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First overtone and higher-order modes in the ringdown signal of GW231028
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The properties of a remnant black hole can be probed by analyzing the gravitational waves emitted during its
ringdown phase. This signal provides a direct test of general relativity in the strong-field regime. In this study,
we apply both a time-domain F-statistic framework and full Bayesian time-domain sampling to the ringdown
of GW231028_153006. We report decisive evidence for multimode content, specifically identifying both the
first overtone (£|m|n = 221) and the higher order (¢|m|n = 210). The detection of the 221 mode is statistically
significant, achieving a Bayes factor of ~189.2 and an amplitude exclusion from zero at >7¢ credibility for
an analysis beginning at 10M postpeak. These findings are rigorously validated against the numerical relativity
injection SXS:BBH:1282, which confirms that such multimode features are physically expected for a remnant
with the inferred high spin and mass ratio. The inclusion of the overtone mode allows for precise constraints on
the remnant’s properties, yielding a redshifted final mass of 246.27223M, and a final spin of 0.81709 (at 90%
credibility), consistent with full inspiral-merger-ringdown predictions. A test of the no-hair theorem, enabled by

this robust multimode detection, shows consistency with general relativity.

DOI: 10.1103/114x-tj8m

I. INTRODUCTION

The final phase of a binary black hole (BBH) coalescence,
known as the ringdown, provides a direct probe of spacetime
in the extreme gravity limit [ 1-3]. During this stage, the newly
formed remnant black hole (BH) settles to equilibrium by
emitting gravitational waves (GWs) that can be described as
a superposition of damped sinusoids or quasinormal modes
(QNMs) [4]. Each QNM is characterized by angular indices
(fm) and an overtone index n, with the fundamental mode,
£|m|n = 220, typically being the most prominent.

A central tenet of general relativity (GR), the no-hair the-
orem, posits that the entire QNM spectrum of a Kerr BH is
uniquely determined by just two parameters: its mass and spin
[5-7]. Verifying this theorem requires the confident detection
of at least two distinct modes from a single event to perform
a consistency check on the inferred remnant properties [8,9].
However, detecting modes beyond the fundamental mode—
such as overtones (n > 1) or subdominant modes (€|m| # 22)
[10]—is notoriously difficult due to the typically low signal-
to-noise ratio (SNR) of the ringdown signal.

Furthermore, a key challenge in ringdown analysis is se-
lecting an appropriate start time. Analyses initiated too close
to the merger peak risk being contaminated by nonlinear
dynamics and transient effects not modeled by linear pertur-
bation theory. Recent numerical relativity studies suggest that
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analyses should begin at least ~8M after the peak to ensure
that the system is in the linear regime, especially when search-
ing for higher overtones [11-15], where M is the redshifted
remnant mass.

Within this constraint, definitive detections of a sec-
ond QNM have remained elusive until very recently. The
prospects of such a detection are fundamentally determined
by the SNR contained specifically within the ringdown phase.
While exceptionally loud inspiral-dominated signals, such as
GW250114 (with a total SNR 280), contain sufficient power
to reveal higher modes [16,17], typical events with moderate
total SNRs are often challenging if the signal power is dis-
tributed primarily in the inspiral.

For instance, inspiral-dominated events with total SNRs
around ~30—40 may still lack the necessary ringdown loud-
ness for overtone detection [18,19]. The search for the first
overtone mode in the ringdown of GW150914 has been a
subject of active debate [20-28]. While Cotesta et al. [22]
initially reported evidence for the first overtone, subsequent
analyses have challenged this finding [24]. Recent investi-
gations suggest that this discrepancy may stem from data
conditioning choices, particularly the downsampling process
[9,26,29]. It has been shown that spectral leakage near the
Nyquist frequency in downsampled data can artificially af-
fect the noise power spectrum estimation, potentially inflating
the significance of the overtone. Analyses employing ro-
bust downsampling techniques or higher sampling rates (e.g.,
16 kHz) typically yield results consistent with a nondetection
of the overtone in GW150914 [26,27].

In contrast, merger-ringdown-dominated events, such as
GW190521 [30] and GW231123 [31], concentrate a larger
fraction of their energy into the postmerger phase. This char-
acteristic makes them efficient targets for spectroscopy even
at moderate total SNRs. For GW190521, an initial claim of a
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subdominant mode [32] was found to weaken considerably
when the analysis was restricted to the later, linear regime
[33,34], a result attributable to the event’s limited ringdown
SNR since the total signal SNR is only approximately 14.7
[30]. More recently, the analysis of GW231123, which also
had a high remnant mass and ringdown SNR, yielded the first
decisive evidence for a higher-order mode starting well within
this linear regime [35]. For GW231123, the SNR of the full
signal is approximately 20.7, and the redshifted remnant mass
reaches as high as 298.0M.

The event GW231028_153006 (hereafter GW231028) was
observed by the LIGO Hanford and Livingston detectors
[36]. Based on the parameter estimation results from a full
inspiral-merger-ringdown (IMR) analysis performed by the
LIGO-Virgo-KAGRA (LVK) Collaboration using the SEOB-
NRv5PHM waveform model [37], the signal has a network
optimal SNR of 22.8;*{:; (here, and throughout this work,
we present the median value and uncertainties based on the
90% credible interval). The source properties are character-
ized by a mass ratio of g = O.4f8;g and significant spin, with

an effective inspiral spin parameter of xeg = O.46f8:g and

an effective precession spin of x, = 0.551’8:52. The remnant
black hole formed from the merger has a redshifted final mass
of 247.3"79M, and a final dimensionless spin of 0.857)0¢,
making it an excellent candidate for BH spectroscopy.

In this work, we analyze the ringdown signal of
GW231028 using the F-statistic method. This framework,
originally developed for other GW sources like continuous
waves [38—41] and extreme mass-ratio inspirals [42], has been
proven to be a robust and efficient tool for ringdown analysis
[27,35,43,44]. It enhances search efficiency by analytically
maximizing the likelihood over the linear QNM parameters
(amplitudes and phases), thereby reducing the dimensionality
of the parameter space.

Here, we report decisive evidence for multimode features
in GW231028, supporting the presence of both the first over-
tone (221) and the subdominant mode (210). Specifically,
the JF-statistic analysis yields a Bayes factor of B%%g”m ~
189.2 at At = 10M postpeak and B30T ~ 7.3 x 10° at
At = 8M. The robustness of these findings is corroborated by
two independent tests: a parallel analysis using the traditional
time-domain (TTD) method and an injection study using the
numerical relativity (NR) waveform SXS:BBH:1282 [45,46]
that mimics the properties of GW231028. In both checks, we
recover consistent conclusions. The specific start times for
the reported mode combinations were selected because the
inferred remnant mass and spin at these times exhibit better
consistency with the predictions from full IMR waveform
models such as NRSur7dq4 [47] and SEOBNRv5PHM [37].
Furthermore, subsequent tests of the no-hair theorem based
on both detections using the JF-statistic method reveal no
deviation from the predictions of GR.

II. METHOD

Our analysis models the ringdown signal as a superposi-
tion of QNMs, which are the characteristic oscillations of the
remnant BH. Each QNM, indexed by angular numbers (£, m)
and an overtone numbern = 0, 1,2.. ., is a damped sinusoid.

Assuming that the remnant is a Kerr BH, the oscillation fre-
quency fym, [48] and damping time Ty, of every mode are
uniquely determined by the remnant’s redshifted mass My and
dimensionless spin x [4,49,50]. The other two parameters
describing each mode are its amplitude Ay, and phase ¢g.,.

The complete time-domain waveform is constructed from
the contributions of all excited modes through its polarization
components, h(t) and hy (¢):

h+ (t) + lhx (t) - E 72Ylm(tv S)Aémn eXP[i(lenf + ¢Zmn)]a
£,m,n
(1)

where the complex frequency is given by Q2 = 277 fopn +
i/Toymn. The term _,Yy, (¢, 8) represents the spin-weighted
spherical harmonics (of spin weight —2), which depend on the
inclination angle ¢ between the BH’s spin axis and the line of
sight. The azimuth angle § is set to zero, as it is degenerate
with the mode phases. We use spherical harmonics as an
approximation for the spheroidal harmonics, which provides
the useful time-domain symmetry Ay, (1) = (—1 )Khz‘_m (1) (the
asterisk denotes complex conjugation). We have explicitly
verified that this approximation is robust and does not alter
our main conclusions. A detailed comparison with a general
spheroidal model is provided in the Appendix B.

For the analysis of GW231028, we employ the F-statistic
method, a framework that enhances computational efficiency
by analytically maximizing the likelihood function over the
linear parameters of the model (the amplitudes and phases of
the QNMs). The effectiveness and reliability of this approach
for ringdown studies have been demonstrated in prior works
[27,43]. The specific implementation used here—including
the preprocessing of strain data, the noise estimation tech-
nique, and the methods for reconstructing posterior samples
and computing Bayesian evidence—is identical to the vali-
dated pipeline detailed in Wang et al. [35].

To further ensure the robustness of our results, we comple-
ment the primary F-statistic analysis with two independent
validation tests. First, we perform a parallel parameter estima-
tion using the standard TTD method to cross-check the mode
identification. Second, we conduct an injection study using
the NR waveform SXS:BBH:1282, which closely mimics the
properties of GW231028, to verify the recovery of the signal
using our pipeline. Detailed configurations for these analyses
are available in the Appendix A.

To perform the analysis, we first isolate the ringdown por-
tion of the signal. The sky location and polarization angle
(RA, DEC, ) are fixed to their maximum-likelihood values
of (0.04, —0.10, 1.26), as obtained from the LVK Collabora-
tion’s full IMR analysis using the SEOBNRv5PHM waveform
model [37]. We acknowledge that GW231028 is subject to
significant systematic uncertainties across different waveform
models due to its high-spin and unequal-mass nature [36].
Consequently, fixing extrinsic parameters based on a single
model could a priori introduce biases if the model imperfectly
captures the premerger signal. However, establishing a fixed
reference frame is a prerequisite for our ringdown analysis.
To assess the reliability of our method given the signal’s
complexity, we performed a validation test using an NR injec-
tion (SXS:BBH:1282) that mimics the source properties. As
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FIG. 1. Bayesian evidence for various two-mode QNM combi-
nations in the ringdown analysis of GW231028. The vertical axis
displays the log,,(Bayes factor) for each combination relative to
a model containing only the fundamental (¢ = |m| =2, n =0, or
220) mode. The horizontal axis indicates the analysis start time (At),
measured as a delay from the signal’s polarization peak. Results are
derived using the F-statistic method and the TTD method.

detailed in the Appendix C, this test confirms that our pipeline
can robustly recover the ringdown modes from such a high-
spin signal when the analysis is performed in a consistent
reference frame.

We address the uncertainty in the start time of the lin-
ear ringdown by performing the analysis over a range of
start times, f., from At =[8,20]M in steps of 2M after
the signal’s polarization peak, 17 = max,|h; — ihy|?. For
GW231028, with a redshifted remnant mass of M & 246.4M
[36], the peak time is 2°' = 1382542224.189 17 GPS. [51]
The prior on the redshifted final mass is uniform over the
range [50, 300]M. All other parameter priors are identical
to those used in the analysis of Wang et al. [35].

The QNM frequencies of the ¢|m|n = 210 and 330 modes
in GW231028 lie close to 60 and 120 Hz, respectively—
frequencies at which the detector data exhibit prominent
power lines. To avoid potential spectral contamination, we
preprocessed the strain data using the LineCleaner method
[52] to subtract these lines. However, as our ringdown analysis
uses a 0.4 s segment—sufficiently long to suppress spectral
leakage effects [29]—the impact of these lines is expected
to be small, and the subtraction primarily serves to enhance
robustness.

III. MULTIMODE SEARCH

Our search for a multimode signal begins by looking
for a subdominant mode accompanying the fundamen-
tal (¢|m|n = 220) mode, with candidates selected from
the set £|m|n € {221, 200, 210, 320, 330, 430, 440, 221 +
210}. The Bayes factors for each combination relative to the
fundamental-mode-only model are computed across a range
of start times, as shown in Fig. 1. Two candidate models
stand out with significant statistical support: the first overtone
combination (220 4 221) and the higher-order combination

TABLE 1. Parameter estimation results and model selection
statistics. The columns display the analysis method (Fs or TTD), the
waveform model with the start time At relative to the peak, the final
mass My, the final dimensionless spin x;, the matched filter SNR p,
the log,, Bayes factor favoring the hypothesis with the higher-order
mode, and the significance level p, (see the Supplemental Material
of Ref. [17] for its definition) of the higher-order mode amplitude
deviation from zero.

Model (220+) At M; Xr p logioB pa

Fs 221 8M 266.0758 0.87T50¢ 17.170) 5.0 15.0
221 10M 246.27333 0.8170% 17.170) 23 7.2
210 8M 211.67330 0.757023 17.1705 59 28
210 10M 192.87334 0.6170%3 17.170) 2.6 1.9

TTD 221 8M 265.47159 0.87t0%¢ 17.0117 51 88
221 10M 245.27334 0.817097 17.11¢ 2.1 165
210 8M 209.472%00.737523 17.0717 59 2.5

210 10M 194.77301 0.621034 17.07}7 24 14

(220 + 210). To validate these findings, we performed the
analysis using both the F-statistic method and the full TTD
Bayesian parameter estimation. As detailed in Fig. 2, the
two methods show excellent agreement for these modes,
demonstrating that the detection is robust against sampler
systematics.

For the 220 4 210 mode, we find decisive evidence at
At = 8M, with log,, B ~ 5.9 using both F-statistic and TTD
methods. Validation against the NR injection SXS:BBH:1282
(see below and Appendix C) reveals that a subdominant
(¢, |m|) = (2, 1) mode with comparable amplitude is phys-
ically expected for a remnant with these source properties
(high spin and mass ratio) [53]. For the 220 4+ 221 mode,
we recover strong evidence at Ar = 8 and 10M. While the
statistical support is strongest at At = 8M (log,, B ~ 5.0),
we adopt the analysis starting at Ar = 10M as our primary
reference. This choice is driven by the physical consistency
of the inferred remnant properties: As demonstrated in Fig. 2
and further comparisons in the Appendix B, the joint posterior
distributions for the final mass and spin derived from the
220 4+ 221 model at this start time exhibit good alignment
with the full IMR predictions. At this start time, the evidence
remains decisive [54], favoring the inclusion of the 221 mode
by a factor of ~10?3. The corresponding network SNR for the
two-mode signal at At = 10M is approximately 17.1.

However, at early times (At = 8, 10M), we find that nei-
ther the 220 4 221 model nor the 220 4 210 model provides
constraints on the remnant mass and spin that fully encompass
the IMR predictions. This occurs because the contribution of
the first overtone (221) is comparable to that of the (2, 1)
angular mode and both are non-negligible (see Fig. 3 and
Table I). This interpretation is rigorously corroborated by our
three-mode analysis (220 + 221 + 210), which, by account-
ing for both components simultaneously, maintains much
better consistency with IMR expectations for At € [8, 14]M
(see Appendix B), beyond which the 221 mode is too
weak to be reliably measured and its inclusion may degrade
parameter estimation. Nevertheless, due to the moderate SNR
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FIG. 2. Posterior distributions for the redshifted final mass M and final spin x, of the GW231028 remnant. The results from our ringdown
analyses, using both the F-statistic method and the TTD method, are compared against the official LVK posteriors [36] derived from full
IMR analyses using the NRSur7dgq4 and SEOBNRv5PHM waveform models. For results of the full IMR analyses, we show contours at 90%
credible level. For results of the ringdown analyses, the contours enclose the 60% and 90% credible regions. The top and right side panels
show the corresponding one-dimensional marginalized posterior distributions.

of GW231028, the three-mode hypothesis incurs a statistical
penalty for its expanded parameter space (Occam’s razor),
yielding lower Bayes factors than the two-mode hypotheses
(Fig. 1). Thus, while the current signal strength does not
support a decisive simultaneous detection, the time-dependent
behavior of the parameter constraints strongly implies the
physical presence of both modes.

The amplitude of the 221 mode is confidently constrained
away from zero, with a significance of 7.20 at At = 10M (us-
ing the F-statistic method). The TTD analysis yields an even
higher significance of 16.50, further reinforcing the detection.
Here, the “p4” value quantifies how strongly the posterior
distribution for the amplitude excludes zero, following the
methodology for non-negative QNM amplitudes outlined in
the Supplemental Material of Ref. [17]. The mode decays as
expected, falling below 3o credibility at At = 12M.

The remnant parameters inferred from the 220 + 221 +
210 model at Ar € [8, 14]M are consistent with results from
full IMR analyses using both the NRSur7dq4 [47] and SEOB-
NRv5PHM [37] waveforms (Fig. 2). The consistency with
NRSur7dqg4 is particularly notable given the construction of
our analysis window. We define the ringdown reference time
based explicitly on the SEOBNRvSPHM model, identifying
the waveform peak time associated with the maximum like-
lihood parameters (including sky position and geocent time)
from the LVK posterior. Despite this specific reliance on
SEOBNRV5PHM for temporal alignment, the resulting ring-
down constraints overlap significantly with the independent
predictions of NRSur7dqg4. This cross-model agreement un-
derscores the robustness of our reference time definition and
the reliability of the recovered remnant properties.

Specifically, from the 220 + 221 (220 4 210) model at
At = 10M (At = 8M), the F-statistic method constrains the
redshifted final mass to be 246.21333 (211.67339) M, and the

final spin to be 0.81707 (0.7570-73) at the 90% credible level.
In contrast, a single-mode analysis fails to produce results
consistent with the IMR posteriors until much later start times
(At > 16M), where the lower SNR degrades the constraints.
Other two-mode combinations, such as 220 + 320, are disfa-
vored by Bayes factors and fail to yeild physically meaningful
posteriors.

To rigorously validate that the high Bayes factors for
221 and 210 modes arise from physical signal content,
we performed a parallel analysis on the NR injection
SXS:BBH:1282. This waveform models a high-spin, mass-
ratio g &~ 2 system that closely mimics the source properties
of GW231028 (see Appendix C for full injection parameters
and detailed results). The injection analysis confirms that for
such a system, the (2, 1) mode is a significant subdominant
feature (amplitude ~1/3 of the fundamental mode). Crucially,
the test also faithfully reproduces the contribution of the first
overtone (221 mode) and the higher order [(2, 1) mode].
Our pipeline successfully recovers both subdominant compo-
nents, yielding Bayes factors and parameter evolutions that
closely mirror the multimode signature observed in the real
event.

Building on the confident detection of these subdomi-
nant modes, we perform a test of the no-hair theorem. We
parametrize potential fractional deviations in the frequency
(6f) and damping time (8t) from the GR predictions. As
shown in Fig. 4, the results are entirely consistent with
GR. For the 221 mode at At = 10M, the constraints given
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FIG. 3. Results for the 220 + 221 and 220 4 210 mode analyses as a function of the analysis start time At relative to the peak time. Top
panel: The posterior distributions (violin plots) of the SNR for different combinations (220 in green, 220 4 221 in blue, and 220 + 210 in
orange). Middle and bottom panels: Posterior distributions for the amplitudes of the first overtone mode (A,y;) and the higher-order mode
(A210), defined at the corresponding start time A¢. To assess consistency, we include theoretical decay bands (90% credible level) shown in
light blue for Ay, and light orange for A,;o. These bands represent the expected amplitude evolution governed by the subdominant mode
damping times, anchored to the reference posteriors recovered at Ar = 10M for the 221 mode and At = 8M for the 210 mode. The agreement

between the recovered distributions and the predicted bands demonstrates the temporal consistency of the signals.

by the F-statistic method are §fo; = 0.09f8§g and 611 =
0.4870%% (90% credible level). Similarly, the 210 mode at
At = 8M shows no deviation. We also computed the Bayes
factors comparing the hypothesis allowing for deviations
against the strict GR hypothesis. Using the F-statistic method,
we found log,, Bg‘g'GR ~ —0.7 for the 220 + 221 combina-
tion and log,, BEn R ~ —0.5 for the 220 + 210 combination.
These negative values indicate a statistical preference for the
simpler GR model, as the model with deviations is penalized
for its larger prior volume while providing no significant im-
provement in fit, consistent with the validity of the no-hair
theorem.

IV. DISCUSSION AND CONCLUSIONS

In this work, we present decisive evidence for multimode
content in the ringdown signal of a BBH merger, specifi-
cally identifying both the first overtone (€¢|m|n = 221) and

the higher order (¢|m|n = 210). Our analysis of GW231028
reveals a statistically significant detection of the 221 mode
at At = 10M, supported by a Bayes factor of ~10>3 and
a nonzero amplitude confirmed at 7.20 (16.50) credibility
using the F-statistic (TTD) method. Furthermore, we find
robust evidence for the (2, 1) harmonic at Ar = 8M, with
Bayes factors reaching ~10°°. Crucially, these detections are
corroborated by parallel analyses using the full TTD sampling
and validated against the NR injection SXS:BBH:1282. The
injection study confirms that for a remnant with the high spin
and mass ratio inferred for GW231028, the coexistence of a
strong early-time overtone and a subdominant (2, 1) mode is a
physically expected signature. Representing a robust identifi-
cation of an overtone or a subdominant mode in a moderate
SNR event, this result—appearing as an independent, con-
temporaneous discovery alongside the high-SNR detection
in GW250114 [17]—demonstrates the observable ubiquity
of these spectral features. Furthermore, while GW250114
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FIG. 4. Results of testing the no-hair theorem using the ringdown
signal of GW231028, analyzed starting from 10M (8M) after the
strain peak with F-statistic method considering 220 + 221 (220 +
210) mode combinations. The horizontal axis represents the devi-
ation 8 f21210 of the f2210, While the vertical axis denotes the
deviation 8721219 Of the 72 219. The deviations are formulated as
S221210 X (1 + 8 f221.210) and 71210 X (1 + 87T221,210), Tespectively.
The contours enclose the 60% and 90% credible regions. The top and
right side panels show the corresponding one-dimensional marginal-
ized posterior distributions.

represents an idealized nonprecessing case, our work confirms
these multimode signatures in a precessing, unequal-mass sys-
tem. Consequently, this work marks a significant step forward
in the field of BH spectroscopy, extending the reach of pre-
cision tests of GR beyond the loudest “golden” events to the
broader population of complex binary mergers.

While the current SNR of the ringdown signal statistically
favors two-mode hypotheses over a simultaneous three-mode
model, the physical consistency of our findings is reinforced
by the full IMR constraints. We show that including the 221
mode is essential for reconciling the ringdown-derived mass
and spin with predictions from two independent waveform
models, NRSur7dq4 and SEOBNRv5PHM. This correction
eliminates the systematic biases present when only the funda-
mental mode or the (2, 1) harmonic is considered in isolation.
Moreover, the consistency with NRSur7dq4 is particularly
notable given that our analysis was anchored to the peak
time defined by only the SEOBNRv5PHM model. While our
agnostic analysis robustly identifies the presence of a second
mode, the specific identification of this mode is subject to
the inherent limitations of black-hole spectroscopy. Due to
the nonorthogonality of QNMs, multiple mode combinations
can reproduce the signal with comparable fidelity [20,28]. In
particular, subdominant modes [such as (2, 0) or (3, 2)] that
are spectrally close to dominant modes [like (2, 1) or (2,
2)] can sometimes be statistically favored by the Bayesian
evidence purely due to their ability to fit residuals, even if

they are not the physically dominant excitation. This effect,
combined with the Occam penalty against adding additional
modes to restore consistency with IMR predictions, limits the
capability of agnostic spectroscopy to provide strong tests of
the no-hair theorem without external constraints or validation
against numerical relativity counterparts.

The astrophysical implications of these findings are partic-
ularly compelling when contrasted with the recent analysis of
GW231123 [35]. In that event, the ringdown was dominated
by the £|m|n = 200 mode. For GW231028, however, we find
no evidence for the 200 mode. This contrast reinforces the
view that agnostic spectroscopy, by relaxing the tight priors of
quasicircular IMR models, can robustly identify diverse spec-
tral features—whether they are the 200 mode or the overtones.
Instead, the clear identification of the 221 overtone alongside
the (2, 1) harmonic paints a coherent picture of a remnant
formed from a quasicircular merger following a prolonged
inspiral. This distinction highlights the powerful potential of
the ringdown analysis: It not only provides a platform for
testing GR and the no-hair theorem but also serves as a largely
independent and complementary probe of the final state, of-
fering an observational tool to distinguish between different
astrophysical formation channels.

The successful and distinct multimode detections in both
GW231028 and GW231123 signal that BH spectroscopy is
transitioning from a theoretical goal to a practical tool in GW
astronomy. As detector sensitivity continues to improve, such
analyses will become increasingly common, enabling preci-
sion tests of strong-field gravity and offering unprecedented
insights into the diverse universe of BH mergers.

This work made use of the following software packages:
astropy [55-57], matplotlib [58], numpy [59], python
[60], scipy [61,62], Bilby [63,64], PyCBC [65], corner
[66,67], h5py [68,69], pandas [70,71], Jupyter [72,73], qnm
[74], 1alsuite [75] swiglal [76], GWpy [77,78], pykerr
[49,50,79], and sxs [80].
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APPENDIX A: SUPPLEMENTAL METHODS:
THE F STATISTIC

1. Analysis frameworks for ringdown signals

This Appendix outlines the F-statistic framework used to
analyze the ringdown phase of gravitational wave events.

a. Core data model and noise treatment

The detector output d(¢) is modeled as the sum of a grav-
itational wave signal h(f, ®) and stationary, Gaussian noise
n(t). To focus on the postmerger ringdown, the analysis uses
a truncated segment of the full data stream, a standard practice
established in prior work [26,29,84,85].

The log-likelihood function for Gaussian noise 1is
defined as

In£(®) = —%(d(t) —h(, ®)|d#) —h(, 0)) +C

=In A(©) — 1(d|d) + Cy, (A1)

where Cy is a normalization constant, and the key quantity is
the log-likelihood ratio:

In A(®) = (d|h(t, ®)) — %(h(t, ®)h(, ©)). (A2)

The inner product (-|-) incorporates the noise characteristics.
For discrete data, it is computed as

(hi ()ha (1)) = by (1)C '] (1), (A3)

where C is the noise covariance matrix and T denotes the
transpose. We employ the log-likelihood in Eq. (A1) for the
TTD method.

Constructing a reliable C is important. It is derived from
the noise autocovariance function (ACF), which itself is es-
timated from a carefully processed version of the raw data.
The processing pipeline, following Refs.[26,85], involves the
following:

(1) Downsampling from 4096 to 2048 Hz using a Butter-
worth filter.

(2) Applying a high-pass filter at 20 Hz with a finite im-
pulse response filter [86].

(3) Estimating the one-sided power spectral density (PSD)
using the Welch method [87] combined with an inverse
spectrum truncation algorithm, implemented via the PYCBC
package (v2.7.2) [65].

(4) Obtaining the ACF by inverse Fourier transforming the
PSD and constructing the Toeplitz matrix C.

This noise model has been rigorously validated, showing
consistency with full inspiral-merger-ringdown analyses and
across different sampling rates [26,85], confirming its robust-
ness against potential biases. For the final analysis, a 0.4 s
segment of the validated data is used.

b. The F-statistic for efficient sampling

The conventional time-domain ringdown analysis performs
a direct, stochastic exploration of the entire parameter space
©®. This includes all parameters defining the ringdown signal
model (e.g., mode amplitudes, phases, final mass, spin, incli-
nation, start time). The sampler evaluates the full likelihood
function (A1) at each proposed point in ®, allowing it to
infer the complete posterior probability distribution for all
parameters simultaneously.

The F-statistic method used in this study is designed for
greater computational efficiency by analytically handling a
subset of the parameters. The core idea is to partition the
model parameters into two groups:

(1) Linear parameters (B*): These are parameters that en-
ter the signal model A(¢) linearly. For ringdown modes, these
correspond to the Cartesian components of the complex mode
amplitudes (i.e., Ay, COS Gppn and A gy SIN Gy )-

(2) Nonlinear parameters (8): These parameters (e.g., final
mass My, final spin y, inclination ¢, start time f., sKy position,
polarization angle 1) enter the model nonlinearly and still
require stochastic sampling.

The signal is reformulated as a linear combination of ba-
sis waveforms g, (), which depend only on the nonlinear
parameters 6:

h(t) = B"g, (1),

where the Einstein summation convention is used. For a mode
(£, m, n), the basis waveforms are

gimn,l = [F+ COS(Z]ngmnt) + FX Sin(znfﬁmnt)]
X —ZYKm(ls 5) CXP(—[/TZmn),
Simn,2 = [_F+ Sin(znfémnt) + F> Cos(znfﬂmnt)]

X 72Y2m(tv 8) CXP(—f/Témn), (A4)

and the coefficients are B! = Ay, cos ¢y, B"? =
Almn sin ¢Zmn-

Substituting this into the log-likelihood ratio (A2) yields a
quadratic form in B*:

In A(®) = B"s,(0) — 1B"M,,,(0)B", (A5)

where s, = (d|g,) and M,,, = (g,,|g,). For any fixed 6, this
likelihood is maximized analytically by solving d In A/0B" =
0, giving the best-fit linear parameters:

B* = MMs,,. (A6)

Plugging B* back into Eq. (A5) produces the profile likeli-
hood, which depends only on 6:

InA0) = F = 15, M"’s,. (A7)

This F-statistic is used for the stochastic sampling of the
reduced parameter space 6, significantly speeding up the
computation.
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2. Reconstructing linear parameter posteriors

While the F-statistic method efficiently samples 6, the
posterior distributions for the linear parameters B* (and thus
the physical amplitudes Ag,,, and phases ¢y,,,) are not directly
obtained. They are reconstructed in a postprocessing step. For
each sampled point ;, the conditional posterior for B* is a
multivariate Gaussian:

P(B"|6;,d) ~ N (B"(6;), M"" (6,)). (A8)

The full marginal posterior P(B*|d) is built by drawing sam-
ples from this Gaussian for each 6; sample.

The reconstruction naturally assumes a uniform prior on
the Cartesian parameters B*. However, this corresponds to an
unphysical prior (p(Agun) < 1/A¢m,) on the amplitude Ay,
while keeping the phase ¢y, uniform (which is desirable).

To report results under physically motivated priors, impor-
tance resampling is applied. The weight for each reconstructed
sample is

P(Bﬂai, ®)
wp = ————,
p(B}'18;, ©)

where © is the uniform sampling prior and ® is the target
prior. The target priors used in this study are uniform ampli-
tudes Ayn € [0, 5 x 107197, flat My € [50,300]Mq, flat x; €
[0,0.99], flat cost € [—1, 1], and uniform phases ¢, €
[0, 27].

(A9)

3. Calculating evidence and Bayes factors

Model comparison via the Bayes factor B requires the
full Bayesian evidence Z(®). While nested sampling in the
conventional Bayesian inference computes this directly, the
F-statistic method only yields the partial evidence Z(@) for
the nonlinear parameters.

A novel formulation is used to reconstruct the full evidence
Z(0|®) under the target prior ®:

z0) N

2018)~ T o D f@, (A10)
i=1

where the weighting function f(6;) accounts for the evidence
contribution of the linear parameters under the target prior,
computed via importance sampling from the uniform prior ©
used in reconstruction:

z@in, o) " (8416, 9)

0) ~ :
/@ NBr16,0) <= p(Bj16.0)

(A11)

Here, 100 x Ng samples are drawn per 6; (with Ny being
the number of modes). This allows calculation of BY) =
Zw1/ 2y, for comparing different waveform models.

4. Computational implementation

All analyses were performed using the BILBY package
[v2.4.0; [63]] with the nested sampler DYNESTY [v2.1.5; [88]].
The configuration used 1000 live points, the “rwalk” sampling
method with 20 autocorrelation lengths, a mix of “diff”” and
“volumetric” proposal methods, and the “live-multi” point

Method: Mode, At
L1 TTD: 220, 10M
041 3 Fs: 220, 10M
TTD: 2204221, 10M
0.3 Fs: 2204221, 10M
[ L1 TTD: 2204210, 8M
a 1 Fs: 2204210, 8M
0.2
0.1
125 130 135 140 145
InA

FIG. 5. Posterior distributions of the log-likelihood ratio (In A)
for the ringdown analysis of GW231028. The distributions are
shown for the fundamental mode only (220, blue), the fundamental
plus first overtone (220 + 221, orange), and the fundamental plus
higher harmonic (220 + 210, green). Solid lines represent results
obtained using the F-statistic method, while dashed lines correspond
to the TTD method. The significant separation between the multi-
mode distributions and the single-mode distribution illustrates the
substantial SNR gain and statistical preference for the multimode
hypotheses. Furthermore, the narrower and slightly shifted distri-
butions for the F-statistic method demonstrate its superior ability
to locate the global likelihood maximum compared to the standard
TTD sampler.

selection. Analyses were parallelized across 20 CPU threads
for efficiency.

APPENDIX B: SUPPLEMENTAL FIGURES: THE GW231028

To provide a deeper statistical perspective on the model
selection results, we analyze the distributions of the log-
likelihoods derived from the posterior samples. Figure 5
presents these distributions for the single-mode (220) and
multimode (220 4 221, 220 + 210) hypotheses, comparing
both the F-statistic and TTD methods. Two key features are
evident from this comparison. First, there is a clear separa-
tion between the likelihood distributions of the multimode
models (orange and green) and the fundamental-only model
(blue). This separation corresponds to the log-likelihood ratio
(In A), providing a direct measure of the improvement in
fit quality that drives the high Bayes factors reported in the
main text. Second, the plot highlights the performance differ-
ence between the two sampling approaches. The F-statistic
method (solid lines) yields log-likelihood distributions that
are noticeably narrower and shifted to slightly higher values
compared to the TTD method (dashed lines). This behavior
indicates that the F-statistic method, by analytically maximiz-
ing over amplitudes and phases, achieves tighter convergence
and provides more stringent constraints on the signal param-
eters. We further provide a comprehensive comparison of
the posterior distributions for the remnant mass My and spin
Xy across different ringdown models, extending the analysis
discussed in the main text. The results, obtained using the
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FIG. 6. The posterior distributions of the redshifted final mass M, and the final spin x s, of the GW231028 remnant were obtained utilizing
the F-statistic method (soild contours) and the TTD method (dashed contours). The top panels show results based on the fundamental mode
only analyses at various start times, i.e., from Ar = 8M to 20M. The middle and bottom panels show results based on combinations 220 +
221 and 220 + 200, respectively. The label “vSPHM” corresponds to the LIGO-Virgo-KAGRA Collaboration’s full IMR analysis with the
SEOBNRvV5PHM waveform model. Results are indicated by contours at the 90% credible level, with the marginal posterior distributions for
both My and x; shown in their respective top and right panels, respectively.

033065-9



PHYSICAL REVIEW RESEARCH 8, 033065 (2026)

HAI-TIAN WANG

\
\
\
\
< ;
= 2204210 i
i 2204210 | — msum | [
04 — Fssm S e TTD 14M [\l
,,,,,, —— Fs16M | R
— Fs10M | s TTD 16M | [k e,
o2d NV TTD 10M — Fs1sM LN
— w127 oA TTD 18M Ly
------ TTD 12M —— Fs 20M )
—— vsPEM | s TTD 20M 74
0% 200 250 300 350 150 200 250 300 350
My [Mq)

My [Mg)

22042214210

[
i
i
22042214210 j —— Fs UM
— ®ssm W LN TTD 14M
—————— TTD 8M —— Fs16M
— Fs10M | gy TTD 16M
TTD 10M —— Fs18M
— Fs12m@ |\ Ay TTD 18M
—————— TTD 12M —— Fs 20M
weam | |\ e TTD 20M
0.0 . . . .
150 200 250 300 350 300
My [Ms)]
10 : 10
%5 N
l\\ \\‘
0.8 . 0.8 1%
' /,
I, \ ’/(
\
‘\
0.6 . 0.6 1
= = 7.
i
2204320 /
0.4 + . 0.44 1
—— Fs8M £ TTD 14M | [/
------ TTD M Fs 16M ¢
—— Fs10M J TTD 16M ||
02d e TTD 10M | 024 — Fsism [
—— Fs12M f TTD 18M ||}
—————— TTD 12M / — Fs20M |
!
v5PHM AN AR S A TTD 20M )
0.0 , : : 0.0 . : :
150 200 250 300 350 150 200 250 300 350
My M)

My M)
FIG. 7. Similar to Fig. 6. Posterior distributions of the final mass M and final spin y, for the GW231028 ringdown analysis, inferred from

the 220 + 210, 220 + 221 + 210, and 220 + 320 mode combinations.
fundamental-mode-only case) as a function of the start time

TTD and F-statistic methods on the GW231028 ringdown
At € [8, 20]M in Figs. 6-8.

signal, are displayed for all mode combinations (including the
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FIG. 9. Predicted joint posterior distributions of the oscillation
frequencies (f) and damping times (t) for various QNMs derived
from the Kerr hypothesis. The distributions are computed using
the remnant mass M, and dimensionless spin x, inferred from the
GW231028 ringdown analysis of the 220 + 221 model at a start time
of At = 10M.

Overall, excellent agreement is observed between the
F-statistic and TTD methods across most considered mode
combinations, confirming that the parameter estimation is ro-
bust against sampler systematics. However, this consistency
does not extend to all mode combinations, specifically the
220 + 200 and 220 + 320 models, which warrant closer in-
spection. As noted in the main text, the 220 4+ 200 model
exhibits discrepancies between the two methods. This is likely
due to the proximity of the (2, 0) frequency to that of the
(2, 1) mode (cf. Fig. 9), causing the TTD method to become
trapped in a local likelihood maximum associated with the (2,
1) frequency, whereas the F-statistic method is more effective
at resolving closely spaced spectral peaks.

Similarly, regarding the (3, 2) mode, although the anal-
ysis yields “decisive” Bayes factors, we interpret this as a
false positive driven by spectral leakage rather than a genuine
physical detection. As illustrated in Fig. 9, the oscillation
frequency of the (3, 2) mode is spectrally very close to
the dominant (2, 2) mode [distinct from the (2, 1) and (2,
0) frequencies]. This proximity allows the sampler to pick
up residual power from the dominant mode, inflating the
evidence. This interpretation is strongly supported by the
SXS:BBH:1282 injection analysis presented in Fig. 10 (and
Fig. 11). The injection results reproduce the high Bayes
factors for both the (2, 0) and (3, 2) modes, mirroring the
behavior seen in the real event, despite the fact that the actual
physical amplitudes of these modes in the injection are negli-
gible. Consequently, we attribute the high evidence for these
modes to spectral confusion and do not claim their detection.

For the favored 220 + 221 model, the inferred posteriors
at early times (At = 10, 12M) encompass the full IMR pre-
dictions derived from SEOBNRv5PHM. Notably, we observe
that the posterior constraints for this model broaden as the
start time increases up to At = 10M. This behavior is physi-
cally understood as a consequence of the spectral proximity of

x107%
5.
Mode (¢, |m])
2,2
N 2.2)
(2,0)
2,1
N e
(3.2
] (3,3)
43
N 4.4
01
—0.4 —0.3 —0.2 —0.1 0.0 0.1

ts]

FIG. 10. Time evolution of the GW mode amplitudes for the NR
injection SXS:BBH:1282. This simulation corresponds to a BBH
system with mass ratio ¢ &~ 0.5 and high spin, mimicking the source
properties of GW231028. The plot displays the absolute amplitude of
the dominant (¢, m) = (2, 2) mode alongside various subdominant
modes.

the fundamental mode and its first overtone. As the overtone
amplitude decays, separating these two modes—which share
very similar oscillation frequencies—becomes increasingly
difficult, leading to stronger degeneracy and wider credible
intervals for the remnant mass and spin. In contrast, the
fundamental-mode-only model (220) exhibits significant bias
until Ar > 16M, highlighting the necessity of including the
overtone.

At At = 8, 10M, the 220 + 210 model suffers from sub-
stantial systematic bias by omitting the dominant overtone

8
Modes (220+)
61 221 320 440
200 330 2214210
21 4
N 0 30
= Method
g — Fs  ---- TTD
&0
2
0_ -
—9
—4 T T T T T
8 10 12 14 16 18 20
At [M)]

FIG. 11. Bayesian model selection results for the NR injec-
tion SXS:BBH:1282. Similar to Fig. 1, this plot displays the log,,
Bayes factors for various multimode hypotheses relative to the
fundamental-mode-only (220) model across a range of start times
At. The solid and dashed lines correspond to the results obtained
using the F-statistic and TTD methods, respectively. Note that the
injection analysis faithfully reproduces the high statistical support
for the 221 and 210 modes observed in the real event, validating the
pipeline’s ability to recover these subdominant features in a system
with similar source properties.
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FIG. 12. Comparison of ringdown constraints using spherical vs spheroidal harmonic approximations. The left panel displays the posterior
probability density functions (PDFs) for the amplitudes of the dominant modes (A2, A221, A210) and their corresponding mirror modes (A;—»,
Ay 51, Ay—10) derived from the spheroidal analysis, where conjugate symmetry is not assumed. The amplitude distributions for A,y and A;_»
are drawn from the (2, |2|, 0) + (2, |1], 0) analysis at #, = 10M; however, analogous comparisons using results from the other analyses yield
consistent conclusions. The right panel compares the 90% credible regions for the remnant mass M, and dimensionless spin x s obtained using

*

the standard spherical harmonic model (assuming hg,, = hj_,,,

solid lines) vs the fully independent spheroidal harmonic model (dashed lines).

The comparisons are shown for three mode configurations: (2, |2|, 0) starting at 20M, (2, |2], 0) + (2, |2|, 1) at 10M, and (2, |2[, 0) + (2, |1], 0)

at 8M.

component. This dynamic changes as the signal evolves. We
find that the 220 + 210 model begins to agree with the IMR
predictions for start times around At ~ 12, 14M (see Fig. 7).
This improvement is driven by the rapid decay of the 221
mode; as the overtone fades, the longer-lived (2, 1) harmonic
becomes the primary subdominant feature. However, for even
later start times (Ar = 16M), the inclusion of the 210 mode
itself begins to introduce biases. This is because the 210 mode
has also decayed to a negligible amplitude, and its oscillation
frequency is very close to that of the dominant 220 mode
(cf. Fig. 9). Attempting to fit a signal where the 210 mode
is not physically present with a model that includes it leads
to erroneous parameter estimation due to the difficulty in dis-
tinguishing between these closely spaced frequencies. For the
three-mode analysis (220 + 221 + 210), it maintains consis-
tency with IMR results throughout the intermediate window
At € [8, 14]M, effectively bridging the early-time overtone
dominance and the late-time harmonic behavior.

We also examined higher-order spherical harmonic con-
tributions. The inclusion of ¢ =3 modes (220 + 320 and
220 + 330) is not supported by the Bayes factors. Further-
more, the resulting posteriors for these combinations either are
inconsistent with the expected remnant properties or exhibit
unphysical bimodal structures, suggesting that these modes
are not resolvable in the current data.

Finally, regarding the £ = 4 modes (220 + 430 and 220 +
440), we observe that while their posterior distributions at
At 2 14M nominally overlap with the IMR predictions, this
agreement does not constitute evidence for their detection. As
indicated by the Bayes factors (Fig. 1), these modes are statis-
tically disfavored. A comparison with the single-mode (220)
results in Fig. 6 reveals that the 220 4+ 430 and 220 + 440

posteriors are essentially broadened versions of the 220-only
constraints. This behavior is physically distinct from the over-
tone or harmonic degeneracies discussed earlier. As illustrated
in Fig. 9, the oscillation frequencies of the (4, 3) and (4, 4)
modes are sufficiently separated from the dominant (2, 2) and
subdominant (2, 1) frequencies. Due to this spectral separa-
tion, the sampler does not confuse the £ = 4 templates with
the energy of the primary modes (unlike the 220 + 200 case).
Consequently, their inclusion merely introduces uninforma-
tive degrees of freedom. This results in a statistical penalty
(Occam’s razor) and a widening of the fundamental mode’s
credible intervals without shifting the posterior or resolving
distinct spectral features.

In the main text, we utilized a ringdown waveform model
based on spherical harmonics, which assumes the time-
domain symmetry relation Ay, (t) = (—1 )Khz_m(t) (where the
asterisk denotes complex conjugation). This relation implies
equal amplitudes for the positive and negative m modes in
the frame aligned with the remnant black hole’s spin. To
verify that this approximation holds for the precessing source
GW231028b, we performed a validation analysis using a more
general model.

In this validation, we replaced the spherical harmonics with
spheroidal harmonics and relaxed the symmetry constraint.
We treated the amplitudes and phases of the mirror modes
[e.g., (2, 2) and (2, —2)] as independent free parameters. We
tested a range of configurations using the J-statistic method
and found consistent results across all cases. However, for
clarity and relevance, we focus here on presenting these three
representative scenarios:

(1) Fundamental mode only:
to = 20M.

(2,£2,0) starting at
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FIG. 13. Posterior distributions of the final mass M, and final spin x; recovered from the ringdown analysis of the NR injection
SXS:BBH:1282. The results are obtained utilizing the F-statistic method (solid contours) and the TTD method (dashed contours). The true
remnant parameters of the simulation are indicated by dashed lines. The top panels show results based on the fundamental-mode-only (220)
hypothesis across start times At = 8-20M. The middle and bottom panels display the results for the 220 + 221 and 220 + 200 combinations,
respectively. All contours represent the 90% credible level, and the marginal posterior distributions for My and yx, are shown in the top and
right subpanels.
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FIG. 14. Similar to Fig. 13. Posterior distributions of the final mass M and final spin x, for the SXS:BBH:1282 injection, inferred from

the 220 + 210 and 220 + 221 + 210 mode combinations.

(2) Fundamental 4 overtone: (2,42,0)+ (2,+2,1)
starting at fp = 10M.
(3) Fundamental + higher harmonic: (2,42,0)+

(2, £1, 0) starting at ty = 8M.

The results are presented in Fig. 12. The right panel
demonstrates that the posterior contours for the remnant mass
(My) and dimensionless spin (xy) are remarkably consis-
tent between the “spherical” (symmetric) and “spheroidal”
(independent) models. We quantified this agreement using
the Jensen-Shannon divergence (JSD) and found JSD values
<0.03 for remnant parameters, indicating negligible infor-
mation loss or bias introduced by the symmetry assumption.
The left panel of Fig. 12 explicitly compares the recovered
amplitudes of the positive and negative m modes (Ao and
As_»¢ are chosen from the 10M analysis; however, analogous
comparisons using results from the other analyses yield con-
sistent conclusions.). The distributions overlap significantly,
suggesting that at the SNR of this event (p ~ 17), any po-
tential asymmetry in the excitation of mirror modes caused
by precession is not statistically resolvable. Consequently, the

use of the standard symmetric waveform model in the main
text is robust.

APPENDIX C: VALIDATION WITH NUMERICAL
RELATIVITY INJECTION

To strictly validate the robustness of our multimode detec-
tions and the reliability of our analysis pipeline, we performed
a targeted injection study using an NR waveform.

1. Injection parameters

We selected the waveform SXS:BBH: 1282 from the SXS
catalog. This simulation was chosen because its physical
parameters closely mimic the source properties inferred for
GW231028, particularly the high remnant spin and mass ra-
tio. The system models a binary black hole merger with a
mass ratio g ~ 2 and large dimensionless component spins
of x; ~ 0.88 and yx, =~ 0.88. At the reference frequency, the
binary exhibits an effective inspiral spin of x.s = 0.45 and a
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FIG. 15. Similar to Fig. 3, the top panel shows the posterior dis-
tributions of the optimal SNR for the 220, 220 + 221, and 220 + 210
mode combinations. The middle and bottom panels display the pos-
terior distributions for the amplitudes of the first overtone (A,,;) and
the (2, 1) mode (A;10), respectively, as a function of the start time At.
The theoretical decay bands (90% credible regions) are anchored to
the reference times At = 10M (for 221) and Ar = 8M (for 210). The
striking overlap between the event and the injection demonstrates
that the signal morphology of GW231028 is fully consistent with the
prediction from a numerical relativity simulation with similar source
properties.

precession spin parameter of x, ~ 0.74, indicating significant
spin-orbit coupling. The orbital eccentricity is negligible (e &~
5.6 x 10~%). The simulation covers approximately 23 inspiral
orbits prior to merger.

To accurately represent the signal complexity, the

injection includes higher-order multipole modes: (¢, |m|) =
(2, 2),(2, 1),(2, 0),3, 2),(3, 3), (4, 3),and(4, 4).
We scaled the waveform to a redshifted chirp mass
of M. (1+4+z)=108My, a luminosity distance of
D; = 3000 Mpc, an inclination ¢ = 0.36, and a phase ¢ = 0.
The sky location and polarization parameters were fixed to
values consistent with the GW231028 ringdown analysis:
right ascension « = 0.04, declination § = —0.10, and
polarization angle ¢ = 1.27.

With this configuration, the SNR of the full injected IMR
signal is approximately 23. The merger produces a remnant
black hole with a redshifted final mass of M, ~ 249.8M
and a dimensionless final spin of xs A~ 0.85. These remnant
properties are in excellent agreement with the values inferred
for GW231028, making this an ideal testbed for characterizing
the ringdown signature. As shown in Fig. 10, the (2, 1) mode
of this injection emerges as a significant feature, reaching
an amplitude of approximately one-third that of the (2, 2)
mode at the waveform peak (f = 0). This prominent relative

amplitude confirms that a detectable contribution from the (2,
1) harmonic is physically expected for a remnant produced by
such a progenitor system.

2. Analysis and results

We analyzed the injected data using the same methodol-
ogy applied to the real event, employing both the F-statistic
method and the TTD sampler. To contextualize the ringdown
analysis, we first illustrate the time-domain evolution of the
injection’s mode amplitudes in Fig. 10. The results of the
Bayesian model selection are presented in Fig. 11, and the
evolution of the recovered remnant mass and spin posteriors
is displayed in Figs. 13 and 14. The injection analysis yielded
the following key insights:

(1) Confirmation of the (2, 1) mode: The analysis correctly
identified the presence of the (2, 1) mode. As shown in Fig. 10,
this mode is a significant subdominant feature in the simula-
tion, with an amplitude approximately 1/3 of the dominant
(2, 2) mode at the peak time. The recovered Bayes factors
(see Fig. 11) and parameter estimates (see Fig. 14) for the
220 4 210 model closely track the evolution observed in the
real GW231028 data, confirming that the decisive evidence
found in the main analysis is consistent with a physical signal
of this morphology.

(2) Consistency of the overtone: The pipeline also suc-
cessfully recovered the first overtone (221 mode). The
simultaneous high statistical support for the 220 4 221 com-
bination in the injection (cf. Fig. 11) mirrors the behavior seen
in the real event. Furthermore, the 220 4 221 model yields
unbiased parameter estimates at early times (see Fig. 13),
supporting the conclusion that both physical features—the
overtone and the higher harmonic—contribute to the observed
signal.

(3) Sampler performance on the (2, 0) mode: The injection
study also shed light on the discrepancy observed between the
F-statistic and TTD methods regarding the 220 + 200 mode
combination. In the analysis of SXS:BBH:1282, as illustrated
in Figs. 11 and 13, we found that the standard TTD sampling
for the (2, 0) mode tends to become trapped in local optima
due to the frequency proximity of the (2, 0) and (2, 1) modes.
In contrast, the F-statistic method, by analytically maximiz-
ing over amplitudes and phases, is more effective at resolving
closely spaced spectral peaks. This validation justifies our
preference for the JF-statistic results in cases where the two
methods diverge for specific mode combinations.

To further validate the physical plausibility of the re-
covered signal amplitudes, we show the results from the
SXS:BBH:1282 injection. As evident in Fig. 15, the injection
analysis reproduces not only the statistical significance (SNR)
but also the amplitude magnitude and temporal evolution ob-
served in the real event. The recovered amplitudes for both the
overtone (A1) and the higher harmonic (A,}¢) in the injection
are quantitatively consistent with those of GW231028. Given
that SXS:BBH:1282 represents a fully general-relativistic
prediction for a system with similar mass ratio and spin
properties, this agreement provides robust evidence that the
amplitudes measured in GW231028 are physically expected
and not artifacts of noise or sampler systematics.
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