensation does not contribute to the holonomy in Eq. (71),
and both the left-right and covariant formulations yield iden-
tical results. In other words, even though ALR mixes intrinsic
geometry and metric, here, these metric-induced effects are
effectively canceled out in the holonomy.

Moreover, although the two Berry connections differ lo-
cally, both give the same curvature, F = 0, away from the EP,
since they are effectively determined by a single differential
dφ. As a result, no Chern number can be associated with the
EP. Instead, here the topology is encoded in the loop-shape-
independent holonomy: the exchange of eigenstates upon a
single encircling defines a Z2 topological invariant, reflecting
the branch-point structure of the spectrum.

Together with the example in the main text, where
the conventional biorthogonal formalism produces purely
metric-induced (spurious) holonomy, this clearly demon-
strates that (1) the CBC eliminates unphysical geometric
artifacts when present and (2) it fully retains nontrivial geom-
etry and topology when they are intrinsic, therefore providing
a physically consistent geometric framework in quantum
pseudo-Hermitian systems.
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VII. CONCLUSIONS

In this work, we demonstrated that, at the quantum level,
when the dynamics is described by continuous nonunitary
evolution, the Berry connection in the conventional sense,
namely, as a geometric connection defined over closed loops
in the parameter manifold, can be consistently formulated
only for pseudo-Hermitian Hamiltonians characterized by real
spectra, i.e., whose associated Hilbert space metric struc-
ture does not explicitly depend on time. For such systems,
we constructed a covariant Berry connection that faithfully
characterizes the geometry and topology of pseudo-Hermitian
eigenbundles, while resolving gauge ambiguities inherent to
the standard biorthogonal formulation.

The proposed covariant framework consistently incorpo-
rates general GL(N,C) frame transformations and disentan-
gles the intrinsic geometry of the physical eigenspace from
contributions induced by the parameter-dependent Hilbert-
space metric. From this perspective, the geometry captured
by the conventional biorthogonal approach with ad hoc renor-
malization generally conflates intrinsic and metric-induced
contributions, and may therefore overestimate the geometry
of the Hamiltonian eigenbundle, leading to the emergence
of fictitious holonomies and Berry curvatures in the gen-
uine quantum regime. Accordingly, the non-Hermitian Berry
phases and synthetic gauge fields reported in Ref. [78]
and related works can be reinterpreted as manifestations
of the metric structure in regimes where state-norm preser-
vation is not essential. In contrast, within the covariant
(norm-preserving) framework, such geometric phases and
synthetic fields may vanish, revealing their metric origin
rather than intrinsic properties of the physical Hamiltonian
eigenspace.

More generally, we have argued that for non-Hermitian
Hamiltonians with genuinely complex spectra, the conven-
tional notion of Berry holonomy associated with closed
trajectories in parameter space is not, in general, sufficient.
In such cases, the natural geometric structure is instead de-
scribed within the Aharonov-Anandan framework, since the
evolution is generically closed only in projective Hilbert space
rather than in the parameter manifold. From this viewpoint,
the appropriate geometric object is the Aharonov-Anandan
holonomy associated with cyclic evolution of the quantum
ray, while the conventional Berry phase arises as a special
pseudo-Hermitian limit of this more general projective-space
construction.

Overall, this work establishes a covariant geometric frame-
work for non-Hermitian quantum systems that consistently
distinguishes physical geometric content from metric-induced
artifacts, and clarifies the precise domain of validity of the
Berry connection and associated Berry holonomy in non-
Hermitian settings.
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APPENDIX A: CALCULATING METRIC-COMPATIBLE
CONNECTION � FOR THE HILBERT SPACE OF

PSEUDO-HERMITIAN HAMILTONIAN IN EQ. (46)

Here, we elaborate on the explicit forms of the metric-
compatible connections � and �′ for the Hilbert space of
the pseudo-Hermitian Hamiltonian in Eq. (46) spanned by
the original eigenvectors in Eq. (49), and by the eigenvectors
rescaled by the real factor N introduced below Eq. (50), re-
spectively.

Let us start with the connection

� = S−1dS = �λdλ + �ξ dξ . (A1)

To construct it explicitly, one first needs to determine the Her-
mitizing map S. This map can be obtained using the standard
decomposition [68],

S =
√

DU †, (A2)

where D and U are diagonal and unitary matrices, respec-
tively, arising from the spectral decomposition of the metric
η = S†S, which is diagonalized as η = UDU † (away from
the exceptional points). The metric is first attained via the
expression

η =
∑
i=±

∣∣ψL
i

〉〈
ψL

i

∣∣. (A3)

Now combining Eqs. (A3) and (49), one finds

η =
(

cosh ξ e−iλ sinh ξ

eiλ sinh ξ cosh ξ

)
. (A4)

The eigenvalues and eigenvectors of the metric thus read

D =
(

e−ξ 0
0 eξ

)
, U = 1√

2

(−e−iλ eiλ

1 1

)
. (A5)

As a result, the Hermitizing map attains the form [up to an
arbitrary U(2) gauge]:

S = 1√
2

(
−e− ξ

2 +iλ e− ξ

2

e
ξ

2 +iλ e
ξ

2

)
. (A6)

Utilizing Eqs. (A1) and (A6), one then arrives at the expres-
sions for �λ,ξ in Eq. (57). Note that the obtained map S is
continuous everywhere in the system parameter space.

APPENDIX B: CALCULATING THE COVARIANT BERRY
CONNECTION IN EQ. (58)

According to Eq. (39), the CBC corresponding to the
eigenenergy E− is defined as

A− = i〈ψR
−|ηDλ|ψR

−〉dλ + i〈ψR
−|ηDξ |ψR

−〉dξ . (B1)
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Exploiting the expressions for �λ,ξ in the main text, one ob-
tains the CBC components as follows:

Aλ = i〈ψL
−|∂λ|ψR

−〉 + i〈ψL
−|�λ|ψR

−〉

=
(

− sinh2 ξ

2
+ sinh2 ξ

2

)
dλ = 0, (B2)

and

Aξ = i〈ψL
−|∂ξ |ψR

−〉 + i〈ψL
−|�ξ |ψR

−〉 = (0 + 0)dξ = 0.

(B3)

Consequently, one arrives at Eq. (58) with A = 0.

APPENDIX C: TRANSFORMED COVARIANT
BERRY CONNECTION

Let us now explicitly compute the transformed CBC A′,
below Eq. (58), using the modified metric-compatible con-
nection on the Hilbert space �′ = S′−1dS′. Combining this
expression with Eq. (D2) and for �λ,ξ in Eq. (57), one finds
the corresponding components

�′λ = �λ =
(

i 0
0 0

)
, �′ξ = 1

2

(
tanh ξ e−iλ

eiλ tanh ξ

)
. (C1)

Substituting Eq. (C1) into Eq. (39), one immediately ob-
tains A′ = 0. Alternatively, one can find �′ straightforwardly
from the relation �′λ = �λ + T ∂λT −1, with T = N−1I2 ∈
GL(2,R) and N =

√
sinh2 ξ

2 + cosh2 ξ

2 , according to the
main text.

It is thus evident that the invariance of the vanishing CBC
under the T transformation is ensured by the appearance of the
affine contribution � in Eq. (42). Explicitly, this affine term,

in accordance with Eq. (43), is given by

� = i〈ψR
−|η(�′ − �)|ψR

−〉 = i〈ψR
−|η(T ∂λT −1)|ψR

−〉

= i

2
〈ψR

−|η
(

tanh ξ 0
0 tanh ξ

)
|ψR

−〉

= i

2
tanh ξ 〈ψR

−|η|ψR
−〉 = i

2
tanh ξ . (C2)

As a result, this affine term exactly compensates the imaginary
component that appears in the conventional left-right Berry
connection in Eq. (55), thus ensuring that the norm of the
wave function is automatically preserved when the state is
adiabatically transported in the system parameter space.

APPENDIX D: HERMITIZED HAMILTONIANS
AND THEIR EIGENSTATES

The fact that A = 0 can be alternatively understood from
the perspective of Hermitized Hamiltonians and their eigen-
states. Since the metric, and hence the Hermitizing map, is
time independent, which is always the case in the unbroken
pseudo-Hermitian phase of the Hamiltonian, the associated
Hermitian Hamiltonian can be written as HH = SHpHS−1 =
−lσx, with the corresponding eigenvectors given by |φH

i 〉 =
S|ψR

i 〉. Explicitly, one finds

|φH
−〉 = 1√

2

(
1
1

)
, |φH

+〉 =
(−1

1

)
. (D1)

Similarly, one obtains the Hermitizing map for the rescaled
eigenvectors as follows:

S′ =
√

cosh ξS. (D2)

That is, the new Hermitizing map is just the “rescaled” map
S. Consequently, the associated eigenvectors |φ′H

i 〉 are equiv-
alent to the eigenvectors |φH

i 〉 in Eq. (D1). As a result, the
transformed CBC A′ is identically zero.
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