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In this paper, we describe our extension of the action, process, object, schema (APOS) theory to capture
the complex interplay of mathematics and physics. We do this in the context of the 2D heat equation. We
describe a hypothetical learning trajectory of the 2D heat equation, a preliminary genetic decomposition
that stresses the conceptual understanding of its mathematical formulation. In our extension of APOS to
physics education, we highlight how our approach precisely captures the interplay between mathematics
and physics in different mental constructions of the framework. In addition to this core focus, we consider
other layers when designing the preliminary genetic decomposition: the key concepts and the necessary
depth of students’ prerequisite knowledge of the chosen context, the challenges students commonly face
with these concepts, and the use of multiple external representations. We conclude by giving an overview of
future research to be done after the design of the preliminary genetic decomposition.
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L. INTRODUCTION
A. Mathematics-physics interplay

The intertwined evolution of mathematics and physics
reveals a history of mutual inspiration: from Kepler’s orbits
of planets to Newton’s gravity and calculus, from Fourier’s
modelling of heat transfer to Fourier analysis and its later
development in wave theory, and from Maxwell’s equations
describing electric and magnetic fields to the development of
vector calculus and later, a systematic mathematical frame-
work for electromagnetism. This intertwined reasoning
should not dismiss the unique viewpoints of the two
disciplines [1], but rather extend beyond the idea that
mathematics is merely a tool for physics and physics merely
a context for mathematics, reaching a point where reasoning
becomes inseparable. While mathematics can provide struc-
tural insight into physical meaning, its abstract nature
contrasts with the concreteness of physics.

In practice, the perception of the interplay between
mathematics and physics in an educational context is quite
different. The teaching and learning of mathematics and
physics are typically separated, with mathematics courses
usually preceding the physics courses in which the
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mathematical content is applied. However, studies have
shown that combining mathematics and physics remains a
challenge for learners at all levels of education, even for those
with good mathematical understanding [2—4]. The interplay
of mathematics and physics has been viewed through several
lenses in education research, for example: mathematical
modeling [5,6], cognitive semantics and language [7-10],
and symbolic representations [11]. However, theoretical
frameworks commonly used in mathematics education
research are rarely used in physics education research, and
vice versa. An example is the research of Doughty et al. [12]
who have applied the concept image framework from
mathematics education research [13] to the concept of
integration in physics. Karam et al. [14] have argued that
many difficulties arise from students not recognizing the
strong connections between mathematics and physics, and
Pospiech et al. [1] have emphasized the importance of an
integrated approach from early stages in education. We argue
that at more advanced levels, an integrated approach is
necessary.

In this paper, we use an existing mathematics education
research framework, APOS theory [15], in physics educa-
tion research. We have chosen APOS because it allows us
to look at the teaching-learning process at any level of
granularity we desire. That said, we have found it necessary
to extend APOS theory to allow us to investigate the
interplay of mathematics and physics. APOS describes how
a concept is constructed in the mind of an individual from a
cognitive perspective in terms of actions, processes,
objects, and schemas. It is built on Piaget’s notion of

Published by the American Physical Society
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FIG. 1. Research cycle in APOS [17].

reflective abstraction [16]. APOS is a theoretical framework
that combines three aspects (see Fig. 1): (i) theoretical
analysis; (ii) design of instruction; and (iii) data gathering.
These three aspects give APOS the capacity to combine the
investigation of students’ reasoning and the development of
topic-based research-validated instructional material. In this
paper, we show how we extended APOS theory to allow it to
capture the complex interplay of mathematics and physics.
We focus solely on the theoretical analysis aspect of the
framework. Using the context of the two-dimensional heat
equation, we illustrate our approach but believe that it applies
beyond this context. We will discuss the data collection and
design of instruction in a separate paper.

In Sec. I B, we dive into the complexity of the interplay
of mathematics and physics in the context of the two-
dimensional (2D) heat equation. It includes a discussion of
the use of multiple external representations to depict
specific concepts. In Sec. II, we elaborate on the APOS
theoretical framework as it is used in mathematics educa-
tion research and illustrate its different mental structures
and mechanisms with examples. Furthermore, we explain
the main tool in APOS, the genetic decomposition, a
learning trajectory consisting of specific mental construc-
tions a learner could carry out to understand a concept. In
Sec. III, we explain how we extend APOS to describe the
interplay of mathematics and physics with specific exam-
ples in the context of the 2D heat equation. We describe a
hypothetical learning trajectory of the 2D heat equation (in
APOS-terminology, a preliminary genetic decomposition)
that stresses the conceptual understanding of its mathemati-
cal formulation while highlighting the interplay of math-
ematics and physics. We conclude with an overview of
future research to be conducted following the design of the
preliminary genetic decomposition of the 2D heat equation.

B. Reasoning with the 2D heat equation: The
complexity of the mathematics-physics interplay

The broad aim of this project is to help students under-
stand the interplay between mathematics and physics in the

context of the 2D heat equation. We investigate how
students assign physical meaning to the equation’s math-
ematical structure and how they use mathematical struc-
tures to interpret physical principles. Since our extension of
the APOS framework is best explained in context, we
describe in detail how we would like our students to view
the 2D heat equation. Earlier work investigated this inter-
play in the context of the 1D heat equation [2,17-19] and in
electromagnetism using other frameworks [20].

We are not concerned with the solution procedure of the
2D heat equation but rather with the conceptual under-
standing of its mathematical formulation and how this
formulation captures the spatial and temporal evolution of
both the temperature and the heat flow in a two-dimensional
region of space. We represent the 2D heat equation as

MY 1) _ 2Ty, o). (1)
ot
This equation describes how the temperature distribution
on a 2D plate evolves over time due to heat conduction.
Equation (1) can be used at any point on a 2D plate with a
given temperature distribution, not just to calculate but also
to understand how the time rate of variation of temperature
at this point, %, depends on the Laplacian of the temper-
ature, V2T (alternatively denoted by 5’ . vT and AT). The
Laplacian represents and connects several mathematics and
physics concepts. It may be calculated as the sum of the
spatial second partial derivatives (second PDs) of temper-
ature and as the divergence of the temperature gradient at a
point. The Laplacian of the temperature is related to the net
heat flow at a point and to the average temperature
difference between a point and its surroundings.
Reasoning with the Laplacian of the temperature in these
different ways involves different external representations:
Cartesian graphs, gradient vector fields, linguistic descrip-
tions, and symbolic representations (Figs. 2-5). Conceptual
understanding can be enhanced through the use of multiple
external representations (MERs). In her DeFT framework,
Ainsworth argues that MERs serve many pedagogical
functions, including deepening students’ understanding
[21]. A well-designed purpose for the use of MERs, which
takes into consideration design parameters such as the
number of these representations, the information they
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FIG. 2. Temperature distribution on a 2D plate at time ¢ = ;.
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display, and their interconnections, while managing the
cognitive load of the student, may improve learning out-
comes. In the following paragraphs, we will elaborate on
different aspects of the Laplacian of the temperature and
how they are depicted by multiple external representations.

On a Cartesian graph of the temperature distribution
(Fig. 2), the temperature at a point can be compared visually
to the average temperature of its surroundings. For example,
heat will flow out of point P to regions of lower temperature
and toward P from regions of higher temperature in accor-
dance with Fourier’s law of heat conduction. Since point P in
Fig. 2 has a higher temperature than the average temperature
of the points surrounding it, more heat will flow out than in,
and the net heat flow into this point is negative. This causes a
decrease in temperature at P as time passes. This is reflected
in the heat equation, where the Laplacian at P is negative.
While the sign of the Laplacian is not always obvious from a
Cartesian graph, it can easily be obtained for point P, as we
will show now.

Mathematically, the Laplacian of the temperature at a
point on a 2D plate can be algebraically expressed as

VT =— +—. (2)

To visualize this, consider the second PD with respect to
x and y. These second PDs describe how the spatial rate of
change of temperature varies with respect to each spatial
variable (since they represent the rate of change of the rate
of change). Specifically, they describe the concavity along
x and y. Moving in the direction of increasing x or y around
P in Fig. 2 and comparing the slopes of successive
tangents, the spatial rate of change of temperature is
decreasing at P with respect to both x and y. The
Laplacian, being the sum of the two second PDs, is
therefore negative, and, as Eq. (1) states, the temperature
at point P will decrease with respect to time.

Generally, at any point, the concavity with respect to x
and y and the “average bending”1 with respect to x and y
indicate the direction and magnitude of heat flow. The
greater concavity at P in Fig. 3(a) reflects a larger average
temperature difference between P and its surroundings, and
therefore a greater net heat flow at P. In contrast, the
smaller concavity at P, as shown in Fig. 3(b), indicates a
lower average temperature difference between P and its
surroundings, and therefore a smaller net heat flow at P.

Moreover, on a gradient vector field plot of the temper-
ature distribution, the direction and magnitude of the heat
flow can be visualized. According to Fourier’s law of heat
conduction, the heat flux density ¢ is proportional to the

1 . . . .

We avoid the term “curvature,” since we are not interested in
numerical values, merely in associating greater bending with
greater heat flow.

T P o

(b)

FIG. 3.
instant z,.

Concavity at point P (a) at instant #; and (b) at a later

—
negative of the temperature gradient VT’ the constant of
proportionality is the thermal conductivity of the material, &:

G=—kVT. (3)

The temporal rate of change of temperature at each point
is proportional to the net heat flow into the point, and
therefore it is also proportional to the divergence of the heat
flux density vector. Mathematically, this relates to the
Laplacian of the temperature, which can be obtained using
the divergence of the gradient of the temperature:

VT =V (V7). (4)

The gradient vector field plot may be used in two ways.
Following a differential approach (Fig. 4), the divergence of
the gradient may be deduced by identifying how 2- and 2L,
the first spatial partial derivatives of the temperature,
change with respect to each spatial direction. This obser-
vation links Eq. (4) with Eq. (2).

Following an integral approach (Fig. 5), the Laplacian of
the temperature at a point can be obtained by analyzing the
flux of the temperature gradient out of a small closed
surface surrounding this point. A negative, flux, of the
temperature gradient at a point will resultin V - (VT) < 0
and therefore a negative Laplacian.

Thus, to develop a conceptual understanding of the
mathematical formulation of the heat equation, students
need a physical understanding of temperature distribution,
heat transfer, and Fourier’s law. They also need a math-
ematical understanding of concepts such as the first and
second partial derivatives, gradient, divergence, and
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FIG. 4. Temperature gradient vector field. Using a differential approach, it can be seen that in the neighborhood of point P, (a) ‘;—5 is

decreasing along the +x direction and (b) g—T

FIG. 5. Gradient vector field of the temperature distribution on
a 2D plate. Using an integral approach, the net flux of the
temperature gradient through a small surface surrounding a point
is seen to be negative, resulting in V - (VT) < 0.

TABLE L

) is decreasing in the +y direction.

Laplacian, including their linguistic descriptions and
graphical interpretations (Table I).

II. APOS FRAMEWORK

A. Overview of APOS in mathematics
education research

Action, process, object, schema (APOS) theory is a
theoretical framework from mathematics education
research that explores the cognitive development of con-
cepts based on Piaget’s concept of reflective abstraction.

We illustrate APOS as it is used in mathematics
education with our own description of how the fraction
concept could be learnt. For example, in the context of
cutting pizza into equal parts and understanding that one,
two, three ... parts form a fraction of a whole, a student
may contemplate this example to understand that different
fractions can represent equivalent quantities of the pizza.
For instance, two parts out of four are equivalent to one part
out of two, as both represent half of the pizza. This
abstraction should be distinguished from empirical abstrac-
tion, where the subject extracts features from an object or

Concepts related to the understanding of the 2D heat equation.

Concept

Importance of the 2D heat equation

First partial derivative with respect to position or time
Laplacian of temperature

Temperature gradient

Spatial or temporal rate of change of temperature
How heat diffuses in 2D space. Net heat flow

Steepest spatial rate of change of temperature at a point. Perpendicular

to isotherms. Has a direction opposing heat flux density

Divergence of T gradient

Divergence of heat flux. Derivation of the heat equation:

Divergence theorem relates behavior of heat flux inside
a volume to net heat flow at boundaries

Fourier’s law of heat conduction

Multivariable functions of temperature and 3D space

Links temperature gradient and heat flux density

Representation for 7" distribution

020132-4
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FIG. 6. Part of mental structures and mechanisms and how they are related [22].

experience, such as size or color. APOS theory describes
mathematical development in terms of mental structures
and mental mechanisms. Mental structures—classified as
actions, processes, objects, or schemas—are stable and are
used to make sense of a situation. Mental mechanisms—
including interiorization, encapsulation, deencapsulation,
coordination, and thematization—are the means through
which a structure changes in the student’s mind [22].
Mechanisms and structures are related, as shown in Fig. 6.

In an action conception, the subject follows external
instructions. Using the pizza and fractions example, this
means the subject is cutting the pizza into equal parts while
observing the slices.

In a process conception, the student reflects on their
understanding, recognizes a pattern, and interiorizes the
actions. The student can now interiorize that cutting the
pizza into 2, 3, or 4 equal parts results in each slice forming
one-half, one-third, or one-quarter of a whole, respectively.

In an object conception, the student has encapsulated the
process into a mental object. This means that the student
can recognize 3, 1, and § as mathematical objects. The
student has encapsulated the dynamic process of represent-
ing each pizza slice as part of a whole into a static structure,
the fraction itself. The student can apply actions on the
object, e.g., add fractions with the same denominator. To
add fractions with different denominators, a student needs
to de-encapsulate the mathematical object, the fraction in
this case, into the process that it arises from. For example,
to add % and %, a student needs to coordinate the process
understanding of fractions as “part of a whole” (specifi-
cally, that % is equivalent to %, %, % ...and 4—1‘ is equivalent to %,
3. & ...) with the process understanding of finding a
common denominator to obtain the least common multiple.
The coordinated processes then get encapsulated into a new
object conception of a fraction: a static structure arising
from the combination of two or more fractions, in this
example, 17—2 representing the equivalence of % + %.

A schema conception is developed when all that pre-
ceded is coherently connected in one structure, a coherent
mental framework of fractions. This framework involves
reasoning with fractions as part of a whole, equivalent
fractions, fraction addition, and fractions as a static

structure. The coherence of the mental framework gives
a student the flexibility to extend their understanding of
fractions beyond a specific example, like pizza cutting, to
other contexts and situations. The subject can then possibly
decide whether a problem falls within this schema. Finally,
the thematization mechanism takes place when a student
can perform actions on the schema so that it is now
transformed into an object. For example, the learner can
apply their knowledge about fractions to percentages.
Thematization also involves treating the schema as a
dynamic structure where related objects and schemas get
assimilated into it—for example, improper fractions, mixed
numbers, and other fraction operations, such as multipli-
cation and subtraction, into the fraction schema.

Readers may be familiar with Zandieh’s framework [23],
which analyzes mathematical understanding through a
binary distinction between process and object. In contrast,
APOS theory provides a more elaborate development
of a collection of different mental structures—action —
process — object — schema—through mental mechanisms
(encapsulation, thematization ...). In Zandieh’s framework,
there is less emphasis on how an object is used dynamically
in future construction, while in APOS, objects have a
dynamic nature; they can be acted upon through specific
mechanisms. They can be deencapsulated into processes and
integrated into broader schemas, which can then be thema-
tized to produce new objects. Overall, Zandieh’s framework
emphasizes classification of student conceptions, while
APOS provides a more recursive and mechanism-rich
account of mathematical learning, capable of describing
how concepts are transformed, built upon, and structurally
interrelated.

A researcher can hypothesize a model of mental con-
structions (structures and mechanisms) that should be
developed to learn the given concept. This hypothetical
model is called the preliminary genetic decomposition
(PGD), which is a main tool in the APOS framework.

It starts with a preliminary theoretical analysis (prelimi-
nary genetic decomposition, PGD) of the concept. This
corresponds to the initial stage of genetic decomposition
(GD1 in Fig. 7). This PGD is tested experimentally by
using learning materials specifically designed to probe
predicted mental constructions. Data are gathered using
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[24].

Designing a stable genetic decomposition in APOS

interviews, tests Students could show evidence of
carrying out the predicted mental constructions. They could
show difficulty in carrying out certain mental constructions
as well, or doing other, unpredicted mental constructions.
This then leads to an alteration in the preliminary theo-
retical analysis to better reflect what students do that leads
them to a better learning of the concept. It also leads to the
design of learning material to support students in carrying
out difficult mental constructions. Next, the learning
material is tested in class. Further cycles of genetic
decomposition validation are to take place until a stable
genetic decomposition is reached [21,22].

As an example, the middle column of Table III can be
considered a simple preliminary genetic decomposition of
fraction multiplication. It describes a roadmap of mental
constructions to develop an understanding of multiplying
fractions. In more advanced topics such as the 2D heat
equation, a genetic composition includes multiple schemas,
objects, and processes (Supplemental Material [25]).

B. How do we operationalize APOS to describe
students’ understanding of mathematics and physics
in the context of the heat equation?

In our project, we aim to investigate students’ conceptual
understanding of the 2D heat equation, which is a partial
differential equation representing heat conduction on a
2D plate.

Literature shows that even with mathematical under-
standing, physical understanding is not guaranteed [2—4],
and physical understanding does not mean students can
skillfully represent physical concepts mathematically.
Thus, students’ integration of mathematics and physics
is crucial [26]. To describe this integration, we extend
APOS to also include physics concepts. We illustrate this
extension using the 2D heat equation. To reach a con-
ceptual understanding of the 2D heat equation (Fig. 8), we
predict, using the preliminary genetic decomposition
(Sec. III), that integration of the two disciplines occurs
not merely at the schema level, but already within object
and process structures, which we will argue in the follow-
ing paragraph.

In APOS terminology (Table II), a coherent collection of
different actions, processes, and objects, and the mecha-
nisms that relate them, constitutes a schema conception.
Developing a schema of a concept can allow the individual
to connect it to other concepts, bridging mathematics and
physics. Integration of mathematics and physics at the
schema conception is typically left to the students. They
follow a mathematics course, and they are expected to
make connections to other contexts, such as physics,
independently, a path that is proven to be ineffective,
which reinforces the idea that physics is a context for
mathematics and mathematics is a tool for physics.

However, integration of mathematics and physics at the
process and object conceptions is hypothesized to be more
fruitful as it intertwines mathematics and physics earlier on in
the learning experience. This results in a teaching and
learning sequence, where instructors provide tasks that
support students in the interplay of the two disciplines.
For example, providing a task in which students are asked to
consider the consequences of the concavity of the temper-
ature distribution at a point for the subsequent evolution of
the temperature could enrich students’ learning experience in
both disciplines. Typically, in prior mathematics courses,
students would merely have focused on obtaining analytical

Interiorization of underlying relationships

Action
step-by-step operation to
compute the solution, apply boundary

and initial conditions

Object

Student can describe the
relationship between
temporal rate of change of T
at a point and the Laplacian

process

of temperature by invoking
encapsulation sum of 2nd PDs or
P divergence of T gradient

The student sees the equation as an entity. He/she sees how it encapsulates how temperature
evolves in a material over time without breaking down the Laplacian into divergence of

gradient or sum of 2nd PD every time.

FIG. 8.

APOS mental constructions of the statement of the 2D heat equation.
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TABLE II. Summary of mental structures in APOS.

Mental structures

APOS definitions and keywords

Action conception
Process conception

Procedural understanding, step by step, follow instructions.
Reflect on action, interiorize an action, anticipate a result without performing calculations

or following step by step explicitly, a deencapsulated object.

Object conception
Schema conception

Apply transformation on a process, encapsulate, thematize a schema, coordinate 2 processes.
Coherent collection of processes, objects, actions, and relative mechanisms. Connect 2 concepts.

Coherence could possibly lead to a decision whether a problem falls within the schema.

solutions for ¢ — oo through separation of variables and
uniqueness of solutions.

Following APOS terminology, an object conception is
either an encapsulation of a process or processes or a
thematized schema (Table II). In our extension of APOS,
we predict the mathematical and the physical processes
that, when coordinated, will lead to the development of an
interdisciplinary object conception in which mathematics
and physics are integrated, a physicomathematical object.
A thematized schema would correspond to understanding
how to apply a concept learned in a mathematics course in
physics, and in some instances, this is an appropriate
approach. In other cases, the encapsulation and co-
ordination of processes from both disciplines are critical
for students to develop an integrated awareness of specific
mathematical and physical reasoning within the context of
the 2D heat equation.

Furthermore, according to APOS theory, a process
conception is an interiorized action or a deencapsulated
object. We predict the mathematical, physical, and phys-
icomathematical objects that, when deencapsulated, will
lead to process conceptions. By achieving this deencap-
sulation, students can engage with the underlying principles
of both disciplines, recognizing their intertwined roles
when reasoning in the context of the 2D heat equation.

By the extension of APOS to include physics, we stress
the integration of mathematics and physics in different
structures (process, object, and schema conceptions), and,
hence, not only in the schema conception. Since APOS is a
teaching and learning framework, this integration can feed
into the design of instructional material (Fig. 7) and, when
used in a particular context such as the 2D heat equation,
can aid students in executing an interplay of mathematics
and physics specific to the 2D heat equation. This rein-
forces our previously mentioned point regarding the role of
instructors in forging this interplay through targeted teach-
ing and learning activities.

In Fig. 8, we describe the mental constructions needed to
understand the statement of the 2D heat equation for each
conception. Table III elaborates this in more detail. As
previously stated, an advanced topic such as the 2D heat
equation needs a nuanced genetic decomposition. It should
consider the conceptual depth and interconnectedness of
concepts. It should account for the complexity of hierarchical

learning that considers specific prerequisites. It should align
with our main goal, which is describing the interplay of
mathematics and physics within the context of this topic. In
the next section, we explain our preliminary genetic decom-
position of the 2D heat equation.

III. PRELIMINARY GENETIC DECOMPOSITION
OF THE 2D HEAT EQUATION

A. Considering what students need to know and do

To develop a conceptual understanding of the heat
equation, a student needs to understand (i) the causal
relationship between the Laplacian of the temperature
and the time rate of temperature variation at a point, and
(ii) that the magnitude of the temporal rate of change of
temperature depends on a material property called the
thermal diffusivity.

The student needs to integrate the physical characteri-
zation of the situation with mathematical concepts: a two-
dimensional function to describe the temperature distribu-
tion, the first partial derivative with respect to time to
describe the temporal rate of change at a point, the
Laplacian of the function to quantify the difference of
the temperature at a point with the average temperature of
the surroundings, and a proportionality constant to account
for the material property.

Cartesian graphs that show 7" as a function of x and y are
increasingly used as a visual aid to track the temporal
evolution of a temperature distribution [19]. We hypoth-
esize that this graphical representation can greatly aid
students’ understanding of how the temperature on a plate
evolves. Local maxima and minima in the temperature are
easily observed in Cartesian graphs; they can be linked,
with relative ease, to the mathematical concepts of con-
cavity, first and second spatial derivatives, and the
Laplacian [see Eq. (2)]. At points where concavity shows
that the second partial derivatives have opposite signs, it is
not straightforward to visually determine the sign of the
Laplacian, but a good sense of the direction and relative
magnitude of the gradient can often easily be obtained by
inspecting the graph. Based on earlier research on students’
understanding of divergence in Maxwell’s equations [20],
we surmise that a vector field plot of the gradient of the
temperature could aid students’ understanding of the
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FIG. 9. Preliminary GD of the heat equation.

average temperature difference with the surroundings as the
divergence of the temperature gradient [see Eq. (4)]. We
predict that understanding how Cartesian graphs and gradient
vector plots reflect the Laplacian of the temperature will aid
students’ general understanding of this concept to the extent
that they would later be able to articulate a linguistic
description of the concept (see Sec. III E).

B. Hierarchical structure

We now turn to the hierarchical structure of concepts.
Effective learning of the 2D heat equation depends on the
successful integration of prerequisite concepts. The 2D heat
equation links the Laplacian of a function representing the
temperature in a region of space to the first partial
derivative of that same function with respect to time. In
Fig. 9, we show that even at this level, students need to
coordinate schemas, objects, and processes. However, we
do not expect students to enter classes with a fully formed
schema understanding of, e.g., the Laplacian. Furthermore,
concepts such as the first partial derivative, the Laplacian,
and the heat flux density are taught in different courses,
while the topic of the 2D heat equation is learned in one
course. For this reason, the PGD of the 2D heat equation
(Fig. 9) also includes PGDs of other concepts that would
normally just be referred to as prerequisites. As will
become apparent, these prerequisite concepts are crucial
for the integration of mathematics and physics. When
designing the PGD for the heat equation, we realized that
there are many concepts to be taken into consideration.
Although they are crucial, we had to draw a line on how far
in the prerequisites we want to go. For example, including

different coordinate systems in learning the Laplacian
could lead to a different learning trajectory.

The complete PGD of the 2D heat equation, including a
complete list of concepts and their representations, is given
in Supplemental Material [25]. In the preliminary genetic
decomposition, we hypothesize specific mental mecha-
nisms, such as encapsulation and coordination, that a
learner needs to carry out to develop a specific mental
structure (process, object, or schema) of the concepts
mentioned. Supplemental Material [25] lists similar pre-
liminary genetic decompositions of prerequisite concepts.
These include an understanding of first and second partial
derivatives with their different representations, including
slope of tangent, rate of change, concavity at a point, rate of
change of rate of change, multivariable functions, and 3D
space; procedural understanding students can reflect upon
for divergence, Laplacian, and gradient. Concepts related to
heat conduction, such as heat, temperature, thermal equi-
librium, and Fourier’s law [see Eq. (3)], are also considered
crucial prerequisites.

Each preliminary genetic decomposition in Supplemental
Material [25] highlights the integration of mathematics and
physics as discussed previously in Sec. II B. Our decision
about which aspects of the PGD to describe in detail in this
article is guided by two objectives: (i) extending APOS
theory into physics education and showing the mathematics-
physics interplay, and (ii) identifying key concepts for
understanding the heat equation. In the following subsec-
tions, we illustrate how we developed the preliminary genetic
decompositions by showing several examples. In Secs. Il C—
I E, we explain how we extended APOS to integrate physics
concepts in the different structures and mechanisms, where

020132-9
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we discuss one example about the thematization of a schema,
two examples about processes, and two examples about
physicomathematical objects. In Sec. Il F, we explain how
we integrated multiple representations in the (extended)
APOS framework and discuss two examples. This is a
generic approach to describe APOS using the 2D heat
equation as an example. This paper mainly focuses on the
theoretical analysis; probing specific mental structures and
mechanisms will be addressed in a separate publication.

C. Thematization of a schema

In this subsection, we give one example from our PGD
(Supplemental Material [25]) of how we extended APOS to
include physics in the thematization of a schema. As
previously mentioned, the thematization mechanism takes
place when the learner performs actions on a schema so that it
is transformed into an object. In the case of the 2D heat
equation, a student has to be able to thematize the first partial
derivative schema, i.e., they flexibly apply it to the variables
temperature and time (Fig. 10). In our PGD, we hypothesize
that most students will be able to do this effectively. The
student can then reason with the temporal rate of change of
temperature throughout a 2D region of space as a first partial
derivative with temperature as the dependent variable and
time as the independent variable. Similarly, a student must be
able to thematize the Laplacian of a generic function to apply
it to a 2D temperature distribution. However, such thema-
tization alone does not guarantee that they can interpret the
Laplacian, as our data illustrate in Ref. [27]. For this reason,
we do not solely propose thematization; we also propose the
construction of the corresponding physicomathematical
object, as described below in Sec. III E.

first derivative

Thematizatjon
see Sec. 11l C
ar
at

il

: (=

x L]

Legend: ([ Nchema ) object ][ process ]|
\

-

T
first derivative

- @@
Thematization|
see Sec. Il C

aT
ot

FIG. 10. Thematization example from preliminary genetic
decomposition of 2D heat equation.

D. Process

In this subsection, we give two examples from our
preliminary  genetic ~ decomposition  (Supplemental
Material [25]), where we infused mathematical and physi-
cal understanding to reach a process conception. In both
examples, we stress the relational aspect between quantities
as a core idea.

The first example describes a process conception of the
Fourier’s law [see Eq. (3)] part of the heat conduction
schema (see Fig. 11). It is important that students under-
stand that heat conduction is represented by the propor-
tional relationship between the heat flux density and the
gradient of the temperature VT and recognize the inter-
dependence of the two quantities to develop a conceptual
understanding of the 2D heat equation. Therefore, we
predict that students need the following process conception
of Fourier’s law:

A process conception of Fourier’s law so that a
student can predict the heat flow (flux) based on
the temperature difference between two points
(temperature gradient) without the need for
calculation.

This prediction aligns with the APOS description of
process given in Table II, where a student can recognize a
pattern without performing a calculation. It emphasizes the
connections between quantities, which is achieved by
conceptualizing how the equation quantifies these relation-
ships, often through mathematical operations like multi-
plication, division ... Recognizing the pattern is, thus, the
recognition of these relationships.

The second example is developing a process conception
of the physical concepts of heat and temperature (Fig. 12),
also part of the prerequisite heat conduction schema. It is
well known in literature that many students confuse the two
concepts [28-32]. In our preliminary genetic decomposi-
tion (PGD), we predict that for a student to differentiate
between heat and temperature, they need to know how both
concepts are related to thermal energy. We hypothesize this
happens when students have a process conception of heat
and temperature.

Brahmia [33] defines quantification as “the process of
conceptualizing the attribute of an object such that it has a
unit of measure that has a proportional relationship
with its magnitude.” She discusses how understanding
physical quantities requires recognizing relationships
through understanding of ratios, differences, summation,
rates, etc.

We applied Brahmia’s definition to our PGD by treating
the physics concepts of temperature and heat as quantifi-
cations related to thermal energy, which allowed us to
incorporate their quantification into a process conception.
So, to differentiate heat and temperature, our detailed
prediction is as follows:

020132-10
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FIG. 11.

Process conception of Fourier’s law.

A process conception of temperature as a mea-
sure of thermal energy and a process conception
of heat as a transfer of thermal energy allow

students to differentiate the 2 concepts.

By employing quantification of physical concepts and
stressing relational aspects of quantities as seen in the
previous two examples, we aim to meet our previously

first derivative

lThematization

see Sec Il C link

aT

mentioned goal of integrating mathematics and physics in
the process conception.

E. A physicomathematical object

In this subsection, we give two examples of how we

integrate mathematical and physical understanding to come
to a physicomathematical object conception. The first

ther

matization

(heat equation) (
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FIG. 12. Process conception of heat and temperature.
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FIG. 13.
temperature arising from mathematical and physical processes.

example is related to students’ understanding of heat flow
as a spatial rate of change of temperature (Fig. 13), and the
second example is related to students’ understanding of the
Laplacian of the temperature (Fig. 14).

Starting with the first example, students tend to give an
incorrect mathematical formulation of boundary conditions
in the context of the heat equation [2,28]. Specifically,
some students confuse the meanings of partial derivatives,

Predicted mental constructions to form a physicomathematical object understanding of heat flow as spatial rate of change of

spatial rate of change of temperature, %, and the time rate of

change of temperature, %.

They do not connect heat flow to a spatial partial
derivative of temperature. We took this finding into con-
sideration when developing our preliminary genetic
decomposition. We hypothesize that students need an

object conception of heat flow that involves recognizing

e N e D

N J N J

1iematizat nat |

e N lin} f R

que

- J n J

sum of second linguistic
partial derivatives description of -
of temperature Laplacian
De lat
Legend: [ schema ] [ object ] [ process ]

FIG. 14.

Predicted mental constructions to form an object understanding of the Laplacian of a temperature distribution.
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FIG. 15. Integration of multiple representations within APOS

for the function concept [22].

it as a quantity involving a first partial derivative with
respect to a spatial variable arising from mathematical and
physical processes. It is crucial to acknowledge that heat
flux density is the precise term. Heat flux density describes
the rate of heat transfer per unit area and is mathematically
proportional to the gradient of temperature, a concept that
aligns with the formalism of partial derivatives. However,
we hypothesize that guiding students from their intuitive
notions where they are generally more familiar with the
idea of heat “flowing” from a hot object to a cooler one, an
accessible and familiar concept, would be helpful to over-
come this difficulty and aid them in gaining the specific
physicomathematical understanding. To obtain this object
conception, we suggest that students need to coordinate
three process conceptions: heat as the transfer of thermal
energy, Fourier’s law as relating heat flow and the temper-
ature gradient, and first partial derivatives as the process of
calculating a rate of change of a dependent variable with
respect to an independent variable. Coordinating these
three processes means that students reflect on them
simultaneously. Recognizing the proportional relationship
between temperature gradient and heat flux density hap-
pens simultaneously with reflecting on the process of
calculating partial derivatives, and on heat as the transfer
of thermal energy between two positions. They can now
encapsulate the coordinated processes in a new physicoma-
thematical object conception of heat flow as the spatial rate
of change of temperature g—g, distinguishing it from a temporal
rate of change of temperature in the context of boundary
conditions of the heat equation. We hypothesize that this
physicomathematical object facilitates a correct interpreta-
tion of partial derivatives in the context of the heat equation.

The second example relates to the understanding of the
Laplacian of the temperature. In a previous study, we
investigated students’ conceptual understanding of the
Laplacian both in mathematics and physics contexts
[34]. We found that students’ linguistic and graphical
understanding of the concept is rather limited in both
contexts. They used similar terminology to describe the
Laplacian, the derivative, and the gradient, and tended not
to mention the concavity of the graph surrounding a point.
We took these findings into consideration when developing
the preliminary genetic decomposition.

Starting from the prerequisite that heat flows from higher
temperature to lower temperature, we hypothesize that
students can build a solid understanding of the Laplacian

of the temperature distribution by coordinating two key
processes (Fig. 14). First, reasoning with the Laplacian of
the temperature distribution as the sum of second partial
derivatives with respect to spatial variables helps them see it
as a measure of concavity or average bending. Second,
interpreting the Laplacian of the temperature distribution as
the divergence of the temperature gradient connects it to
heat flux density. By reflecting on these two processes
simultaneously, students can reason with the differential
approach to the divergence of the temperature gradient’s x
component or y component (Fig. 4) as a spatial second PD
with respect to x or y. As a result, students can see how heat
flux density and concavity or average bending are related.
They can now encapsulate this into a physicomathematical
object conception of the Laplacian of the temperature. They
can linguistically describe it as an entity characterizing net
heat flow, as well as the temperature difference between a
point and the average of its surroundings. This allows them
to reason with it as a mathematical operator for analyzing
the spatial temperature difference between a point and its
surroundings and as a physical entity related to the net heat
flow at a point.

One could argue that the thematization of the Laplacian
schema to form an object understanding of the Laplacian of
temperature serves the same purpose. However, we did not
adopt this approach since we hypothesize that the co-
ordination and encapsulation mechanisms would help
students to connect a physical meaning to a mathematical
structure more than thematization. Thematization, as
described in Sec. III C, means the student can perform
actions on the schema. In the case of the Laplacian,
students might be able to manipulate the mathematical
structure of the Laplacian in a new context; however, we
doubt they will be able to give an interpretation for this
concept as discussed in Ref. [35].

F. Multiple representations of a concept

In Ref. [22], Arnon et al. discuss how multiple repre-
sentations are included in the APOS framework (Fig. 15).
They highlight the importance of the genetic decomposi-
tion in supporting students in transforming from one
representation of a concept to another. The students need
to cognitively grasp the underlying process before they are
able to switch between representations.

From the literature, we know that multiple representa-
tions affect students’ performance and understanding of
concepts [36-39]. Therefore, the approach we followed in
our PGD aims to support students by including specific
representations of concepts as objects encapsulating spe-
cific processes.

For example, in the second partial derivative schema
(Fig. 16), obtaining the sign of the second partial derivative
by comparing slopes of tangents at neighboring points is
considered a process. This process can be encapsulated in
three objects: (i) graphical representation in the form of
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FIG. 16. Schema of second PD in prerequisites.

concavity at a point, (ii) symbolic representation, and
(iii) linguistic description as the rate of change of the rate
of change.

Similarly, in the schema of the temperature gradient, we
included three representations of this concept as objects
(Fig. 17). In a previous study [27], we found that students
have difficulty interpreting the gradient as a vector with
varying magnitude depending on the steepest ascent at a
given point. In addition, they find it challenging to
interpret the gradient’s magnitude as the highest rate of
change at a point. Since understanding the gradient is
crucial to understanding the 2D heat equation—where the
Laplacian represents the divergence of the gradient—we
decided to include this in the PGD. The representation of
the gradient as a vector field is considered an object
conception. This object is to be deencapsulated into a
process of obtaining the magnitude and direction of
steepest ascent at a point.

first derivative Laplacian

thematization thematization
causal link

(heat equation)
g AT

deencapsulation .
deencapsulation
sum of second
partial derivatives
of temperature

divergence of

linguistic
description of
Laplacian

encapsulation encapsulation

concavity of

3D temperature on a temperature

(F

vectors near a point

The latter process is to be coordinated with the process of
assigning a symbolic variable to a spatial variable to
produce a mathematical symbolic expression of the gra-
dient (symbolic representation) as first partial derivatives
with spatial independent variables.

The gradient of the temperature can be thought of as a
process of obtaining the spatial rate of the temperature with
respect to x and y. Coordinating this process with the process
of obtaining the magnitude and direction of the steepest
ascent will result in an object conception of the temperature
gradient as the highest spatial rate of change of the temper-
ature distribution at a point (linguistic description).

IV. CLOSING REMARKS AND
FURTHER RESEARCH

Our goal is to investigate the interplay of mathematics
and physics in the context of the 2D heat equation. For this
purpose, we used the APOS theoretical framework from

Obtaining magnitude
and direction of
steepestrise

Vector field
representation |

Calculation of a
spatial rate \

Highest spatial
rate of change
at a point

Assigning a
symbolic
variable to
a spatial
variable

Symbolic
representation

graph

gradient field plot

FIG. 17. Schema of temperature gradient.
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mathematics education research. We employed its main
tool, the genetic decomposition. We designed a preliminary
genetic decomposition (PGD), a hypothetical trajectory,
aimed at a conceptual understanding of the 2D heat
equation. This model takes into consideration the concepts
of heat diffusion and conduction, in addition to the
mathematical formulation of the partial differential equa-
tion. In this paper, we introduced APOS terminology and
extended it to a topic where the interplay between math-
ematics and physics is highly important.

To design this PGD, we took multiple layers into consid-
eration: (i) concepts and how far to go into prerequisites;
(i1) previously known challenges to students with these
concepts; (iii) multiple external representations of these
concepts; and (iv) APOS in a new context. In our proposal,
we hypothesize a fine-grained trajectory of cognitive con-
structions that precisely captures the interplay of mathemat-
ics and physics. We hypothesize that this approach enhances
clarity and guidance by ensuring that different understand-
ings from both disciplines are structured and concrete.

An adaptation of APOS to physics education has been
proposed before by Rebello and Rebello in the context of
equations [40]. At the process level, e.g., they state, “A
student sees the equation as a relationship that allows them
to predict, without the need for explicit calculation, the
behavior of a physical quantity given the behavior of
another physical quantity.” The authors also connected
physics principles to the object conception. While we
extend physics to different mental constructions, our
extension goes beyond the mere use of mathematics and
emphasizes the structural integration of mathematics and
physics. In the process conception, we use the idea of
relations and apply it to physical concepts such as heat and
temperature, where their quantifications of thermal energy

are highlighted. In the object conception, we propose a
physicomathematical object that precisely captures the
coordination and encapsulation of physical and mathemati-
cal processes. Multiple external representations of a con-
cept (graphical, linguistic description ...) appear as objects
in our preliminary genetic decomposition. It is important to
highlight that awareness and conversion of the processes
play a key role in the construction of objects [41,42], an
approach we adopt in our extension. Dubinsky [41] defines
encapsulation as “conversion of a (dynamic) process into a
(static) object.” Oktac [42] highlights that evidence of
object construction is based on both awareness of processes
and the ability to act on processes and transform them.
In the next step of this project, we will follow the cycle of
testing and designing a stable genetic decomposition in
APOS, as shown in Fig. 7. We will test this PGD to validate
and/or review its mental constructions. We designed ques-
tions to probe these different predicted mental constructions
and used these questions in interviews. Findings and results
from these interviews will be reported in a separate paper.
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