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Testing the validity of embedding-based similarity and clustering
for handwritten physics solutions

Maike Tauschhuber

Department of Information Technology and Electrical Engineering, ETH Zurich,
8092 Zurich, Switzerland
Gerd Kortemeyer®'*

Rectorate and Al Center, ETH Zurich, 8092 Zurich, Switzerland

® (Received 30 June 2026; accepted 1 October 2026; published 21 October 2026)

Text embeddings are increasingly used in physics education research to organize, compare, and cluster
large collections of written text. Their appeal is clear: once student responses have been mapped into a
vector space, similarity comparisons and clustering become computationally inexpensive. However, in
assessment contexts, the relevant question is not merely whether clusters can be produced but whether
the geometry of the embedding space preserves grading-relevant distinctions. We tested this premise
using 992 handwritten student-problem solutions from a high-stakes engineering thermodynamics
exam, transcribed into five textual representations and embedded using nine embedding mechanisms.
We compared embedding similarity and embedding-based hierarchical clusters against human-assigned
scores. Across models, representations, and clustering choices, embedding similarity showed a consistent
but modest relationship to score similarity, and the resulting clusters were score-enriched but not score-
equivalent. Experiments with a synthetic dataset suggest that this may be due to embeddings behaving
like novices when categorizing physics-problem solutions; that is, their similarity geometry is strongly
influenced by surface features rather than conceptual, semantic structure. These findings suggest that
rubric-blind transcription and out-of-the-box, state-of-the-art embeddings can support exploratory
organization and human-in-the-loop review of physics solutions, but they do not provide an unsupervised

basis for grading without external validation against the assessment construct of interest.

DOI: 10.1103/sdnj-cjst

L. INTRODUCTION

A. Assessment in physics

Problem solving is central to learning physics across
formative settings (homework, in-class practice, and low-
stakes quizzes) and summative assessments (midterms and
finals) [1-8]. Meaningful assessment must capture char-
acteristic features of physics reasoning: mathematical
modeling that blends conceptual insight with equations,
computation, and theoretical principles [9—11]; transfer to
novel scenarios [12]; multiple legitimate solution paths
[13—15]; and coordination of diagrams, equations, graphs,
and prose [16-19]. Focusing on a final numeric or
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symbolic answer alone is therefore oftentimes inadequate
to get the full picture; instructors must examine the
solution path to understand and support students’ reason-
ing [14,15]. Yet providing such path-focused feedback at
scale is difficult in large introductory courses, given the
expertise, time, and logistical demands involved [20].
Historically, expert judgment has been essential to evaluate
not just results but also the logical, conceptual, and
mathematical competencies revealed in student work
[21-25]. While some aspects of solutions can be evaluated
by computers, diverse approaches and error patterns
typically require human interpretation [15,26-34].
Handwritten solution paths remain the gold standard in
timed high-stakes exams (as typesetting mathematics
would add irrelevant overhead), and for a small number
of such assessments, the grading effort might be manage-
able for small-enrollment courses. Outside formal exams,
frequent formative evaluation can substantially enhance
learning through timely, targeted feedback, but it is often
underused because evaluation is labor-intensive [6,35].
While in principle, typesetting mathematics in a computer-
readable format would be possible in asynchronous take-
home assessments, questions of academic integrity in
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remote and hybrid contexts add further constraints [36].
Because students’ priorities are shaped by what is assessed
and how credit is assigned, scalable approaches that
illuminate reasoning while remaining trustworthy and
feasible are a pressing need [37].

B. Automated grading and human oversight

To address workload, physics education has a long
tradition of automated systems that assist instructors
[27,38-42]. Most platforms, however, constrain responses
to multiple-choice, ranking, numeric entries, or closed-
form algebraic answers. Although such formats can
be psychometrically sound [43-45], they have been
criticized for neglecting communication and presentation
[46,47] and for failing to capture the breadth of students’
reasoning [20]; they can also incentivize guessing and
other unproductive behaviors, especially with multiple
attempts [48-50].

Even before large-scale generative models, researchers
broadened the response space with short answers and
explanations supported by artificial intelligence (Al)
techniques [51,52]. The Andes tutoring system, for exam-
ple, permits substantial freedom in constructing solutions
and interprets diverse traces via logical solution graphs, an
algebra subsystem, and structured feedback rather than
language modeling [51,53]. Classifier-based approaches to
scoring short physics responses have also shown practi-
cally useful agreement with human raters in interactive
tutoring contexts [52].

Recently, large language models (LLMs), particularly
generative pretrained transformers [54-56], have demon-
strated strong capabilities on academic tasks [57] and
across educational uses [58]. In physics education, work
spans classroom integration [59-61], research support
[62-64], and problem solving [65-69], including perfor-
mance above typical postinstruction averages on several
concept inventories [70]. LLMs can assist with generating
new problems [71] and show promise for grading free-
form student work [72-76]. A human-in-the-loop stance
remains prudent: confidence filters can route only trust-
worthy Al decisions forward and defer uncertain cases to
human graders [77]. This strategy reduces load while
maintaining reliability traditionally associated with deter-
ministic, closed-form systems.

Deep learning methods aim to learn such structure
implicitly, but limitations remain. Fraknéi et al. [78] report
that embeddings of variable-free arithmetic expressions
can be dominated by surface properties rather than
semantic relations, suggesting that core mathematical
principles may not be reliably learned. A broader analysis
argues that multihead attention, positional encodings, and
feed-forward layers play distinct roles across representa-
tional levels, with lower layers emphasizing patterns and
upper layers semantics. Xin He [79] emphasizes hierar-
chical structure by combining semantic and structural

features, using hesitant fuzzy sets to measure formula
similarity [80] and a language model for representation
learning over literature graphs. Beyond standalone for-
mulas, hierarchical encoders and decoders have been
applied to math word problems, enriching token repre-
sentations via dependency structure and generating sol-
utions with tree-based decoders [81].

C. Text embeddings

A direct way to obtain similarities among student
solutions would be to ask a large language model to
compare pairs of responses. This may be attractive in
principle, since such a model could compare solution
strategies more flexibly than a fixed vector representation.
The challenge is scaling. In grading, each solution can be
evaluated once, so the number of expensive model calls
scales linearly with the number of submitted solutions,
O(n). Similarity analysis is inherently pairwise: for n
solutions to a problem, there are @ unordered pairs. A
direct LLM-based similarity analysis would therefore
require O(n?) expensive model calls. For response sets
of a few hundred students, this already amounts to tens of
thousands of pairwise comparisons per problem, and the
cost grows rapidly with additional problems, transcription
conditions, or model variants. Embedding-based methods
offer a computationally attractive alternative: each solution
is processed once to produce a vector representation, after
which all pairwise similarities can be computed cheaply
using local vector operations such as dot products or
cosine similarity. This computational argument motivates
the use of embeddings as a scalable approximation to
pairwise semantic comparison. It does not, however,
establish that the resulting similarity geometry is valid
for grading-related interpretation; that validity is the
empirical question tested in this study.

Text embeddings have recently become attractive tools
for physics education research because they provide a
scalable way to compare large collections of written
responses, explanations, interviews, or abstracts [82].
Embedding models are trained on large collections of text
to place pieces of text that are used in similar contexts near
one another in a high-dimensional vector space; once a
text has been mapped into this vector space, distances
between vectors can be used for retrieval, visualization,
and clustering. This makes embeddings appealing in
settings where manual qualitative comparison is expensive
and where researchers seek to identify recurring patterns in
large corpora [83,84], characterize curricula [85], or code
student responses [86,87].

Prior work has demonstrated several valuable uses of
clustering in science education. Martin et al. [88] used
unsupervised clustering to discover patterns in students’
written organic-chemistry arguments and subsequently
combined those patterns with a theory-driven framework
to construct a rubric and train automated scoring models.
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Gurin Schleifer et al. [89] compared clusters derived
from pretrained language-model embeddings with expert-
defined knowledge profiles in biology, finding that
high-quality responses were more readily recovered than
distinct forms of incorrect reasoning. The present study
addresses a complementary validity question: whether out-
of-the-box embeddings of rubric-blind textual representa-
tions of handwritten, equation- and diagram-rich physics
solutions preserve human-assigned correctness strongly
enough to justify grading-related interpretation. We use
“rubric-blind” to mean that the transcription model was not
supplied with the official solution, any question-specific
mark scheme or scoring rubric, item-level point alloca-
tions, or the human-assigned score. Unlike Martin et al.
[88], we do not use clusters to derive a rubric or train a
classifier. Instead, we treat pairwise similarity and cluster
membership as hypotheses and validate them externally
against human scores across five textual representations
and nine embedding mechanisms.

However, assessment contexts impose a stronger
requirement than exploratory organization. A cluster of
responses may be coherent in embedding space without
being coherent with respect to the construct being
assessed. In grading, the relevant construct is not general
semantic similarity but rubric-relevant correctness: the
selection of appropriate principles, the coordination of
representations, the validity of assumptions, the structure
of derivations, and the treatment of numerical and sym-
bolic details. Two solutions may be textually similar while
differing in a crucial sign, state variable, unit, or physical
assumption; conversely, two solutions may look quite
different while earning similar scores because they instan-
tiate different valid solution paths.

We therefore treat embedding-based clustering as a
hypothesis to be tested rather than as a grading method.
Following validity arguments in educational measurement,
the question is not whether a computational representation
can produce clusters but whether the intended interpreta-
tion and use of those clusters are supported by evidence
[90,91]. In the present study, we evaluate whether embed-
ding similarity and embedding-based hierarchical clusters
preserve human-assigned-score similarity for handwritten
physics solutions.

D. Testing embedding-based similarity and clustering

The central premise tested in this study is that proximity
in embedding space may correspond to similarity in
human-assigned scores—ideally, clusters would look like
those depicted in Fig. 1. We evaluated this premise in two
complementary ways. First, we asked whether pairwise
embedding similarity predicts pairwise score similarity:
for each pair of student solutions to the same problem, we
compared the embedding similarity of the two responses
with the negative absolute difference between their human-
assigned scores. Second, we asked whether hierarchical

FIG. 1. Schematic illustration of the clustering-validity cri-
terion. Each dot represents a student solution to a problem or
problem part; numbers and colors represent human-assigned
reference scores. Clusters are formed without using score
information. If embedding clusters supported grading-related
interpretation, sizable clusters would contain responses with
similar scores. Mixed-score clusters may still be useful for
exploratory organization, whereas clusters with large score
variation indicate that embedding proximity does not preserve
the grading-relevant construct. Single-member clusters may
represent unusual solution approaches or failed grouping.

clusters formed from embedding similarities produced
score-homogeneous groups. In both analyses, human scores
were used only as an external reference standard for
evaluation and were not used during transcription, embed-
ding generation, similarity computation, or clustering.

This framing treats clustering as an object of validation
rather than as an assumed grading method. Embedding-
based clusters may be useful for organizing responses,
selecting examples, or supporting human review, but
a grading-related interpretation requires evidence that
cluster membership preserves rubric-relevant distinctions.
Throughout this study, the embedding-based approach
examined here refers to unsupervised similarity analysis
and clustering of pretrained representations generated
from nonevaluative, rubric-blind transcriptions; supervised
classifiers, rubric-aware prompting, task-specific fine-
tuning, and direct LLM grading are outside the scope of
the present test. Rubric-aware or mark-scheme-aware
LLM grading has shown promise [92,93], but it addresses
a different question: whether a model can apply an
assessment criterion, rather than whether unsupervised
embedding geometry preserves that criterion without
explicit guidance.

E. Research questions

The main hypothesis of this study is

If embeddings are meaningful semantic-
conceptual representations of student-problem
solutions, then proximity in embedding space
should correspond to similarity in human-
assigned correctness scores.
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This study addresses four research questions.

1. To what extent does pairwise similarity in embed-
ding space predict similarity in human-assigned
scores for handwritten physics solutions?

2. Do hierarchical clusters formed from embedding
similarities produce groups that are homogeneous
with respect to human-assigned scores?

3. How do these results depend on the textual repre-
sentation of the handwritten work, the embedding
mechanism, the similarity metric, and the clustering
method?

4. Are the observed relationships strong enough to
justify grading-related interpretations of embedding
clusters, or are the clusters better understood as
exploratory groupings requiring human validation?

II. SETTING

A. Institution

ETH Zurich is a technical university enrolling approx-
imately 25 000 students from more than 120 countries.
Admission is highly selective for international applicants,
while Swiss high school graduates have open access.
Most undergraduate instruction is in German. In line with
the academic tradition of German-speaking universities,
assessment is primarily summative, with high-stakes
examinations at the end of courses rather than continuous
assessment during the semester.

B. Exam

We analyze a high-stakes exam in engineering thermo-
dynamics [75,77] covering standard topics such as energy,
exergy, entropy, and enthalpy. The exam had four prob-
lems (1 to 4), each with a handful of parts (a to d or a to e),
and those, in turn, were graded on a handful of rubric items
each (85 rubric items in total). Students produced complete
handwritten solutions using permanent pens and were
instructed to leave out any work they did not wish to be
graded. Figure 2 shows an example of student work on
this exam.

C. Sample

The study was approved by the ETH Zurich Ethics
Committee (Study 2023-N-286). Of the 434 students who
sat the exam, 252 provided informed consent and were
included in the research dataset. Consent forms were
distributed before the exam and collected with the sub-
missions. Because participation was opt-in in a high-stakes
context, selection effects are possible; for example, stu-
dents may have ignored the form under time pressure or
withheld consent after perceiving poor performance. The
research protocol did not permit linking participation
status to demographics or scores, so direct comparisons
between participants and nonparticipants are not available.
The resulting dataset comprises 3041 pages of handwritten
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FIG.2. Example of student work on the exam. The black box in
the top-right is the redacted student name.

solutions (mean 12 pages per student) spanning a wide
range of performance; as not all students worked on all
problems, the dataset resulted in 993 student-problem
solutions (instead of 1008).

III. METHODS

A. Transcription of handwriting

The scanned handwritten solutions were converted into
text under five transcription conditions using GPT-5.4
[94]. These conditions varied the degree of normalization
and interpretation while sharing the nonevaluative, rubric-
blind protocol described in Sec. III B. The five tran-
scription conditions were as follows.

ASCII verbatim (ascii): In this condition, the model
was asked to transcribe the visible content as closely
as possible into plain ASCII text. Mathematical
notation was represented using ASCII conventions,
such as x"2, sgrt (x), Delta T, Qdot, m_dot,
h 1, and p_ 2. Diagrams and sketches were not
ignored but were represented only by brief textual
descriptions placed near their approximate location in
the page content.
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The rationale for this condition was to produce a
minimally normalized representation of the original
student artifact. It preserves idiosyncratic notation,
ordering, partial work, and visible structure as much
as possible. This condition therefore serves as a
relatively low-interpretation baseline. However, be-
cause it retains substantial surface variation in nota-
tion, layout, and handwriting-derived transcription
noise, it may be less effective for clustering solutions
that are mathematically or conceptually similar but
written in different forms.

LaTeX-oriented (1latex): In this condition, the model

was asked to transcribe visible mathematical expres-
sions using LaTeX notation while preserving sur-
rounding prose in ordinary text. For example, rates,
subscripts, and thermodynamic quantities could be
rendered as \dot{Q}, \dot{m}, \DeltaT, h_1, or
c_p. The instruction emphasized that equations
should be preserved as written, even if they appeared
nonstandard or incomplete, and that the model should
not simplify, repair, or complete derivations. Dia-
grams were described textually, including axes, la-
bels, states, arrows, and process paths where visible.

The rationale for this condition was to obtain a

more standardized representation of mathematical
work than the ASCII condition while retaining the
symbolic structure of the student’s solution. This
representation may be useful for calculation-heavy
or derivation-heavy problems, where similarity may
depend on the equations selected, the variables
related, and the substitutions performed. At the same
time, LaTeX syntax may introduce tokens that are not
semantically meaningful to all embedding models,
and the act of converting handwriting into LaTeX
may normalize away some student-specific variation.
Thus, this condition tests whether mathematical
standardization improves clustering relative to a more
literal transcription.
Formula narrative (formula narrative): In this
condition, the model was asked to narrate the for-
mulas, symbolic steps, numerical substitutions, and
final numerical results in natural language. For
example, an expression such as Q = m ¢_p Delta
T would be represented as a statement that the student
uses heat transfer as mass times specific heat at
constant pressure times temperature difference, while
retaining the original formula and visible quantities
where useful. The narrative was constrained to
describe visible work only; uncertain inferences were
to be marked with phrases such as “the student
appears to” or “it is unclear whether.”

The rationale for this condition was to make
mathematical content more accessible to general-
purpose text embeddings. Students may write math-
ematically equivalent or closely related expressions

020147-5

using different notation, ordering, or intermediate
variables. A formula narrative may reduce superficial
notational differences by converting symbolic work
into semantically similar natural-language descrip-
tions. This condition is therefore expected to be
useful when the important similarity among solutions
lies in the underlying formula choices, substitutions,
or computational strategy rather than in the exact
notation used. Its potential disadvantage is that
narration introduces a greater degree of model
mediation and may lose fine-grained algebraic or
numerical detail.

Solution narrative (solution narrative): In this

condition, the model was asked to produce a concise
narrative account of what the student visibly did in the
solution. The output described the apparent problem
labels, physical system or process when visible,
quantities identified, formulas used, sequence of
substitutions or calculations, final results, and any
diagrams or crossed-out work. The model was in-
structed to use cautious language for inferred reason-
ing and to avoid evaluative terms such as “correct,”
“incorrect,” “right,” or “wrong” unless such words
were visibly written by the student.

The rationale for this condition was to represent the
student’s apparent solution process rather than only
the literal written content or isolated formulas. This
may be especially useful for conceptual problems,
problems involving multistep reasoning, and prob-
lems where a diagram or choice of method is central
to the response. For clustering, the hypothesis is that
students who follow similar reasoning paths or make
similar methodological choices may be embedded
near one another even when their exact notation or
numerical work differs. The risk is that this condition
is the most interpretive of the five: the model may
impose a coherent narrative on incomplete or ambigu-
ous work. For this reason, the prompt emphasized
visible evidence and explicit uncertainty.

Hybrid structured (hybrid structured): In this

condition, the model was asked to produce a struc-
tured representation with fixed section headings:
problem labels, visible text, formulas and symbolic
work, numerical work and results, diagrams and
sketches, apparent method, crossed-out or abandoned
work, and uncertainties. Mathematical expressions
were represented in ASCII notation. For each visible
diagram or sketch, the model was asked to provide a
structured description, including the diagram type,
axes, states or points, paths or processes, annotations,
apparent role in the solution, and uncertainty. As in
the other conditions, the model was instructed not to
evaluate correctness.

The rationale for this condition was to combine the
strengths of the previous conditions. It preserves
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TABLE I. Summary of the five textual representations used for the handwritten student work.
Representation Transformation Mathematical form Diagram treatment Degree of interpretation
ASCII verbatim Near-literal transcription ~ ASCII notation Brief textual description Low
LaTeX-oriented Symbolic normalization LaTeX notation Structured textual description Low-moderate
Formula narrative  Narrates formulas and Natural language plus  Narrated where relevant Moderate

calculations retained expressions
Solution narrative  Describes visible solution  Selected formulas Integrated into process High

process within narrative account
Hybrid structured  Fixed multimodal schema ASCII expressions in ~ Detailed structured High

sections description

literal written content, symbolic and numerical work,
diagrammatic information, and a brief nonevaluative
description of the apparent method while imposing a
consistent structure across solutions. This condition
was designed specifically as an embedding-oriented
representation: stable section headings provide a
common schema, while the contents preserve solu-
tion-specific information likely to be relevant for
clustering. It may be particularly valuable for thermo-
dynamics exams, where grading-relevant information
can appear in prose, equations, numerical substitu-
tions, property-table lookups, cycle sketches, control-
volume diagrams, or thermodynamic state diagrams.
The hybrid condition therefore tests whether a struc-
tured, multimodal textual representation yields clus-
ters that better align with human-assigned scores than
either literal transcription or free narrative alone.
Table I gives an overview of these five transcription
modes, while the Appendix shows the original system
prompts and examples of transcriptions.

B. Common constraints across transcription conditions

We deliberately separated representation from evalu-
ation. A rubric-aware or mark-scheme-aware transcription
prompt would introduce assessment information before the
embedding stage, so subsequent agreement with human
scores would conflate the model’s grading inferences with
the geometry of the embedding space. The model therefore
served as a rubric-blind representation layer rather than as
a grader: it could normalize visible notation and describe
apparent solution structure, but human scores remained an
external criterion used only after transcription, embedding
generation, similarity computation, and clustering. This
design isolates the narrower question of whether out-of-
the-box embedding geometry itself preserves grading-
relevant distinctions.

Operationally, all five transcription conditions shared
the following constraints:

1. The model operated only on the visible student
artifact; it was not supplied with the official sol-
ution, any question-specific mark scheme or scoring

rubric, item-level point allocations, or the human-
assigned score.

2. The task was framed as transcription or description,
not assessment. The model was explicitly instructed
not to solve, correct, grade, or compare the student
work to an ideal solution.

3. Ambiguity was to be preserved rather than resolved:
illegible material was marked as such, uncertain
symbols or numbers were identified as uncertain,
and inferred reasoning was to be described cau-
tiously.

4. Diagrams and sketches were included in the textual
representation rather than discarded. This was
important because thermodynamics solutions may
contain grading-relevant graphical elements, such
as T—s diagrams, p—v diagrams, cycle sketches,
process paths, state labels, control-volume sche-
matics, and heat or work arrows.

5. Crossed-out or abandoned work was retained when
readable, since such work may reflect solution
strategies or misconceptions relevant to similarity
clustering.

The purpose of comparing these five transcription
conditions was not to determine which one most faithfully
reproduces the handwriting in a human sense, but rather to
determine which textual representation best preserves
grading-relevant similarity among student solutions. The
subsequent clustering analysis therefore treats the tran-
scription condition as an experimental variable. For each
condition, embeddings are computed from the resulting
text, clusters are formed within each problem, and the
distribution of human-assigned scores within each cluster
is examined. A useful transcription condition is one for
which clusters contain solutions that are similar not only in
embedding space but also in the scores assigned by human
graders and, upon inspection, in their apparent solution
strategies or recurring errors.

C. Text-embedding methods

We generated vector representations of each student
response using nine embedding mechanisms. In the

020147-6



TESTING THE VALIDITY OF EMBEDDING- ...

PHYS. REV. PHYS. EDUC. RES. 22, 020147 (2026)

following, the short names in parentheses are used
throughout the remainder of the paper.

OpenAl text-embedding-3-large (oai3large): This
condition used OpenAl’s text-embedding-3-
large embedding model as a hosted, general-
purpose text-embedding baseline. The model maps
each input response representation to a dense vector
intended to support semantic comparison of text by
vector similarity. In this study, cai3large serves as
a strong proprietary reference embedding that was not
specialized to physics education or to the particular
scoring rubrics used here [95].

Jina text-retrieval F16 (jina4retF16): This condi-
tion used the Jina Embeddings v4 model with the
text-retrieval adapter in F16 GGUF format. Jina
Embeddings v4 is a multimodal, multilingual embed-
ding model with task-specific adapters. The text-
retrieval adapter is optimized for retrieval-style use
cases, where vector similarity is intended to support
finding relevant passages or documents. We used
it here as an embedding mechanism for student
responses, allowing us to test whether retrieval-
optimized semantic structure is aligned with grading-
relevant similarity [96,97].

Jina text-retrieval Q8 (jina4retQ8): The same
adapter as jina4retF16, but in an 8-bit quantized
GGUF representation. This condition was included to
test whether reduced-precision local inference pre-
served the grading-relevant geometry observed with
the higher-precision retrieval-adapter condition.

Jina text-retrieval Q4_K_M (jina4retQ4): The same
adapter as jina4retF16, but in a more aggres-
sively quantized Q4_K_M GGUF representation. It
was included as a low-resource local embedding
condition, testing whether a substantially compressed
retrieval-oriented model still preserved enough
semantic structure to be useful for clustering or
score-similarity analysis.

Jina text-matching F16 (jina4matchF16): This
condition used Jina Embeddings v4 with the text-
matching adapter in F16 GGUF format. Unlike the
retrieval adapter, the text-matching adapter is in-
tended for symmetric semantic-similarity tasks such
as duplicate detection, clustering, and matching texts
of the same general type. This made it a particularly
relevant comparison condition for the present study,
since student responses are being compared to
other student responses rather than to external query
documents [96,97].

Jina text-matching Q8 (jina4matchQ8): This con-
dition tests whether the symmetric text-matching
geometry of jinad4matchF16 is retained under
moderate 8-bit quantization.

Jina text-matching Q4_K_M (jinad4matchQ4): This
condition represents the most compressed version of

the Jina text-matching family used in the study and
was included to assess the robustness of embedding-
based clustering and score-similarity analyses under
low-resource local deployment.

Qwen 2.5-Math-1.5B-Instruct (qwenMathlp5B): This
condition used the instruction-tuned 1.5B-parameter
Qwen2.5-Math model as a math-specialized repre-
sentation mechanism. Unlike the dedicated embed-
ding models above, Qwen2.5-Math-Instruct is
primarily a generative mathematical reasoning model
rather than a conventional embedding model. We thus
extracted final-layer hidden-state representations and
converted them to one vector per response by mean
pooling over nonpadding tokens. The resulting vec-
tors were not normalized before similarity computa-
tion. We included it to test whether representations
derived from a smaller mathematics-specialized
instruction model better preserved grading-relevant
distinctions in physics solutions than general-purpose
text embeddings [98].

Qwen 2.5-Math-7B-Instruct (qwenMath7B): This con-
dition used the instruction-tuned 7B-parameter
Qwen2.5-Math model as a larger math-specialized
representation mechanism. As with gwen-
Mathlp5B, this model was not included as a
standard sentence-embedding model but as a test of
whether a mathematics-specialized language model
produced response representations whose geometry
was more aligned with rubric-relevant correctness.
This condition also allowed us to examine whether
increased model scale within the Qwen2.5-Math
family improved the usefulness of embeddinglike
representations for clustering and grading-related
similarity analyses [98].

For each of the nine embedding mechanisms, we gen-
erated embeddings for five response representations:
ascii, latex, formula narrative, solution
narrative, and hybrid structured. The four
problems contained 245, 247, 252, and 249 student
responses, respectively, for a total of 993 student-problem
responses per response representation. Thus, the full design
called for 9 x5x993 =44685 embedding vectors.
During downstream analysis, after the graphics processing
units used for local embedding generation were no longer
available, we discovered one corrupted embedding file,
corresponding to a student response for Problem 4 in one
embedding condition. Because this vector could not be
regenerated at that stage, we excluded the corresponding
student-problem case globally rather than allowing different
embedding mechanisms to be evaluated on different
response sets. Specifically, the student-problem was
removed from consideration for all embedding mechanisms
and response representations. The final harmonized analysis
set therefore contained 245, 247, 252, and 248 responses
for Problems 1-4, respectively, or 992 student-problem
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responses per response representation. This yielded
9 x5x992 = 44,640 usable embedding vectors in the
final comparative analyses.

D. Similarity and clustering evaluation

For each problem, transcription condition, and embed-
ding mechanism, we constructed a matrix of pairwise
similarities among student-problem responses. We evalu-
ated these matrices in two complementary ways:

e First, we asked whether pairwise embedding simi-

larity predicted pairwise score similarity.

e Second, we asked whether hierarchical clusters
formed from embedding similarities were homo-
geneous with respect to human-assigned scores.

In both analyses, human scores were used only as an
external reference standard for evaluation and were not
used during transcription, embedding generation, similar-
ity computation, or clustering.

1. Similarity

Because each student response contributes to many
unordered pairs, the pairwise observations are not sta-
tistically independent. We therefore interpret Pearson r
and Spearman ¢ as descriptive effect-size measures of
alignment between embedding similarity and score sim-
ilarity. Conventional pair-level p-values and confidence
intervals are not reported because they would incorrectly
assume independent observations.

Let x; €R? denote the embedding vector for student
response [ within a fixed problem, transcription condition,
and embedding mechanism. We computed two similarity
matrices. The first was ordinary cosine similarity,

X; X

98 = (1)
o Il

J

The second was mean-centered cosine similarity. For
each embedding matrix (fixed problem, transcription
condition, and embedding mechanism), we computed
the mean vector:

1 n
u :;;xi, )

and then compared centered vectors z; = x; — u:

cent __Si"%j

et — —— 2
Yoo lzillllz

3)

The centered measure was included because all
responses to a given problem share substantial semantic
context from the problem statement and the domain.
Mean-centering removes the common direction of the
response set and may therefore emphasize distinctions
among student solutions rather than similarity arising

merely from answering the same problem. Similarity
matrices were checked for finite entries, symmetry, diago-
nal values close to one, and values within the numerical
range expected for cosinelike similarities.

For the pairwise score-similarity analysis, we consid-
ered all unordered pairs of student responses (i, j) within
the same problem for which both responses had human-
assigned scores. For each pair, we recorded the embedding
similarity s;;, the human scores y; and y;, the absolute
score difference

; “

A= i -

and the negative absolute score difference —A;;. If embed-
ding similarity preserved grading-relevant distinctions,
higher values of s;; should correspond to smaller score
differences and, therefore, to larger values of —A;;. We
therefore computed Pearson and Spearman correlations
between s;; and —A;;. Spearman correlation, rather than
Pearson correlation, was treated as the primary pairwise
quality measure because it tests whether the embedding
similarity orders pairs in a grading-relevant way without
assuming a linear relationship between similarity values
and score differences. Pearson correlation was retained as
a secondary measure. We also binned pairs by similarity
quantile and computed the mean and median absolute
score difference within each bin as a diagnostic visuali-
zation of whether high-similarity pairs had smaller score
differences.

2. Clustering

For the clustering analysis, each similarity matrix S was
converted to a distance matrix:

We then performed agglomerative hierarchical cluster-
ing using average linkage and complete linkage. These two
linkage methods represent different assumptions about
what should count as a coherent group: average linkage
merges clusters based on average intercluster distance,
whereas complete linkage is more conservative and penal-
izes clusters whose most distant members remain far apart.
For each linkage method, we evaluated clusterings with
requested numbers of clusters k =2, ...,80, capped at
n —1 for a response set of size n. Cluster assignments
were produced without using score information.

For each clustering, we summarized the distribution of
human scores within each cluster. For a cluster ¢, with
score set y;: i € ¢, we computed the cluster size n., mean
score y,., sample score standard deviation (SD) o., and
score range
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r. = maxy; —
iec i

Eilclyi- (6)
Because very small clusters are of limited practical
value for grading or batching workflows, we defined a
useful cluster as one containing at least five responses. We
therefore computed useful-cluster coverage, defined as the
fraction of responses assigned to useful clusters. For the
responses in useful clusters, we computed the response-
count-weighted mean cluster score standard deviation,

Zc: n.25 n.o

Ouseful = s
Zc: n.>5 ne

and the corresponding response-count-weighted mean
score range,

(7)

Zc: n.>5 nere

Tuseful = .
Zc: n.>5 ne

We refer to these quantities as Useful SD and Useful
range in Tables IV and V. Lower values indicate more
score-homogeneous clusters, while higher useful-cluster
coverage indicates that the method organizes a larger
fraction of the response set into nontrivial groups. The
upper limit of cluster numbers & = 80 and the minimum
useful-cluster size of five responses were chosen to allow
relatively fine-grained grouping while excluding singleton
or very small clusters that would not meaningfully reduce
grading or review effort.

For aggregate comparisons across problems, a cluster-
ing configuration was eligible for the primary comparison
only if at least 70% of responses were assigned to useful
clusters and at least two useful clusters were present.
Within each problem and experimental condition (tran-
scription and embedding method), we then selected the
value of k with the lowest Useful SD. Ties were broken
first by higher useful-cluster coverage and then, if both
quantities remained tied, by choosing the smaller value
of k, thereby favoring the less fragmented partition. These
best-per-problem rows were aggregated across the four
problems by transcription condition, embedding mecha-
nism, similarity method, and linkage method. This pro-
duced the overall clustering-quality summaries reported in
Sec. IV. The selection of k was used only for retrospective
evaluation of the best observed clustering quality for each
condition. It should therefore be interpreted as an opti-
mistic diagnostic of the embedding geometry, not as a
deployable unsupervised procedure for choosing k without
access to the reference scores.

Together, the pairwise and clustering analyses test
different aspects of the same validity claim. The pairwise
analysis asks whether embedding geometry orders pairs of
responses in a way that reflects human-score similarity.

8)

The clustering analysis asks whether that geometry can be
partitioned into sizable groups with sufficiently homo-
geneous scores to support grading-related interpretation.
In both cases, strong performance would require not
merely visible structure in embedding space but also
alignment between that structure and the assessment
construct represented by human-assigned scores.

IV. RESULTS

A. Embedding versus score similarity

Figure 3 provides a first aggregate test of the embed-
ding-similarity hypothesis. The plotted quantity is based
on the absolute score difference A;; defined in Eq. (4),
normalized within each problem and condition. If prox-
imity in embedding space were a strong proxy for grading
similarity, the mean score difference should decrease
sharply for pairs in the highest similarity percentiles.
Instead, all transcription conditions show a consistent
but modest downward trend. Pairs in the lowest similarity
percentiles tend to differ in score more than arbitrary pairs,
whereas pairs in the highest similarity percentiles tend to
differ somewhat less. However, even the most similar pairs
retain substantial score variation: their mean score differ-
ence remains close to the random-pair baseline rather than
approaching zero. This indicates that embedding spaces
contain grading-relevant information, but that high embed-
ding similarity should not be interpreted as evidence of
grading equivalence.

Tables II and III summarize the correlations between
embedding similarity s;;, computed using either Egs. (1)
or (3), and the negative score difference —A,;; from Eq. (4).
Across transcription modes, the best Spearman correla-
tions ranged from 0.142 for the literal ASCII transcription
to 0.198 for the hybrid structured representation. Narrative
and structured representations therefore produced stronger
alignment with human scores than literal transcription,
suggesting that some normalization of symbolic and
diagrammatic work into semantically explicit text helped
the embedding models capture grading-relevant structure.
However, the absolute magnitude of the correlations
remained small. Even the best condition, hybrid structured
transcription with the gqwenMath7B representation and
ordinary cosine similarity, reached only a weighted
Spearman correlation of 0.198 and a weighted Pearson
correlation of 0.243. Thus, the improvement from tran-
scription design did not turn embedding similarity into a
reliable proxy for score equivalence.

The fine-grained ordering of embedding mechanisms
should be interpreted cautiously. The 10 highest-ranked
conditions occupy a narrow band of weighted Spearman
correlations, from 0.177 to 0.198. We therefore do not
interpret the exact ranks as evidence that one embedding
mechanism is decisively superior to another. Rather, the
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FIG. 3. Relationship between embedding similarity and human-score difference. For each transcription condition, unordered pairs of
student responses were binned by embedding-similarity percentile. The vertical axis shows the mean absolute score difference in each
bin, normalized by the mean absolute score difference across all pairs for the corresponding problem and condition. Thus, the dashed
line at 1.0 represents the expected score difference for an arbitrary pair of responses; values below 1.0 indicate pairs that are more
similar in score than random pairs. Thin gray lines show the 18 embedding-mechanism and similarity-method combinations for the
given transcription mode: nine embedding mechanisms crossed with ordinary cosine and centered cosine similarity. Each line is
aggregated across the four exam problems. The black line shows the median across these 18 combinations.

table shows that the strongest observed configurations all
produce similarly modest score-similarity signals. The
exact similarity metric was also not decisive: ordinary
cosine similarity performed best for the strongest Qwen
conditions, whereas centered cosine appeared among the
strongest Jina retrieval conditions. Similarly, the Jina
retrieval quantization levels produced nearly indistinguish-
able results. Overall, the response representation had
the clearest descriptive effect, while the choice among

high-performing embedding mechanisms and similarity
metrics produced only small differences.

Taken together, these results support a bounded inter-
pretation of embedding similarity. Embeddings do not
behave randomly: more similar response pairs tend, on
average, to have somewhat smaller score differences. At
the same time, the correlations are too small to support
the stronger claim that embedding proximity identifies
grading-equivalent responses. The observed signal is
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TABLE IL

Pairwise score-similarity correlations by transcription mode. Best values are the highest observed

across embedding mechanisms and similarity metrics; median values are medians over those same conditions.
Because each response appears in multiple pairs, these correlations are interpreted as descriptive effect-size
summaries rather than as inferential estimates based on independent observations. Boldface indicates the largest
value in each correlation column.

Transcription Best Spearman Median Spearman Best Pearson Median Pearson
ASCII 0.142 0.130 0.189 0.145
LaTeX 0.172 0.145 0.228 0.162
Formula narrative 0.182 0.160 0.217 0.187
Solution narrative 0.190 0.157 0.240 0.180
Hybrid structured 0.198 0.145 0.243 0.172

sufficient for exploratory organization or retrieval, but not
for unsupervised grading.

B. Hierarchical clustering

For clustering, similarities were converted to distances
using Eq. (5), and cluster quality was summarized pri-
marily by Useful SD, defined in Sec. III D 2. The pairwise
analysis showed that embedding similarity contains a
weak but consistent score-related signal. We next asked
whether this signal was strong enough to produce score-
homogeneous clusters. This is the more demanding
criterion for grading-related use: a cluster may be useful
for organizing responses only if it contains a nontrivial
number of responses and if the human scores within the
cluster do not vary widely.

For each transcription condition, embedding mecha-
nism, similarity metric, and linkage method, we examined
hierarchical clusterings across the range of requested
cluster numbers described above. We focused on clusters
containing at least five responses and required at least 70%
of responses to fall into such useful clusters. Among
configurations meeting this criterion, lower weighted
useful-cluster score standard deviation indicates greater
score homogeneity.

TABLE III.

The best clustering configurations again showed evi-
dence of score enrichment, but not score equivalence.
The strongest conditions produced useful-cluster score
standard deviations on the order of several score points,
rather than near-zero variation. Thus, the resulting clusters
still contained substantial grading variation.

Tables IV and V summarize the hierarchical clustering
results under the useful-cluster criterion. In contrast to the
pairwise analysis, where the strongest condition used the
hybrid structured transcription with a Qwen-derived rep-
resentation and ordinary cosine similarity, the strongest
clustering conditions were dominated by centered cosine
similarity and complete linkage. The best overall configu-
ration was the formula narrative transcription embedded
with the Jina retrieval Q8 model, using centered cosine
similarity and complete linkage. This condition placed
73.1% of responses into useful clusters and yielded a
weighted useful-cluster score standard deviation of 2.547
score points.

The transcription-mode summary in Table [V shows the
same broad pattern as the pairwise analysis: literal tran-
scriptions were less effective than more semantically
mediated representations. The best useful-cluster standard
deviation decreased from 2.878 for ASCII and 2.797 for

Best transcription and embedding combinations for the pairwise score-similarity analysis. Metrics were computed from

122 525 unordered response pairs, but pairs are not statistically independent because each student response appears in many pairs. The
table is therefore interpreted descriptively rather than as an inferential ranking. Boldface indicates the largest weighted Spearman and

Pearson correlations among the configurations shown.

Rank Transcription Embedding Similarity Weighted Spearman Weighted Pearson
1 Hybrid structured gwenMath7B Cosine 0.198 0.243
2 Solution narrative gwenMath7B Cosine 0.190 0.240
3 Hybrid structured gwenMath7B Centered_cosine 0.189 0.202
4 Hybrid structured gwenMathlp5B Cosine 0.183 0.233
5 Formula narrative jinaRetQs8 Centered_cosine 0.182 0.191
6 Formula narrative jinaRetF16 Centered_cosine 0.182 0.191
7 Formula narrative jinaRetQ4 Centered_cosine 0.180 0.190
8 Formula narrative ocai3large Cosine 0.180 0.217
9 Hybrid structured gwenMathlp5B Centered_cosine 0.178 0.192
10 Formula narrative jinaRetF16 Cosine 0.177 0.212
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TABLEIV. Clustering-quality summaries by transcription mode. Best useful SD is the lowest observed weighted
useful-cluster score standard deviation across embedding mechanisms, similarity metrics, and linkage methods;
best coverage is the highest observed useful-cluster coverage. These best values need not occur in the same
configuration. For reference, before clustering, the unpartitioned problem response sets had a response-count-
weighted mean score SD of 3.866 points and a response-count-weighted mean observed score range of 17.255
points across 992 student-problem responses. Useful-cluster statistics include only responses assigned to clusters
containing at least five responses. Boldface indicates the smallest standard deviations and the largest coverage

values in the respective columns.

Transcription Best useful SD Median useful SD Best coverage Median coverage
ASCII 2.878 3.139 0.883 0.784
LaTeX 2.797 3.052 0.874 0.766
Formula narrative 2.547 2.955 0.852 0.770
Solution narrative 2.722 3.005 0.874 0.779
Hybrid structured 2.717 2.939 0.873 0.758

LaTeX to 2.547 for formula narrative, 2.722 for solution
narrative, and 2.717 for hybrid structured. Median perfor-
mance showed the same tendency, although the differences
were modest: the median useful-cluster standard deviation
was 3.139 for ASCII, compared with 2.955 for formula
narrative and 2.939 for hybrid structured. Thus, narrative
and structured transcriptions again appear to preserve
somewhat more grading-relevant structure than literal
transcription, but the improvement is incremental rather
than transformative.

The top-ranked clustering configurations in Table V also
show that the exact ordering of embedding mechanisms
should not be overinterpreted. The 10 best configurations
occupy a relatively narrow band of weighted useful-cluster
standard deviations, from 2.547 to 2.785. Most of these
configurations use centered cosine similarity and complete
linkage, suggesting that subtracting the common response-
set direction and using a conservative linkage criterion
helped form tighter score-enriched groups. However,
even the best clusters retained substantial score variation.
The weighted useful-cluster score ranges in the top

configurations were approximately seven to nine score
points, indicating that clusters were far from score-pure.
Multiple values of k tied on both Useful SD and useful-
cluster coverage in some conditions. As a sensitivity
check, we repeated the selection using explained score
variance rather than the smaller-k rule as the tertiary tie-
breaker. This changed the selected k in 146 of the 720
problem-level conditions; in every changed case, the
explained-variance rule selected a larger k, by one to four
clusters. However, Useful SD, useful-cluster coverage, and
Useful range were unchanged for all 180 aggregate con-
figurations; only mean selected k changed in 102 configu-
rations. Thus, the tie-breaking rule affected the reported
degree of partitioning but not the score-homogeneity, cover-
age, or range summaries or the substantive conclusions.
For context, before clustering, the four unpartitioned
problem response sets had a response-count-weighted
mean score standard deviation of 3.866 points and a
response-count-weighted mean observed range of
17.255 points. The best clustering configuration yielded
a weighted useful-cluster standard deviation of 2.547

TABLE V. Eligible clustering configurations with the lowest weighted useful-cluster score SD, ranked from lowest to highest. Useful
coverage, useful SD, and useful range are response-count-weighted summaries across problems. The reported & is the mean value
selected across the four problems. The corresponding unpartitioned response-set baseline is reported in Table I'V. Boldface indicates the
smallest weighted useful-cluster score standard deviation among the configurations shown.

Useful Useful  Useful Mean selected

Rank Transcription Embedding Similarity Linkage coverage SD range k

1 Formula narrative jinaRetQ8 Centered_cosine  Complete 0.731 2.547 7.142 47.000
2 Formula narrative jinaRetF16 Centered_cosine  Complete 0.767 2.630 7.370 44.750
3 Hybrid structured jinaMatchQ4 Centered_cosine ~ Complete 0.744 2.717 7.508 46.750
4 Solution narrative ~ jinaRetQ8 Centered_cosine ~ Complete 0.794 2.722 7.885 42.500
5 Solution narrative ~ jinaRetQ4 Centered_cosine ~ Complete 0.737 2.730 7.880 44.500
6 Formula narrative ~ jinaRetQ4 Centered_cosine ~ Complete 0.798 2.740 7.950 40.500
7 Hybrid structured  gwenMathlp5B  Centered_cosine  Complete 0.757 2.759 8.196 46.250
8 Hybrid structured  gwenMath7B Centered_cosine ~ Complete 0.736 2.761 8.183 48.000
9 Solution narrative jinaRetF16 Centered_cosine ~ Complete 0.807 2.761 7.967 41.250
10 Formula narrative =~ jinaRetF16 Centered_cosine  Average 0.852 2.785 9.206 31.750
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points and a weighted useful-cluster range of 7.142 points.
Thus, the useful clusters were descriptively more score-
homogeneous than the unpartitioned response sets, but they
still contained substantial grading variation (this compari-
son is descriptive because the useful-cluster statistics
include only the 73.1% of responses assigned to clusters
containing at least five student-problem responses).

These results therefore support the same bounded inter-
pretation as the pairwise analysis. Embedding-based clus-
tering does not simply fail: the clusters are score-enriched,
and transcription choices affect the degree of enrichment.
But the resulting groups are not score-equivalent. Even after
selecting k retrospectively by minimizing Useful SD among
eligible configurations, the best clusters retained substantial
within-cluster score variation.

V. DISCUSSION

A. Semantic similarity

This study tested whether embedding-based similarity
and clustering can support grading-related interpretations
of handwritten physics solutions. The answer is mixed
but clear. The embedding spaces were not arbitrary with
respect to human scores: nearby responses tended, on
average, to have somewhat more similar scores. However,
the relationship was weak. The strongest pairwise condi-
tions produced only modest correlations, and the strongest
clustering conditions still contained substantial within-
cluster score variation. Thus, embedding geometry was
score-enriched, but not score-equivalent.

This distinction is central for assessment validity. A
representation may be useful for organizing responses
even if it is not valid for grading them. In the present study,
embeddings appeared capable of producing neighborhoods
of partially related student work. Such neighborhoods
may be useful for browsing large response sets, selecting
examples, identifying unusual solutions, supporting grader
calibration, or organizing human review. They do not,
however, define grading categories. The evidence does not
support the inference that two responses close in embed-
ding space deserve the same score, nor that membership
in the same embedding cluster is sufficient evidence of
rubric-equivalent reasoning.

The results also show that the textual representation of
the handwritten work matters. Literal transcription pre-
served surface form, but narrative and structured repre-
sentations generally produced stronger alignment with
human scores. This suggests that making formulas, dia-
grams, numerical work, and apparent solution structure
explicit in text can help embedding models capture
some grading-relevant information. At the same time,
the improvement was incremental. More semantically
mediated transcriptions improved the signal but did not
transform the problem into one that can be solved by
unsupervised embedding similarity.

The exact embedding mechanism mattered less deci-
sively. Different model families appeared among the
strongest pairwise and clustering configurations, and the
top-ranked conditions differed only slightly. Similarly,
ordinary cosine similarity and centered cosine similarity
each appeared useful in different settings. Centering was
especially prominent among the strongest clustering con-
figurations, plausibly because it removes a common
problem-level direction in embedding space and empha-
sizes differences among responses. However, the fact that
the best pairwise and clustering configurations were not
the same reinforces the main methodological point: embed-
ding geometry is not intrinsically valid for a grading use. It
must be evaluated against the intended interpretation.

The clustering analysis makes this limitation especially
visible. Clustering is a stronger requirement than pairwise
similarity: it asks whether a response set can be partitioned
into sizable groups with homogeneous scores. Even under
favorable retrospective choices of k, evaluated using the
eligibility and score-homogeneity criteria defined in
Sec. IIID 2, the best clusters retained score ranges of
several points. Moreover, the selected values of k were
relatively large, indicating that the most favorable cluster-
ings carved the response sets into many small neighbor-
hoods rather than discovering a small number of broad
rubric categories. This pattern is consistent with explor-
atory usefulness but not with unsupervised grading.

These findings caution against equating semantic sim-
ilarity with assessment similarity. Physics solutions are
multimodal artifacts that combine prose, equations, dia-
grams, assumptions, units, signs, state variables, numerical
substitutions, and final answers. Small symbolic differences
may have large grading consequences, while visibly differ-
ent solution paths may receive similar scores. Embeddings
capture broad regularities in text, but grading depends on a
construct defined by the assessment and rubric. In validity
terms, clusters are not findings by themselves; they are
hypotheses requiring external evidence.

B. A toy system

As we are considering embeddings as tools for quali-
tative physics education research or task automation, we
need to be aware of their limitations. In our study, we
found that measuring semantic similarity in terms of
physics correctness may not be a strength of embeddings.
To better understand this, we synthesized a set of student-
problem answers to the prompt, “explain the work done by
a Carnot engine,” see Table VI. To test whether embedding
similarity reflects conceptual similarity or merely surface
similarity, we constructed a toy set of short statements
about the work done by a Carnot engine. Five statements
were fully correct but expressed the same relationship in
different formulations. For each correct statement, we then
generated three closely worded variants, each preserving
the surface formulation of its paired correct statement
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TABLE VI. A synthetic set of student answers to the prompt, explain the work done by a Carnot engine. Blank entries in the Pair

column indicate that pairing is not applicable.

ID Class Flaw family Pair Statement

Cl Correct  None A Carnot engine does net work W = Q_H x (1-T_C/T_H) per cycle,
using absolute temperatures.

F_a_1 Incorrect Celsius-ratio Cl1 A Carnot engine does net work W = Q_H x (1-T_C/T_H) per cycle,
using temperatures in deg C.

F_b_1 Incorrect Reversed-ratio Cl1 A Carnot engine does net work W = Q_H * (1-T_-H/T-C) per cycle,
using absolute temperatures.

F c_1 [Incorrect Rejected-heat/work-confusion C1 A Carnot engine does net work W = Q_H x (T_C/T_H) per cycle, using
absolute temperatures.

C2 Correct None The work output equals the heat taken from the hot reservoir times the
Carnot efficiency, 1-T_C/T_H.

F_a_2 Incorrect Celsius-ratio C2  The work output equals the heat taken from the hot reservoir times the
Carnot efficiency, 1-T_C/T_H, with T measured in deg C.

F_b_2 Incorrect Reversed-ratio C2  The work output equals the heat taken from the hot reservoir times the
Carnot efficiency, 1-T_H/T_C.

F_c 2 Incorrect Rejected-heat/work-confusion C2  The work output equals the heat taken from the hot reservoir times
T_C/T_H.

C3 Correct None In one reversible cycle, a Carnot engine converts the fraction
1-T_C/T_H of Q_H into useful work.

F_a_3 Incorrect Celsius-ratio C3  In one reversible cycle, a Carnot engine converts the fraction
1-T_C/T_H of Q_H into useful work when T_C and T_H are in deg C.

F b 3 Incorrect Reversed-ratio C3 In one reversible cycle, a Carnot engine converts the fraction
I-T_H/T_C of Q_H into useful work.

F_c_3 Incorrect Rejected-heat/work-confusion C3 In one reversible cycle, a Carnot engine converts the fraction
T_C/T_H of Q_H into useful work.

C4 Correct None For fixed reservoirs, the Carnot work is Q_H-Q_C, and reversibility gives
QC/QH=TLC/TH.

F_a 4 Incorrect Celsius-ratio C4 For fixed reservoirs, the Carnot work is Q_H-Q_C, and reversibility gives
Q.C/QH =T_C/T_H using deg C values.

F b_4 Incorrect Reversed-ratio C4 For fixed reservoirs, the Carnot work is Q_H-Q_C, and reversibility gives
QC/QH=TH/TLC.

F_c_4 Incorrect Rejected-heat/work-confusion C4  For fixed reservoirs, the Carnot work is Q_C, and reversibility gives
QC/QH=TLC/TH.

C5 Correct None A perfect reversible heat engine still cannot turn all of Q_H into work; it
produces Q Hx* (1-T_C/T_H).

F a5 Incorrect Celsius-ratio C5 A perfect reversible heat engine still cannot turn all of Q_H into work; it
produces Q_H * (1-T_-C/T_H) with temperatures in deg C.

F_b_5 Incorrect Reversed-ratio C5 A perfect reversible heat engine still cannot turn all of Q_H into work; it
produces Q_H * (1-T_H/T_C).

F_c_5 Incorrect Rejected-heat/work-confusion C5 A perfect reversible heat engine still cannot turn all of Q_H into work; it

produces Q_H  (T_-C/T_H).

while introducing one of three recurring conceptual flaws.
We refer to this surface-level grouping as the “statement
pair”’: for example, C1, F_a_1, F_b_1, and F_c_1 share a
common wording pattern. By contrast, we refer to the
repeated conceptual error as the “flaw family”: for exam-
ple, all (F_a) statements share the same underlying

misconception, even though they are phrased in different
ways. Thus, successful semantic clustering would group
statements by correctness or flaw family, whereas surface-
based clustering would group statements by pair.

We embedded those statements using cai3large
and calculated similarity matrices according to Eqs. (1)
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FIG. 4. Force-directed Fruchterman—Reingold plot of the cosine similarity of the embeddings of the statements in Table VI.

and (3). Figures 4 and 5 show the results using a force-
directed Fruchterman—Reingold representation [99,100].
These plots would exhibit the clustering illustrated in
Fig. 1 if clustering were by flaw family.

In fact, the resulting force-directed layouts show that the
embeddings were strongly influenced by surface formu-
lation. In particular, the mean-centered cosine layout forms
visually distinct clusters around the five pairs: each correct
statement is placed close to its three similarly worded
flawed variants rather than near the other correct state-
ments or near statements with the same flaw family. This is
especially clear in the centered cosine graph, where the
(C1/F.a_1l/Fb_1/Fc_1), (C2/F.a2/Fb2/Fc?2), and
analogous groups form local clusters by pair.

The ordinary cosine graph is less cleanly separated, but
this should not be interpreted as more semantic: it mainly
reflects the dominance of the common embedding direc-
tion, which compresses similarities and partially masks
the same surface-feature effect. Centering removes this
common background direction and therefore makes the
residual formulation differences more visible, but those
residual differences are still not the intended conceptual

ones. This helps explain why, in the main study, ordinary
cosine and centered cosine did not differ substantially
when clustering was evaluated against grading score as a
proxy for semantic similarity: both measures were largely
organizing responses by features other than the target
physics meaning, and the fact that centering may sharpen a
surface-feature organization would not necessarily be
visible from score-based clustering alone.

This behavior is reminiscent of the classic expert-novice
distinction in physics education research: common lore is
that experts tend to categorize problems and solution
approaches by underlying physical principles, whereas
novices tend to categorize them by surface features
[101-103]. In this limited respect, the embeddings behave
like novices. LLMs, by contrast, can behave more like experts
when prompted to evaluate solutions, since they have been
shown capable of applying grading criteria to student work
rather than relying only on surface similarity [75,77].

The present surface-form effect is related to, but distinct
from, the discoverability bias reported by Gurin Schleifer
et al. [89]. Their results showed that lower-quality knowl-
edge profiles were less internally coherent in embedding
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Force-directed Fruchterman—Reingold plot of the centered cosine similarity of the embeddings of the statements in Table VI.

This layout uses only positive similarities as attractive edges; negative edges are dashed and not used as weights.

space, whereas our controlled example shows that closely
shared wording can dominate a common conceptual-error
structure. Both findings caution against assuming that
out-of-the-box embedding neighborhoods preserve the
distinctions required for assessment.

Since LLM-based transcription is already part of the
workflow for handwritten work, rubric-aware LLM grad-
ing or confidence-filtered LLM assistance may be a more
direct route than relying on unsupervised embedding
geometry alone.

VI. LIMITATIONS

Several limitations should be kept in mind. The data
came from one high-stakes thermodynamics exam at one
institution, and results may differ for other physics topics,
lower-stakes assessments, typed solutions, conceptual
explanations, or different rubric structures. Human scores
were used as the external reference standard, but those
scores are themselves an operational representation of the
construct rather than a perfect ground truth. The tran-
scription process also introduced a modeling layer between

the handwritten artifact and the embeddings. Although the
prompts prohibited grading, correction, and comparison
with ideal solutions, narrative and structured transcriptions
necessarily involved some interpretation.

Rubric-blind should not be interpreted as knowledge-
free or interpretation-free. The transcription model may use
pretrained domain knowledge when resolving notation or
producing a narrative, even though it was not asked to judge
correctness. The stronger performance of narrative and
structured representations may therefore reflect both reduced
surface variation and model-mediated interpretation.

Finally, this study evaluated unsupervised embedding
similarity and clustering, not supervised grading models
trained on labeled data. A supervised classifier, an
LLM-based grader, or a rubric-aware hybrid system may
perform better for scoring. The present study addresses a
narrower question: whether embedding geometry alone
can justify grading-related interpretations.

VII. FUTURE WORK

Future work should examine whether embedding-based
neighborhoods can support specific human-in-the-loop
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workflows. For example, clusters could be used to select
exemplars for rubric calibration, to identify batches of
similar responses for grader review, or to flag responses
that are isolated from all major solution patterns. Such
applications require different validation criteria from
autonomous grading: the question would be whether
embeddings improve efficiency, consistency, or feedback
quality when used by humans not whether they replace
human judgment.

A second direction is to evaluate embedding spaces
against more detailed rubric information. Total problem
scores may obscure important distinctions among con-
ceptual, mathematical, representational, and numerical
components of a solution. Embeddings might align more
strongly with some rubric dimensions than with total
scores. Future analyses could therefore compare embed-
ding neighborhoods with item-level rubric scores, error
categories, or human-coded solution strategies.

Future studies should compare unsupervised embed-
dings with stronger baselines, including direct LLM com-
parisons, supervised classifiers, and retrieval-augmented
grading workflows. Pairwise LLM comparison is compu-
tationally expensive at scale, but it may provide a useful
benchmark for smaller samples. More broadly, validity
evidence should be tied to the intended use: exploratory
research, formative feedback, grading assistance, and
autonomous scoring require different levels and kinds of
evidence.

Embedding methods will continue to change. While
similarity in rubric-relevant physics correctness may
require expertlike reasoning, future embedding models
may become better at capturing conceptual details and
formula-level correctness. A possible research direction is
therefore to develop or fine-tune embeddings specifically
for assessment-relevant similarity in physics problem
solving.

VIII. CONCLUSIONS

We evaluated whether rubric-blind transcription and
out-of-the-box embeddings can support grading-related
interpretations of handwritten physics solutions. Using
992 student-problem responses from a high-stakes thermo-
dynamics exam, five textual representations, and nine
embedding mechanisms, we compared pairwise embedding

similarity and embedding-based hierarchical clusters with
human-assigned scores.

The results show a consistent but modest relationship
between embedding geometry and score similarity. More
similar response pairs tended to have somewhat smaller
score differences, and embedding-based clusters were
somewhat enriched for score similarity. Narrative and
structured transcriptions generally improved alignment
relative to literal transcription. However, the absolute
strength of the relationship remained weak, and even
the best useful clusters retained substantial score variation.

We therefore conclude that embedding clusters should
be treated as hypotheses for human inspection, not as
grading categories—yet. Embeddings may help organize
large collections of handwritten physics solutions, identify
neighborhoods of related responses, select examples, and
support human-in-the-loop review. They do not, by them-
selves, provide a validated basis for unsupervised grading.
For the data and methods studied here, embedding geo-
metry was score-enriched but not score-equivalent.
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APPENDIX: PROMPTS AND TRANSCRIPTIONS

Figures 6-15 show the original system prompts and
sample transcriptions for the modes described in
Sec. IIT A.
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You are transcribing a scanned handwritten thermodynamics exam solution.

Purpose:
The transcription will be used for research on clustering similar student solutions. Your task is to represent what is
visibly present on the page, not to judge correctness.

Input:
You receive one image of one exam page. The page may contain German and/or English text, formulas, numerical
calculations, tables, sketches, diagrams, crossed-out work, arrows, labels, and marginal notes.

Task:
Transcribe the visible content as closely as possible into plain ASCII text.

General rules:

- Output only the transcription.

- Use plain ASCII characters only.

- Do not use LaTeX.

- Do not use Unicode mathematical symbols.

- Do not use Markdown formatting except simple section labels if useful.

- Do not solve the problem.

- Do not correct the student.

- Do not grade the work.

- Do not compare the work to an ideal solution.

- Do not infer missing steps unless they are visually clear from the page.

- Preserve German text as German and English text as English.

- Preserve the student's notation as much as possible.

- Preserve visible problem labels, subproblem labels, state labels, units, and final answers.
Preserve crossed-out work when it is readable by writing [crossed out: ...].
If text or math is illegible, write [illegible].

If a region is blank or contains only unreadable marks, do not invent content.

Mathematical transcription:

Use ASCII math notation.

Examples:

- Write xA2 for x squared.

- Write sqrt(x) for square root of x.

- Write integral(...) if an integral sign is visible.

- Write du/dt, Qdot, Wdot, m_dot, Delta T, eta, cp, cv, hl, h2, T_1, p_2, v_3, etc.
- Write <=, >=, ->, ~=, != where needed.

- Keep equations and numerical substitutions in approximately the order and layout shown on the page.
- Do not simplify or algebraically transform the student's formulas.

Do not repair incorrect notation.

Diagrams and sketches:
- Do not ignore diagrams.
- Insert a short ASCII description at the approximate location of each diagram.
Use the format:
[diagram: brief description]
- Include visible labels, axes, states, arrows, process paths, and annotations when recognizable.
- Examples:
[diagram: T-s diagram, vertical axis T, horizontal axis s, states 1, 2, 3 marked, process 1->2 drawn nearly vertical]
[diagram: piston-cylinder sketch with heat arrow Q_in and work arrow W_out]
[diagram: unclear sketch with labels 1 and 2]
- Do not interpret whether the diagram is correct.

Output format:
Use the following structure when possible:

PAGE_CONTENT:
Transcribe the page content in reading order.

DIAGRAMS_OR_SKETCHES:
Describe each visible diagram or sketch, if any.

CROSSED_OUT_OR_AMBIGUOUS_CONTENT:
List readable crossed-out content and major illegible regions, if any.

If the page contains only one coherent block of work, a single PAGE_CONTENT section is sufficient.

FIG. 6. Prompt for mode ascii.
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’

PAGE_CONTENT:
a)

b) @ =m_12 [h_2 - h_5] - W_k

T1=-10C

T2=T1-6K=-16C

=> h_2 = h_g = 237,74 kJ/kg (Tab A -10)
p_2 = 1,5745 bar (Tab A -16)

c) p_1=p_7=1,5745 bar
T1=T1i=-10C

x_2 =

d) e_K = 1Qzul / Iw_ul
Qzu = QK

W_u = W_k = 2800

e)

DIAGRAMS_OR_SKETCHES:

[diagram: p-T diagram, vertical axis p, horizontal axis T; rising diagonal line from lower left
to upper right. States 1, 2, 3 on upper region, and 2'', 3'' on lower horizontal segment. A
slanted quadrilateral/cycle is drawn between states 1, 2, 3 and an upper left point labeled 4.
Horizontal top edge labeled "isobar", middle horizontal edge between 1 and 2 labeled "isobar".
Vertical arrow downward from 1 to 2'' . "(1)" written near left slanted side. "a)" circled at

left.]

CROSSED_OUT_OR_AMBIGUOUS_CONTENT:
[illegible] blacked out region at top right.

FIG. 7. Transcription in mode ascii of the student work in Fig. 2.
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You are transcribing a scanned handwritten thermodynamics exam solution into a LaTeX-oriented textual representation.

Purpose:
The transcription will be used for research on clustering similar student solutions. Your task is to represent what is visibly present on the
page, not to judge correctness.

Input:
You receive one image of one exam page. The page may contain German and/or English text, formulas, numerical calculations, tables, sketches,
diagrams, crossed-out work, arrows, labels, and marginal notes.

Task:
Transcribe the visible content into text, using LaTeX notation for mathematical expressions where appropriate.

General rules:

- Output only the transcription.

- Do not solve the problem.

- Do not correct the student.

- Do not grade the work.

- Do not compare the work to an ideal solution.

- Do not infer missing steps unless they are visually clear from the page.

- Preserve German text as German and English text as English.

- Preserve the student's notation, variable names, signs, units, and numerical values as much as possible.
- Preserve visible problem labels, subproblem labels, state labels, units, and final answers.
- Preserve crossed-out work when it is readable by writing [crossed out: ...J.

- If text or math is illegible, write [illegible].

- If a region is blank or contains only unreadable marks, do not invent content.

Mathematical transcription:
- Use LaTeX for formulas and equations.
- Put displayed equations on their own lines.
- Use common LaTeX notation such as:
\dot{Q}, \dot{W}, \dot{m}, \Delta T, \eta, c_p, c_v, h_1, h_2, T_1, p_2, v_3.
- Preserve equations as written, even if they appear incorrect.
- Do not simplify, correct, or complete the student's derivation.
- If the student writes an equation in a nonstandard or ambiguous way, reproduce it as faithfully as possible and mark uncertainty if needed.
- Keep numerical substitutions and units visible.
- If a handwritten symbol is ambiguous, use [unclear symbol] or [illegible].

Text:

- Transcribe surrounding written explanations in normal text.

- Do not translate German into English.

- Do not paraphrase ordinary written text unless exact transcription is impossible.

Diagrams and sketches:

- Do not ignore diagrams.

- Describe each diagram in text at the approximate location where it appears.
- Use this format:

[diagram:
- Include visible axes, labels, states, arrows, process paths, annotations, and crossed-out diagram elements.
- Examples:

[diagram: T-s diagram with vertical axis T and horizontal axis s; states 1, 2, 3 marked; path 1->2 nearly vertical; path 2->3 curves to the
right]

[diagram: p-v diagram with vertical axis p and horizontal axis v; states 1 and 2 connected by a horizontal line]
[diagram: control volume sketch with inlet 1, outlet 2, heat arrow \dot{Q}, and work arrow \dot{W}]
- Do not interpret whether the diagram is thermodynamically correct.

Output format:
Use the following structure when possible:

PROBLEM_LABELS:
List visible problem and subproblem labels.

TEXT:
Transcribe visible written prose.

EQUATIONS_AND_CALCULATIONS:
Transcribe formulas, derivations, substitutions, and final results using LaTeX notation.

DIAGRAMS_OR_SKETCHES:
Describe visible diagrams or sketches.

CROSSED_OUT_OR_AMBIGUOUS_CONTENT:
List readable crossed-out content and major illegible regions.

If a section has no visible content, write [none visible].

FIG. 8. Prompt for mode latex.
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PROBLEM_LABELS:
NCaNY, NN, NCON), NN, \(e)\)

TEXT:
Tab A \(-10\)

Tab A \(-18\)

EQUATIONS_AND_CALCULATIONS:
\(b)\quad @=\dot{m}_{12}\,[h_2-h_5]-\dot{W}_k\)

\(T_i=-10A\circ C\)

\(T_2=T_i-6\,K=-16A\circ C\)

\(\Rightarrow h_2=h_g=237{,}74\ \frac{kJ}{kg}\)

\(p_2=1{,}57415\ \text{bar}\)

\(cO\quad p_l=p_7=1{,}57415\ \text{bar}\)

\(T_1=T_i=-10A\circ C\)

\(x_2=\)

\(d)\quad \varepsilon_k=\dfrac{I\dot{Q}_{zu} I}{Iw_ul}\)

\(\dot{Q}_{zu}=\dot{Q}_k\)

\(\dot{W}_i=\dot{W}_k=2800\)

\(eD\)

DIAGRAMS_OR_SKETCHES:

[diagram: \(p\)-\(T\) diagram with vertical axis \(p\) and horizontal axis \(T\); a slanted
phase-boundary-like line rises from lower left toward upper right. Near the top is a four-sided
cycle/parallelogram-like sketch. Top left state labeled \(4\), top right state labeled \(3\),
bottom right state labeled \(2\), lower left point on the slanted line labeled \(2''\), and to
its right a point labeled \(3''\). The top horizontal segment is annotated “isobar”; the middle
horizontal segment from left toward state \(2\) is also annotated “isobar”. A left vertical arrow
points downward from the middle left point toward \(2''\), labeled \(1\). A slanted left side
from the upper left state downward is labeled \((I)\).]

CROSSED_OUT_OR_AMBIGUOUS_CONTENT:

[none visible]

FIG. 9. Transcription in mode latex of the student work in Fig. 2.
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You are converting a scanned handwritten thermodynamics exam solution into a natural-language description of the formulas and calculations
visible on the page.

Purpose:
The output will be used for research on clustering similar student solutions. Your task is to describe the mathematical work that is visibly
present, not to judge correctness.

Input:
You receive one image of one exam page. The page may contain German and/or English text, formulas, numerical calculations, tables, sketches,
diagrams, crossed-out work, arrows, labels, and marginal notes.

Task:
Narrate the formulas, symbolic steps, numerical substitutions, and final numerical results in clear natural language.

General rules:

Output only the requested narrative.

- Do not solve the problem.

- Do not correct the student.

- Do not grade the work.

- Do not compare the work to an ideal solution.

- Do not infer missing steps unless they are visually clear from the page.

- Do not say that a formula is right or wrong.

- Preserve German or English words when they are part of the student's visible writing, but the narrative itself may be in English.
- Mark uncertainty explicitly.

- If text or math is illegible, write [illegible].

- If a mathematical step is visible but its meaning is uncertain, write "The student appears to..." or "It is unclear whether...".

Narrating formulas:
- Convert formulas into readable English.
- Include the original variables and numerical values where visible.
- Examples:
- If the page shows E = m cA2, write: "The student writes that energy equals mass times the speed of light squared, E = m cA2."
- If the page shows Q = m c_p Delta T, write: "The student uses heat transfer as mass times specific heat at constant pressure times
temperature difference, Q = m c_p Delta T."
- If the page shows \dot{Q} = \dot{m}(h_2 - h_1), write: "The student writes a heat-transfer rate as mass-flow rate times the enthalpy
difference, Qdot = m_dot*(h_2 - h_1)."
- Retain equations in ASCII form after the narration when useful.
- Preserve signs, subscripts, units, and final numerical results.
- Do not algebraically simplify or repair the student's equations.

Numerical work:

- Describe numerical substitutions explicitly.

- Include units when visible.

- State final boxed or emphasized numerical answers if visible.
- If a number is ambiguous, mark it as [unclear number].

- If a unit is ambiguous, mark it as [unclear unit].

Diagrams and sketches:

- Do not ignore diagrams.

- Narrate what the diagram appears to show, without judging correctness.

- Include the diagram type if recognizable, such as T-s diagram, p-v diagram, piston-cylinder sketch, control volume sketch, cycle diagram,
or table.

- Mention axes, state labels, arrows, process paths, and annotations.

- Example:

"A T-s diagram is drawn with T on the vertical axis and s on the horizontal axis. States 1 and 2 are labeled. The path from 1 to 2 is drawn
approximately vertical, suggesting the student's representation of an isentropic or constant-entropy process, although no explicit label is
visible."

- If the diagram type is unclear, write: "There is an unclear sketch with..."

Output format:
Use the following structure:

PROBLEM_LABELS:
List visible problem and subproblem labels.

FORMULA_NARRATIVE :
Describe the visible formulas and symbolic reasoning in natural language.

NUMERICAL_NARRATIVE:
Describe numerical substitutions, computations, units, and final numerical results.

DIAGRAM_NARRATIVE:
Describe visible diagrams, sketches, axes, labels, paths, and annotations.

VISIBLE_WRITTEN_TEXT:
Transcribe short written phrases that are not already included above, preserving their original language.

UNCERTAINTIES:
List illegible, ambiguous, or inferred elements.

If a section has no visible content, write [none visible].

FIG. 10. Prompt for mode formula narrative.
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PROBLEM_LABELS:
-4 a)

- b)

-0

,d)

S

FORMULA_NARRATIVE :

For part a), the student draws a pressure-temperature style diagram with the vertical axis labeled p and the horizontal axis labeled T. A slanted line is
drawn, and states are marked as 1, 2, 3, 2'", 3'", and A. A process line from 1 to A is labeled "(1)". Two horizontal segments are labeled "isobar", one
between A and 3 and another between 1 and 2.

For part b), the student writes an energy balance in the form:
- "0 = m_dot_12 [h2 - h5] - W_dot_k"

Then the student writes:
- "T_i = -10°C"
-"T2=T.1i-6K=-16°C"

Next, the student appears to identify state 2 enthalpy with saturated vapor enthalpy:
- "=>h_2 = h_g = 237,74 kJ/kg" followed by "(Tab A -10)" or similar table reference.

Then the student writes a pressure value:
- "p_2 = 1,5745 bar" with a table reference that appears to read "(Tab A -18)".

For part c), the student writes:

- "p_4 = p_1 = 1,5745 bar"

- "T_4=T.1-=-10°C"

- "x_4 =" with no visible completion.

For part d), the student writes a coefficient or efficiency expression:
- "e_k = |Q_dot_zul / Iwl"

Then the student writes:
- "Q_dot_zu = Q_dot_k"

and
- "W_dot_i = W_dot_k = 280 W"

Part e) only shows the label "e)" with no visible further work.

NUMERICAL_NARRATIVE:
The student substitutes or states the inlet temperature as:
- "T_i = -10°C"

Then the student computes:
-"T2=T.i-6K=-16°C"

From a table lookup, the student writes:
- "h_2 = h_g = 237,74 kJ/kg"

Another tabulated value is written as:
- "p_2 = 1,5745 bar"

In part c), the same pressure is reused:
- "p_4 =p_1=1,5745 bar"

and the temperature is restated:
- "T_4=T.1=-10°C"

In part d), the power is given numerically as:
- "W_dot_i = W_dot_k = 280 W"

No boxed final answer is visible. The quality or dryness fraction line "x_4 =" is left unfinished.

DIAGRAM_NARRATIVE:

There is a hand-drawn diagram in the upper left that appears to be a p-T diagram, with p on the vertical axis and T on the horizontal axis. A rising
slanted line passes through lower state markings and through state 2. Near the upper portion, a four-sided shape is drawn with corners or points labeled A
at the top left, 3 at the top right, 1 at the lower left, and 2 at the lower right. The top horizontal edge from A to 3 is labeled "isobar". The lower
horizontal edge from 1 to 2 is also labeled "isobar". A descending vertical arrow is drawn from state 1 downward toward a lower point labeled 2'', and a
short horizontal line extends from that lower point to another point labeled 3''. The line from 1 to A is marked "(1)". The exact thermodynamic meaning of
the slanted boundary line and the lower points 2'' and 3'' is not explicitly written.

VISIBLE_WRITTEN_TEXT:

- "isobar"

- "(Tab A -1@)" or similar
- "(Tab A -18)" or similar

UNCERTAINTIES:

- In part b), the equation contains "h5" or a similar subscript; the second enthalpy index is not fully clear.

- The table references are partially unclear; they appear to be "Tab A -10" and "Tab A -18" or similar.

- In part c), the state index may be 4, but the handwritten character could be another similar numeral.

- In part d), the denominator in the expression for e_k looks like "Iwl" or possibly "IW_dot|"; the exact symbol is slightly unclear
The exact meaning of the labels 2'', 3'', and A in the diagram is not explained.

Part e) has no visible content beyond the label.

FIG. 11. Transcription in mode formula narrative of the student work in Fig. 2.
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You are producing a concise narrative description of a scanned handwritten thermodynamics exam solution.

Purpo:

se:

The output will be used for research on clustering similar student solutions. Your task is to describe what the student visibly did, not to
judge whether it is correct.

Input

You receive one image of one exam page. The page may contain German and/or English text, formulas, numerical calculations, tables, sketches,
diagrams, crossed-out work, arrows, labels, and marginal notes.

Task:

Write a narrative account of the student's visible solution process.

General rules:

Out
- Do
- Do
- Do
- Do
- Do
- Do

put
not

not

only the requested narrative.

solve the problem.

correct the student.

grade the work.

compare the work to an official or ideal solution.

identify mistakes as mistakes.

say "correct", "incorrect", "right", "wrong", "valid", or "invalid" unless the student visibly wrote those words.

- Base the narrative only on visible content.

- Use cautious language for inferred reasoning, such as "the student appears to...

or "the student seems to..."

- Preserve important variables, formulas, numerical values, units, state labels, and final answers.
- Preserve German or English written phrases when relevant.
- If text or math is illegible, write [illegible].

If a region is ambiguous, state the ambiguity.

Narrative content:

Describe:

- the
- the
- the
- the
- the
- the
- any

apparent problem or subproblem labels,

physical system or thermodynamic process if visible,
quantities the student identifies,

formulas or balances the student uses,

sequence of substitutions or calculations,

final result or conclusion if visible,

sketches or diagrams and how they are used,

- crossed-out or abandoned work when visible.

Diagrams and sketches:
- Do not ignore diagrams.

Include diagrams as part of the solution narrative.

Describe the type of diagram if recognizable, such as T-s, p-v, control volume, piston-cylinder, cycle diagram, table, or schematic.
Mention axes, states, process paths, arrows, labels, and annotations.

Do not judge whether the diagram is thermodynamically appropriate.

If a diagram appears central to the solution, state that it is visibly prominent or appears to be used as part of the solution.

- If the diagram is unclear, write that it is unclear.

Crossed-out work:
- Mention substantial crossed-out formulas, diagrams, or results if readable.

- Use the phrase "The page also contains crossed-out work showing...

without interpreting why it was crossed out.

Output format:
Use the following structure:

PROBLEM_LABELS:
List visible problem and subproblem labels.

SOLUTION_NARRATIVE:
Write one or more paragraphs describing what the student visibly did.

DIAGRAMS_AND_SKETCHES :
Describe visible diagrams or sketches and their labels.

KEY_VISIBLE_FORMULAS_AND_RESULTS:
List the most important visible formulas, substitutions, and final results in ASCII form.

CROSSED_OUT_WORK :
Describe readable crossed-out content, if any.

UNCERTAINTIES:
List illegible or ambiguous elements.

If a section has no visible content, write [none visible].

FIG. 12. Prompt for mode solution narrative.

020147-24



TESTING THE VALIDITY OF EMBEDDING- ... PHYS. REV. PHYS. EDUC. RES. 22, 020147 (2026)

PROBLEM_LABELS:
-4 a

- b)

- C)

- d)

- e)

SOLUTION_NARRATIVE:

For part 4a), the student draws a thermodynamic process diagram with a vertical axis labeled “p° and a horizontal axis
labeled "T°. On this sketch, the student marks states "1°, “2°, "3°, and also lower points labeled “2''" and “3''". A
slanted line runs upward to the right, and a quadrilateral-like cycle or process shape is drawn between states 1, 2, 3,
and an upper-left point that appears to be “4°. Horizontal segments are annotated “isobar’, including one near the
segment from “1° to “2° and another near the upper segment leading toward “3°. A vertical arrow from state "1 downward
toward “2''" is marked (1)°. The student appears to be using this sketch to represent the sequence of thermodynamic
states and pressure levels.

For part b), the student writes an energy balance in the form @ = m_12 [h2 - h5] - Wk~ (the mass-flow subscript and the
second enthalpy index are somewhat difficult to read, but this is the visible structure). Then the student states "T1 =
-10°C" and computes ‘T2 = T1 - 6 K = -16°C". From this, the student writes *=> h2 = hg = 237,74 kJ/kg (Tab A -1@)" and
below that “p2 = 1,57415 bar (Tab A -18)". The notation suggests the student is reading refrigerant properties from
tables.

For part c), the student writes “p4 = pl = 1,57415 bar® and ‘T4 = T1 = -10°C". Below that, the student writes “x4 ="
but does not continue with a visible expression or result.

For part d), the student writes a performance expression “eK = [Qzul / IWul . To the right, the student writes "Qzu =
Qk™ and "Wu = Wk = 280 W'. This appears to be the visible setup for a coefficient or efficiency-type calculation, but no
further numerical evaluation is shown.

For part e), only the label ‘e)’ is visible, with no further written work.

DIAGRAMS_AND_SKETCHES:

- A hand-drawn “p-T° style diagram is visible in part 4a).

- Vertical axis: 'p°

- Horizontal axis: "T°

- States labeled: "1, "2, "3°, and likely "4° at the upper-left corner; also lower points “2''" and “3''""
- A slanted line rises to the right through the diagram.

- A four-sided process shape is drawn between the numbered states.

- Horizontal segments are labeled “isobar’.

- A vertical downward arrow from state “1° toward "2''" is labeled “(1)".

- The diagram appears central to part a) and is used to indicate process paths and state relationships.

KEY_VISIBLE_FORMULAS_AND_RESULTS:
-0 =m12 [h2 - h5] - Wk

- Tl = -10°C

- T2=T1-6K-=-16°C

- “h2 = hg = 237,74 kl/kg (Tab A -10)°
- “p2 = 1,57415 bar (Tab A -18)"

- “p4 = pl = 1,57415 bar"

- T4 =T1 = -10°C

s x4
- "eK = 1Qzul / IWul"
- "Qzu = Qk~

- Wu = Wk = 280 W*

CROSSED_OUT_WORK:
- [hone visible]

UNCERTAINTIES:

- The upper-left state label in the diagram appears to be "4, but it is somewhat ambiguous.

- The exact indices in "'m_12" and “h5° in the balance equation are slightly unclear due to handwriting.

- The table references in parentheses are partially ambiguous and appear as something like “Tab A -10° and “Tab A -18°.
- The labels “2''" and “3''" on the lower line in the sketch are somewhat faint.

- No visible completion is shown for *x4 =" in part c) or for part e).

FIG. 13. Transcription in mode solution narrative of the student work in Fig. 2.
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You are converting a scanned handwritten thermodynamics exam solution into a structured text representation for research on clustering
similar student solutions.

Purpose:
The goal is to preserve grading-relevant visible information in a consistent textual form. The output may later be embedded and clustered.
Your task is to describe what is visibly present on the page, not to judge correctness.

Input:
You receive one image of one exam page. The page may contain German and/or English text, formulas, numerical calculations, tables, sketches,
diagrams, crossed-out work, arrows, labels, and marginal notes.

Task:

Produce a structured representation of the page that includes written text, formulas, calculations, numerical results, diagrams, sketches,
and uncertainties.

General rules:

Output only the structured representation.

- Use plain text.
- Use ASCII math notation for equations.

- Do
- Do
- Do
- Do
- Do
- Do
- Do

use LaTeX.

solve the problem.

correct the student.

grade the work.

compare the work to an official or ideal solution.

identify mistakes as mistakes.

say "correct", "incorrect", "right", "wrong", "valid", or "invalid" unless the student visibly wrote those words

- Base the output only on visible content.

- Use cautious language for inferred reasoning, such as "appears to" or "seems to."

- Preserve German text as German and English text as English.

- Preserve variables, signs, subscripts, units, state labels, and final answers as much as possible.
- If text or math is illegible, write [illegible].

- If something is ambiguous, state the ambiguity.

- If a section has no visible content, write [none visible].

Mathematical representation:
- Use ASCII notation.
- Examples:

xA2 for x squared

sqrt(x) for square root of x

Delta T for temperature difference
Qdot, Wdot, m_dot for rates

h_1, h_2, T_1, p_2, v_3 for subscripts
-> for arrows

- ~= for approximately equal
- Preserve the student's equations as written.
- Do not simplify, complete, or repair equations.
- Include numerical substitutions and units.
- Mark boxed, circled, underlined, or otherwise emphasized results as [emphasized result: ...J].

Diagrams and sketches:
For every visible diagram or sketch, include a structured description. Do not ignore graphical work

For each diagram, use this format:

DIAGRAM n:

type: [T-s diagram / p-v diagram / control volume sketch / piston-cylinder sketch / cycle diagram / table / unclear sketch / other]
axes: [describe axes if present]

states_or_points: [list visible states or points]

paths_or_processes: [describe visible lines, curves, arrows, directions, and process labels]

annotations: [visible labels, heat/work arrows, assumptions, units, crossed-out labels]

role_in_solution: [briefly state whether the diagram appears central, supporting, marginal, or unclear]

uncertainty: [low / medium / high, with explanation if needed]

Do not judge whether a diagram is thermodynamically appropriate.

Output format:
Use exactly the following section headings:

PROBLEM_LABELS:
List visible problem and subproblem labels, such as "Aufgabe 1", "1la", "2b", etc.

VISIBLE_TEXT:
Transcribe visible written words or short phrases. Preserve the original language.

FORMULAS_AND_SYMBOLIC_WORK:
List visible formulas, equations, balances, symbolic derivations, and definitions in ASCII math notation.

NUMERTCAL_WORK_AND_RESULTS:
List visible numerical substitutions, calculations, units, and emphasized or final numerical answers.

DIAGRAMS_AND_SKETCHES :
Describe each visible diagram or sketch using the DIAGRAM n format above.

APPARENT_METHOD:
Briefly describe the method or sequence of work the student appears to use, based only on visible content. Do not evaluate the method.

CROSSED_OUT_OR_ABANDONED_WORK :
List readable crossed-out formulas, calculations, diagrams, or text. If unreadable, state [crossed-out illegible content].

UNCERTAINTIES:
List illegible regions, ambiguous symbols, uncertain numbers, uncertain units, or inferred elements.

Do not add any commentary beyond these sections.

FIG. 14. Prompt for mode hybrid structured.
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PROBLEM_LABELS:
- 4a)
_b)
—C)
-d
- e

VISIBLE_TEXT:
- isobar

- Tab A -10
- Tab A-18

FORMULAS_AND_SYMBOLIC_WORK:
- 0 =m_12[h_2 - h_5] - Wdot_k

-T.i=-10C
-T2=T1i-6K=-16C

- => h_2 = h_g = 237,74 [kJ/kg]
- p_2 = 1,5745 bar

- p_4 =p_1=1,5745 bar
-T4=T1=-10C

- x4 =

- e_k = 1Qdot_zul / lw_ul
- Qdot_zu = Qdot_k
- Wdot_u = Wdot_k = 2800 [unit unclear]

NUMERICAL_WORK_AND_RESULTS:

-T.i=-10C
T2 =-16 C from "-10 C - 6 K"

h_2 = h_g = 237,74 kJ/kg (written with note "Tab A -10")
p_2 = 1,5745 bar (written with note "Tab A-18")

- p_4 =p_1=1,5745 bar
T_4
Wdo
x_4

4=T1=-10C
- Wdot_u = Wdot_k = 2800 [unit unclear, possibly W]
= [no value visible]

DIAGRAMS_AND_SKETCHES:

DIAGRAM 1:

type: other

axes: vertical axis labeled p; horizontal axis labeled T
states_or_points:

- state 1 near middle-left on an upper horizontal segment

- state 2 near middle-right on the same upper horizontal segment
- state 4 above state 1 on a top horizontal segment

- state 3 near top-right on the top horizontal segment

- state 2'' on lower-left on a slanted line

- state 3'' on lower-right on a short horizontal segment
paths_or_processes:

- a slanted rising line from lower-left toward upper-right
horizontal segment from 1 to 2 labeled "isobar"

horizontal segment from 4 to 3 labeled "isobar"

vertical arrow from 1 upward to 4

- slanted segment from 4 down/right to 2

- slanted segment from 2 up/right toward 3

- short horizontal segment from 2'' to 3''

- label "(1)" near the left side of the upper quadrilateral-like shape
annotations:

- circled "4a)" at upper left of the page

- handwritten "isobar" on both visible horizontal process lines
role_in_solution: central

uncertainty: medium, because the exact identities of some paths and the label "(1)" are somewhat ambiguous

APPARENT_METHOD:

- The student first draws a p-T style process sketch with labeled states and isobaric segments for part 4a.

- In part b, the student writes an energy-style equation involving mass flow, enthalpy difference, and compressor work, then uses temperatures
and table references to obtain h_2 and p_2.

- In part c, the student sets p_4 equal to p_1 and T_4 equal to T_1, then begins a quality expression x_4 without a visible completion.

- In part d, the student writes an efficiency or performance expression e_k as a ratio of heat input to work, and equates Qdot_zu with Qdot_k
and Wdot_u with Wdot_k, giving a numerical work value.

- Part e appears only as a label with no further visible work.

CROSSED_OUT_OR_ABANDONED_WORK :
- [none visible]

UNCERTAINTIES:

- In part b, the mass-flow symbol appears to be "m_12" or similar; subscript is not fully clear.

In part b, the second enthalpy index in "[h_2 - h_5]" may be ambiguous due to handwriting.

- The notation "Tab A -1@0" and "Tab A-18" is visible, but spacing/punctuation may be ambiguous.

- The unit written after 2800 is unclear; it may be omitted or not legible.

- In part d, the denominator of e_k is written as "Iw_ul" or similar; exact symbol may be ambiguous.

- In the diagram, the lower labels "2''" and "3''" are somewhat uncertain and could possibly be read differently.
- The process labels and geometric connections in the diagram are partially inferred from the drawn lines.

FIG. 15. Transcription in mode hybrid structured of the student work in Fig. 2.
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