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Quantitative nondiagonal phase field modeling of pearlite growth involving multi-diffusion paths
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Despite extensive research on pearlite formation, the rate-controlling mechanisms of pearlite growth remain
under debate. Phase field modeling has become a key tool for investigating such transformations; however,
in solid-state systems where diffusion occurs both within individual phases and along their interfaces, the
commonly assumed local-equilibrium boundary conditions are rarely satisfied, leading to artificial interface
effects in conventional diagonal formulations. Here, we present a thermodynamically consistent nondiagonal
three-phase field model formulated within the grand-potential framework to investigate pearlite growth. By
introducing an Onsager-symmetric cross-coupling term between conserved and nonconserved order parameters,
the model inherently recovers the correct equilibrium boundary conditions regardless of the active diffusion
pathways, including bulk diffusion and interfacial diffusion. We systematically analyze four diffusion scenarios:
(i) diffusion in austenite; (ii) diffusion in austenite, ferrite, and cementite; (iii) diffusion in austenite and ferrite;
and (iv) diffusion in austenite combined with interfacial diffusion along austenite/ferrite and austenite/cementite
boundaries. The model’s quantitative performance is benchmarked against available analytical solutions for each
case. Overall, the proposed framework provides a robust and thermodynamically sound approach for elucidating

how different diffusion pathways control pearlite growth kinetics.

DOI: 10.1103/27bn-shc7

I. INTRODUCTION

Pearlite is a potential structure for industrial application
due to its excellent mechanical performances [1,2]. The
pearlitic structure consists of alternating lamellae of ferrite (o)
and cementite () phases which generally form cooperatively
via the decomposition of austenite () phase during the eutec-
toid transformation [3,4]. Since cementite is rich in carbon,
while the carbon concentration in ferrite is much lower, the
carbon redistribution plays a crucial role in the pearlite trans-
formation. Numerous investigations have been conducted in
the past decades regarding the mechanisms of pearlite growth.
The pioneering theoretic work of Zener and Hillert explains
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the growth kinetics of the pearlite transformation [5,6]. For
specific undercooling and lamellar spacing, the Zener-Hillert
(Z-H) model can be expressed as
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where V" is the growth velocity of pearlite, D, is the dif-

fusivity of carbon in austenite, n* and n? are the fractions of
ferrite and cementite phases, respectively. ¢}, cy 9, ¢?, and
are the extrapolated equilibrium concentrations (see Fig. 2).
S; is the specified lamellar spacing, while S, is the lamellar
spacing for which curvature and undercooling exactly com-
pensate and the growth velocity of pearlite is zero. The Z-H
model predicts the stable growth velocities of pearlite during
isothermal transformation with the consideration of carbon
transport through the y phase (volume diffusion) under the
assumption of flat y /& and y /0 interfaces. Based on the same
assumptions, Jackson and Hunt [7] have adopted the Z-H
model and found a steady-state solution that gives an analyti-
cal expression of the average undercooling of the growth front
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J-H theory),.depending on the growth velocity V)fH and the
lamellar spacing
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where K" and K3 are constants that depend on the ther-
modynamic properties of the mother and growing phases.
Although many attempts have been carried out to reevaluate
the carbon diffusivity of y phase, the predictions of Z-H
model still exhibit a large discrepancy to the experimental
observations [8,9].

In order to explain the faster growth velocities of pearlite
observed in the experiments, diffusion in the growing phases
(bulk diffusion) is proposed as a possible diffusion path for
carbon transport. Nakajima et al. [10] suggested that the
growth rate of pearlite is enhanced by the diffusion of carbon
through the o phase in view of the fact that the diffusivity in
o is approximately two orders of magnitude larger than that
in y. After turning on the bulk diffusion, the growth velocities
of pearlite are four times larger than the predictions of the
Z-H theory but still lower than the experimental observations.
Afterward, Ankit ez al. [11] investigated the situation in which
the diffusion in o and 6 phases occur. They obtained a linear
relation to predicting the pearlite growth velocity, which is
given by

foﬁe =V, (1 +taplane + toitone), 3)

where V,, is calculated by Eqs. (1) or (2). u, and ue are the
diffusivity ratios of o and 6 phases to y phase, i.e., u, =
D, /D, and pg = Dg/D,,, with D, and Dy being the diffu-
sivities in o and 6 phases. ¢, and t, are constants, which are
given by t, = m”/*/m® and ty = m?/? /m®, with m?/* (m?/?)
being the slope of the coexistence line when « (6) phase is
in equilibrium with y phase and m® (m?) being the slope
of the coexistence line of the y phase in equilibrium with o
(0) phase. However, an unsatisfactory deviation between the
experimental data and the enlarged pearlite growth velocity
when considering the bulk diffusion remains.

Interface diffusion is another possible path to elucidate the
pearlite growth [12]. To avoid confusion, we clarify that inter-
face diffusion in the present work means diffusion along y /&
and y /60 interfaces. An early interface boundary controlled
growth prediction for pearlite was obtained by substituting
DiniSini/S; for Dy, in the Z-H model [13,14], where Djy is
the interface diffusivity and 8i, is the interface thickness.
Hillert [15,16] considered the balance of the surface tensions
at the growth front and derived the growth rate of pearlite only
involving interface diffusion,
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where K is the boundary segregation coefficient. Pandit and
Bhadeshia [17] presented a growth model of pearlite by ac-
counting for the diffusion fluxes through the y phase and
the interface region simultaneously without the considera-
tion of mechanical equilibrium at the phase junctions, which
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Yan et al. [18] investigated pearlite growth by considering
interface formation, bulk diffusion, interface diffusion, and
the solute drag effect. This model predicts the growth rate,
lamellar spacing, and the partitioning of elements between
ferrite and cementite of pearlite. Consequently, combining
the various diffusion paths is a promising way to reveal the
main carbon transport mechanisms during pearlite transfor-
mation. In most research, the integration of the volume and
interface diffusion has attracted plenty of attention. However,
Verhoeven [19] pointed out that even though the concentration
difference in the o phase is much smaller than in the austenite,
the much larger diffusivity in « phase elicits a larger diffusion
flux into the o phase than y phase by a ratio of 3.2. Therefore,
to our knowledge, the influence of the bulk diffusion on the
pearlite growth is still doubtful and the explanation of the
pearlite growth mechanisms is not entirely consistent.

In the past decades, due to the significant progress in
numerical simulations of microstructure evolution, the phase
field (PF) method has become a powerful tool to obtain
novel insights into the diffusion controlled moving boundary
problems, including dendritic growth [20,21,31], peritectic
reaction [22,23], eutectic solidification [24,25,33], as well as
the eutectoid transformations [10,11,26-30]. The characteris-
tic feature of this diffuse interface approach is that tracking
of the interface position is explicitly avoided. To distinguish
different phases, the PF variable ¢ is introduced, which ex-
hibits spatial variations inside the interface on the scale of
the interface thickness W. The interface thickness is a purely
numerical parameter and is artificially enhanced to be orders
of magnitude larger than the atomistic scale, in order to be
able to simulate appreciable length scales with less compu-
tational effort. This enhancement of the interface thickness
gives rise to undesired anomalous interface effects. Karma and
Rappel [31] proposed the thin-interface limit to eliminate the
abnormal interface effects by linking the classical PF model
to the free boundary problem for equal diffusivities in the
solid and liquid phase (symmetric model) during the pure sub-
stance solidification. This pioneering work made it possible
to remove all the abnormal interface effects and achieve local
equilibrium boundary conditions by choosing the appropriate
PF kinetic parameters (quantitative model). Subsequently, this
quantitative PF model was extended to binary alloys solidi-
fication with negligible diffusivity (one-sided model) in the
growing phase [32]. The equilibrium boundary conditions are
achieved by introducing a correction term called antitrapping
current that is proportional to the interface velocity. For three-
phase transformations, such as the eutectic solidification,
Folch and Plapp [33] developed a quantitative PF model with
the antitrapping current in the one-sided case by proposing a
fifth-order interpolation function to ensure the disappearance
of spurious third phases in the two-phase interface. However,
for general phase transformations, such as the pearlite growth,
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where the diffusivities in the growing phases are comparable
to the one in the parent phase (two-sided model), the disconti-
nuities of chemical potentials at the interface are proportional
to the interface thickness and incapable to be fully eliminated
by the velocity dependent antitrapping current [34]. Addition-
ally, the tangential interface diffusion significantly contributes
the solute transport, in particular along a solid/solid interface,
and consequently modifies the interface dissipation when the
interface thickness is artificially enhanced. Moreover, most of
the existing PF simulations for pearlite transformation mainly
focus on the morphology features of pearlite. A systematical
investigation of the influence of the different diffusion paths
on the pearlite growth by using the PF method is still missing,
which is likely due to a lack of quantitative PF models when
different diffusion paths are taken into account.

As mentioned above, the reproduction of the desired
boundary conditions with various activated diffusion paths is
a prerequisite for quantitative PF modeling of pearlite growth.
Recently, a crossing coupling term was introduced between
the conserved and nonconserved fields in the PF equations ac-
cording to the Onsager’s relation, named nondiagonal phase
field (NPF) model [35-39]. Compared with the classical PF
model, where the time derivatives of thf; phase field ¢ and
concentration field C are —6G/8¢ = t¢ and —VG/5C =
J/D, these relations become —8G/8¢p = t¢p + (MW V) -J
and —V8G/8C = J/D + (MW V)¢ in the NPF model. The
cross-coupling term MWV ¢, that has to be the same in both
equations according to Onsager symmetry, exists only at the
interface region and vanishes in the bulk phase. The NPF
model’s advantages are that (i) the antitrapping current nat-
urally appears in a thermodynamically consistent way; (ii) it
provides a new degree of freedom to reproduce the equilib-
rium boundary conditions in the symmetric, one-sided and
two-sided cases; (iii) it offers the ability to flexibly achieve
the desired boundary conditions, such as the reproduction of
surface diffusion. The capabilities of the NPF model were
examined, and the necessity of the kinetic cross-coupling term
was demonstrated in simulations of dendritic solidification
of pure substances exhibiting diffusional contrast between
the solid and liquid phases [40]. Furthermore, for multiphase
transformations, the binary NPF model was extended to the
nondiagonal three-phase field model for eutectic and eutec-
toid transformations [41]. In both one- and two-sided cases,
the necessity of using the cross-coupling term was verified
for quantitative simulations. However, the developed NPF
method was derived from a free energy functional, which pro-
hibits an accurate thermodynamic description of the pearlite
transformation in the binary Fe-C alloy.

For the quantitative reproduction of isothermal pearlite
growth in Fe-C binary alloys, we develop a grand-potential-
based nondiagonal three-phase field model following the
approach of Plapp [42] and determine the NPF parameters by
performing a thin-interface-limit analysis. Subsequently, we
simulate four benchmark cases involving (i) diffusion in the y
phase; (ii) diffusion in the y, o, and 6 phases; (iii) diffusion in
the y and « phases; and (iv) diffusion in the y phase and along
the y /o and y /6 interfaces. The purpose of the present paper
is to establish and validate the quantitative NPF framework by
comparison with the corresponding analytical descriptions for
these diffusion scenarios. The identification of the dominant

diffusion paths in real Fe-C pearlite, together with quantitative
comparisons against experimentally measured growth veloc-
ities, constitutes a separate application of the model and will
be addressed in a subsequent study.

II. GRAND-POTENTIAL-BASED NONDIAGONAL
PHASE FIELD MODEL

A. Grand-potential functional

The free energy based nondiagonal phase field model
developed in Ref. [41] is restricted to simple symmetric
phase diagrams. In the spirit of Ref. [42] we formulate a
grand-potential-based NPF model to investigate the pearlite
transformation (y — « + ). To distinguish different phase
state of the system «, 6, and y, the phase field vector is
notated as ¢3 = (¢y, o, Po). Then, the Fe-C binary alloy is
a mixture of two pure substances iron and carbon, where
iron is considered as the solvent. The number density of
carbon atoms is defined as p, which is related to the local
concentration of carbon atoms, and is given by p = ¢/Vj,
where c is the dimensionless concentration of carbon atoms,
ie., ¢ = (C —Cg)/(Cy — C,) with Cg, Gy, and C, being the
equilibrium concentrations of the parent phase (y) and the
growing phases (« and ) at the eutectoid temperature 7f.
V4 is the dimensionless atomic volume in the crystal, that
we consider independent of the carbon content within the
unit cell, i.e., whether considering the presence of interstitial
carbon atoms or considering the Fe;C cementite. Hence, the
number density is a conserved field, which obeys p = —V - J,
with J being the mass flux. Under the assumption of constant
atomic volume, composition changes in a binary alloy are
governed by the difference between the chemical potentials
of the two components. The relevant thermodynamic driving
force is therefore the diffusion chemical potential u = pup —
Wa, rather than the individual chemical potentials p4 and pg
separately [42]. For simplicity, this diffusion chemical poten-
tial is referred to as the chemical potential in the following.
The grand potential, Q[d; , ], of the pearlite system is defined
as the Legendre transformation of the free Gibbs energy and
p takes the form p = —852[(5, n]/8 . In analogy to the free
energy functional, the grand-potential functional is given by

Q[ng /'L] = /[wgrad(v¢) + wtw((ﬁ) + wchem(‘i;v /’L)]dv
Vv

HW?
Z/ S (Ve +H Y ¢ - 47
v i=a,0,y i=a,0,y
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where W is the interface thickness and H denotes the height of
the triple well potential. Here, all three isotropic interface en-
ergies between y, «, and 6 are identical, which is reasonable
for the pearlite transformation, yielding a constant capillary
length dy = YHW, where y =W [ [y (0)]2dx = V2/6.
w;() indicates the grand-potential density of phase i and
can be written as w;(n) = f; — up, where f; is the Gibbs
free energy density of phase i. In this work, parabolic free
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energy functions are utilized for constructing f;, i.e., f; =
eilc —c)?/2+ f°, with ¢; and f° being respectively the
equilibrium dimensionless concentration for phase i at the eu-
tectoid temperature and the temperature-dependent minimum
of the parabolic free energy function, that vanishes at 7 by
convention. The parabolic coefficients ¢; are the curvature of
the parabolae with units of energy density. They prescribe
the boundaries of the two-phase regions. For the pearlite
transformation, we have €y > €, > €, . Subsequently, the di-
mensionless chemical potential is expressed as u = df;/dp =
va€i(c — ¢;) and the dimensionless concentration has the
form ¢ = u/(va€;) + ¢;. Then, w;(1) can be obtained, i.e.,
wi(p) = —uz/(2v§6i) — uci/va + fl-o. Furthermore, g;(¢) in
the last term of the grand-potential functional is defined as
a fifth-order interpolation function to avoid the appearance
of spurious third-phase contributions in a two-phase inter-
face [33], which can be written as g,-((ﬁ) = %"2{15(1 — o[l +
¢ — (P — &,)°1 + ¢i(9¢7 — 5)} (i # j # k). For abinary i/ j
interface for which ¢; = ¢, ¢; = 1 — ¢ and ¢ = 0, this poly-
nomial reduces to p(¢) = ¢>(10 — 15¢ + 6¢2).

B. Evolution equations

The three phase fields obey, at any time and any position, a
normalization rgle Z,-zy,a,e ¢ =1, requiring Zi=y,a,0 ¢ =
0. In order to impose such a constraint to the PF model,
a Lagrange multiplier A is introduced into the evolution
equation. For example, the constrained phase-field evolu-
tion can be written schematically as t¢; = —8%2/3¢; + A,
(i = a, y, 0). The phase-field constraint ), ¢; = 0 gives A =
1/3>".8%2/8¢;. The same projection can be applied to the
phase-field gradients. Then, we use the operators

32 . (2/3)89
5¢i S pu=1 8¢i
Voily g=1 = 2/3)Vdi — (1/3)Ve; — (1/3)Vi, (8)

where i, j, k are different and ¢;, ¢;, and ¢ are considered
independent on the right-hand side. Then, in accordance with
Onsager symmetry, we write down the grand-potential-based
nondiagonal PF equations in the following variational form,

1322 322 )
3¢; S

62 .

- =19+ (MWVilyy 1) - T, 9)
8¢i |y g,=1
Va= Y (MWValg, b+ S (10)

i=y,a,0

where 7 = 1(5), M = M(d_ﬁ), and D = D(d_;) are respectively
the relaxation time, the coefficient parametrizing the cross-
coupling term, and the diffusivity. 7(¢) and M(¢) are given
by

TyaPyPa + TyoPyPo + TaoPaPo

5) = , 11
) b dys + Gt (v
M((Z) _ Mya¢y¢ot +My0¢y¢0 +Ma0¢a¢9 (12)
¢y¢o¢ + ¢y¢9 + ¢a¢0 '

giving for a binary i/ interface t(¢; = ¢, p; =1 — ¢, o =
0) = 7;; and the same for M. For the diffusion coefficient
D(¢), one shall not only reproduce constant diffusivities in
various bulks but also provide the flexibility to tune interface

diffusion. Thus, different activated diffusion paths demand
different diffusivity functions.

With the intention of eliminating all the abnormal interface
effects, a thermodynamically consistent nondiagonal phase
field model is established in the spirit of Onsager’s relation
via introducing a kinetic cross-coupling term between the
phase field ¢ and number density field p. The aforementioned
coefficients of the nondiagonal PF model can be considered as
elements of a 4 x 4 matrix constituting Egs. (9) and (10). To
ensure a positive dissipation (second law of thermodynamics),
the determinant of the Onsager’s matrix has to be positive in
the entire simulation domain, which demands

Detpr = Z_) ~MW? Y (Vs >0 (13)

i=y,a,0

In the present simulations, this positivity condition is taken
into account during the calibration of the NPF parameters.
The relaxation time 7 and the cross-coupling coefficient M are
not selected independently; they are determined from the thin-
interface analysis so that the desired sharp-interface boundary
conditions are reproduced while the Onsager matrix remains
positive definite. In Cases 2—4, where diffusivity contrasts and
cross-coupling terms are active, only parameter sets satisfying
Eq. (13) throughout the relevant diffuse-interface profiles are
retained, ensuring positive entropy production for all simula-
tions reported below.

C. Link with the free boundary description: Thin-interface limit

In the macroscopic description of a moving two-phase i/ j
interface with negligible interface thickness (sharp interface),
mass conservation associated with solute transport should
of course be obeyed, and it possibly includes the effect of
interface diffusion. On the other hand, local equilibrium is
assumed at the interface when the driving force for its motion
is low enough, meaning that the equilibrium concentrations
on both sides of the i/j interface are generalized by the
Gibbs-Thomson condition. However, the unrealistic interface
thickness W chosen in the PF method brings undesired al-
terations of the boundary conditions that are reproduced by
the PF model, such as a chemical potential discontinuity at
the interface. We thus perform the thin-interface limit on
an assumed binary interface, i.e., i/j interface, that provides
the relation between the kinetic parameters in the PF model
and the sharp interface boundary conditions that the latter
reproduces. This allows the former to be chosen in order to
achieve the desired sharp interface boundary conditions, and
especially local equilibrium.

At a moving i/j interface with negligible interface diffu-
sion, such as a typical solid/liquid interface, the conservation
laws for atoms A and B are expressed in terms of Jg as [46]

DiVpli-n+Vpl;=D;Vpl;-n+Vph=Jp. (14

where D; and D; are the diffusivities in phase 7 and phase j,
respectively. V p|; (V p|;) indicates the concentration gradient
at the interface on the side of phase i (phase j). r is the unit
normal vector to the interface. V is the normal velocity of the
interface and, according to our assumption of constant atomic
volume, equals the total flux of atoms through the interface.
If Jp is the flux of B atoms through the interface, the flux of
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A atoms is then J4, =V — Jp. p?j and p?i are the equilibrium
number densities in phase i and j respectively, that are linked
through Vj to the equilibrium concentrations obtained via the
common tangent construction (see Sec. Il A).

While Eq. (14) yields the well-known Stefan condition

V(pi; = pj) = =(DiVpli =D;Vpl)-n. (15
the latter becomes

V(o — p%) = —(DiVpli—D;Vpl;) -n— Df{,}mvﬁmm
(16)
when the interface diffusion is non-negligible at the i/j
solid/solid interface. Here V3 is the surface Laplacian and

Dj), g is the interface diffusion coefficient in the present sharp
interface method. wiy is the chemical potential at the inter-
face, which is here assumed to be equal on both sides of the
interface (the case B = 0, C = 0, see below). In the PF model,
the ¢-dependent diffusivity varies smoothly across the inter-
face and Almgren has shown [47] that Eq. (16) is reproduced

with

Dy o = (Dinesi = Di/2 = D;/2) 8w/ W

“ b Ly~ 1p, | & 17
—f_w[ @)= 30— ,,}W, an
that represents the total excess diffusivity at the solid-solid
interface, whose width is §;,; and normal direction is x.

Concerning the kinetic boundary conditions, one defines
them in accordance with the Onsager’s principle [45]. We
consider a flat interface across which a grand potential and a
chemical potential jumps, §Q2sr and &gy, are linearly related
to the aforementioned fluxes V and Jg. Additionally, V is the
flux conjugated to §2g; while Jp is the flux conjugated to § ug;.
Then, the kinetic boundary conditions are expressed as

821 ZAV—FBJB—i-d()K, (18)

Sust = BV + CJj, (19)

where dy and « are the capillary length and the interface
curvature, respectively. A, B, C are the three independent
kinetic coefficients of the 2 x 2 Onsager matrix. For a positive
energy dissipation at the interface

o= (8Qs1V + Susip) = AV /2 4+ CJ3 /2 + BV Jg,
(20)
the Onsager matrix must be positive definite, i.e., A>0C>
0 and the determinant AC — 3% > 0.

Thereafter, for the same binary i/j interface, the sharp
interface dissipation Ris“l‘ is identified with the interface dis-
sipation within the NPF model. This yields expressions for .4,
B, and C in terms of the equilibrium profiles

1 X
d)eq(x) = 5{1 — tanh [W]}
and

peg(¥) = (05 + %) /2 + (05} = £ 2PIeq(0)] — 1}/2.

Here, the equilibrium profile pq(x) is obtained for an equi-
librium i/j interface, ie., w; = w;, following the same
construction as Eq. (42) in Ref. [42].

Then, for the three-phase model, they read [41]

A=2 f o[, (0Pdx — 4 / (MW (9, (O peq ()} dx

o0

— T gy, 1)
N ) 2D;  2D;

s 2w (W) (o)

B=2 / OO{MW[¢gq<x>]2}dx

_/oo Peq(X) ,O?j ,0_?1
oo D 2D; 2D;

}dx, (22)

- (1 1 1

The dissipation at the interface vanishes when the latter is at
local equilibrium. This means that, for arbitrary V and J,
each kinetic coefficient must vanish, i.e., 4 = 0, B = 0, and
C = 0. This provides constraints that allow us to determine the
appropriate functions t(¢), M (¢), and D(¢).

Before going into the details of this procedure, let us make
a short remark. When interface dissipation vanishes, we have
86Qs1 = dok and Susy = 0. For weakly out-of-equilibrium
conditions, we can linearize the expressions for §<2g; and
é MSI, i.e.,

621 = f}/(c(}i)cgi (Cji - C?i) - fi//(c?j)ct(‘)j (Cij - C?j)’ 24

susi = 5/ e =) = £ en =), @9

0 0

where ¢;; and ¢j; are equilibrium concentrations (see
Sec. IT A), which can be obtained from the phase diagram
at specific temperature. fi”(c?j) and fjf/(c(}i) are the second
derivatives of the bulk free energy of phase i and j, i.e.,
f-”(c?j) =¢ and f jf/(c?i) = €; here. The Gibbs-Thomson rela-

l
: 0 _ 0 _ g
tion thus becomes ¢;; — iy = (cji — cjl-)ej/e,- = —dk, where

d = do/1(c); = Y€l = do/Va(ply = pJeil.

D. Determination of the NPF model parameters

In the present work, we make a number of simplifying
assumptions: (i) Local equilibrium at the y /«, /6, and « /6
binary interfaces is achieved during isothermal pearlite trans-
formation; (ii) Diffusivity is equal along the y /o and y /6
interfaces, whereas the diffusion along an «/6 interface is
omitted; (iii) Solute drag effects are not considered. In addi-
tion, elastic and plastic effects are not included in the present
model. This simplification is consistent with the analytical
benchmark models used here and allows us to isolate the role
of bulk and interfacial diffusion pathways. Elastic stresses
associated with coherent interfaces and plastic relaxation near
incoherent interfaces or dislocation structures may modify the
local driving force and interface mobility, and their coupling
to the present quantitative NPF formulation is left for future
work. The simulations are also performed in two dimen-
sions. For the steady-state lamellar growth considered here,
the third dimension is assumed to be translationally invariant,
as in classical Zener-Hillert and Jackson-Hunt type descrip-
tions. A fully three-dimensional treatment may introduce
additional effects associated with interface curvature, lamellar
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stability, and diffusion along a second tangential direction of
the interface.

Moreover, for the diffusion coefficient D((ﬁ ), one shall
not only reproduce the constant diffusivities in various bulk
phases but also provide the flexibility to tune the interface dif-
fusion in Eq. (17). Turning on or off the diffusion in the bulk
phases or along interfaces may lead to different expressions
for D(q?). As mentioned in the Introduction, we investigate in
this article four different cases with various activated diffusion
mechanisms, and in the following we therefore provide the
corresponding choices for the coefficients 7;;, M;; in Egs. (11)

and (12) and for D(q_ﬁ').

1. Case 1: Diffusion in y phase

First of all, we are interested in the “volume diffusion”
case where diffusion only appears in the bulk mother phase
y. The diffusion coefficient in the growing phases « and 6
is negligible, i.e., D, > D, Dy, and we set D, = Dy = 0.
In the NPF method, we therefore set 7,9 = M9 = 0. The
diffusivity function D, for Case 1 is one-sided

D($) = De1(§) = D, (1 — ¢y — ¢p), (26)

and it vanishes for ¢, = 1 or ¢ = 1. For an interface, ori-
ented perpendicularly to the x axis, between y and one
growing phase j (j = «, 0), the interface diffusion is auto-
matically eliminated, i.e., [ [De (¢) — D, /2]ldx = 0.
According to the mass conservation in Eq. (14), the sup-
pression of the diffusivity in the growing phase j yields a
relation between V and Jg, ie., Jg = Vp?y. The boundary
conditions in Egs. (18) and (19) then become §Q2g; = (A +
p;’yB)V + dok and Sug = (B + p;-)yC_)V. Since the two fluxes
V and Jp are not linearly independent, §Q2g;1 and dugy are
related to a single flux, and the Onsager symmetry becomes
irrelevant. According to Egs. (21), (22), and (23), we have

2
_ _ 2y, baley, =))W
03 _ vi vJ JY ’ 27
AteyB=—y 4D, @7
s o Ke (00 = £, )W
0 YJ JY
B+ p;,C=2yM,; — 2D, . (28)
where
v =W / [0, peq (X)2dx = ~/2/6, (29)

— 2
golz% / L= CPloa@I =17 ) 340778, 30)

00 1- ‘Peq(x)
o= * eg) + 1 = 2plgg(0)]
“ W 1 - ¢eq(x)

dx ~2.12132.

(€29

Local equilibrium requires A + p9, B = 0 and B + p,C = 0.
Therefore, we set

(k) — p?y)zwzécl

= : 32
TV] 8¢Dy ( )
0 0
" 4yD, '

Here, the antitrapping current naturally appears in the evo-
lution equation for the conserved field. However, an extra
term also appears for the nonconserved field due to the force-
flux relations that are obeying Onsager symmetry in the NPF
model. Therefore, the NPF simulations show a slight discrep-
ancy to the PF model in which only the antitrapping current is
present [41].

2. Case 2: Diffusion in y, a, and 0 phases

In Case 2, we consider the case where the diffusion in bulk
y, o and 6 phases is turned on. The corresponding diffusivity
coefficient D, is defined by its inverse in order to automati-
cally obtain C = 0 (see below):

1 1 1

D {%"‘hi((ﬁ)

D(Q_g) - DCZ(‘;) B 3 i=a,0,y

where
hi(@) = Q¢ — V(1 + dalgip; + dapidi),  (35)

for (i, j, k) = («, 8, y) and permutations. The diffusivities in
the «, 6, and y bulk phases are rigorously reproduced, i.e.,
Dy(¢i =1,¢; =0, ¢ = 0) = D;. Three additional parame-
ters aié, aé’;, and agg are introduced to tune the interface
diffusion coefficient in Eq. (17).

For a binary i/j interface for which (¢; =¢,¢; =1—
¢, ¢r = 0), the diffusivity coefficient in Eq. (34) becomes

1
Do(pi=¢,¢0j=1—¢, ¢ =0)
1 1 1 1 1
= Dl "D, b, #1003 315 )
(36)

where
hifj(@) = Q¢ — DI + 4a;;¢(1 — ¢)], 37

with hi/_j(¢) = —h,'/j(l —¢) and ]’l,'/j(¢ = 1) = 1. Return-
ing to the calculations of kinetic boundary conditions in
Egs. (21)—(23), we obtain the following expressions for the
kinetic coefficients:

2
g sleh =) W LU TP
=W 4 2D; © 2D;)
i o=l (W W
-2 Mlu -\ - — ), 39
B =2yM;; 2D; 2D; &9

;= %/w dx{l — [2p(¢eq) — 11*} &~ 1.40748, (41)

o0

g 1 [
0% = W/ dx{1 — [2p(¢eq) — 11hi/j(¢eq)}.  (42)
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FIG. 1. (a) Demonstration of the parameters aié and Q’sz as a function of diffusivity ratio D;/D; without interface diffusion when the
diffusion in y, e, and 6 phases are turned on. (b) Demonstration of the parameters of dug, &, ffl, and K7 as a functlon of D, /D, with

vanished surface diffusion when diffusion in y and 6 are considered. (c) Demonstration of the parameters of &

y+a

/i v/i
L rsurt and UL 4 as a function

of surface diffusion with different parameter n in Eq. (50) when diffusion in y phase and along the y /o and y /0 mterfaces are considered.
(d) Demonstration of the parameters of a;; and p’y/ fm +o4sur @S @ function of diffusivity ratio D;/D; with finite surface diffusion, such as

Dsurf/(Di + Dj) =0.5.

C vanishes automatically due to the oddness of the function
hisj(¢). Local equi_librium boyndary conditions at i/j inter-
face demand also A = 0 and B = 0, that is provided by

W2(pl — %) /1 1
T = M — 4+ — |, (43)
8y 2D; ' 2D;
V(00 — pOYW /1 1
M;; = M N (44)
4y 2D; 2D,

Let us first note that the expression for 7;; is much simpler
than in Ref. [41] owing to a more appropriate general def-
inition of the function t(¢) (compare Eq. (42) in Ref. [41]
with Eq. (11) above). Second it is clear that Qil depends on

” . The determination of aC2 involves the dlffusmty contrast

/D and the interface diffusion coefficient Dlm in Eq. (17).

In Fig. 1(a), we present as a function of diffusivity ratio

D;/Dj, the value of a;, providing Dlm =0, and the corre-
sponding value for g;;. Here we focus on 0 < D;/D; <1
because ag, i for D; i/D; is equal to a; ’ for D;/D;. It is impor-
tant to n0t1ce that, under the COIldlthIl of Vanlshing interface
diffusion, the positiveness of the interface dissipation, i.e.,
here the inequality 2r,j/D’/J(¢eq) —4M?, qub’é > 0, sets a
upper bound and a lower bound, 1/17 < D, /Dj < 117, for the
diffusivity ratio [39].

Moreover, one should note that the two-sided case pre-
sented just above reduces to the so-called symmetric case
when D; = D;. Then, according to Eq. (44), M;; =0 and
the cross-coupling term vanishes in the NPF equations (9)
and (10).

3. Case 3: Diffusion in y and o phases

For the case where the diffusivity vanishes in the bulk 6
phase (Dy = 0), the diffusivity coefficient is defined as

D($) = D3 (¢)
2D, Dy (1 — ¢p)(1 + as ¢, ) (1 + a pobe)

T Dy + Dy + by — du)(1 + 449y $0) Dy — D)’
(45)

The parameters a 39 , 63, and a’, i3 " allow to suppress interface
diffusion at the 8/y, 8/a, and y /« interfaces, respectively.

The two-sided y /o interface. For the binary y /« interface
with ¢, = ¢ =1 — ¢,, we recover the diffusivity in Eq. (36)
as expected. Thus, local equilibrium at the y /o interface is
provided by 1,, and M, given by Eqs. (43) and (44), respec-
tively. Furthermore, the absence of interface diffusion at the
y /a interface is ensured by the same procedure relating a’y’
to D, /D, and o[’ as in Case 2.

The one-sided i/0 interface. For a binary i/0 interface (i =
«, y) for which diffusivity vanishes in the bulk 6 phase, we
obtain the one-sided diffusivity

Di3(di=¢,¢; =0,09 =1 —¢)

2D, Dy ¢[1 + ap(1 — )]
Dy, + Dy +¢(D; — D;)

=D (@) = :
that yields D '/9 = D; when ¢ =1 and Dl/g 0 when ¢ =0
as expected, but in which D; (j = o if i = y and vice versa)
plays a role.

In analogy to Egs. (32) and (33), local equilibrium requires

(1010 1001) W2§l/0

wo= Lo TS (46)
My — P —4/;22:"”@/39, “n

with
= [ = (if’?};% Vv, as)
Ks' = w / {2D’/2"IEZ7§)] ]]dx’ “9)

where 3 7% and ICé/f depend on a”, and on the diffusivity ratio
D, /De.
For D / , interface diffusion is not automatically eliminated

as in Case 1, and a’9 has to be chosen such that Dfﬁt =
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1 [%° dx{D [peq(x)] — D;/2} = 0, thereby determining
3 '/ % and IC’/ ’ In Fig. 1(b), we present the parameter a’, for

which D = 0 together with the corresponding £ 7% and ICéée,
in the range 1/15 < D;/D; < 15. As compared to Case 2 in
Fig. 1(a) for which the interval 0 < D;/D; < 1 suffices [see
the discussion after Eq. (44)], the value of a¥ that leads
to fon = 0 is different for D;/D; and D;/D;, and thus in
Fig. 1(b), D;/D; takes also values larger than 1.

4. Case 4: Diffusion in y and along the y/a and y /0 interfaces

Until now, we have presented the procedure for the de-
termination of the NPF parameters in Cases 1-3 for which
the interface diffusion is eliminated. However, the influence
of interface diffusion is typically not negligible during the
pearlite transformation. Therefore now, we explain how to
tune the interface diffusion in the NPF model without altering
the equilibrium boundary conditions.

In Case 4, we consider a one-sided diffusion in y phase
only and the diffusion along the y /o and y /6 interfaces. Extra
terms that contribute to the interface diffusion coefficient and
only exist at the interface region are added into Eq. (26). The
diffusivity is formulated as

D($) = Des(®) = D, (1 — o — d5)
+ kin[ DL #1000 + DLl dp].  (50)

where k| =W [% dx ¢eq(x)"[1 — ¢eq(x)]". The expo-
nent n is physically meaningless but controls the width of the
interface diffusion zone. A larger exponent n yields drastic
reduction of this width. The influence of the parameter n on
the growth velocity of pearlite is investigated in the following
section.

For a binary y /i interface (i = «, ), the diffusivity be-
comes

De(pi=¢,¢; =0,¢, =1—¢)
= D! (¢) =D,y (1 — ) + ki DLig" (1 — )",
with the interface diffusion coefficient Dl);'l =w-!

I dx{D?]'[¢eq(x)] — D, /2} being explicitly incorporated
1nto the diffusivity function. Repeating the procedures
in Sec. IID 1, the reproduction of equilibrium boundary
conditions demands

Tyi = ) ; (€29)
Y
0 _ 40 W’C}’/i
My = (e 433 =, (52)
Y
where
Ji © 1 = 2plgeg(x)] — l)2
2=y o, Y
K= — / Sl CT1CY) Y PR
w D/f(¢)/D,

In Fig. 1(c), we present the parameters £/' and K/' as a
function of Dmt/DV and for an exponent n =1 and n = 4.

The parameter & C’:{ " is not sensitive to 7, whereas the parameter

ICQ/ " increases with 7.

III. SIMULATION PARAMETERS

In this study, the isothermal pearlite growth is investigated
by means of the presented grand-potential-based nondiagonal
PF model, with two-dimensional simulations at the eutectoid
composition, Fe-3.44at.%C. To reproduce the thermodynamic
properties, a linearized Fe-C phase diagram is reconstructed,
as illustrated in Fig. 2(a). According to this phase diagram,
the y phase decomposes into « and 6 phases when the
temperature 7 is below the eutectoid temperature 7r. The
undercooling AT = Tr — T in the simulations is chosen from
10 to 50 K. The dimensionless equilibrium concentration of
phase i in contact with phase j at a specific temperature is de-
fined asc ,withi, j = y,«,0 andi # j. InFig. 2(b), we also
show the d1mens10nless free energy densities with parabolic
formulations, i.e., f;i = €;(c — c[)2/2 + fio, as mentioned in
Sec. IT A. Here, the y phase is defined as the reference phase.
We then have ¢, =0, f}f) =0, and ¢, = 1. While ¢,/¢, is
assumed to be 50.213 in line with Ref. [10], the fact that
the 6 phase is stoichiometric requires that €, is large enough.
We use €y/e, = 1000. The corresponding average capillary
letlgth isd/W = [1/(c§3a — cgy) + 1/(c?,9. — ng)]do/[zeyW]
with dy/W = 0.216 96(AT /10 K) to obtain a constant lamel-
lar spacing of pearlite at the largest growth velocity, i.e.,
S. = 96W, during the isothermal transformation to ensure a
sufficient scale separation between the lamellar spacing and
the interface thickness [41]. The temperature dependence of
the equilibrium concentrations c determines, through the
common tangent construction, the curvature ¢; of the free
energy curves. At the beginning of each simulation, a pair
of ferrite (o) and cementite (6) lamellae is embedded in the
parent austenite () phase in a rectangular simulation box of
total size n, x ny, with grid spacing Ax = Ay = 0.4W. The
initial widths of the « and 6 lamellae are chosen according
to their equilibrium phase fractions, whereas the remaining
simulation domain is occupied by the y phase with the initial
austenite composition. During the simulation, the o and 6
lamellae grow into the surrounding y phase and eventually
reach a steady-state growth regime. The length n, is chosen
sufficiently large so that diffusion perpendicular to the growth
front is not hindered. During the simulations, different dif-
fusion paths are activated from Case 1 to Case 4 as shown in
Fig. 2(c), with interface diffusion activated only in Case 4. The
physical and thermodynamic properties of pearlite growth are
summarized in Table I. The interface width 8y, in the sharp
interface description of interface diffusion is chosen as 0.5
nm, which is a commonly used estimation in metals [43]. To
save computational efforts, periodic boundary conditions are
prescribed at the boundaries parallel to the growth direction,
whereas no-flux boundary conditions are used at the bound-
aries perpendicular to the growth direction. Additionally, a
moving-frame method and GPU acceleration are applied in
the simulations [44]. In the moving-frame procedure, the
average growth-front position, defined by the ¢, = 0.5 con-
tour, is checked every 100 time steps. If the front advances
by more than five grid spacings (5Ax), all phase-field and

083402-8



QUANTITATIVE NONDIAGONAL PHASE FIELD ...

PHYSICAL REVIEW MATERIALS 10, 083402 (2026)

a b
@ (b) .
> 0.6 — Austenite (y)
@ — Ferrite (o)
3 — Cementite (0)
- M D(FesC) ~ 3
< C 5 044
© 0 =
= - Cé ~~~~~~~~~ 00 5)
S Al L T 00= 0y 8
E ..... =
g con P
g ! § 0.2 1
& 8
o+0 g
] L E 04
[a)
700 0 0|'002 : , ,
0 0.02 0.04 0.06 -1 0 1
Mole fraction (C) Dimensionless carbon concentration
© y phase . a phase 8 phase interface
Y 4 4 —_— .y
> Jbuik > Jbuk T — Jbuik

Case 1 Case 2

--g

Case 3

Case 4

FIG. 2. (a) Linearized phase diagram of pearlite in Fe-C binary alloy. (b) The dimensionless free energy densities of y, o, and 6 phases
with parabolic formulations at 950 K, in which the dashed lines depict the common tangent constructions. (¢) Demonstration of simulation
scenarios with the consideration of (i) diffusion in y phase; (ii) diffusion in y, «, and 6 phases; (iii) diffusion in y and « phases; (iv) diffusion
in y phase and along y /o, y /6 interfaces.

concentration fields are shifted backward by the correspond-
ing number of grid points. The newly created region ahead
of the growth front is filled with the parent y phase and the
initial austenite composition. The pearlite growth velocity is

evaluated every 10 000 time steps from the temporal evolution

of the total front displacement
taneous front position within

, which is the sum of the instan-
the computational domain and

the cumulative displacement introduced by the moving-frame

TABLE I. The simulation parameters used in the present work for pearlite transformation.

Symbol Description Value

w Dimensionless interface width in the PF simulations 1

do Capillary length 1.41 x 10° m

Va Dimensionless average atomic volume 1

R Gas constant 8.314 J/(mol K)

Te Temperature at eutectoid point 1000 K [10]

Cg Eutectoid composition 0.034 mol [10]

Cy Composition of « phase at the eutectoid point 0.000 677 mol [10]

Co Composition of 6 phase at the eutectoid point 0.25 mol [10]

Ne Volume fraction of o phase 0.1337

Ny Volume fraction of 6 phase 0.8663

mr/e Slope of y /a transformation line —3155 K/mol [10]

m?/® Slope of y /6 transformation line 7503 K/mol [10]

DS Diffusion coefficient in y phase 1.5 x 1073 exp[—142 100(J/mol)/(RT )] m? /s [10]
Do Diffusion coefficient in & phase 2.2 x 10~*exp[—122 500(J/mol)/(RT )] m?/s [10]
DY Diffusion coefficient in interface region 8.51 x 107 exp[—96 851 (J/mol)/(RT )] m?/s [17]
Sint Interface width 5 x 10719 m [43]
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FIG. 3. (a) Comparison of the nondiagonal PF (NPF) results and the analytical predictions (Z-H model and J-H theory) for AT = 10, 30,
and 50 K in Case 1. The NPF results agree well with the J-H theory, but have larger discrepancy with the calculations of the Z-H model.
In (a), the colored squares in the legend identify the different temperatures, whereas the plotted circular symbols and lines represent the PF
simulation data and analytical predictions, respectively. (b) The steady-state microstructure of the pearlite in the vicinity of the growth front
presented by phase field (left) and chemical potential field (right) for (b1) AT = 50K, S;/S, = 1.33, (b2) AT =30K, S;/S. = 1.33, (b3)
AT =50K, S;/S. =2 and (b4) AT = 30K, S;/S. = 2. (¢) Demonstration of the dimensionless concentration profiles of carbon along the
lines that intersect the center of ¥ /o and y /6 interfaces in the y direction in the case of (b1)—(b4).

procedure. After the initial transient, this total front displace-
ment varies linearly with time, and the steady-state growth
velocity is obtained from the slope of the linear regime.

Moreover, the two-dimensional simulations are performed
in the present work, hence, assuming translation invariance
in the third direction. Under this assumption, the diffu-
sion problem reduces to a two-dimensional one, which is
consistent with classical analytical descriptions such as the
Zener-Hillert and Jackson-Hunt type approaches. Therefore,
the two-dimensional simulations are expected to capture the
essential diffusion mechanisms governing pearlite growth.
Nevertheless, a fully three-dimensional treatment may intro-
duce additional effects associated with interface curvature,
lamellar stability, and diffusion along a second tangential
direction of the interface. The quantitative influence of these
effects on the competition between bulk diffusion and inter-
face diffusion remains an open question and deserves further
investigation.

IV. SIMULATION RESULTS AND DISCUSSION

In order to investigate the growth mechanisms of pearlite,
we simulate the isothermal pearlitic transformation of the
Fe-C alloy with the assumptions proposed in Sec. IID by
using the present nondiagonal PF model in 2-D domains for
(1) diffusion in the y phase only; (ii) diffusion in y, «, and 6
phases; (iii) diffusion in y and « phases; and (iv) diffusion in
the y phase and along the y /o and y /6 interfaces.

A. Case 1: Diffusion in y phase

First, we investigate the kinetics of pearlite growth for var-
ious undercooling and lamellar spacings when the diffusion
in the growing phases and along the interfaces are inhibited.
In Fig. 3, the points, solid and dashed lines indicate the di-
mensionless growth velocities of the pearlite growth at steady
state obtained via the nondiagonal PF simulations, predictions
of Z-H model in Eq. (1) and J-H theory in Eq. (2), respectively.
We find that the nondiagonal PF results exhibit a similar
relation between the growth velocity and lamellar spacing
as Z-H model and J-H theory predicts. With an increase in
undercooling, i.e., from 10 to 50 K, the deviation between the
nondiagonal PF results and the predictions of Z-H model in-
creases from 18% to 39%. However, the discrepancy between
PF results and the predictions of J-H theory is significantly
decreased. As elucidated in Ref. [41], the deviation is caused
by the simplifications of the theoretical models rather than
the present nondiagonal PF model. Overall, the quantitative
capabilities of nondiagonal PF model for pearlite transfor-
mation in the one-sided case are demonstrated. Figure 3(b)
portrays the phase profiles and the corresponding chemical
potentials of the pearlite at the steady state near the interest-
ing growth front region for (bl) AT =50K, S;/S. = 1.33,
(b2) AT =30K, S;/S. = 1.33, (b3) AT =50K, S,;/S. =2
and (b4) AT = 30K, S;/S. = 2. As expected, the /6 inter-
faces are parallel to the growth direction and a decrement
in the interface curvatures at the center of the o and 6
phases is observed when the lamellar spacing increases.
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However, for a given lamellar spacing, the interface curvature
shows no noticeable change when the undercooling varies
[see Figs. 3(b1l) vs 3(b2) and 3(b3) vs 3(b4)]. Figure 3(c)
plots the rescaled dimensionless composition profiles of car-
bon along the lines that intersect the center of y /o and y /6
interfaces in the y direction in the case of Figs. 3(b1)-3(b4).
The increase in undercooling and lamellar spacing results
in higher carbon concentration in the y phase near the y /o
interface.

B. Case 2: Diffusion in y, o, and 6 phases

In this section, we investigate the pearlite growth in the
two-sided case where the diffusion in y, «, and 6 are all
activated. The diffusivity ratios of the growing phases to
the mother phase are prescribed as pu, = Dy /D, and pg =
Dy/D,,. With respect to the predictions of growth velocity of
pearlite in the two-sided case, Ankit ez al. [11] formulates the
growth rate of pearlite (V},4«¢) as a linear function of i, and
W, through adding the diffusion fluxes in the growing phases
into the mass conservation equations. With the assumption
e = o = W, this linear relation in Eq. (3) can be rewritten
as

- V,iare =V,
Vyraro = 20—V — t1q +1gmg = const.  (55)
uVvy

Aiming at exploring the dependence of growth velocities
obtained by the NPF simulations on the choice of the interface
width, we perform a convergence study with respect to the in-
terface width at 970 and 950 K. In these simulations, the ratio
S;/S. remains constant, i.e., S; /S, = 1.33. Figure 4(a) presents
the rescaled dimensionless growth velocity V, 4o 46S./D, as a
function of S, /W for u, = e = 5. With an increase in S, /W,
the dimensionless growth velocity converges. For the interface
width used in the present work (see the filled symbol), i.e.,
Se/W = 96, the errors are smaller than 0.5%, which is quite
satisfactory. This confirms that the NPF results do not depend
on the interface width.

Figure 4(b) illustrates the dimensionless growth velocity
V, +a+0 as a function of diffusivity ratios. The black dashed
lines indicate the analytical model as defined in Eq. (55).
The blue, green, and red solid lines correspond to the NPF
results with the lamellar spacing ratio S;/S. of 1.33, 1.67, and
2, respectively. We clearly observe a good agreement from
the comparison between the NPF results and the predictions
of analytical model. The deviation of the NPF results from
the analytical predictions is due to the assumption that the
interface is flat in the Ankit’s model. It is noteworthy that
for smaller lamellar spacings, such as S;/S, = 1.33, the NPF
results exhibit a slight decrease with increasing diffusivity
ratio before eventually converging to a constant value. As the
lamellar spacing increases, this tendency diminishes, resulting
in an almost constant dimensionless growth velocity, espe-
cially for S;/S, = 2.

To clarify the influence of the diffusion in the grow-
ing phases under Case 2 conditions, we define j; as the
product D;Ac; where Ac; is the concentration difference in
phase i given by the phase diagram. Thus, j; is a mea-
sure of the diffusion flux in phase i. From the linear phase
diagram in Fig. 2(a), the concentration difference ratios

of the growing phases to the mother phase Acy/Ac, and
Acg/Ac, are temperature-independent and are respectively
0.0199 and 0.001. For the maximum diffusivity ratios used
in Case 2, i.e., g = g = 15, the diffusion flux ratios of
the growing phases to the mother phase, j./j, and jo/j,,
are respectively 0.2985 and 0.015. The stability constraint
in our NPF model prohibits simulations at more realis-
tic diffusivity ratios such as pu, = 175 for AT = 50K and
no = 167 for AT =30K provided in Table I. We may
however use Ankit’s model to predict the velocity ratio
Vy+ato/Vy, and we find 4.04 for AT = 50K and 3.90 for
AT =30K. This indicates a very significant contribution
of the diffusion fluxes in the growing phases to the growth
velocity.

Moreover, the blue, green, and red dashed lines present
the classical PF (CPF) results in which the coefficient of the
cross-coupling term vanishes, i.e., M (¢) =0, for different
lamellar spacing. The larger discrepancy between CPF results
and analytical predictions indicates the importance of the
cross-coupling term.

The steady-state pearlitic microstructure at AT = 50K in
the vicinity of the growth front region are portrayed by the
phase field and the chemical potential field in Fig. 4(c) for (c1)
Si/Se =133, uo = o =1; (c2) Si/Se = 1.33, o = o =
105(¢3) Si/Se = 2, o = o = 1;(c4) $i/Se = 2, pta = o =
10. Since the diffusion in o and 6 phases are turned on, a
chemical potential gradient appears in the growing phases. In
contrast to Case 1 (diffusion only in y phase), the solute trans-
port that occurs from high chemical potential region (y/«
interface) to low chemical potential region (y /0 interface) in
the growing phases facilitates the transformation of 6 towards
« phase. On the one hand, this results in the thickening of the
0 phase behind the growth front at the expense of the « phase.
For same lamellar spacing, a larger diffusivity ratio, such as
o = g = 10, significantly accentuates this thickening be-
havior. On the other hand, the concentration of carbon in the
y phase near the y /o interface reduces with an increase in
diffusivity ratios, whereas it increases near the y /6 interface.
Figure 4(d) illustrates the dimensionless carbon concentration
profiles along the center lines of « and 6 phases for the four
cases presented in Fig. 4(c). The maximum carbon concen-
tration near the y/a interface at S;/S. = 1.33 (S;/S., =2)
decreases from 0.0535 (0.0642) for py, = g = 1 to 0.0507
(0.0623) for uy = pg = 10. Conversely, the minimum carbon
concentration near the y /0 interface increases from 0.001 07
(—0.00841) to 0.002 65 (—0.005 88).

Overall, the good agreement between the numerical re-
sults and the analytical predictions indicates the quantitative
capabilities of the nondiagonal PF model with the consid-
eration of the diffusion in y, «, and 6 phases. Through
comparing the nondiagonal PF results with the CPF results,
the importance of the cross-coupling term is also evidenced.
Furthermore, when the diffusion in the growing phases is
present, a thickening of 6 phase behind the growth front is
observed.

C. Case 3: Diffusion in y and o phases

In this section, we investigate the pearlite growth with
the consideration of the diffusion in y and o phases.
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FIG. 4. (a) The dimensionless growth velocity V, 1449S./D, as a function of diffuse interface width S,/W for the given lamellar spacing
Si/S. = 1.33 in Case 2. (b) Comparison of the nondiagonal PF (NPF) results and the predictions of Ankit’s model in Case 3. NPF results agree
well with the predictions of Ankit’s model while classical PF (CPF) results exhibit much larger discrepancy. (c) The steady-state microstructure
of the pearlite near the growth front presented by phase field (left) and chemical potential field (right) for (c1) S;/S, = 1.33, u, = g = 1;
(c2) S;/S. = 1.33, o = g = 10; (c3) S;/S. =2, oy = o = 1;(c4) S;/S. = 2, ity = g = 10. (d) The dimensionless carbon concentration
profiles along the center lines of o and 6 phases for the four cases presented in Fig. 4(c).

Equation (45) is used as the diffusivity equation in the PF  is stoichiometric, the diffusion in 6 phase is negligible. We
simulations and the diffusivity ratio of y phase to o phase  omit the diffusivity ratio of 6 phase to y phase, i.e., g = 0,
is defined as w, = Dy/D,. Due to the fact that 6 phase  in Eq. (3), the growth velocity of pearlite V)., therefore

083402-12



QUANTITATIVE NONDIAGONAL PHASE FIELD ...

PHYSICAL REVIEW MATERIALS 10, 083402 (2026)

_
T
S ]
a
al
®
o
g
ox

RO e

* 6 6 0
IIII“‘

He
He

- Ankit's model(tgNg/(taNo+toNo))
NPF(A=50K, Si/S.=1.33)
NPF(A=50K, Si/S.=2)
NPF(A=30K, Si/S.=1.33)
CPF(A=50K, Si/S.=1.33)
CPF(A=50K, S;/S.=2)

o
(o)
|
emOODO !

o 5 10 15
n

(b)
0.480

present work
>

g 1
% 0475~
¥ ]

5>

0.470 -

60 80 100
SJ/W

40 120 140

FIG. 5. (a) Comparison of the growth velocity ratio (V,14/V, 14-14) obtained by NPF, CPF simulations and the predictions of Ankit’s model.
(b) The dimensionless growth velocity VHO,SE /W as a function of diffuse interface width S,/W for AT = 50K, pu, =5, and §;/S, = 1.33.

becomes proportional to u,. In analogy to Eq. (55), we have

VeV,

0= 56
Y+ ,uaVy ( )

= tyNy = const.

Aiming to investigate the influence of the diffusion in 6 phase
on the pearlite growth velocity, we depict the growth velocity
ratio, i.e., VHO,/VHH@, as a function of u, in Fig. 5(a).
The open symbols indicate the NPF simulation results, while
the filled symbols are CPF simulation results without the
contribution of cross-coupling term. The NPF results exhibit
good agreement with the predictions of Ankit’s model and
distribute in the range of 0.982 to 0.997, which implies that
pearlite growth is insensitive to diffusion in theta phase. How-
ever, the CPF results are much lower than the predictions of
Ankit’s model. In Fig. 5(b), we present the dimensionless
growth velocity of pearlite with the diffusion in y and «
phases obtained by NPF simulations as a function of interface
width for AT =50K, u, =5, and S;/S, = 1.33. With an
increase in S, /W, the pearlite growth velocity converges. The
deviation between the growth velocity at S,/W = 96 used in
the present work and the converged value is within 0.1%.

Hence, in Case 3, we not only extend the NPF model to
the situation in which one of the three diffusivities vanishes
but also verify the NPF simulation results are independent
of the choice of the interface thickness. The NPF results
and predictions of Ankit’s model clarify that the influence
of diffusion in 6 phase does not influence pearlite growth.
Finally, the inaccurate CPF results indicate the significance
of the cross-coupling term.

D. Case 4: Diffusion in y phase and along the y/a
and y/6 interfaces

Interface diffusion along the y /o and y /6 interfaces,
which is an important diffusion path in pearlite growth, is not
considered in the previous cases. In this section, we investi-
gate the situation in which both diffusion in the y phase and
diffusion along these interfaces are considered. Pandit et al.
[17] formulate Eq. (5) to predict the pearlitic growth velocity
by combining the diffusion fluxes in the y phase and along the

interfaces. Through rewriting Eq. (5), we have

| _ SDudy
v, D,S;

~ Vy+surf
Vy+surf = -

, (57)

where D8 is equivalent to the surface diffusion coefficient.
The match of the surface diffusion in the sharp interface
method with the PF method is presented in Eq. (17). For given
D, and §;, the dimensionless velocity \7),+5urf is proportional
to the surface diffusion coefficient. Moreover, to describe the
diffusion in the mother phase and along the y/« and y /6
interfaces, Eq. (50) is used as the diffusivity equation in the
nondiagonal PF simulations.

Figure 6(a) demonstrates the dimensionless growth veloc-
ity Vy+surf for S;/S. = 1.33 as a function of surface diffusion
coefficient obtained by the nondiagonal PF and classical PF
simulations. The red and blue solid (dashed) lines indicate the
nondiagonal PF (classical PF) results with AT =50 and 30 K.
With an increase in surface diffusion coefficient, perfect linear
relations are reproduced by the nondiagonal PF simulations
in agreement with the predictions of Pandit’s model, whereas
the slopes of the dashed lines are obviously dependent on the
surface diffusion. In addition, the comparison between the PF
results and the analytical predictions shows that the classical
PF results are much higher than analytical predictions and
the deviation between nondiagonal PF results and analyti-
cal predictions is significant. For the sake of reducing the
discrepancy, Fig. 6(b) displays the influence of the lamellar
spacing on Versurf for a given surface diffusion coefficient,
i.e., DgufW = 2.121. As depicted in Fig. 6(b), with an in-
crease in the lamellar spacing, the rescaled growth velocity
of pearlite decreases both in nondiagonal PF and classical
PF simulations and the nondiagonal PF results become closer
and closer to analytical predictions, which corresponds to
a significant reduction of the discrepancy. Nevertheless, the
deviation is not negligible. To figure out the reason for this
discrepancy, Figs. 6(c) and 6(d) illustrate the dimensionless
growth velocity V, ysutS./D, as a function of the interface
thickness and the exponent n introduced in Eq. (50), respec-
tively. In Fig. 6(c), we clearly observe that the growth velocity
reaches constant with a decrease in interface thickness for
different undercooling and surface diffusion. The deviations

083402-13



WANG, BOUSSINOT, BRENER, AND SPATSCHEK

PHYSICAL REVIEW MATERIALS 10, 083402 (2026)

Pandit's model

(a) 0.25

—O— NPF(AT=50K) _/’g
1 —O— NPF(AT=30K) =
0.20 1 --0-- CPF(AT=50K)
1 -ior- CPR(AT=30K) D/’,x
« 0.15- o
H ]
+ 4
- ]
010

05+
(c) ™ .
i 0
> E present work —
S 03-
2 " gooo—8o—o—°
g i
£02-
=
0.1 E —J— AT=50K, Dy,fW=0.707
3 —— AT=30K, DyyyyW=0.707
3 —0— AT=50K, DyyyW=1.414
0 7 T T T T T T T
40 60 80 100 120 140
S/W

(b) 03+
q o — Pandit's model
1 O NPF
] O CPF
02"
E 1
Z
L
> 1
0.1
) -1
1 2 3
Si/Se
CI
El o—u0 m |
04-
-~ k|
Qm 03- 0.435 0.434
“ E
2 3
t 02+
> 3
0.1
0 : T T T
0 2 4 6 8
n

FIG. 6. (a) The comparison of nondiagonal PF (NPF) results and the predictions of Pandit’s model for S;/S, = 1.33 in Case 4. NPF results
indicate the dimensionless growth velocity V,, g is perfectly proportional to the surface diffusion, whereas the classical PF (CPF) results
is nonlinear. (b) The dimensionless growth velocities Vy+5urf obtained from Ankit’s model, NPF and CPF as a function of lamellar spacing
S;/Se for DgysW = 2.1213 and AT = 50K. (c) The dimensionless growth velocity V, ;.S /D, as a function of diffuse interface width S, /W .
(d) The dimensionless growth velocity V, 1S, /D, as a function of parameter n in Eq. (50). The result shows that the velocity is independent

of parameter n.

between the NPF results for S,/W = 96 and the convergent
values are smaller than 3.5%. Similarly, in Fig. 6(d), the
influence of the parameter n on the growth velocity of pearlite
is less than 0.1%. Consequently, our nondiagonal PF results
are independent of the interface width and of the exponent
n in the diffusivity equation. The discrepancy between the
nondiagonal PF results and the analytical predictions may
be caused by two factors: (i) Pandit’s model assumes the
y /o and y /6 interfaces to be flat and simply combines
the diffusion fluxes in the mother phase and along the y /&
and y /6 interfaces; and (ii) the scalar diffusivity used in
the nondiagonal PF simulations also contributes to diffusion
parallel to the pearlite growth direction within the interface
region, which cannot fully reproduce purely tangential surface
diffusion.

In summary, we have investigated pearlite growth when
diffusion in the y phase and along the y /o and y /6 in-
terfaces are considered. The nondiagonal PF results imply
that the dimensionless growth velocity V,, gyt is proportional
to the surface diffusion coefficient, in agreement with Pan-
dit’s model. Additionally, we verify that the nondiagonal
PF results are insensitive to the interface width and to the
exponent n. The remaining discrepancy between the nondi-
agonal PF results and analytical predictions may originate
from the simplifying assumptions of Pandit’s model and
from the use of a scalar diffusivity in the diffuse-interface
region.

V. CONCLUSIONS

In this work, we have addressed the challenge of repro-
ducing the correct equilibrium boundary conditions during
phase transformations involving finite diffusivities in multiple
phases and along interfaces, such as the pearlite transfor-
mation. By developing a grand-potential-based nondiagonal
three-phase field model consistent with Onsager’s relations,
we demonstrated that introducing Kkinetic cross-coupling
between conserved and nonconserved fields enables the deter-
mination of nondiagonal PF parameters through thin-interface
analysis, and consequently restores the desired local equilib-
rium at interfaces. The main conclusions are summarized as
follows:

(1) Four diffusion scenarios were systematically exam-
ined, including (i) diffusion in y bulk phase, (ii) diffusion in y,
« and 6 bulk phases, (iii) diffusion in y and « bulk phases, (iv)
diffusion in y bulk phase and along y /«, y /6 interfaces. In
all cases, the proposed nondiagonal formulation successfully
eliminates the abnormal interface effects and recovers the
physically consistent equilibrium boundary conditions.

(2) Quantitative assessments against analytical solutions
confirm the accuracy and robustness of the nondiagonal
phase field model. The roles of bulk and interfacial diffu-
sion pathways are clearly distinguished. In contrast, classical
phase-field (CPF) simulations exhibit significant deviations
from analytical predictions without the cross-coupling term.

083402-14



QUANTITATIVE NONDIAGONAL PHASE FIELD ...

PHYSICAL REVIEW MATERIALS 10, 083402 (2026)

(3) The proposed model provides a powerful and ver-
satile framework for studying coupled diffusion-controlled
phase transformations. Its ability to treat multiple diffusional
pathways and kinetic cross-coupling makes it well suited for
investigating complex microstructure evolution in eutectoid
steels and other multicomponent, multiphase systems where
interface thermodynamics and kinetics are tightly coupled.

The present work should be viewed as a central de-
velopment and validation study for the quantitative NPF
framework, as a step towards the full identification of the dom-
inant diffusion paths in pearlite. Modeling the latter requires
the use of experimentally determined diffusivities and direct
comparison with measured pearlite growth velocities. Such
an application will make it possible to assess combinations of
ferrite bulk diffusion, cementite bulk diffusion, and diffusion
along the y /o and y /6 interfaces, and thereby to determine
which diffusion pathways provide the most representative de-
scription of pearlite growth kinetics in real Fe-C alloys.

Several limitations of the present work should be noted.
First, the model is validated under the assumptions of
local equilibrium at the binary interfaces, equal diffusiv-
ity along the y/« and y /0 interfaces, negligible diffusion
along the «/6 interface, and no solute-drag effect. Sec-
ond, elastic and plastic effects are not included, although
coherency stresses, dislocation structures, and plastic re-
laxation may modify the local driving force and interface
mobility in real pearlitic microstructures. Third, the nu-

merical demonstrations are restricted to two-dimensional
lamellar growth with translational invariance along the third
direction; fully three-dimensional simulations may introduce
additional curvature effects, lamellar-instability mechanisms,
and interface-diffusion pathways. These aspects will be im-
portant targets for future extensions of the present quantitative
NPF framework.
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