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The controlled-not (CNOT) gate is essential to algorithms in quantum computing for its ability to
entangle qubits. As such, it is important to understand how students learning quantum computing reason
around the function and use of this critical quantum gate. To investigate this, we conducted think-aloud
interviews in which students solved problems involving the CNOT gate to understand students’ “CNOT
toolbox”—the strategies and cognitive resources students use when reasoning about the effect of the
CNOT gate. We identify three cognitive resources related to the CNOT gate: (1) the procedural resource of
applying CNOT to specific states, (2) a qualitative description of CNOT’s effect on the target qubit given the
control qubit, and (3) the idea that the control qubit is not changed when CNOT is applied to computational
basis states. We find that students’ use of the first resource is foundational to their understanding of the
second and third, that the second and third resources can sometimes lead students to incorrect conclusions,
and that students can use each of these resources separately or in tandem. We also explore how students
use these resources in conjunction with Dirac notation, superposition states, and entanglement to reason
both productively and unproductively about quantum computing problems.
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I. INTRODUCTION

The controlled-not (CNOT) gate is an essential compo-
nent of many quantum algorithms in large part due to its
ability to entangle quantum bits (qubits) and is taught in
almost all introductory quantum information science (QIS)
classes [1]. These classes, particularly those focusing
primarily on the QIS subfield of quantum computing,
are proliferating across academic institutions in a variety
of disciplines [2–4], including physics, computer science
[4], and engineering [5,6], making it a truly interdiscipli-
nary field. In such a new but booming field, standardized
curricula have yet to emerge, and physics education
research (PER) has a unique opportunity to play a part
in the development of quantum computing education (and,
more generally, QIS education) in its nascency.
Research on student reasoning and difficulties supports

curricular development that is responsive to documented
observations of student behaviors. The body of work on
student reasoning in quantum mechanics (QM) is large
(e.g., [7–10]), but its treatment of the specific concepts

relevant to quantum computing is not always relevant to the
practices, norms, formalism, or interpretations of quantum
computing. Recently, a smaller body of work on quantum
computing-specific concepts has emerged [11–13], which
our study contributes to by analyzing students’ reasoning
about the CNOT gate. Our interest in the CNOT gate in
particular is motivated both by its importance for quantum
algorithms and its position as one of the few crucial two-
qubit gates.
Our guiding research question in this study was: what

cognitive resources do students use when reasoning about
problems involving the CNOT gate? To investigate this, we
conducted think-aloud interviews with students in which
they were asked to respond to problems involving the
CNOT gate. We analyzed their responses using a resources
framework [14] with the goal of identifying common ideas
students drew on for their solutions—what we will refer to
as their “CNOT toolbox.” Our discussion of students’ CNOT
toolbox will also include the problem-solving methods,
procedures, and heuristics we observed in our dataset to
understand the contexts in which students might activate
these resources. Understanding what tools students may
use or misuse when working with the CNOT gate can guide
instructors in helping their students gain comfort with
diverse reasoning tools, improve their tool use, and prepare
to solve problems in their quantum computing careers.
We begin with an introduction to the CNOT gate

(Sec. II A) and the literature on quantum mechanics and
quantum computing reasoning relevant to our findings
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(Sec. II B). We then describe the context for our results,
including our interview methods and questions, student
demographics, our theoretical framework, and our coding
process (Sec. III). After defining three resources (Sec. IV),
one procedural and two conceptual, we analyze the
content of our interviews using these resources and other
problem-solving tools (Sec. V). Finally, we summarize our
observations on students’ CNOT and quantum computing
toolbox, present the limitations of our study, and suggest
avenues for future researchers and instructors based on our
observations (Sec. VI).

II. BACKGROUND

In this section, we first define the CNOT gate and its
context in the formalism of quantum computing (Sec. II A)
and then proceed to discuss relevant research about student
reasoning in quantum physics and quantum computing
(Sec. II B). Readers already familiar with quantum comput-
ing fundamentals can feel free to skip directly to Sec. II B.

A. The computational basis and the CNOT gate

Quantum computing generalizes classical 0 and 1 bits to
“qubits,”which are quantum systemswith at least twowell-
defined, orthogonal states such that two of the states can be
easily manipulated. Qubits are most commonly written in
what is known as the “computational basis,” composed of
the eigenstates of the PauliZmatrix and labeled j0i and j1i.
Unlike a classical bit, a qubit can be in superposition states,
which are normalized linear combinations of the computa-
tional basis states, e.g., 1

ffiffi

2
p ðj0i þ j1iÞ.

Systems of multiple qubits are typically expressed using
the tensor product; for example, j0i ⊗ j0i represents two
qubits that are both in the j0i state. This notation can be
shortened as j00i. In this paper, we consider the leftmost
qubit the “first” qubit.1 Multiple-qubit states can exhibit
quantum entanglement, identifiable whenever a two-qubit
state cannot be factored into two definite single-qubit
states (this is often called “nonseparability,” for “separat-
ing” an n-qubit state into n single-qubit states). For
example, the unentangled state 1

ffiffi

2
p ðj00i þ j10iÞ can be

factored into 1
ffiffi

2
p ðj0i þ j1iÞ ⊗ j0i, but the entangled state

1
ffiffi

2
p ðj00i þ j11iÞ cannot be factored at all.

Entangled states exhibit “measurement correlation,” a
phenomenon in which measuring one qubit changes the
probabilities that a given value will be measured for the
other qubit. The CNOT gate is critical in quantum comput-
ing for its ability to entangle two qubits by correlating
their states. Figure 1 provides what is known as a quantum

circuit diagram representing the control qubit (jψ1i), target
qubit (jψ2i), and CNOT gate for a simple two-qubit
situation, as well as a truth table representing the effect
of the circuit on the two-qubit computational basis states,
fj00i; j01i; j10i; j11ig. The CNOT gate applies a Pauli X
gate (a quantum equivalent of the NOT gate) to the target
qubit if the control qubit is j1i and does nothing if the
control qubit is j0i. This action, when applied to states
in the computational basis, is the same as a classical XOR
gate. However, when applied linearly to superposition
states like 1

ffiffi

2
p ðj00i þ j10iÞ, CNOT can generate quantum

behaviors like entanglement. For the given superposition
state, CNOT 1

ffiffi

2
p ðj00i þ j10iÞ results in 1

ffiffi

2
p ðj00i þ j11iÞ, and

the two qubits have become entangled. When entangled,
the measurement of one qubit will affect the measurement
probabilities of the other.

B. Student understanding of quantum computing
and quantum mechanics

Research into quantum education is a thriving field with a
long history. Studies and reviews have investigated areas
like student reasoning (e.g., [7,13,15,16]), curricula [8],
online tutorials [17,18], simulations [9], and developing
assessments (e.g., [19,20]). Here, we focus on the specific
results of these studies that help explain student behaviors in
our dataset. Some results come from studies on quantum
physics education more generally, while others come from
the more recent body of work on quantum computing
education.
Quantum computing problems often require a fluency

with “Dirac notation,” which has been the subject of
previous studies. Gire and Price [10] observed that the
use of Dirac notation resulted in fewer computational errors

FIG. 1. A circuit diagram for the CNOT gate, in which jψ1i is
the “control qubit” and jψ2i is the “target qubit.” The circuit is
read from left to right, where the qubits are input on the left and
move horizontally along the “wires.” Gates are indicated by
symbols along the wires. The truth table on the right shows how
CNOT acts on the four computational basis states, where “Input”
represents the states of jψ1i and jψ2i before the CNOT gate, and
“Output” represents the states after. The truth table can be
summarized in this way: if the control (jψ1i) is j0i then the target
(jψ2i) is unchanged; if the control is j1i then a NOT gate is
applied to the target.

1This is not the only convention for qubit counting, and the
field at large has not settled on a single convention. Another
common convention is to consider the rightmost qubit the first
qubit and the leftmost qubit the “last.”
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and enabled greater problem-solving progress than matrix
and wave function notations. In that paper, they described
Dirac notation as having a high level of “individuation”
(clearly and distinctly representing important features
of a system, such as the states in a superposition), being
compact, and providing symbolic support to computations
like inner and outer products.2 However, a 2023 study on
student difficulties in quantum computing [12] found that
fewer than half the student participants felt comfortable
with Dirac notation, preferring matrix notation instead.
Some research has been done on student understanding

of entanglement, especially regarding nonseparability. A
study by Kohnle and Deffebach [21] on student responses
based on a visualization about entanglement (in a quantum
physics context) observedmany students stating that a state
of the form 1

ffiffi

2
p ðj00i þ j01iÞ was “entangled because it

could not be factorized,” indicating that students connect
the idea of entanglement with the nonseparability of a
quantum state (even though, in this case, theywere incorrect
in saying that the state could not be factorized). However,
more recently, a study byZwickl andHerson [22] found that
when asked to define entanglement, students rarely men-
tioned the idea of (non)separability. These two results
suggest that nonseparability as a resource for entanglement
is context-dependent.
Two recent papers [11,23] have also uncovered student

difficulties with interpreting superposition states more
generally. Passante et al. [23] asked students whether
an ensemble of particles in the superposition state
1
ffiffi

2
p ðj0i þ j1iÞ was experimentally indistinguishable from

a classical ensemble of qubits of which 50%were in the j0i
state and 50% in the j1i state. Before direct instruction,
42% of students concluded that the ensembles were
experimentally indistinguishable and another 14% of
students claimed that the difference between the two
ensembles was purely semantic.
Meyer et al. [11] argue that the above phenomenon is a

possible result of a strategy they call “naive measurement
probability” (NMP). In this strategy, students square the
probability amplitudes on a quantum state written in the
computational basis and use the resulting probabilities
to make physical sense of the state. When students are
asked if the quantum and classical ensembles are identical,
8 (of 15) students use NMP to explain that measurement of
1
ffiffi

2
p ðj0i þ j1iÞ will yield the same results as measurement

of the classical ensemble. Some students then conclude
that the two ensembles are identical. While productive
applications of NMP can be easily imagined, most
research shows it is used unproductively.
This same paper [11] discusses another strategy students

use to solve quantum computing problems, which they
call “virtual quantum computer.” In this strategy, students
apply gates, measurements, or other features of a quantum
circuit to a given state as if that state were going through a
quantum computer. We observe this strategy in our data;
however, when we refer to this strategy throughout our
dataset, we refer to it as “playing quantum computer” to
emphasize the strategy as an action students can take to
solve problems.
Playing quantum computer has similarities with the

concept of “plug-and-chug” expressed throughout PER.
A 2016 paper on student difficulties with expectation values
[24] found that students rarely used conceptual reasoning to
interpret statements about expectation values in quantum
mechanics, instead resorting to formal calculations. The
authors suggest that “even upper-level undergraduate and
graduate students often prefer ‘plug and chug’ methods
as opposed to developing a coherent conceptual under-
standing.” While playing quantum computer may at first
appear to be a direct analog of plug-and-chug, it is in fact
representative of the algorithmic thinking that underlies
computer science and is essential to working with compli-
cated quantum circuits. Throughout this paper, we note
instances when playing quantum computer is strictly
necessary to solve a problem, more efficient than conceptual
reasoning, or less efficient than conceptual reasoning; we
also note instances when students both play quantum
computer and reason conceptually at the same time.

III. CONTEXT AND METHODS

A. Interviews

Weconducted think-aloud interviewswith students using
questions from the Quantum Computing Conceptual
Survey [25,26] (QCCS). Our sample comes from students
who had taken the QCCS as part of a recent quantum
computing class and who indicated that they wanted to be
contacted for follow-up studies.
We scheduled 30 interviews with these students, con-

ducted over Zoom by the first author. One of the interviews
was removed from the data because they did not answer
all the questions, so our total N is 29 students. For
transparency, we report the demographics of our sample
in Table I, but we do not disaggregate our data by
demographic categories. We numbered students in order
of interview date and time, and we refer to students using
this number as “Student #.”
Data collection resulted in two main artifacts per

interview: detailed notes by the first author during each
interview and an audio recording later transcribed via

2Dirac notation also exposes other features of quantum states
for easier manipulation or analysis, two of which are relevant to
our work: (1) A state can be identified as entangled by checking
if it cannot be factorized into states of individual particles (i.e., it
is “nonseparable” into single-qubit states). (2) The allowed
results of measurement (for an observable with the same basis
in which the state is expressed) can be read fairly directly from
the kets themselves; especially usefully, one can read which
combinations of measurements on two or more qubits are
possible or not.
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Otter.ai. The transcriptions were reviewed and corrected
using the recorded video and audio files with particular
attention to cases where the automated transcription failed
to capture “jargon” terms. The audio recording for inter-
view 13 failed, so any references to interview 13 are based
on the first author’s notes.
Interviews involved seven questions taken from the

QCCS and an eighth, open-ended question written for
the interview. Some of the questions were selected to
further investigate their face validity in the QCCS; others
were chosen to characterize student understanding of the
CNOT gate. Students responded fully and without inter-
vention to each question before the interviewer asked
prompting questions, meant to further characterize the
student’s reasoning or suggest a different line of reasoning.
(When students activate a resource as part of their response
to a prompting question, we specify that they were
“prompted.”) After the interviews, we selected three of
the four questions involving the CNOT gate for analysis;3

these questions are described in detail below. We also
summarize in Table II how many students got each
question correct or incorrect, whether they were prompted
or never prompted.

1. Question 1: Which states are unchanged by CNOT?

As shown in Fig. 2, question 1 provides four 2-qubit
quantum states and asks students which states (if any)
would be left unchanged after the application of the CNOT

gate. The definition of CNOT, as given in Sec. II A, can be
applied linearly to each ket in the superposition to find that
jψai and jψdi are unchanged. Students must pay attention
to the state as a whole, and not focus only on individual
terms, because jψai appears to change if one only looks at
the first ket, j10i, but even though each term changes
individually, they do so in a way that keeps the state the
same. Nineteen (of 29) students correctly identified which
states were changed and unchanged without prompting
from the interviewer.

2. Question 2: What happens to the control qubit?

Question 2 (Fig. 3) presents students with a two-qubit
circuit involving a CNOT gate and a measurement. The
top qubit—the control for the CNOT gate—is jψ ini ¼
1
ffiffi

2
p ðj0i þ j1iÞ. The bottom qubit, j0i, passes through the

target of that CNOT gate and is subsequently measured in
the computational basis fj0i; j1ig. Students are asked
whether the top qubit has been affected by the circuit
and, if so, does the state depend on the outcome of the
measurement?

TABLE II. Summary of how many students answered each
question correct or incorrect. “Correct/incorrect after prompting”
means that students’ final answer, after getting the question
incorrect and being prompted, was correct/incorrect. “Incorrect”
means that students were not prompted after their incorrect
answer.

Question Correct

Correct
after

prompting Incorrect

Incorrect
after

prompting

Question 1 19 4 4 2
Question 2 16 5 2 6
Question 3 28 0 1 0

FIG. 2. The prompt and answer options for question 1. The
answers are A and D, obtained by linearly applying CNOT to each
individual ket.

TABLE I. Demographics of interview participants across multiple categories. Students were asked to answer their “gender” and “race
or ethnicity... in whatever way makes sense to you”; items in those columns reflect students’ exact wording. The sum of column 1 is
greater than N ¼ 29 because students reported multiple majors.

Major N Academic stage N Race/ethnicity N Gender N

Physics 13 Master’s/PhD 14 Asian 14 Male 19
Engineering 9 Seniors 3 White 9 Female 8
Computer Science 9 Juniors 5 Hispanic 3 Genderqueer 1
Math 8 Sophomores 4 Middle Eastern 1 N/A 1
QIS 5 Freshmen 3 Indian 1
Economics 1 N/A 1

3The fourth question was broad and open-ended but unfortu-
nately did not yield as much insight as we hoped, so we do not
include it in this analysis.
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A critical element of question 2 is that the CNOT gate
entangles the two qubits into the entangled state
jψi ¼ 1

ffiffi

2
p ðj00i þ j11iÞ. This state is now nonseparable

(i.e., neither qubit can be factored out of the two-qubit
state), which in and of itself represents a change to the
state of the control qubit. As a result, it now exhibits
measurement correlation—that is, measurement of either
ket will collapse the state into either j00i or j11i with
50% probability. Thus, if the value measured for the
target qubit is consistent with j0i, then the control qubit
must be j0i with 100% probability. Therefore, the
control qubit does change after the measurement of the
target qubit, and it does depend on the outcome of that
measurement.
Sixteen (of 29) students answered question 2 correctly

without prompting, though only two students articulated
without prompting that the state of the control qubit
changes after the CNOT gate, not just after the
measurement.

3. Question 3: How do multiple CNOTs cancel?

Question 3 (see Fig. 4) presents students with a two-
qubit circuit containing three CNOT gates in various
orientations. It asks students to determine whether the
three-CNOT circuit is equivalent to a single-CNOT circuit
(in either possible orientation), both, or neither. Two
adjacent CNOT gates in the three-qubit circuit have the
same orientation; the CNOT gate is its own inverse, so these
two CNOTs cancel out, leaving behind one CNOT gate,
which can then be compared to the answer options.
All except 1 student (out of 29) answered this question
correctly without prompting.

B. Theoretical framework: Conceptual
and procedural resources

To explore the ways in which students reason about
CNOT gates in these questions, we took a resource-based
approach to framing student reasoning [14]. Resources are
often understood as individual, reusable pieces of knowl-
edge [27]. These pieces can be of many grain sizes and
may even be made up of other resources [28], which come
together in schema-like structures [29] that relate ideas,
experiences, and contexts. Resources are activated by
students; that is, in some settings and not others, we
can observe that a resource is active in a student’s
reasoning process by noting whether they say phrases
or take actions that indicate the presence of that resource
in their reasoning [30]. When activated, resources are
context-dependent; their application to one problem may
look different from their application to another problem,
even while the same basic piece of knowledge is still at
play [27].
We used this framework to analyze student response

patterns by identifying pieces of knowledge that build up
their reasoning involving the CNOT gate. All interviewees
were familiar with the CNOT gate, having taken a quantum
computing course in the prior semester. Following
Robertson et al. [31], we focused on identifying resources
that were “instructionally significant,” i.e., related to
correct physics concepts but also to the actual language
students use. Instructionally significant resources can be
drawn on or refined by instruction to generate physics
understanding. To this end, we discarded resource candi-
dates that were strictly incorrect in all circumstances,
opting instead for resources that were, at worst, “indeter-
minate” [27], i.e., not necessarily correct in all contexts,
but correct in some.
We consider two types of resources from the literature:

conceptual resources [31] and procedural resources [28].
To illustrate the distinction between the two types of
resources, let us explore two different ways a student could

FIG. 3. The prompt and answer options for question 2. The
answer to this question is B because the circuit entangles the two
given states, creating measurement correlation. For the given
states, knowing the measurement outcome of the bottom qubit
guarantees the same measurement outcome for the top qubit.

FIG. 4. The prompt and answer options for question 3. The
answer to this question is B because CNOT is its own inverse;
thus, the second and third CNOT gates cancel each other out.
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answer question 2. A conceptual argument made by
student 8 can be paraphrased as: “I know CNOT entangles
two qubits, and I know that measuring one qubit in an
entangled state causes the other qubit to collapse, so I think
that in this circuit, the control qubit will collapse into either
j0i or j1i.” A more procedural method of solving the
question might involve evaluating the circuit for the initial
two-qubit state, calculating the effect of CNOT and the
measurement of that state, and thereby determining that
the control qubit collapses into either j0i or j1i. In both
cases, the student “steps through” the circuit, but the
conceptual argument is more qualitative, while the pro-
cedural method is specific to the circuit’s input and the
calculation required to get the output.
We can now point out conceptual and procedural

resources in the example arguments above. Two candidates
for conceptual resources in the first example could be
“CNOT entangles qubits” and “entangled qubits experience
measurement correlation.” These conceptual resources are
ideas that can be used to construct a qualitative or general
description of the action of a circuit. In contrast, in the
second example, two candidates for procedural resources
could be “applying CNOT to a two-qubit state” and
“determining the effect of measurement on a state.”
These procedural resources are “mathematical actions”
[28] used algorithmically to obtain an output state from
an input state.
We can distinguish these two types of resources based

on their use by students and the apparent purpose they
serve in a student’s argument. This is true even when a
procedural and conceptual resource are very closely
related, such as “determining the effect of measurement
on a state” and “entangled qubits experience measure-
ment collapse.” A student can arrive at measurement
correlation either by correctly determining the effect of
measurement on a given entangled state or by recalling
that a given state is entangled and that entanglement is
characterized by measurement correlation. It is even
possible that a student could use both resources at the
same time.

C. Analysis

We used an emergent coding scheme to analyze student
reasoning, beginning by coding common student response
patterns and ending with a codebook composed of candi-
dates for CNOT-related resources and more general QIS-
related pieces of knowledge. Initially, an undergraduate
researcher coded the interviews to identify modes of
reasoning that appeared in multiple students’ responses.
The results of this coding pass suggested that we use a
knowledge-in-pieces framework. The first author recoded
the data using more than a dozen pieces of knowledge that
seemed to contribute to students’ response patterns, and
then the research team began a collaborative effort to
iterate on these codes using clear exemplars and edge

cases. Codes that were either too broad or too vague to
be consistently applied, or too context-dependent to be
useful for instruction beyond the question in which they
appeared, were refined or rejected.
This process resulted in codes for three knowledge

pieces related to the CNOT gate that fit our criteria for
resources: clearly defined, distinct from the other resour-
ces, correct in at least some circumstances, context-
dependent, and instructionally significant. It also resulted
in codes for knowledge pieces matching those found in the
broader literature—including measurement correlation
[22], nonseparability [22], and naive measurement prob-
ability [11]. As these concepts have a broad range of
applicability beyond the CNOT gate, and because we would
not be able to fully define their scope as resources due to
our narrow CNOT focus, we chose not to treat the codes as
CNOT-specific resources for the purpose of our analysis.
Instead, we treat them as broader quantum resources and
note that students activate them when they engage with
those concepts in their arguments.
These codes facilitated our analysis of student reason-

ing, allowing us to break up student arguments into
constituent pieces that students appeared to activate. We
did not perform an interrater reliability test, as we are not
making claims about frequencies of resource usage. This
work identifies resources and provides an exemplar-based
discussion of their use by our students. We nevertheless
report frequencies for transparency about whether or not
we are reporting singular or very rare events; these
frequencies should not be interpreted to represent general-
izable results.

IV. RESULTS: RESOURCES
ABOUT THE CNOT GATE

In this section, we describe three resources students use
when working with the CNOT gate and provide examples of
how they are used in context. In the following section
(Sec. V), we discuss how students employ these resources
and the relationships between them.

A. Resource A: Applying CNOT to specific states

In the context of procedural methods, where students
perform calculations to extract information about a physi-
cal situation, we identify applying CNOT to specific states
as a procedural resource. The following quotations all
immediately precede the use of this resource:
• “So if I was to act CNOTon this one [a state in question
1]...” (Student 7)

• “So the way I would think of it is, I would take any
random qubit and see what would work. I’m [first]
doing a j10i qubit.” (Student 5)

• “I actually don’t remember this properly. Let me just
do it on the paper.” (Student 8)
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• “To solve this question, I think that I will probably
want to do that with numbers because I wouldn’t
really feel too comfortable making an educated guess
on this one.” (Student 22)

These quotations suggest that students treat this re-
source as a mathematical action from which they can
extract information, even if they’re not sure how to make
an “educated guess.” We observed students using this
resource in two ways: to determine the effect of CNOT on
specific states given by the problem or to determine the
effect of CNOT on “test states” that were not given by the
problem (such as in question 3). These usages fit our
understanding of procedural methods as “input to output”
processing.
This resource (applying CNOT to specific states) is the

only procedural resource we identified as directly related
to the CNOT, but it is not the only procedural resource we
saw evidence of in our interviews. We are considering
this particular resource as one in a larger set of resources
that we refer to collectively as playing quantum com-
puter (defined in Sec. II B). When playing quantum
computers, students evaluate the effects of single gates,
measurements, or entire circuits on qubit states. This
evaluation may be done in a variety of ways, for
example, using matrix representations or Dirac notation,
which we chose not to distinguish in our analysis.
Regardless of the methods students used to evaluate
the output of a quantum circuit, we identified those
methods as playing quantum computer when the narra-
tion focused on finding an output to the circuit given an
input. It is possible to use conceptual resources while
playing quantum computer to interpret the procedural
steps one is making, and we describe instances where we
observe both in Sec. V B.

B. Resource B: The control-target
definition of CNOT

When reasoning conceptually about the effect of the
CNOT gate in circuits or on states, students often used a
resource we call the control-target definition of CNOT. In
contrast to a matrix or truth table definition of CNOT, this
definition qualitatively describes CNOT’s effects on basis
states: “when the control qubit is j0i, the CNOT does
nothing to the target qubit, but when the control is j1i, the
CNOT flips the target.” One student who invoked the
control-target definition said,

What [CNOT] usually does from my knowledge
is, if the control is 0, it wouldn’t do anything to
the target. And if it was 1, it would flip the target
like a NOT gate. (Student 4)

While this resource can be used procedurally (to
perform resource A), in this study, we focus on its use
as a conceptual resource in students’ qualitative or general

arguments.4 For example, in question 3 (Fig. 4), many
students (5 unprompted, 6 prompted, out of 29) used this
resource to qualitatively describe the effect of two CNOT

gates with identical orientations and concluded that the
two CNOTs “reverse” themselves. We observed students
using words like “flip” as a critical part of their arguments
to generalize the effect of CNOT without applying it to any
specific states at all.

C. Resource C: CNOT doesn’t change the control qubit

Implicit in the control-target definition of CNOT is
CNOT’s lack of action on the control qubit. When applied
to pure computational basis states, CNOT may change the
target qubit, but it does nothing to the control qubit. We
observed students activating this implicit feature of CNOT

using phrases like “CNOT doesn’t change the control qubit”
(separately from the control-target definition) and in
different contexts from those in which they activated the
control-target definition. For this reason, and because this
resource focuses solely on the control qubit while resource
B primarily focuses on the target qubit or the two-qubit
state as a whole, we identify it as a separate resource from
resource B.
While this resource is useful and accurate when com-

puting CNOT’s effect on computational basis kets, or even
when applying CNOT linearly to superpositions, the phrase
“CNOT doesn’t change the control qubit” is not true as a
blanket statement. When CNOT entangles or disentangles
qubits, the control qubit does indeed change, so resource C
cannot be used generally for all states. Nevertheless, 12
students (of 29) invoked this resource unprompted in
question 2 (Fig. 3) to reason about the control qubit
despite it being in a superposition state. In that question,
students are asked to determine whether a qubit has
changed after it has passed through the control of a
CNOT gate. Regardless of what happened to the target
qubit, these students reasoned that the control qubit could
not have changed by invoking resource C. As explained
in Sec. III A 2, this is not correct, and we explore the
consequences of this reasoning in Sec. V E.

V. DISCUSSION

In this section, we discuss how students solve our three
interview questions using a “toolbox” composed of the
three resources about the CNOT listed in the previous
section, describing the contexts in which they activated
these resources, whether they used these resources to solve
a problem initially or check their work, and the interplay

4For that reason, we didn’t code resource B when students used
it in a procedural way—that is, to get an output state from a
specific input state. Such instances were coded as resource A.
But students using resource A did not always need the control-
target definition, and students using the control-target definition
were not always doing so procedurally, as we show in Sec. V B.
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between these resources. When it is relevant, we refer to
other QIS resources and strategies documented in prior
literature. In our toolbox analogy, students can reach for
and use various tools as part of their problem-solving
process. They may choose to use some tools and not
others, either through explicit choice, instinct, or a lack of
comfort with certain tools. We explore patterns in students’
tool use and resource activation, whether productive or
unproductive, in the sections that follow.

A. Students reliably apply resource A

All three questions in this analysis can be solved by
starting with a procedural application of CNOT to specific
states (resource A)—or, more generally, by playing quan-
tum computer. The linear, step-by-step nature of playing
quantum computer leaves little room for more than care-
less errors during the process of computation. Almost
every student who used this resource did so correctly,
reliably calculating the output of each state, although
doing so does not guarantee a correct solution.
In two of our questions, knowledge gained from

resource A led students directly to the correct answers.
When answering question 1 (Fig. 2), 19 students5 (of 29)
fully calculated the output of all four superposition states
under the action of CNOT. They could immediately com-
pare the output states to the corresponding input states to
correctly determine which states had changed and which
had not. To answer question 3 (Fig. 4), at least five students
wrote a truth table for the three-CNOT circuit (example in
Fig. 5), evaluating its effect on all four computational basis
states (resource A), and then they compared that truth table
to the effect of a single CNOT in either orientation. This
direct comparison immediately and reliably provided these
students with the correct answer, but it was a lengthy
process compared to other ways students answered this
question (which we discuss in Secs. V B and V C).
In response to question 2 (Fig. 3), 24 students

(13 unprompted, 11 prompted) reliably applied CNOT to
the specified input state to get the entangled state
1
ffiffi

2
p ðj00i þ j11iÞ. In this instance, resource A does not

guarantee success, as students must compare the output
state to the input state. We discuss this further in Sec. V E.
Procedural methods make up a crucial tool students can

use to solve problems. Resource A forms the bedrock of our
CNOT toolbox because it provides trustworthy information
without risking conceptual errors. Instructors may wish to
frame computation not only as a basic feature of a quantum
computing class but also as a genuine and essential

problem-solving or reasoning strategy. However, as we will
show in the next section, conceptual resources can help
students solve certain problemsmore efficiently and quickly
than they could with procedural methods alone.

B. Students qualitatively describe
circuits using resource B

As discussed above, students can solve question 3
(Fig. 4) by using resource A. They either apply the gates
to all four computational basis states or to only one or
two and observe which answer is compatible with their
calculations. But the effect of the gates in question 3 can be
predicted without using resource A by observing that CNOT
is its own inverse, so that the latter two identical CNOT

gates cancel each other out.
Students (11 of 29) conceptually argued that CNOT is its

own inverse by using the control-target definition of CNOT
(resource B). Student 20 explained the effect of the latter
two CNOT gates, as follows: “When they [the two CNOTs]
are using the same control... you change something and
then you change it back.” Other students went into more
detail, explaining how, whether the control qubit is j1i or
j0i, the two CNOTs perform the same reversible action (or
nonaction) twice. In these cases, they did not compute
the effect of CNOT on specific states (and thus were not
utilizing resource A) but were instead using their quali-
tative understanding of CNOT’s behavior to analyze a more
complicated scenario.
Two of these students began analyzing question 3

(Fig. 4) using resource A and then spontaneously realized
during their calculation that they could describe the
behavior of the circuit using the control-target definition
of CNOT (resource B). Student 8 began to apply the circuit
to the four computational basis states, and while applying
it to j01i, he used the control-target definition, saying of
the second and third CNOTs that “it will change the first
qubit to j1i and it will change the first qubit back to j0i. So
basically just reversed what it did.” He evaluated the other
states and finally repeated, “basically, the two CNOT gates
after the first one... they’re reversing.” In the middle of his
procedural methods, he found conceptual reasoning that he
used to explain his final answer to the question. Student 22
did something similar, using the control-target definition to
evaluate each computational basis state by describing how
the target qubit “flips” when the control is a j1i. After she

FIG. 5. Example of a truth table used to evaluate the effect of
the circuit in question 3. The second, third, and fourth columns
represent the state of the two qubits after each CNOT gate.

5As we mentioned in Sec. III C, these frequencies should not be
understood as statistical claims but as a method of transparency
to give the reader a sense of whether a phenomenon happened
only once, rarely (i.e., only a few times), or not rarely. In this
case, we include frequencies to show that the use of resource A
was “not rare.”
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went through all four states, she said “going through it step
by step kind of helps me see what is really happening
here... it’s helpful to find a pattern in it,” and then provided
a conceptual solution to the problem based on the control-
target definition of CNOT (resource B), using the same flip
wording she used to evaluate the effect of the circuit in the
first place.
This particular result—in which a conceptual argument

rises spontaneously out of purely procedural reasoning—
compelled us because of the ‘aha’ moment it gave
students. It is consistent with a phenomenon in the
literature called ‘blended processing’ [32,33], in which
students make conceptual or qualitative interpretations of
their equations or calculations. In this case, students appear
to blend a procedural and conceptual usage of the control-
target definition: i.e., while using it as a procedural
resource to apply CNOT to specific states, they understand
their mathematical action in a conceptual way that they can
leverage as a conceptual resource to qualitatively describe
the circuit.
This phenomenon illustrates how students can build

up conceptual resources from the procedural tools of
quantum computing. As students applied the CNOT gate
procedurally, they observed a pattern that they formed
into a conceptual argument. Instruction that encourages
students to reason conceptually while applying proce-
dural tools like playing quantum computer may bring
about more of these “aha” moments and build up a
conceptual toolbox grounded in the bedrock of procedural
resources.

C. Students use resource A and other procedural
tools when they are uncertain about

conceptual arguments

In the previous section, we observed students forming a
conceptual argument after using procedural methods. This
can go the other way: when a student is uncertain about
their conceptual arguments, they can turn to their more
reliable procedural tools to support or justify their reason-
ing. We present some clear exemplars below, but we do not
report frequencies due to the inherent ambiguity in
identifying students as “uncertain.”
When answering question 3 (Fig. 4), some students

were not certain which of their conceptual ideas was
correct. Student 20 said, “I never remember if the way that
CNOTs cancel each other is when they’re like in the same
position or like in different positions,” and applied CNOT to
the state 1

ffiffi

2
p ðj00i þ j10iÞ to correctly determine which

of these was correct. Similarly, student 29 said, “I don’t
know if opposite CNOTs cancel,” and after further thinking,
decided he needed to “make a logic table,” which led him
to the correct answer. In these cases, resource A helped
students reject incorrect statements like “opposite CNOTs
cancel.”

Other students answering question 3 (Fig. 4) were
somewhat certain that identical CNOTs canceled but were
unwilling to trust that resource on faith. Student 2 said they
were “pretty sure CNOT is its own inverse” and then applied
CNOT to the states j01i, j10i, and j11i to conclude they
could just “delete the second and third CNOTs.” Student 18
said, “CNOT is its own inverse, I feel like I remember that,”
but she checked by using a different procedural tool:
multiplying two CNOTs together as matrices. Student 12
started by using resource A, but when asked if he could
come up with a conceptual argument for his answer after
he finished his truth table, he said, “I had a feeling” that the
second and third CNOTs canceled and that that was “lowkey
my first assumption,” but that “my examples were just a
way to make that into a concrete thing.” Student 17
articulated an idea similar to student 12’s, saying she
did the math because “it’s more definitive... I don’t have to
confuse myself,” even though she also demonstrated
conceptual understanding when asked.
Some students started exploring potential conceptual

arguments but, unable to find one they seemed comfortable
pursuing, they switched to using procedural methods
instead. Consider the following examples:
• Student 28, answering question 2: “So my, my gut
instinct is that there’s no effect, because we’re not
really doing anything to the top qubit. But let me
think about it for a little bit.... So why don’t I just
write down the action of the circuit step by step.”

• Student 22, answering question 3: “To solve this
question, I think that I will probably want to do that
with numbers because I wouldn’t really feel too
comfortable making an educated guess on this one.”

• Student 18, answering question 1, after some time
trying to reason through the problem: “Okay, actually,
I think I just have to do the math.”

In these examples, students supported the conceptual
side of their toolbox with their robust procedural tools,
especially applying CNOT to specific states (resource A).
Procedural methods like playing quantum computer can
make students more confident about their conceptual
understanding of a quantum circuit without forfeiting or
undercutting their attempts to achieve conceptual under-
standing. Creating instructional opportunities where stu-
dents are encouraged to play quantum computer in a way
that bolsters their conceptual resources may assist them in
learning the uses and limits of their conceptual resources
and may even help them build a practice of doing so
unprompted.

D. Students can use resource B unproductively

While resource B was a powerful conceptual tool
for students in question 3, it was very unproductive in
question 1. This question (Fig. 2) asks which of the four
superposition states are left unchanged by CNOT. This
specific framing led nine students to reason conceptually
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and generally using the control-target definition of CNOT

(resource B) before looking at any individual states.6

Paraphrased, the argument is as follows: “when CNOT is
applied to a state with a control qubit of j1i, it changes the
target qubit, which means the state changes. Any state with
a j1i for a control qubitmust therefore be changed by CNOT.”
Armed with this generalization, students looked through all
four options and eliminated any that had a j1i for the control
qubit in one or both terms in the superposition. These
students answered that only the state 1

ffiffi

2
p ðj00i þ j01iÞ was

unchanged by CNOT, which, while correct, misses another
unchanged option: jψai ¼ 1

ffiffi

2
p ðj10i þ j11iÞ.

Activation of resource A would have helped these nine
students refute their incorrect generalization. Two of these
students ended up checking their work unprompted using
resource A, and then they discovered their error. We
prompted another six to check their answers, and five
of them did so using resource A, although one of those five
did not notice the error in her reasoning.
While the prompted students had access to procedural

tools like resource A, they did not use them spontaneously.
Checking one’s conceptual reasoning about a gate or
circuit in quantum computing using procedural methods
is a straightforward and often quick procedure. It appears
that students do not always activate procedural resources
like playing quantum computer to check their work, but
it is unclear from our data why. Instructors may wish to
encourage students to play the computer not only as a way
to solve problems or build understanding but also as a
self-check.

E. Students trust resource C over most
conflicting information

Question 2 (Fig. 3) requires multiple tools besides
the CNOT gate in order to arrive at the correct answer.
Sometimes, the conclusions students make using different
tools are in conflict with each other, and students must
resolve the inconsistency. In question 2, we observed 13
students using resource C (CNOT doesn’t change the
control qubit) to arrive, at least initially, at an incorrect
conclusion: nothing happens to the control qubit in the
circuit, and therefore it has not been changed. Of these 13
students, 12 checked their answer, some spontaneously
and others with prompting. The interviewer’s prompts
encouraged students to play quantum computer, whether
generally (“solve the question using math”) or step-by-step
to indirectly elicit specific resources related to entangle-
ment (e.g., “what is the state of the top qubit after the CNOT

gate?” which was meant to elicit nonseparability).

We analyzed each case individually to understand why
some students changed their final answer while others did
not. All six of the students who arrived at the correct
answer activated measurement correlation at some point,
and one even noticed that the state changes after the CNOT

gate and before the measurement due to nonseparability.7

Five of the remaining six students never activated meas-
urement correlation, even when prompted. The sixth of
those, who activated both nonseparability and measurement
correlation, ultimately rejected the correct answer because
of her certainty that “CNOT doesn’t change the control
qubit.” In Table III, we summarize the reasoning of the 13
students who used resource C at some point during this
question. We explore their arguments in more detail below.
While invoking nonseparability is not necessary to solve

question 3, it is nevertheless a critical part of the definition
of entanglement—that is, an entangled multiqubit state
cannot be written as a tensor product of multiple single-
qubit states. But the consequences of nonseparability were
not often well understood by the students who activated it.
Students 17 and 22 both attempted to separate the
entangled state 1

ffiffi

2
p ðj00i þ j11iÞ and realized they could

not, but both those students eventually concluded that the
top qubit must still be in the state 1

ffiffi

2
p ðj0i þ j1iÞ. Student 17

first said,

We have to describe [the single qubit state] as
part of the larger quantum system.... We can’t
just say what the state is like, you can’t just say
that it’s in... an equal superposition of j0i and
plus j1i.

But then, reinvoking her incorrect conclusion based on
resource C, she decided,

ψout would still be an equal superposition...
because I’m pretty confident about this answer,
because I do still believe it [the circuit] would
have no effects.

For student 7, nonseparability was a source of con-
fusion. When asked what the state of the top qubit was
after the CNOT gate, they said,

You can’t really treat this as a one-particle
problem to begin with.... would say, yes, it’s
the same state, if I were to, like, close my eyes
and pretend the second particle didn’t exist, but
it’s not really the same state because they’re
entangled. Despite the fact that the control gate
does, like doesn’t do anything to this top particle,
entangling it kind of in effect does do something.

6A tenth student used the matrix definition of CNOT to decide,
before looking at any states, that only states with a control of j0i
would be unchanged.

7For a reminder on how nonseparability and measurement
correlation apply to this question, see Sec. III A 2.
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Ultimately, they changed their incorrect conclusion
because of measurement correlation, but they could not
settle on a clear interpretation of their inability to factorize
the entangled state in this question.
These observations suggest that some students may be

able to recognize that “something is up” with the individ-
ual qubits when they cannot factorize a multiqubit state
but may not have a clear picture of how nonseparability
fits in with their understanding of single-qubit states.
This corroborates findings that students struggle with the
practical difference between pure and mixed states as
found in Refs. [23] and [11]. Alternatively, the presence of
this difficulty could mediate between the contradictory
findings by Zwickl and Hersom [22] and by Kohnle and
Deffebach [21] regarding how students relate nonsepar-
ability to entanglement, but more research is required to
understand how students interpret nonseparable states.
Findings in this area could be of benefit to both QIS
instruction and quantum mechanics instruction. The inter-
disciplinary, nonphysics-focused nature of QIS instruction
could provide insights that strengthen the discussion of
entanglement in the quantum mechanics curriculum.
It is not surprising that a resource like “CNOT doesn’t

change the control qubit” could override a student’s
reasoning based on a more difficult concept like non-
separability, but resource C was also strong enough to
bypass a concept as fundamental to QIS as measurement
correlation. Student 13 trailed off while determining the
result of the measurement and invoked resource C, and he
had to carefully play quantum computer to discover his
error. Student 17 affirmed that after measurement, the
system would “collapse” into either j00i or j11i, but still

felt “pretty confident about this [incorrect] answer,” argu-
ing that “jψouti would still be an equal superposition.” The
phrasing of “equal superposition” suggests that she may
have been using naive measurement probability8 [11] to
decide that—since the probability of measuring j00i or
j11i is 50%—the collapsed state was still a superposition,
but she did not explicitly say this. Student 12 used it more
obviously—when asked to write down the “combined two-
qubit state” after the CNOT gate, he did so correctly and
invoked NMP to say that the top qubit is in the state
1
ffiffi

2
p ðj0i þ j1iÞ because “there would still be a fifty-fifty

chance.” Both these students had concluded that, by the
end of the circuit, the system was either in a j00i or j11i
state, but they resolved the contradiction with resource C
by maintaining that the qubit was still in a quantum
superposition.
In contrast, five students did not invoke measurement

correlation whatsoever. Student 22 observed that the state
was a “Bell state,” but continued,

However, even though it’s a Bell state jψi still
represents the leftmost qubit in this entire state.
And even if you perform a measurement on the
rightmost qubit, you’re still going to have your
leftmost qubits be 1

ffiffi

2
p ðj0i þ j1iÞ

TABLE III. Summary of student reasoning on question 2, for students who used resource C at some point during their process.
“Prompting” almost always means that the interviewer prompted the students to write down the state of the top qubit at certain points in
the circuit, except for students 22, 26, and 29, who were prompted to “solve the question with math” and no further. “While playing
quantum computer” in the “Activates” columns means that students played quantum computer to a point where they could activate
those resources, without being prompted in a way that would elicit those resources.

Activates...

Student # Correct? Measurement correlation Nonseparability?

1 No, never prompted No No
5 Yes, after prompting No, never prompted No, after prompting
7 Yes, after self-checkinga Yes Yes
9 Yes, after prompting Yes, while playing quantum computer No
11 Yes, after prompting Yes, after prompting No, after prompting
12 No, after prompting No, after prompting No, after prompting
13 Yes, after prompting Yes, while playing quantum computer No, after prompting
14 Yes, after prompting Yes, after prompting No, after prompting
17 No, after prompting Yes, after prompting Yes, after prompting
22 No, after prompting No, while playing quantum computer Yes, while playing quantum computer
26 No, after prompting No, while playing quantum computer No, while playing quantum computer
28 Yes, after self-checking Yes, while playing quantum computer No, while playing quantum computer
29 No, after prompting No, while playing quantum computer No, while playing quantum computer

aStudent 7 answered correctly at first, but questioned his conclusion after activating resource C.

8As defined in Sec. II B, NMP is a problem-solving strategy of
indeterminate correctness where students determine the classical
probabilities of measurement for a state and then use those
probabilities to reason about that state.
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Student 22 understood collapse in Dirac notation for a
single qubit but did not demonstrate understanding of how
it applied to a multiqubit state, especially one she iden-
tified as a Bell state.9 It appears that she did not invoke any
properties of Bell states—it is possible that she does not
associate Bell states with entanglement or entanglement
with measurement correlation.
Nevertheless, five of the seven students who explicitly

invoked measurement correlation used it to correct their
answer. Student 28 said, “my gut instinct is that there’s no
effect, because we’re not really doing anything to the top
qubit,” but then he spontaneously played quantum com-
puter until he arrived at the measurement with the correct
entangled state in hand. “In computational basis,” he
began, trailing off and presumably evaluating the meas-
urement. He then concluded at once that his “gut instinct”
was wrong and that the answer “will depend on the
measurement.” The success of these five students may
represent a fluency in using Dirac notation to predict the
effects of measurement on superpositions and multiqubit
states. Further study into student fluency with multiparticle
Dirac notation (and, more generally, Dirac notation
involving tensor products) could benefit from the inter-
disciplinary insights of both QIS and quantum mechanics
educators.
We did not anticipate how strongly students would stick

to resource C even when they had access to other basic,
fundamental quantum computing concepts like measure-
ment correlation, but it seems to be a natural generalization
for students to make without realizing its limits. We want
to stress, however, that we do not consider resource C
wrong. Scherr [27] differentiates between a model of
misconceptions—in which students hold strong,
composite, essentially wrong ideas—and the knowledge-
in-pieces model, in which students have good reasons for
their ideas but may use them in contexts where they are
inapplicable. Like resource B, resource C is the sort of
generalization a student could easily make after applying
CNOT to two-qubit kets many times in their QIS education
and never changing the control qubit. Conceptual resour-
ces can be powerful tools, but in order for students to build
up their conceptual toolbox robustly, they must be encour-
aged to explore the range of applicability of their con-
ceptual ideas, especially using procedural tools.

VI. CONCLUSION AND FUTURE RESEARCH

A. The CNOT toolbox: Implications for quantum
computing instruction

In the above discussion, we have characterized students’
CNOT gate toolbox as it appears in our data. While students

were perfectly capable of using the CNOT gate procedurally
to answer questions, they also used the procedural appli-
cation of the CNOT gate to justify and strengthen their
conceptual ideas about CNOT. They generalized the effect
of CNOT into two conceptual resources that they applied
throughout our questions, both productively and unpro-
ductively, and sometimes, but not always, checked their
conceptual answers by playing quantum computer.
Our observations suggest that procedural tools (like

playing quantum computer) may form the basis of stu-
dents’ quantum computing toolbox. All three questions
could be solved purely by using procedural tools; indeed,
in questions 1 and 2, procedural tools were almost always
more effective than conceptual resources, which students
tended to overgeneralize. But in question 3, students’ use
of a conceptual resource was much more efficient than
procedural methods and revealed a general pattern that
students using purely procedural methods were less likely
to notice.
Though this study presented some issues with students’

conceptual generalizations, we nevertheless believe that
students would benefit greatly from a practice of devel-
oping and testing conceptual tools so that they can
understand quantum circuits and algorithms on a more
abstract or qualitative level. The “testing” component is
crucial here—instructors should encourage students to
check their ideas using procedural methods to understand
in which contexts their conceptual ideas apply. In quantum
computing, the fluent use of both procedural resources and
conceptual resources, as needed or in tandem, represents
expertlike behavior. It is not simply plug-and-chug to play
quantum computer. It is foundational and necessary, and it
can be illuminating when leveraged to develop strong and
useful conceptual ideas that facilitate qualitative analysis
of circuits and algorithms in quantum computing.
Although the above discussion has implications for

QIS topics beyond the CNOT gate, we would like to
conclude with its implications (and the implications of
this study at large) for teaching the CNOT gate. Instructors
could implement more opportunities for students to
engage with the differences between CNOT’s classical
behavior (when it is applied to computational basis states)
and quantum behavior (when it is applied to super-
position states and entangled states). These differences
could facilitate discussion of nonseparability, measure-
ment correlation, and how these pieces of entanglement
show up in Dirac notation. Such discussions could help
students build a practice of developing quantum intu-
itions by playing quantum computer, interpreting the
results conceptually, and learning the contexts in which
their conceptual resources are applicable.

B. Limitations and avenues for future research

Selection effects apply when interpreting the results of
our study. All students in our study had taken an

9The Bell states are four two-qubit states that span the same
space as the computational basis. Importantly, all four states are
maximally entangled and have measurement correlation.
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introductory quantum computing course previously, and it
has been shown that these courses are primarily housed at
large, private R1 institutions [34]. As such, and because we
are not making any statistical generalizations from our
study, our results should not be seen to characterize the
entirety of student reasoning regarding CNOT.
This study was designed to elicit CNOT-related reasoning

in a variety of circumstances in order to build up an
understanding of the tools students use when working
with the CNOT gate, but it was not designed to target the
specific resources we found. Now that we have found three
CNOT-related resources, we encourage future researchers
to design studies aimed at those specific resources,
whether to understand how students form these resources,
to observe students using them in various contexts, or to
target the problems that arise from misuse of these
resources. Some other avenues for future research follow,
based on non-CNOT-related observations from our dataset.
We observed that the strategy of playing quantum

computer (called virtual quantum computer by Meyer
et al. [11]) is reliable for evaluating circuits in quantum
computing. It is a foundational strategy that represents the
algorithmic thinking of computer scientists. Knowing
when to play quantum computer to test a theory or gain
information is an expertlike behavior and often makes the
difference between an incorrect conceptual answer and a
correct, fully justified answer. Future avenues for research
could include explorations of: Do students and faculty see
playing quantum computer as expertlike behavior? Do
they conceptually interpret their calculations (i.e., engage
in blended processing [32,33])?
To play quantum computer effectively, students also

need facility with Dirac notation, especially as it relates to
multiqubit states. While research has discussed whether
students can recognize entanglement from states in Dirac
notation when prompted to look for it, there is little to no
research on how often students spontaneously activate
resources related to entanglement when working with
arbitrary states. Future research could explore students’
fluency in recognizing entangled states from Dirac
notation, reading measurement correlation from Dirac
notation, and whether Dirac notation helps students

interpret the nonseparability of entangled qubits (some
work has been done already on student interpretations of
nonseparability [35]).
This work is interdisciplinary in nature. Entanglement

and multiparticle Dirac notation is frequently used and
discussed in traditional QM but are of critical importance
in QIS as they are the primary language used [36,37].
However, current research suggests that many QM classes
are not tapping into the insights and affordances of QIS
education. Buzzell et al. [38] found that only 28% of
syllabi for quantum mechanics courses included themes
related to QIS applications like quantum computing or
cryptography. Kruse et al. [39] found through surveys that
entanglement was covered by roughly 50% of instructors
teaching single-semester QM courses or QM II courses.
Expanding coverage of these topics through a QIS lens
could help QM educators offer students new perspectives
on the formalism, interpretation, and application of entan-
glement. Just as research on QM education influenced our
work on QIS education, we hope this work will influence
QM and QIS education alike.
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