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Quasibrittle plastic yielding is a salient feature of well-annealed glassy materials. We show that a similar
mechanical response is characteristic of perfect crystals after they experience mechanically-induced massive
nucleation of dislocations. We argue that such ‘preparation’ effectively converts a mechanically crystalline
sample into a mechanically pseudoamorphous one. To understand the nature of the associated transformation we
study a model 2D crystal subjected to AQS driving. We show that pristine crystals ‘primed’ in this way exhibit
both pre- and postyield dislocation avalanches with power-law statistics. The value of the computed exponents
is indicative of self-induced marginal stability. Our main tool is the novel mesoscopic tensorial model (MTM)
of crystal plasticity representing a conceptual trade-off between continuum and atomic descriptions. It captures
the specificity of crystals with different lattice symmetry at relatively low computational cost while relying
minimally on phenomenology. Rather strikingly, MTM allows one to deal with a statistically meaningful number
of dislocations while accounting in a geometrically exact way for finite deformations. The obtained results
challenge the prevailing opinion that crystal and amorphous plasticity are fundamentally different phenomena.
As MTM does not deal with dislocations directly, our work reinforces the idea that in both cases it is the elastic
incompatibility which evolves through intermittent avalanches.

DOI: 10.1103/3rwf-d3yx

I. INTRODUCTION

The complexity of plastic response of strain-driven crys-
talline solids is revealed by intermittent stress fluctuations
accompanied by scale-free spatial organization of dislocations
[1–10]. The same general features are also typical of amor-
phous plasticity [11–20]. To build a conceptual link between
the two phenomena, we study in this paper a relatively trans-
parent prototypical model of a 2D square crystal subjected
to athermal quasistatic (AQS) proportional loading by shear
strain applied along one of the slip directions.

An important question is how to make sure that we perform
numerical experiments with a realistic crystal which neces-
sarily contains a certain amount of dislocations. To prepare
a ‘generic’ crystal we start from a pristine dislocation-free
crystal and shear it to the limit of its mechanical stability. The
associated spinodal instability is resolved through massive
nucleation of dislocations. We argue that such ‘preparation’
effectively converts a mechanically crystalline sample into
a mechanically pseudoamorphous one [21–23]. We use this
term vaguely to refer to a solid that is structurally crys-
talline while exhibiting quasiamorphous mechanical response.
The amorphous component of such a response reveals itself
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through various nonaffine relaxations under homogeneous
loading but, most importantly, through characteristic statistics
of fluctuations indicative of mechanical marginality of the
system [24,25].

Specifically, we show that the plastic response of our
pseudoamorphous crystals begins with a hardening stage in-
volving small spatially localized dislocations rearrangements.
Such ‘microplasticity’ regime is terminated abruptly with a
quasibrittle transition to the full scale plastic yield. During
such transition we observe the formation of multigrain pattern
dominated by global structures reminiscent of shear bands.
The postyield regime is characterized by a stress plateau
with superimposed fluctuations. The latter represent broadly
distributed dislocation avalanches with power-law statistics.
Similar quasibrittle yield has been observed in well-annealed
glasses [26–34]. To make sense of the observed similarity
of mechanical responses, we argue that despite the absence
of dislocations in amorphous plasticity, both amorphous and
crystalline plasticity can be viewed as representing an evolu-
tion of elastic incompatibility. In particular, in both cases the
underlying elementary mechanical events can be represented
by standard shear eigenstrains [35–42].

We study the implied correlated dynamics of a large num-
ber of dislocations using the simplest mesoscopic model of a
crystal loaded by shear strain applied along one of the slip di-
rections. Specifically, we use the mesoscopic tensorial model
(MTM) representing a conceptual trade-off between contin-
uum and atomic descriptions of crystal plasticity [43–50].
An important advantage of the MTM is that it accounts for
micromechanisms of plastic response while relying minimally
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on phenomenology. In particular, it allows one to capture the
intermittent nature of dislocation avalanches while resolving
topological (connectivity) restructuring involved in nucleation
and annihilation of dislocations [51]. Crucially, in contrast
with other computational approaches to microscale plasticity,
e.g., [52–77], the MTM allows one to deal with a statistically
meaningful number of dislocations while accounting in a ge-
ometrically exact way for finite deformations [78–81].

The main idea of the MTM is to associate with mate-
rial elements an effective energy landscape whose tensorial
periodicity accounts for crystallographically invariant defor-
mations. The resulting Landau-type model is characterized
by infinitely many equivalent energy wells [43–50,82–92]
with plastically deformed crystal emerging as a multiphase
mixture. Strikingly, dislocations play in the MTM the role of
domain boundaries. The small scale regularization is achieved
by mesoscopic discretization reminiscent of what is done in
large eddy simulations of fluid turbulence.

Despite operating with engineering concepts of stress and
strain, the MTM correctly captures not only long-range elas-
tic interactions of effective mesoscale dislocations but also
describes adequately their short-range interactions. This elim-
inates the need for ‘local rules’ describing nucleation and
annihilation of dislocations and, more generally, opens the
way to phenomenology-free description of the formation of
complex dislocational entanglements.

The 2D version of the MTM, used in our numerical ex-
periments, has some formal similarity with a single-slip-plane
phase field model of Peierls-Nabarro type, which was also
found adequate to represent the critical nature of plastic flows,
e.g., [61,93]. The main difference of our approach is the use of
finite strain bulk elasticity compatible with multislip and the
ability to capture adequately lattice rotations. Some precursors
of the MTM approach can be found in [94–101], see also a
parallel recent development in [97,102,103].

The paper is organized as follows. In Sec. II we introduce
the MTM model and discuss the fine structure of the infinitely
periodic energy landscape used in our numerical experiments.
The numerical method is detailed in Sec. III. Our computa-
tional observations are collected in Sec. IV. The technique of
extracting the critical exponents is discussed in Sec. V where
we also present our main scaling results. The final Sec. VI
contains our conclusions.

II. THE MODEL

Consider the continuum deformation field

y = y(x), (1)

where y and x are positions of material points in the current
and reference configurations, respectively. Due to frame indif-
ference constraint, the strain energy density ϕ can depend on
the deformation gradient

F = ∇y (2)

only through the metric tensor

C = FT F (3)

which then plays the role of a tensorial order parameter. We
assume further that the implied function

ϕ = ϕ(C) (4)

respects the symmetry of an underlying Bravais lattice. Such
symmetry is necessarily global extending beyond the conven-
tional point group and capturing, in particular, lattice invariant
shears. Specifically, in 2D the global symmetry assumption
implies that

ϕ(C) = ϕ(mT Cm), (5)

where the unimodular integer valued matrices m belong to the
infinite discrete group

GL(2,Z) = {m, mIJ ∈ Z, det(m) = ±1}. (6)

In view of the symmetry assumption (6), the configura-
tional space of shear deformations det C = 1, represented by
a hyperboloid in the 3D space (C11,C22,C12), is tessellated
into an infinite number of equivalent periodicity domains. In
particular, if the energy density ϕ(C) is known in one of such
domains, it can be extended to the whole configurational space
of tensors C by the symmetry.

In what follows we refer to the restriction of the peri-
odic energy density function ϕ(C) with tensorial symmetry
GL(2,Z) to the minimal periodicity (fundamental) domain as
ϕD (C̃), where

C̃ = mT Cm (7)

is the projection of a general metric tensor C into the domain
D and m is the corresponding unimodular integer valued
matrix that performs the projection while ensuring that

ϕ(C) = ϕD (C̃). (8)

The configuration of the fundamental domain D is well
known [81,89,91,104]

D =
{

0 < C11 � C22, 0 � C12 � C11

2

}
, (9)

where it is implied that det C = 1.
Given a generic metric C, the task of finding a unimodular

matrix m ensuring that C̃ ∈ D can be formulated as a recur-
sive algorithm which is also well known (Lagrange reduction)
[91,104]. Specifically, if we define the matrices

m1 =
(

1 0
0 −1

)
, m2 =

(
0 1
1 0

)
, m3 =

(
1 −1
0 1

)
,

(10)

and start with an assumption that m = I, we can proceed
through the following steps: (i ) If C12 < 0, change sign of C12

using the mapping m →mm1; (ii) if C22 < C11, swap these
two components using the mapping m →mm2; (iii) if 2C12 >

C11, set C12 = C12 − C11 using the mapping m →mm3.
Note that the action of m1 is a reflection that ensures an

acute angle between two lattice vectors of the square lattice ei

where i = 1, 2; the action of the matrix m2 is also a reflection
as it swaps two lattice vectors ei. Both of these operations
belong to the point group and propagate the metric only inside
the corresponding ‘elastic domain’ (Ericksen-Pitteri neighbor-
hood) composed of the four copies of the minimal domain D
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FIG. 1. (a) GL(2, Z)-induced tessellation of the configuration space of metric tensors C11,C22,C12 with det C = 1 stereographically
projected on the Poincaré disk p2 + q2 < 1 where p = t (C11 − C22)/2, q = tC12, and t = 2/(2 + C11 + C22). The highlighted domain D is
the fundamental (minimal periodicity) domain. (b) Representative energy landscape with colors indicating the energy level. Only the lowest
energy levels are visible with the bottoms of the wells corresponding to equivalent replicas of the reference square lattice.

[48,81]. Instead, the mapping defined by matrix m3 brings the
metric outside the ‘elastic domain’ and therefore represents a
quantized analog of the macroscopic plastic strain [47].

To visualize the implied tessellation, it is convenient to
project stereographically the infinite surface det C = 1 on a
unit (Poincaré) disk, It is depicted in Fig. 1(a), where we show
in gray the fundamental (minimal periodicity) domain D .

In our numerical experiments we used the simplest piece-
wise smooth function ϕ(C) with GL(2,Z) symmetry and
minimal necessary regularity [91]. While the single-period
Landau potential ϕD (C̃) could be also constructed using the
classical Cauchy-Born approach, see for instance [48,49],
or assumed to be piece wise quadratic [47], the authors of
[91] following [87–89], represented the elastic energy density
as a combination of sixth-order polynomials ensuring stress
continuity over the boundaries of the periodicity domains.
Specifically, they proposed to construct the function (4) as a
sum of two terms:

ϕD (C̃) = ϕ0

(
C̃

(det C̃)1/2

)
+ ϕv (det C̃), (11)

where ϕ0 accounts for contributions due to shear while ϕv

penalizes volumetric deformations.
The GL(2,Z) invariant shear term in (11) is chosen in the

form [91]

ϕ0

(
C̃

(det C̃)1/2

)
= βψ1

(
C̃

(det C̃)1/2

)
+ ψ2

(
C̃

(det C̃)1/2

)
.

(12)

It depends on a single parameter β allowing one to associate
the ground state either with square or triangular (hexagonal)
lattice.

Given the assumed order of the polynomials, the require-
ment of stress continuity across the whole periodic energy
landscape specifies the functions ψ1 and ψ2

ψ1 = I4
1 I2 − 41

99 I3
2 + 7

66 I1I2I3 + 1
1056 I2

3 , (13)

ψ2 = 4
11 I3

2 + I3
1 I3 − 8

11 I1I2I3 + 17
528 I2

3 , (14)

where we introduced the hexagonal invariants of the metric
tensor

I1 = 1
3 (C̃11 + C̃22 − C̃12), (15)

I2 = 1
4 (C̃11 − C̃22)2

+ 1
12 (C̃11 + C̃22 − 4C̃12)2, (16)

I3 = (C̃11 − C̃22)2(C̃11 + C̃22 − 4C̃12)

− 1
9 (C̃11 + C̃22 − 4C̃12)3. (17)

In our numerical experiments we used the value β = −1/4
which ensured that global energy minimizer is a square lattice.

The volumetric part of the energy density, which primarily
influences the fine structure of the dislocation cores and also
controls the formation of voids, is assumed to be of a generic
form preventing infinite compression

ϕv (s) = μ(s − log(s)). (18)

To keep in our numerical experiments the strain field close to
the surface det C = 1, we adopted a sufficiently high value of
the bulk modulus, μ = 5.

In Fig. 1(b) we illustrate the multiwell energy landscape in
the configurational space of shear strains C with det C = 1.
Here the equivalent energy wells, which appear distorted due
to the stereographic projection, represent the equivalent repli-
cas of the reference square lattice. To complement Fig. 1(b)
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FIG. 2. Strain-energy density in the configurational space
C11,C22,C12 with det C = 1 stereographically projected on the
Poincaré disk. Thin white lines represent the GL(2, Z) tessellation
of the a Poincaré disk into equivalent periodicity domains. Colors
represent energy levels following Fig. 1(b). Elastic stability bound-
ary given by (36) is shown by the thick black contour surrounding
the reference state. Small black squares and triangles correspond to
equivalent square and triangular lattices, respectively.

we also show in Fig. 2, the same isochoric part of the energy
landscape (Landau-type potential) but now in the level set rep-
resentation. Here darker blue regions mark the neighborhoods
around the bottoms of the equivalent square energy wells.

A characteristic feature of the emerging energy landscape
is a network of low-energy valleys corresponding in our case
to simple shears parallel to crystallographic slip planes. These
valleys can be viewed as representing conventional plastic
‘mechanisms’. Note that in the classical continuum crystal
plasticity such valleys are effectively assumed to be flat.
Instead, the MTM preserves the energy barriers separating in-
dividual wells along the low-energy valleys which is the main
factor behind recurrent snap-through mechanical instabilities
under quasistatic loading.

As we have seen, due to the assumed global symmetry,
the emerging function ϕ(C) is highly nonconvex. The lack
of convexity of the elastic potential is a property which the
MTM shares with other similar Landau-type continuum the-
ories. The corresponding scale-free models are known to be
degenerate and need to be regularized through the introduction
of a cutoff length scale.

In the MTM the implied regularization is achieved through
the projection of the continuum problem on a uniform
mesoscale grid. In such setting the nonconvex elastic energy
is associated with individual finite discrete elements. Under
this assumption the infinite dimensional space of continuum
deformation fields is reduced to a finite dimensional set of
compatible, piecewise affine mappings. However, in contrast
to the conventional finite element representation of PDEs, in
the MTM the linear scale of an individual finite element h is

not an irrelevant mesh size but rather a physical regularization
parameter. It introduces the scale of mesoscopic elements,
representing aggregates of atomic particles, and defines in this
way an internal cutoff scale below which the deformation can
be considered as effectively homogeneous (affine).

The choice of the value of h is then a part of the physical
model. Suppose that L is the linear size of the macroscopic
domain and N2 is the number of nodes in the mesoscopic grid.
Then h = L/N and the corresponding dimensionless parame-
ter is

δ = h/L = 1/N. (19)

Another dimensionless parameter in the problem is

ε = a/L, (20)

where a is the interatomic distance. Both ε and δ are small but
in view of the mesoscopic nature of the MTM, we effectively
assume that

δ � ε. (21)

In the MTM approach we first implicitly perform the limit
ε → 0 and recover in this way the continuum constitutive
response of individual elements. As we have already men-
tioned, this can be done either by using the Cauchy-Born rule
or by making a phenomenological assumption. Then, instead
of performing the classical limit δ → 0 while obtaining the
conventional scale-free continuum theory, the MTM operates
with a small but finite value of the parameter δ.

In view of the presence of the system size L in the expres-
sion for δ one can say that the MTM effectively accounts for
finite size effects. For instance, instead of saying that the size
of the dislocation cores is overestimated while the number
of dislocations is underestimated, one can say that the MTM
deals exclusively with sufficiently small crystals. Despite this
limitation, the MTM not only preserves the basic nature of
long-range interaction of dislocations, but it also captures their
short-range interactions, for instance, the supposedly blown
up dislocations still nucleate and self-lock adequately, at least
away from the boundaries of the sample.

In our numerical experiments we used the scale h obtained
under the requirement that the Cauchy-Born energy density,
computed for a lattice fragment with scale h, exhibits an
almost periodicity within the range of strains of interest; we
checked that in our case this goal is reached under the assump-
tion that h ∼ 10a. This would then mean that the physical size
of the considered samples is of the order L ∼ 10Na.

As we show in what follows, an incremental elastic energy
minimization in the emerging discretized finite element model
subjected to quasistatic loading leads to a rich repertoire
of instabilities with jump discontinuities representing elastic
branch switching events. The energy losses associated with
such jumps contribute to plastic dissipation. While in the
continuum limit such jumps merge giving rise to conventional
rate-independent plasticity [105], here we maintain the dis-
creteness of the model which is the crucial factor behind the
nontrivial statistics of the emerging jump distribution.
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III. NUMERICAL METHOD

We now turn to the numerical implementation of the
corresponding finite dimensional elasticity problem. It re-
duces to finding at each value of the loading parameter the
displacements of the network of discrete nodes labeled by
integer-valued coordinates a, b = 1, ..., N2.

In our numerical code we employ the standard linear three-
node elements [106,107]. The energy of the corresponding
elastic triangles undergoing affine deformation is described
by the globally periodic energy landscape introduced in the
previous section. The underlying assumption of globally pe-
riodic response at the mesoscopic level can be interpreted as
our ‘subgrid’ model.

The displacement field inside each of the elements can be
written in the form

u(x) =
∑

a

Na(x; h)ua, (22)

where Na(x; h) are compactly supported linear shape func-
tions and ua are the nodal displacements.

Using (22) we can write the mesoscopic deformation gra-
dient inside a single elastic element in the form

F(x; h) = I +
∑

a

ua ⊗ ∇Na(x; h), (23)

or in component form

F i
α = δi

α +
∑

a

ui
a

∂Na

∂xα
, (24)

where i is the Eulerian index, α is the Lagrangian index, and
ui

a denotes the i-th displacement component of node a. By
applying the simplest quadrature scheme we can then write
the elastic energy density inside each of the elements in the
form

w(x; h) = 1
2ϕ(C(x; h))J (x, h), (25)

where J is the Jacobian of the transformation from local
dimensionless coordinates to the macroscopic reference coor-
dinates x. In (25) the elastic energy of a deformed triangular
element ϕ(C(x; h)) depends periodically on the metric tensor
whose components represent two deformed lengths of the
bonds (pair interactions) and the deformed angle between
them (triple interaction).

Finding a solution of the elastic problem implies para-
metric local minimization of the finite dimensional energy
functional which we schematically write in the continuum
form

W =
∫

	

w(x; h)dx, (26)

even though it is effectively defined on a triangular finite
element network. The corresponding continuum conditions of
mechanical equilibrium can be equally schematically written
in the form

∇ · P = 0, (27)

where we introduced the first Piola-Kirchhoff stress tensor

P = 2Fm�mT , with � =
[

∂ϕD

∂C̃11

1
2

∂ϕD

∂C̃12

1
2

∂ϕD

∂C̃12

∂ϕD

∂C̃22

]
. (28)

In our discrete finite element representation the continuum
equations (27) reduce to

∂W

∂ua
=

∫
	

P(x; h)∇Na(x; h)dx = 0. (29)

In our numerical code the equations (29) are solved at
each value of the loading parameter using the L-BFGS min-
imization algorithm [108]. It is based on constructing a
positive definite approximation to the Hessian, and enabling
quasi-Newton steps that progressively reduce the total energy.
Iterations continue until the energy change per iteration falls
below a prescribed tolerance.

More specifically, at each iteration, starting from an ap-
proximate solution wa, we compute a displacement correction


wa = ua − wa (30)

by solving the linearized equations of equilibrium. We use the
standard LU factorization [109,110]:

Kia jb
w
j
b + Ria = 0. (31)

Here

Kia jb =
∑

e

1

2
Je Aαβ

i j (Fe)
∂Na

∂xα

∂Nb

∂xβ
(32)

is the global stiffness matrix and

Ria =
∑

e

1

2
Je Pα

i (Fe)
∂Na

∂xα
, (33)

is the residual force vector; the sums run over all elements e,
Fe is the (constant) deformation gradient, 1

2 Je is the element
area, and the shape function gradients are evaluated in ele-
ment e. We reiterate that summation is implied over repeated
indices.

In (32) we introduced the tensor of tangential elastic
moduli

Aαβ
i j = ∂2ϕD (C̃)

∂F i
α∂F j

β

. (34)

Note that it can be used to find an approximate stability
threshold for the homogeneous state. Indeed, if we define the
acoustic tensor using the Eulerian analog of (34)

Qi j = F l
αF m

β Aαβ
i j nlnm, (35)

where n is a unit vector, we can write the Legendre-Hadamard
conditions of elastic instability in the corresponding contin-
uum problem in the form [111–115]

det(Q) = 0. (36)

In view of the smallness of the parameter δ in (19), the stabil-
ity boundary in the discrete problem is expected to be close to
the solution of (36) ensuring the existence of a first nontrivial
n. For the chosen elastic energy landscape the corresponding
‘yield surface’ is shown in Fig. 2.

In our numerical experiments we loaded the system qua-
sistatically by applying the affine displacement field

u(α, x) = (F̄(α) − 1)x, (37)
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with

F̄(α) = I + αe1 ⊗ e2, (38)

where eA, A = 1, 2, is the orthonormal basis of the reference
square lattice. In this way we imposed simple shear along one
of the principal slip directions with shear amplitude α serving
as the loading parameter.

To simulate an effectively infinite crystal under controlled
macroscopic affine deformation, we used the method of do-
main replication.

Specifically, starting from the basic computational domain
	0 with dimensions Lx × Ly, we generated its minimal peri-
odic extensions using the translation vectors

t(n) =
(

nxLx

nyLy

)
, (39)

where n = (nx, ny) ∈ {−1, 0, 1}2. Under the affine deforma-
tion (38), the position of the replicated domains relative to the
central domain 	0 can be represented by deformed translation
vectors

R(n) = F̄(α)t(n), (40)

Now, for a node located at xa in the basic domain 	0, its image
characterized by the translation vector t(n) is placed at

xa,(n) = xa + R(n). (41)

In this way we are guaranteed that the macroscopic deforma-
tion gradient F̄(α) is consistently applied across the periodic
images of 	0.

After fixing through (41) the positions of all nodes for the
nine domains (basic domain 	0 and its eight periodic images),
we performed a Delaunay triangulation for the set of particles:

P = {xa : a ∈ I0} ∪ {xa,(n) : a ∈ I0, n 	= 0}, (42)

where I0 denotes the set of particle indices in the basic do-
main. Using the obtained global triangulation T , we selected
the triangles that have at least one vertex belonging to the
basic domain 	0. Since triangles near the boundary of the
basic domain may be counted multiple times through different
domain images, we need to ensure the uniqueness of the corre-
sponding mapping. Our selection is illustrated in Fig. 3, where
we show the basic domain 	0 (limited by the box delineated
by a solid line) together with boundary triangles associated
with the chosen basic domain. The proposed construction
ensures that: (i) Each triangle in the computational mesh is
counted exactly once, eliminating redundancy from the pe-
riodic extension; (ii) All triangles connected to the original
domain are included, maintaining proper connectivity across
periodic boundaries; (iii) The triangulation naturally incor-
porates the macroscopic deformation through the deformed
positions of its periodic images.

IV. EMPIRICAL OBSERVATIONS

In our numerical experiments an ideal square crystal was
represented by N × N nodes, with N = 100, 200, 400. The
nodes were grouped into triangular finite elements. As it has
been already mentioned, we impose simple shear (38) along
one of the principal slip directions with shear amplitude α

serving as the loading parameter. The loading was advanced in

FIG. 3. The periodicity unit of the computational mesh. The
basic computational domain 	0 is limited by the solid box. Only
triangles with at least one vertex in 	0 are selected for the mesh
(shown by the thin lines), ensuring proper connectivity across peri-
odic boundaries while avoiding redundant counting of triangles.

strain increments of order 10−6 and after each increment the
displacement field was updated by the energy minimization
algorithm.

Sample preparation. A pristine crystal could not be used
in our experiments because real crystals, appearing in phys-
ical experiments, necessarily contain multiple dislocations.
To obtain a ‘generic’ sample, we first ‘primed’ our pristine
(defect-free) crystal by loading it till the point of elastic insta-
bility where the initially maintained affine configuration broke
down. The associated instability marks the end of the purely
elastic deformation range.

Our numerical experiments showed that such instability
takes place at the value of the loading parameter α which
is very close to the critical value αc ≈ 0.138 predicted the
loss of positive definiteness of the acoustic tensor (35), see
[113–115]. To eliminate the degeneracy and trigger a generic
path for the development of the instability we added (close to
the threshold value of α) a small Gaussian quenched disorder
which was removed after the system restabilized again.

The breakdown of a pristine elastic configuration took the
form of a massive nucleation of dislocations resulting in a
highly inhomogeneous configuration of the type shown in
Fig. 4. The unfolding of the elastic instability took place in
the fast computer time with the corresponding overdamped
dynamics mimicked by our energy minimization algorithm.
It is natural to assume that such a ‘dynamics’ was arrested
at a state which is only marginally stable. Therefore while
the configuration shown in Fig. 4 is highly defective, it is far
from being random. With some abuse of language one can say
that it is similar to a slowly quenched glass than to a perfect
crystal.

Stress-strain relation. To study the mechanical response
of the obtained ‘generic’ sample we continued to load it
quasistatically while recording the ensuing stress-drops and
the associated energy releases. The recorded stress-strain
relations, corresponding to four different realization of the

103611-6
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FIG. 4. Dislocated configuration emerging after a homogeneous
lattice is mechanically driven to the threshold of elastic instability.
Colors indicate the level of the σxy component of the Cauchy stress
tensor. The highest stress levels of both signs correspond to the
location of dislocation cores. Here N = 400.

inserted quenched disorder, are shown in Fig. 5(a). Here the
solid black curve indicates the average response.

A salient feature of such a response is the presence of
elastic deformations continuously interrupted by intermit-
tent stress drops. Such drops represent plastic avalanches
involving partial unlocking and restructuring of disloca-
tion structures. The rearrangements also incorporate broadly
distributed local events representing either nucleation or anni-
hilation of dislocations.

The observed mechanical response shows a quasielastic
range ending with a major (diffuse) stress drop with a sub-
sequent formation of a stress plateau. The associated regime
change can be interpreted as a transition to plastic yield.
The quasielastic, preyield regime is characterized by finite
overall rigidity. Instead, the postyield regime exhibits almost
zero effective rigidity. In other words, while the instantaneous
rigidity is finite (and similar in magnitude) in both regimes,
it is in the postyield regime that it is compromised most
significantly by plastic fluctuations, see Fig. 5(a).

Preyield regime. Our Fig. 5(b) illustrates the stress field in
a typical preyield state A. Comparing it to Fig. 4, we observe
that the overall stress level is higher but the restructuring of the
dislocation pattern is relatively minor with dislocations only
minimally redistributed between the preexisting locking sites.
Such ‘microplasticity’ response is a characteristic preyield
feature for both amorphous and (defective) crystalline solids
[4,116–120].

As we have already seen, the quasielastic regime ends with
the system-size event. It is reminiscent of a single quasibrittle
plastic stress drop in well-annealed glasses and some submi-
cron crystals [121–131]. In Figs. 5(c) and 5(d) we show the
snapshots of the spatial stress configurations in the interme-
diate configuration B and the final configuration C. The latter
can be thought of as marking a transition to postyield regime.
One can see that already here the crystal starts to develop
characteristic system spanning shear bands.

Grain structure development. A comparison of Figs. 5(b)–
5(d) suggests that the associated global dislocational restruc-

turing involves collective dislocation activity. Some finer
aspects of the postyield configuration C are illustrated in Fig. 6
where instead of the stress field, as in our Fig. 5(d), we
now show the energy distribution. The advantage of such a
representation is that the locations of individual dislocations
become visible.

The general observed trend is the development of low-
energy patches of the original unstressed square lattice
organized into a quasipolycrystalline grain texture. The elastic
energy ends up being localized around dislocation-rich grain
boundaries. In the inset presented in Fig. 6 we show mag-
nification on the configuration of elastic elements. Here the
individual dislocations were identified via Delaunay triangu-
lation and the nodes with five/seven neighbors were shown
in blue/red. In particular, we see the emergence of highly
regular low energy �5 grain boundaries. Their prevalence can
be explained by the fact that the misorientation of neighbor-
ing grains is constrained by the overall compatibility of the
deformation field, see [49] for a more detailed study of this
issue.

Postyield regime. As we have already seen, after the termi-
nation of the diffuse quasibrittle transition stage, the ensuing
postyield regime is characterized by fluctuations around an
apparent yield stress. The corresponding ‘dynamic attractor’
can be interpreted as a nonequilibrium steady state. A repre-
sentative snapshot of the microconfiguration of the crystal in
a randomly chosen postyield state D is shown in Fig. 7.

First, we see significant maturation of the polycrystalline
grain texture. During intermittent avalanches, characteristic
of this regime, larger grains occasionally break down while
smaller grains continue to emerge. One can also say that
the self-organization of dislocations continues through the
generation of additional length scales which contribute to the
formation of a global hierarchical structure.

Second, we observe that the yield transition opens access
to a much broader repertoire of relaxation mechanisms. For
instance, a detailed analysis of the avalanche structure in the
postyield regime (see some illustrations in the next section)
reveals extended plastified regions with complex branching.
Instead, in the preyield regime plastification takes place pri-
marily in the form of isolated, linear arrangements of slipped
elements.

Flow in the configurational space. Following the evolution
of the system on Poincaré disk provides additional insight
into the process of plastic deformation, see Figs. 8(a)–8(d).
While in the reference state (pristine crystal) all configu-
rational points are concentrated in the origin, the evolution
of the loading parameter beyond the critical value αc leads
to the spreading of the configurational points with expected
accumulation near the bottoms of the energy wells repre-
senting different replicas of the unstressed square lattice. In
the preyield microplastic regime, see Figs. 8(a) and 8(b), the
system predominantly occupies three primary energy wells
immediately adjacent to the reference state. This correspond
to isolated slips along the two fundamental crystalline slip
planes. Instead, in the postyield regime, see Figs. 8(c) and
8(d), the formation of shear bands causes the system to pop-
ulate a much broader areas of the energy landscape. While
a vast majority of mesoscopic units still remains localized
inside the ‘locally stable’ regions around the bottoms of the
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FIG. 5. (a) Stress-strain responses of four different ‘generic’ pseudoamorphous crystals of the type shown in Fig. 4; solid black curve
indicates the average response. The stress-strain curves do not start from the origin because the global instability does not relax stresses to
zero due to the emergence of self-equilibrated (residual) dislocation configuration. (b) Dislocated configuration in a typical preyield state
characterizing the stage of ‘microplasticity’. (c), (d) Dislocated configuration characterizing different stages of unfolding of the quasibrittle
system size event. Colors indicate the level of the σxy component of the Cauchy stress tensor. In (a)–(d) N = 400.

wells, the high energy configurations corresponding to dislo-
cation cores, are represented by the points diffusely spread
over the ‘locally unstable’ saddle-type regions of the energy
landscape.

V. POWER-LAW SCALING

An important window into the micromechanics of solids
undergoing plastic flow is provided by the study of the statis-
tical structure of plastic fluctuations [1,4,22,132–135]. In our
case the relevant observables would be the energy dissipated
at a single avalanche 
W and the corresponding macroscopic
stress drop 
� = A
σxy, where A is the surface area of the
sample. It is known that in amorphous solids the probability

FIG. 6. The microconfiguration corresponding to the state C
marked in Fig. 5. Colors indicate the magnitude of strain-energy
density. The inset shows a single grain and details the dislocation
structure of the grain boundaries. Here N = 400.

distribution of these observables is usually described by the
finite-size scaling ansatz

P(s; L) = s−x F
( s

LDx

)
, (43)

where L is the linear system size, x is the power-law exponent
with x = τ for stress drops and x = ε for dissipated energy
and Dx is the corresponding fractal dimension (Dε and Dτ ,
respectively, for stress and energy). The scaling function F (u)
is expected to be universal in the critical regime. In the case

FIG. 7. Shear band development in the regime of stationary
postyield plastic flow represented by the state D in Fig. 5. Here
N = 400. Colors indicate the level of the shear component of the
Cauchy stress tensor σxy.
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FIG. 8. Distribution of local values of the metric tensors in the configurational space projected on the Poincaré disk. Background color
represents the energy landscape whose 3D representation was shown in Fig. 1(b). The color of the gray dots represents the number of the finite
elements sharing the same metric tensor. (a)–(d) correspond to four values of the loading parameter α. (a) α = 0.3 (generic preyield state),
(b) α = 0.5 (preyield state close to the yield threshold), (c) α = 0.6 (immediate postyield state), and (d) α = 0.75 (mature postyield state).
(a) and (b) show the development of the microplastic regime and illustrate how small are the associated changes in the configuration of the
elements. (c) and (d) illustrate the proliferation of plastic strain in the postyield regime with the number of populated energy wells gradually
increasing.

of quasibrittle amorphous plasticity the exponents ε and τ

were empirically found to be similar for preyield and postyield
regimes while the exponents Dε and Dτ were supposedly
different [36,136–138].

Finite size scaling. To check the relevance of the scaling
ansatz (43) in our case we introduced the rescaled variables:

x̃(s, L) = s

LDx
, (44)

and

ỹ(s, L) = P(s; L) · LDxx. (45)

The optimal parameters (x∗, D∗
x ) were determined by mini-

mizing the residual spread among the rescaled curves across
the overlapping range.

First, for a discrete set of system sizes {Lk}, we computed
the corresponding logarithmic data points

(uk,i, vk,i ) = (log10 x̃k,i, log10 ỹk,i ). (46)

Then we determined the common logarithmic interval by
identifying the overlapping limits

umin = max
k

[
min

i
(uk,i )

]
(47)

and

umax = min
k

[
max

i
(uk,i )

]
. (48)

For our datasets, a robust overlap domain existed near the
optimal scaling exponents.

Specifically, we used a uniform grid of 80 points {c j}
spanning the interval [umin, umax]. We then constructed a
continuous function v̂k (u) for each system size using linear
interpolation between the discrete points (uk,i, vk,i ). The valid
set of indices V was defined as the subset of grid indices j
ensuring that the grid points c j lie strictly within the mea-
sured domain of all NL interpolated curves. The quality of the
collapse can be quantified by the average variance across the
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(a) (b)

FIG. 9. Landscapes of the quality metric Q for the pre- and postyield regimes. (a) configuration of Q(ε, Dε ) in preyield regime, and
(b) similar graph for the postyield regime. The deep, well-defined global minima in these variance surfaces allow us to choose the optimal
scaling exponents and determine the associated geometric 1-σ uncertainties.

set:

Q(x, Dx ) = 1

|V|
∑
j∈V

(
1

NL − 1

NL∑
k=1

[v̂k (c j ) − v̄(c j )]
2

)
, (49)

where

v̄(c j ) = 1

NL

NL∑
k=1

v̂k (c j ) (50)

is the mean value of the interpolated curves at the fixed grid
point c j . We employed a two-stage grid-search (first coarse,
then fine) in the (x, Dx ) parameter space to locate the global
minimum of the variance, Qmin. The coordinates of this min-
imum were interpreted as providing the values of the optimal
scaling exponents, (x∗, D∗

x ).
To estimate the acquired uncertainty, we analyzed the

curvature of the Q landscape immediately surrounding the
minimum. For each parameter, we projected the variance onto
a 1-D profile and fit it with a parabola. Because traditional sta-
tistical error models do not strictly apply to our data-collapse
metric, we established an operational threshold for the error:
The 1-σ confidence interval was defined as the parameter
deviation required to double the variance from its optimal
value (i.e., the half-width of the interval where the fit reaches
2Qmin).

Main results. The computed variance landscapes and the
resulting optimal data collapses are illustrated in Fig. 9 and
Fig. 10. As can be seen directly from Fig. 9, a sharp, narrow
minimum in the variance landscape clearly demonstrates that
the scaling parameters are tightly constrained by the overlap-
ping data. The computed scaled probability distributions for
different system sizes L, illustrated in Fig. 10, fall remarkably
well onto single universal master curves in both the preyield
and postyield regimes. This excellent overlap, spanning sev-
eral decades in both probability and avalanche sizes, serves as
strong justification of the finite-size scaling ansatz (43). It sug-
gests that for our ‘generic’ crystals the statistics of avalanches
follows the same pattern as in their amorphous counterpart
[4,21,51,64,135,139].

Marginal stability. The obtained power-law range for en-
ergy drops extends over up to six decades with preyield and
postyield energy distributions sharing almost the same value
of the exponent. The invariance of this exponent across the
yielding transition suggests that while the spatial organization
of plastic events changes drastically from local and noncoop-
erative to global and collective, the statistical distribution of
energy drops remains insensitive to these details responding
only to the global organization of the underlying energy land-
scape [13,36,136–138,140].

The peculiar value ε = 1.0, of the optimal exponent
exhibited by the statistics of energy drops 
W , is of con-
siderable significance. Note first that the emergence of
a power-law exponent ε ≈ 1.0 in such a distribution is
a signature of an archetypically ‘wild’ crystal plasticity
in the sense of [132]. The same value was recorded in
discrete dislocation dynamics studies of disorder-free 2D sam-
ples containing a fixed number of preexisting dislocations
[64,141]. It was also obtained in numerical experiments on
pristine crystals conducted within a scalar version of the
MTM [50].

Note next that the exponent ε ≈ 1.0 has been previously in-
terpreted in crystal plasticity framework as representing either
dislocation jamming or self-induced glassiness [21,142,143].
One reason is that exactly the same value has emerged in
the studies of plastic flows in structural glasses [13,144,145].
Another reason is that the power-law exponent ε ≈ 1.0 can be
linked to the hierarchical (ultrametric) organization of energy
wells in the phase space [25,146–148]. More specifically,
it was formally proved that in the mean-field limit of such
systems the distribution of energy avalanches, characterizing
their response to quasistatic deformation, is necessarily of a
power law type with exponent ε ≈ 1.0.

Furthermore, in the spin glass context, where the relation
between the emergence of the power-law exponent ε ≈ 1.0
and the structure of the underlying energy landscapes was
reasonably well understood, it was shown that the reason
behind this particular value of the exponent is the marginal
stability of the system [146,149,150]. It is then not surprising
that if such systems are mechanically driven, the proximity
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FIG. 10. Optimal data collapses of the probability distributions onto universal master curves. (a) and (b) Collapse of the energy drops

W in the preyield generating exponents ε = 0.9195 and Dε = 0.3640 (a) and postyield regimes generating exponents ε = 1.0207 and Dε =
0.9836 (b). Collapse of the macroscopic stress drops 
� in the preyield generating exponents τ = 0.9070 and Dτ = 0.3987 (c) and postyield
regimes, generating exponents τ = 1.2476 and Dτ = 1.4379 (d).

to unstable modes leads to the mixing of statics (stability) and
dynamics (instability), making the mechanical response inher-
ently intermittent [151,152]. Note also that since glasses can
be viewed as liquids at a quenching threshold, their marginal
stability is similar to marginality exhibited by granular matter
at a jamming point.

In this perspective one can argue that, since our ‘generic’
crystal emerged from arrested dynamics, the associated self-
generated disorder is similar to the one emerging in quenched
fluids that are only marginally stable. In our case, the destabi-
lization of the elastic phase is analogous to fluidization with
subsequent restabilization bringing the system to an effec-
tively glassy state. Interestingly, our results suggest that the
implied self-induced marginality is not affected by the yield
transition, which apparently does not compromise the global
organization of the energy landscape while, of course, affect-
ing the reachability of its different subdomains [153–155].

Statistics of stress drops. Consider next the obtained op-
timal value of the power-law exponent τ characterizing the
statistics of stress drops 
�. Note first that in the preyield
regime, the power-law exponents for stress and energy are
rather similar, τ ≈ ε, which suggests that the dissipated en-
ergies and the stress drops are roughly proportional, 
W ∼

�. Such linear scaling implies some kind of caging. Behind
it is a highly constrained dislocation motion with individual
avalanches arrested by a regular arrays of obstacles. The dom-

inant role of the obstacles in this regime may be also the
reason behind the associated strong hardening.

Instead, in the postyield regime the recovered exponents τ

and ε are markedly different. Here individual avalanches are
no longer hindered by local structural constraints and one can
assume that the stress drop is only constrained by the corre-
sponding strain increment through the constitutive relations
of (nonlinear) elasticity. Then, if we assume that 
W ∼ 
�γ

we can expect that ε − 1 = (τ − 1)/γ . In particular, if elas-
ticity is linear, γ = 2, and the measured value is τ ≈ 1.2, we
can expect that ε ≈ 1.10 which is in reasonable agreement
with our measured value ε ≈ 1.02 given that the uncertainty
in our relatively small system is of the order ∼ ± 0.2.

Fractal dimension. The computed optimal values of the
exponents Dε and Dτ provide information about the mor-
phology of the plastically deforming regions. In the preyield
regime we obtained the values Dε = 0.364 and Dτ = 0.3987
and in the postyield regime the values Dε = 0.9836 and Dτ =
1.4379. Note first that in both cases the preyield values of the
corresponding cutoff parameters LDx are much smaller than
their postyield values which indicates that in the postyield
regime larger avalanches become more probable [18,156].
The emergent collective behavior, reflected in such broader
extent of avalanche activity, reaches in postyield regime the
size of the system suggesting the divergence of the character-
istic length. Note next that in the preyield regime the energy
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FIG. 11. Visualization of the geometric morphology of plasti-
cally active regions during typical avalanche events in the postyield
regime. Domains undergoing almost 100% plastic deformation are
seen as red. Plastic deformation is seen to be localized into highly
correlated, system-spanning branched 1D structures, with the typical
spread comparable to the linear size of the system. See also the Sup-
plemental Material at [162] for a movie showing the spatiotemporal
dynamics and morphology of plastic avalanches.

avalanches are characterized by a low fractal dimension, say
Dε ≈ 0.36, pointing towards highly localized, spatially scat-
tered, macroscopically isolated rearrangements. Instead, in
the postyield regime we obtain the value Dε ≈ 0.98 which
suggests the emergence of 1D-like system spanning bands.
This reflects the highly cooperative nature of the underlying
plastic deformation. The physical nature of the implied scale
free cooperativity (criticality) is presently actively debated
[50,157–161].

The computed values of the fractal dimensions of Dε and
Dτ in pre- and postyield regimes are in agreement with the
different spatial structures of the corresponding avalanches.
Thus, in the preyield microplasticity regime we see indi-
vidual avalanches represented by highly localized, spatially
scattered, microscopically isolated rearrangements. Instead, in
the postyield regime such seemingly nonconnected plastifica-
tion zones are replaced by highly correlated, system-spanning
macroscopic structures, with plastification zones showing no-
ticeable branching, see Fig. 11. The typical avalanches in this
regime involve broadening of the shear bands and may include
correlated restructuring of the grain boundaries whose total
length is comparable with linear size of the system. We there-
fore observe a transition in structural topology from almost
0D avalanches (isolated clusters) to almost 1D avalanches
(extended anisotropic bands). This qualitative picture is in full
agreement with the computed values of the fractal dimension.

Elastoplastic models. The observed similarity between the
structure of intermittent plastic fluctuations in amorphous and
crystalline solids is not accidental. First of all, the elasto-
plastic models, typically used to model amorphous plasticity
[26,145,163,164], are very similar to the MTM which op-
erates within basically the same finite element setting. A
superficial difference is that the fixed linear elastic propaga-
tors of the elastoplastic models are replaced in MTM by the
solution ‘on the fly’ of the corresponding elastic problem.
More important is that the phenomenological yield thresholds

of elastoplastic models are replaced in the MTM by elastic
instabilities originating from the nonconvexity of the energy
landscape. Furthermore, if in elastoplastic models the disorder
is quenched, in the MTM it is self-imposed which may or may
not be of crucial importance. A salient feature of MTM is
its geometrical nature originating from the exact description
of finite elastic deformations. Despite these differences, the
observed general agreement in the values of the computed
exponents suggests that we are probably dealing in both cases
with the same universality class.

VI. CONCLUSIONS

The crucial advantage of the chosen mesoscopic model is
its ability to capture the specificity of crystals with different
lattice symmetry at relatively low computational cost. This
allowed us to demonstrate that pristine crystals can exhibit
quasibrittle phenomenology which is remarkably similar to
the mechanical response of well-annealed glassy materials.
The similarity of the mechanical response emerges after such
crystals undergo massive dislocation nucleation following the
breakdown of an affine elastic configuration.

The implied nonlinear elastic instability effectively trans-
forms a crystalline configuration into a mechanically pseu-
doamorphous configuration. It is still a crystal but with such a
significant dislocation population that its mechanical response
becomes statistically similar to the one of an amorphous
solid. We argue that during such instability, dislocations self-
organize into highly correlated patterns ensuring the overall
mechanical marginality of the system.

In amorphous solids, the mechanical response is domi-
nated by nonaffine relaxations that occur due to the lack of
local inversion symmetry. In our ‘generic’ crystal emerging
after the elastic instability the high density of dislocations
producing local lattice misorientations effectively breaks the
same type of local symmetry but at the mesoscale. As we
show, this leads to a nonaffine mechanical response that is
practically indistinguishable from that of a glass, even though
the underlying mechanical system remains crystalline.

The marginality of the emerging mechanically pseu-
doamorphous solid suggests that the underlying global energy
landscape is of hierarchical spin-glass nature. In other words
while a full disconnectivity graph analysis is beyond our
current computational abilities, one can say that we obtained
an indirect evidence that our energy landscape shares key
features with glassy landscapes. By referring to well-annealed
glasses we conjecture that fast quenching of liquids is similar
to the return to a stable state after a system size elastic insta-
bility experienced by sheared pristine crystals.

While, due to the specific nature of our ‘preparation’
protocol, not just any dislocated crystal is mechanically quasi-
amorphous in the above sense, our results challenge the
prevailing opinion that crystal and amorphous plasticity are
fundamentally different phenomena. Such conclusion is usu-
ally made based on the observation that dislocations, the main
carriers of plastic deformations crystals, are absent in amor-
phous solids. However, as our mesoscopic approach reveals,
the underlying elementary mechanical events in crystal and
amorphous plasticity are in fact rather similar. In particular,
in both cases the elastic incompatibility evolves through inter-
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mittent avalanches while the mechanical marginality reveals
itself through the special values of the power-law exponents.

We simulated sufficiently large systems for the power-law
exponents to be reliably extracted. The recorded ‘inertial’
range extends beyond five decades despite the fact that the
study is conducted in the fully nonlinear tensorial setting
accounting for large strains, finite rotations, and providing
geometrically exact description of lattice invariant shears. It
is noteworthy that the model operates with the complete set of
slip directions while allowing dislocations to self-consistently
nucleate and annihilate as well as to form various entangle-
ments and locks.

The observed critical behavior and the computed value
of the exponents suggest a new conceptual bridge between
crystal and amorphous plasticity emphasizing the universal-
ity of the underlying criticality mechanisms In both types
of systems plastic flow involves generation and propagation
of elastic incompatibility, long-range interactions, and relies
on threshold-type nonlinearity. Our results provide a physical
explanation why in engineering plasticity essentially the same
type of models are used for the description of crystal and
amorphous plasticity. While the question about the univer-
sality class for crystal plasticity vis-à-vis that of amorphous
plasticity has not been answered definitively in this paper, we
showed the similarity of both, the stress-strain curves and the
avalanche statistics. It is reassuring that the established simi-
larity concerns not only the values of the power-law exponents
but also the fact that both pre- and postyield avalanches are
distributed in a similar way.

Regarding crystal plasticity proper, the revealed conver-
gence of the values of critical exponents obtained using
different computational approaches, suggests that at least in
2D, the associated scaling behavior can be already captured
by the most basic approaches such as DDD. A claim of
this type, however, could not had been made before it was
confirmed in the framework of MTM, which is geometrically

exact and fully tensorial theory relying only minimally on
phenomenology.

While the proposed mesoscopic framework to crystal plas-
ticity is very revealing, many important issues remain to be
addressed. Thus, it is important to systematically compare
the obtained core structures of individual dislocations with
the results of molecular dynamics. Also recall, that the sub-
mesoscale (subgrid) phenomena are described in the current
version of the model only at the coarse grained level. For
instance, while our mesoscale dislocations interact like the
actual physical dislocations, their number is naturally smaller
than in the actual crystal. The corresponding rescaling can be
made based on the detailed study of the dislocational struc-
ture of grain boundaries. Adaptation of the model to realistic
3D crystals will allow one to distinguish between edge and
screw dislocations opening the way to the adequate account
of such physically important effects as dislocation climb,
cross slip, and forest hardening. To be physically realistic, the
comprehensive version of the model should incorporate finite
temperature effects and account in this way for thermally
activated dislocation reactions [165,166].
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