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Bridging atomistic and continuum descriptions of nanoscale dislocation loops in tungsten
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In order to predict the long-term effects of irradiation on the material properties of tungsten, a continuum
approach to simulating the interactions of dislocation loops, which arise from radiation damage, is proposed.
Continuum models of the displacement, strain, and stress fields produced by dislocation loops exhibit unphysical
singularities near the defect core, but are thought to accurately capture atomistic displacements in the far field. A
linear elastic model of nanoscale dislocation loops in tungsten is developed, and the model is verified using
atomistic simulations to ensure that the model is informed by lower-length scale phenomena such that the
physics of the problem is correctly captured. We discuss the model and its advantages, and show that predictions
produced by atomistic simulations do indeed agree well with the far-field behavior of the continuum model when
dislocation loops are far from material boundaries. In particular, we robustly demonstrate that the decay rate of
atomistic results and continuum results coincide with one another, and show that the results converge as the size

of the atomistic simulations approach the far-field limit.

DOI: 10.1103/231h-Imvy

I. INTRODUCTION

In the field of nuclear fusion, tungsten is considered the
primary choice as an armour material for plasma-facing com-
ponents in a fusion reactor [1-5]. Reasons for this include
the fact that tungsten has the highest melting point of any
known natural metal, has a low physical sputtering yield,
exhibits low thermal expansion and good thermal conductivity
[6,7]. Such properties are desirable in armour components
to maximise their erosion lifetimes when subjected to irra-
diation. Tungsten’s relatively short neutron activated half-life
also makes it ideal for exposure to radiation because it can
be more frequently recycled [8], although the timescale for
this phenomena is still in the order of ~100 years. How-
ever, prolonged exposure to radiation inevitably causes the
physical and mechanical properties of a material to degrade
over time [9-13]. In order to study the effects of irradiation
damage in tungsten, a range of atomistic simulations have
been performed in recent years [13-21], with many employing
multiscale approaches and interatomic potentials informed by
density functional theory (DFT) data. Atomistic simulations
are used to study defects because the use of more accurate,
quantum-scale DFT codes is limited by the computational
cost of the accessible spatial scales, which ranges to a few
thousand atoms at most [22].
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While simulations using interatomic potentials provide
many useful insights beyond what can be achieved with DFT
calculations, they nevertheless remain limited to short time-
and length-scale phenomena [23,24], particularly when com-
pared to the size of fusion plasma-facing components and their
expected operational lifetimes. As an example, plasma-facing
materials are expected to operate for around 2.5 full-power
years [25] with surface areas of around 850 m? [26] over
a five-year replacement cycle [3], clearly well beyond the
time- and length scales which are achievable with molecular
dynamics. As a bridge towards modeling such components, it
is therefore necessary to work with continuum models to en-
able prediction of the material evolution under irradiation over
long periods of time. Continuum models are useful because
they can model relatively large-scale and long-time phenom-
ena when compared to atomistic simulations, trading detail for
computational efficiency. Such models must nevertheless be
informed by observations of the microscopic phenomena that
occur during irradiation to verify that the predicted quantities
are accurate.

In order to model radiation damage at the continuum level,
the underlying physics must therefore be understood first. At
the atomistic level, radiation damage in plasma-facing ma-
terials can be explained as the accumulation of Frenkel pair
defects [27-29], alongside clusters of point defects which are
formed from high-energy collision cascades [13,30]. These
clusters then relax into more energetically favorable config-
urations, such as dislocation loops and voids [29,31-34]. As
the number of dislocations grows, they begin to interact and
form complex structures [34-36]. In order to predict how
such dislocation networks interact in the mesoscale regime—
with length scales on the order of 10~7 m—one must model
how a given dislocation interacts with a given stress field.
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Classical dislocation theory predicts that dislocations create
plastic strains in a bulk material, and induce stress fields lead-
ing to long-range elastic interactions with other dislocations.
This interaction force is characterized by the Peach-Koehler
formula [37-39]. Thanks to the existence of exact solutions
to these problems in the context of continuum linear elasto-
plasticity (CLE) theory, continuum models have been used
to study dislocations since the early 20th century, and re-
main a successful way to predict the behavior of such defects
at a macroscopic scale [38—41]. Although the underlying
assumption of a continuous material breaks down close to
defects, even relatively close to the dislocation cores, con-
tinuum theories can still be effective in studying material
response [42].

Motivated by the challenge of studying defect interaction
at the mesoscale in irradiated materials, in this paper, we
investigate the accuracy of CLE predictions for the atomistic
displacements around a dislocation loop at 0 kelvin. Thanks
to the weight of existing evidence, CLE theory is expected
to predict the far-field displacements around individual dislo-
cation loops. Our aim is to elucidate more precisely at what
distance away from the defect the predictions between CLE
and such simulations agree, and therefore establishing a sepa-
ration length scale at which CLE theory can be used to make
predictions of macroscopic properties of defect ensembles. To
this end, an asymptotic description of the displacement, stress
and strain fields far from a self interstitial atom (SIA) dislo-
cation loop are calculated using the CLE model in which the
loop is represented as a force dipole, and atomistic simulations
are performed to verify the continuum predictions against the
displacements in tungsten using a range of appropriate inter-
atomic potentials. In our investigation, we find that atomistic
simulations agree with the displacement field predicted by
the CLE theory at distances of around twice the loop radii
away from the dislocation loop center for a range of different
dislocation loop radii.

The work we present here focuses on the zero temperature
regime as a simple starting point to build a bridge between
continuum and atomistic theory. Due to the relatively high
temperatures that plasma-facing materials are subject to in
fusion reactors [43—45], further work will therefore be needed
to verify and develop the model presented here for use at finite
temperature. Such developments would require further care in
verifying the model with atomistic simulations, as enforcing
the appropriate thermodynamic ensemble both requires care-
ful selection of atomistic boundary conditions, and computing
appropriate displacement fields from atomistic simulations
through time averaging. Examples of alternative boundary
condition to use in this case could include stadium damping
approaches; see [46—48]. Additionally, finite temperature ef-
fects will cause the elastic constants of the material to soften,
and so the model must be modified appropriately in order to
account for temperature-dependent elastic constants. Despite
these caveats, it should however be noted that in fusion ap-
plications, the upper limit on the operational temperature for
plasma-facing tungsten is set by the recrystallization temper-
ature, which is between 1300 and 1600 K [49]. As 1600 K
is less than half the melting temperature of W (which itself
is around 3700 K), studying structural defects in the zero
temperature limit is an appropriate choice for initial study,

IS

2

X0

FIG. 1. A dislocation loop s, with a Burgers vector b and loop
center Xy. € indicates a dislocation core radius, indicating the region
within which continuum theory breaks down.

since anharmonic effects are not likely to induce particularly
significant model errors at these lower temperatures.

Due to the need to truncate atomistic simulations, the ver-
ification of the CLE prediction in an infinite medium using
atomistic simulations is subtle. Care needs to be taken both in
choosing boundary conditions, and finite size effects remain
significant even at relatively large system sizes. Our analysis
shows convergence in the dislocation loop area as the overall
simulation size increases, supporting our modeling choice to
represent dislocation loops as a CLE force dipole.

The remainder of the paper is structured as follows: In
Sec. II, we outline our CLE model for a dislocation loop. In
Sec. III, we describe the methodology used to generate and
relax atomistic structures. The results obtained are discussed
in Sec. IV, and we conclude in Sec. V.

II. CLE PREDICTION AROUND A DISLOCATION LOOP

A. The Volterra equation

Classical dislocation theory begins by considering the
force balance equation of static CLE theory and making some
key assumptions about the strain fields involved. Doing so,
one can obtain an expression for the displacement field u at
some point X due to a dislocation lying along a line contour
s in the material; Fig. 1 illustrates the basic geometry of the
problem we consider.

As usual in linear elastoplastic theory, the total strain is
assumed to be additively decomposed into elastic and plastic
contributions, & = &° + &P [41,50], and Saint-Venant’s com-
patibility condition [51] is assumed to apply for the total
strain. Manipulations using the elastic Green’s function allow
us to arrive at an integral representation of the displacement,
known as either the Mura or Volterra equation [40,50,52-56]:

) = [ Cunbima(X) Gax =X dS6). 2.1)
p)
Here, we apply the Einstein summation convention, and in-

dices appearing after a comma refer to differentiation with
respect to the relevant Cartesian coordinate of position. The
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surface X is any arbitrary surface with consistently oriented
boundary curve s. G;;(x) is the elastic Green’s function, a
tensor field which encodes the ith component of displacement
along the x direction in response to a unit point force applied
in jth coordinate direction at the origin [40,41]. C is the
elasticity tensor of the material, b; is the component of the
Burgers vector in the [ direction, and n,, is the mth component
of the unit normal to X. The primed position variable X’ is an
integration point on the surface X.

B. Asymptotics for far-field displacements

Since we wish to predict the behavior far from the dislo-
cation loop, we now consider the relationships between the
characteristic length scales in this problem. Taking R to be
the radius of the dislocation loop, € to be the dislocation core
radius and r = |x — X[ to be a typical distance from the dislo-
cation core center at which we wish to make a prediction, we
will assume that € < R < r. In this regime, the displacement
predicted by Eq. (2.1) can be approximated by treating each
dislocation loop as a pointlike force dipole in the medium.
Assuming a perfectly circular dislocation loop of radius R, the
equation becomes [56]

i (x) X TR* C jpim by 1y Gij 1 (X — Xo). (22)

One can obtain higher-order terms of the model by carrying
out a higher-order asymptotic expansion in Eq. (2.1). In the
case of a perfectly circular loop lying in the xj, x, plane, this
yields the approximation

ui(x) ~ TR C 33 by Gij i (X — Xo)

R

+ 5 Cjikiz by (Gijx1 + Giji2)(x — Xg),  (2.3)

where the normal vector has been replaced by the unit vector
in the z direction, e3. It should be noted that recent rigorous
results suggest that there may be contributions from nonlin-
ear theory which provide better predictions in the far field
than further expanding the CLE prediction [57]. We therefore
choose to truncate the prediction at leading order, using the
approximation Eq. (2.2) to make predictions about far-field
displacements, strains, and stresses.

Noting the dependence of the prediction Eq. (2.2) on the
area of the circular loop 7 R? to leading order, Eq. (2.2) shows
that the displacement field is proportional to the area enclosed
by the dislocation loop. Moreover, when the Burgers vector
b is parallel to the loop normal n, the entire prefactor can be
viewed as being proportional to the added interstitial volume;
this is exactly the case of a climb loop induced by the ac-
cumulation of SIAs. On the atomistic scale, such dislocation
loops cannot immediately collapse, as this requires a local
volumetric change achieved through the diffusion of SIAs
away from the loop. On the other hand, when the Burgers
vector is in the plane, a glide loop is formed. For loops of this
type at the scales of interest, we would expect a rapid collapse
and annihilation, but the far-field formula discussed above is
nevertheless applicable for either glide or climb loops.

C. Discussion

Using Eq. (2.1) to calculate the displacement fields around
dislocation loops provides a very general technique for ob-
taining far-field predictions which is widely used in discrete
dislocation (DD) simulations [38]. Much of the computational
cost required for DD arises due to the need to evaluate in-
tegrals along dislocation lines; the representation Eq. (2.2)
however allows us to simply compute the gradient of the
Green’s function at a single point, providing a more computa-
tionally efficient approach suited to studying large ensembles
of dislocation loops.

Moreover, we can use Eq. (2.2) to obtain predictions of the
elastic strain and hence the stress from this approximation.
Using an additive splitting of the total strain, we note that
since €° = ¢ — &P with &P being concentrated on the surface
% spanning the dislocation loop, the total strain & is identical
to the elastic strain in the far-field regime. This allows for the
computation of the Cauchy stress from Hooke’s law, using the
total strain € in place of &°. An important comment about this
approach is that the elastic strain €° in the far-field regime
is in fact independent of the surface used to compute the
observable; this is a consequence of Stokes’s theorem [40].
However, the effect of the additional volume needed to create
the dislocation loop leads to the displacement field depending
explicitly on the excess volume needed to create the dislo-
cation loop, and the plane in which it lies. This information is
what is ultimately encoded in the second moment force dipole:

Pjx = Cjpimbing, * Aroop, 2.4
where Apoqp is the area of the dislocation loop.

Due to the equation’s dependence on the elastic Green’s
function we see that the total strain behaves like the second
derivative of the elastic Green’s function. Since the elastic
Green’s function decays as |x|~!, as one gets further away
from the dislocation loop the displacement field u decays as
r~2, and the strain and stress should thus decay as r— due
to the linear dependence on Vu. This asymptotic decay is
identical to that classically predicted for point defects: This
connection is unsurprising in retrospect since the prismatic
dislocation loops modeled are formed by an accumulation of
SIAs.

Our asymptotic result predicts displacements in the far-
field regime, and is therefore only valid as long as dislocation
loops remain far enough apart. [34] provides a good baseline
for the distances in which dislocation loops will interact. If
one thinks of dislocation loops as point particles interacting
with one another in a large system, the average interaction
distance can be found as (r) ~ p~!/3 for a density p. For
radiation damage levels of 0.1 displacements-per-atom (dpa),
the density of dislocation loops in tungsten is reported to be
around 2.8 x 1022 m~3 [34]; this number has been selected as
it reflects the highest density in any of the radiation damage
regimes studied. In this case, dislocation loops sit at an av-
erage spacing of around 330 A. Additionally, it is reported
that the majority of dislocation loops in this case have a
dislocation loop radius of between 25 and 50 A, so in order
to ignore dislocation core effects the distances at which the
model should coincide with the atomistic simulations should
be around 250 A. Consequently, in order to test the validity
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of the mesoscale approximation derived here a comparison
with atomistic simulations at an appropriate far-field regime
was pursued. The behavior of the fields predicted at far from
the defect core was of interest, because dislocation loops are
expected to interact at distances which are large multiples of
the lattice spacing, as reported in [34].

As was briefly mentioned in Sec. I, the current model
only considers the displacement fields of a loop defect in the
zero temperature regime. The conditions in a fusion reactor
could reach temperatures up to the recrystallization temper-
ature of tungsten, between 1300 and 1600 K. These higher
temperatures would induce elastic softening altering the dis-
placement fields, and would cause changes to the diffusive
properties of defects which could result in dislocation climb
and dissociation. As outlined in the introduction, we pursue a
zero temperature model here, which we believe to still be of
potential relevance as a first study. We note that if required,
the steps necessary to modify the continuum model for the
finite temperature case would require recomputing the elastic
coefficients C and the resulting Green’s function, and would
also potentially need consideration of changes to the dipole
tensor itself.

III. METHODOLOGY OF ATOMISTIC VERIFICATION

To assess the validity of the displacement prediction ob-
tained in Eq. (2.2) for nanoscale dislocation loops in tungsten,
we next compare atomistic simulations with the asymptotic
CLE prediction Eq. (2.2). Simulations were performed where
the atomic displacements and approximate strain fields around
a simple dislocation loop were calculated from atomistic
simulations and compared against the analytical predictions.
Code to reproduce the results is available in an accompany-
ing Zenodo repository, see [58]. Convergence between the
atomistic simulations and the analytical results is of special
interest, to verify that Eq. (2.2) holds in the far-field regime.

In tungsten, the most commonly reported dislocation loops
observed in irradiated samples are those with Burgers vectors
and normals in the geometrically equivalent %(1 11) directions
[29,59-63]. Our focus for the verification process will there-
fore be on dislocation loops of this type, specifically prismatic
dislocation loops with %[1 11] Burgers vectors.

A. Atomistic calculations

To set up the atomistic simulations bulk tungsten struc-
tures were built using the atomistic simulation environment
(ASE) library [64]. The lattice structure used was the body-
centered-cubic (bcc), and the lattice spacing ay was obtained
by relaxing a unit cell of tungsten with periodic boundary
conditions in LAMMPS [65]. All simulation relaxations were
performed with molecular statics, i.e., at 0 kelvin.

The primary potential used for all the simulations was
an embedded atom model (EAM) from the NIST in-
teratomic potentials repository [66-68] by Chen er al.
[62], denoted in this paper as ‘YC’. This potential was
chosen because it predicted the relative stability of differ-
ent interstitial dislocation loops in W in accordance with
experiments. In particular, the potential was reported to favor
%(1 11) loops over (100) loops as the loop size increased, in
agreement with experimental results. The potential has been

Boundary

Free

z=[111]

ky = [110]

x =[112]

Atom labels

Self-interstitials

FIG. 2. An overview of the atomistic simulation setup. Inter-
stitial atoms were placed at the crowdion sites of a bcc tungsten
structure to create a planar dislocation loop in center of the sphere;
the atoms in the boundary region were clamped in position during
relaxation.

used to study molecular dynamic simulations of W radiation
damage, for example in [69] the potential was used to study
the formation of %(1 11) interstitial loops during high-energy
collision cascades, where it was reported that %(111) loops
dominated the presence of interstitial loops. However, in order
to check consistency, a range of different EAM potentials for
W-W interactions were also used and compared against the
model. In addition to the EAM potentials considered, we also
included a more modern, and relatively fast machine-learned
interatomic potential (MLIP) for comparison with the contin-
uum model. In particular, an atomic cluster expansion (ACE)
potential for W was used courtesy of Nutter et al. [70,71]. As
we see below, this MLIP corresponds closely with the EAM
potential results. This is to be expected as the far-field regime
is controlled by elastic properties of the potentials, which
agree closely with one another, irrespective of the potential
form. As such, it appears that the improved accuracy of MLIPs
as a surrogate for quantum mechanical calculations is less
important in verifying the continuum theory, since MLIPs
offer accuracy gains in capturing the nonlinear, many-body in-
teractions between atoms at relatively short ranges compared
to the far-field linear elastic regime.

The optimization algorithm used for most structure relax-
ations was the Polak-Ribiere conjugate gradient method [72],
and the stopping criterion for most relaxations was a force tol-
erance of 107° eV /A. For the largest systems, the conjugate
gradient method was unable to find the global minimum con-
figuration due to the size of the system and the forces involved.
For such relaxations the systems were relaxed as much as pos-
sible with the conjugate gradient method, and then a further
relaxation on the resulting structures was performed using the
FIRE algorithm [73] to ensure that the largest configurations
were relaxed below the desired force tolerance.

A schematic of the system simulated can be seen in Fig. 2,
which was obtained using the visualization software OVITO
[74]. As seen in the figure, the crystallographic orientation of
the structure was designed so that the normal vector to the
(111) plane was parallel to the z axis. This allowed for intu-
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itive constructions of dislocation loops with a Burgers vector
and normal vector that pointed in the %(1 11) direction. As an
initial guess for the relaxation, discs of interstitial atoms were
placed at the crowdion sites of the bcc structure, as these are
the most energetically stable site, as discussed in [29,75,76].
In addition, the simulation structure was constructed so that
the center of mass of the interstitial atoms coincided with the
center of the bulk sphere. For comparison later, this point is
taken to be exactly the point x¢ defined used in Eq. (2.2).
Spherical bulk structures were used in order to properly study
the orientational dependence of the elastic fields due to the
dislocation loop inserted. The structure was then relaxed in
order to obtain atomistic data on the displacement of the atoms
due to the introduction of an interstitial dislocation loop.

For the relaxation of the structure, three different boundary
conditions on the surface of the sphere were tested, two with
fixed displacements applied to atoms in the outer shell, and
a traction-free variant in which all atoms were free to relax.
For the fixed boundary conditions, a shell of atoms around the
sphere was constrained. In the first of these cases, the atoms
were constrained to remain at their original crystallographic
positions; in the second, the atoms were first displaced ac-
cording to the continuum prediction Eq. (2.2). In both cases,
the thickness of the clamped boundary region was chosen
such that it was larger than the cutoff radius of the EAM
potentials used, so that those atoms free to relax but close
to the boundary were not affected by the vacuum outside the
boundary. For the traction-free variant, the atoms in the outer
shell were also allowed to relax freely. In principle, all of
these choices of boundary conditions should yield equivalent
displacements through a thermodynamic limit procedure as
the radius of the system tends to infinity.

The boundary conditions chosen were preferred over pe-
riodic boundary conditions in order to avoid image effects
from other dislocation loops, and because the spherical nature
of the setup conflicts with the choice of a cubic periodic
cell. However, the boundary conditions chosen still produce
spurious forces—and hence displacements—near the bound-
ary. This meant that points near the boundary could not be
considered to be in the far-field regime due to finite nature
of the simulations. The effect of the finite size was an im-
portant factor to consider because the results obtained should
only be compared to the analytic results in the linear elastic
regime. Atoms too close to the dislocation loop are subject
to discrete core effects which are unable to be accounted
for in continuum models, even if the boundary condition at
the core is regularized. Additionally, atoms too close to the
surface of the sphere are affected by surface effects which the
CLE prediction Eq. (2.2) does not take into account. For this
reason the results obtained were only compared for atoms in
a central shell, denoted a ‘region of confidence’, between the
dislocation core and the sphere boundary. Such region was
determined as the region where the boundary effects from
both the dislocation core and the surface were minimal, as
discussed in Sec. IV B 2.

B. Computing continuum predictions

For comparison with the atomistic results, the contin-
uum prediction fields arising from (2.2) were computed. As

Eq. (2.2) states, predictions of the displacement field can be
obtained at any position x, as long as the Burgers vector, the
normal vector, the dislocation loop radius, and the elasticity
tensor of the material are known. Tungsten has cubic symme-
try, so the only Voigt elastic moduli required to construct the
full elasticity tensor are C;;, Cj,, and Cy4. These moduli
were obtained by relaxing a unit cell of tungsten with the
chosen potential and extracting the elastic coefficients with
the matscipy library [77].

Once all the parameters were defined, the displacement
field due to the dislocation loop was constructed by looping
over all the positions and calculating the displacement of each
atom to leading order as defined by the model. The gradient
of the elastic Green’s function present in Eq. (2.2) was com-
puted using the formulas discussed in [40,78]. From this, an
analytical prediction for the strain and stress fields could be
obtained. To compute these robustly, automatic differentiation
was employed via the python library JAX [79], allowing the
computation of Vu. From the displacement gradient, the in-
finitesimal strain tensor was calculated as & = sym(Vu). As
discussed above, in the far field, the infinitesimal total strain
is equal to the elastic strain €°, and so Hooke’s law can be used
to obtain the stresses from e.

In order to compare the results obtained from the contin-
uum model with the atomistic calculation, the analytic data
produced for each atom was saved in extended .xyz files
for postprocessing, enabling a robust comparison of the CLE
strain prediction with approximate strains computed from the
atomistic configuration.

C. Comparing atomistic results and continuum predictions

To compare the atomistic and analytic data in a robust
manner, and in view of the boundary effects induced by
the boundary conditions, multiple atomistic simulations were
performed with varying simulation cell size. To this end, a
range of simulation sphere radii were studied, between 50 and
500 A, with a fixed boundary condition of an outer shell of
clamped atoms with a thickness of around 25 A, more than
twice the cutoff distance of the EAM potential discussed [62].
The largest size simulation of 500 A was chosen because it
provided a big enough region in which to verify the results
with the computational resources available.

At these sizes, the results were then compared in a region
of the simulation sphere that is far enough away from both
the dislocation loop and the simulation surface boundary. In-
creasing the simulation size increased the region in which the
CLE prediction is expected to be valid and where results could
be confidently compared. Therefore, as the simulation size
was increased, convergence of the atomistic displacements
was expected, and therefore increasing agreement between
the results from the atomistic simulations and the continuum
prediction over larger regions of the simulation. Comparisons
were made in multiple ways: qualitatively by looking at the
strain fields predicted by both atomistic and continuum theo-
ries, and quantitatively by analyzing the displacement decay
rates on the results, and by demonstrating convergence be-
tween the dislocation loop areas between the atomistic and
analytic theories.
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FIG. 3. Left: A contour plot of the hydrostatic stress predicted from Eq. (2.2). A slice is shown along the y, z plane, demonstrating the
axisymmetry of the field. Right: Hydrostatic stress predictions along the rays shown, demonstrating the ~7~* decay rate of field; this decay is

identical, irrespective of the orientation.

IV. RESULTS

We began by investigating the rate of decay of the stresses
predicted by the model, in the purely continuum regime,
checking that the rate of decay is directly proportional to
~r~3, the rate of decay of the gradient of displacement field.

Then, we compare the results from the continuum and
atomistic perspectives. First, we look at the qualitative pattern
in the strain fields predicted by both theories and verify that
the atomistic model correctly characterises the field in accor-
dance to the atomistic simulations.

Next, we looked at how the rate of decay of the dis-
placement fields agree, for the different boundary conditions
chosen. Additionally, the analytic results were compared
against a range of different interatomic potentials and shown
to mostly agree. The effect of the simulation size on the results
was also studied to demonstrate the importance of comparing
the results in an appropriate far-field regime.

Finally, the effect of the dislocation loop size was inves-
tigated and shown to produce a scaling law in the atomistic
simulations, which could be attributed to the finite size effects.
These results were then shown to converge to the expected
area of a dislocation loop as the simulation size increased.

A. Results from continuum model

As discussed in Sec. II C, the analytic model predicts that
the stress decays as r—3. This rapid algebraic decay results in
reasonable far-field approximations of the stress fields which
could be used to model interactions between loops when they
are sufficiently well separated.

Figures 3 and 4 show the rate of decay of the hydrostatic
and shear components of the stress by plotting the stress
against the radial distance away from the dislocation for mul-
tiple orientations. In these plots the Burgers vector and the
normal vector of the dislocation loop were chosen to point
in the positive z direction. Figure 3 shows the hydrostatic
pressure, p = —%tr(S), obtained as the trace of the predicted

elastic stress S. Figure 4 shows the J, shear invariant of the
stress tensor. The J, invariant is defined as

h=tller—0) + (02— 03 + (o3 —01)’],  (4.1)

where o; are principal stresses at a given point. The J, in-
variant provides a measure of the shear stresses that drive
plastic deformation, ignoring the effects of hydrostatic stress.
A range of orientations were selected to verify that the rate
of decay predicted by the numerical implementation was r~>
as expected. For the orientations shown, the results indeed
corroborate that the rate of decay is proportional to 7~ as
expected.

Analyzing the continuum stress prediction in other planes
demonstrated that the fields are essentially cylindrically sym-
metric about the line passing through the center of the
dislocation loop normal to the plane on which it lies. This is
despite the assumed anisotropy of the elasticity tensor, and
likely reflects the very low Zener anisotropy ratio for tungsten
which is reported to be around 1.0 [80-82]. The figure also
demonstrates that the continuum model loses validity as we
approach the dislocation loop: The magnitude of the stresses
predicted is on the order of ~103 GPa close to the core, for
distances less than the dislocation loop radius of 12 A chosen.
These values are much larger than the experimental bulk and
shear moduli of W, which are around 160 and 310 GPa, and
hence close to the core the stresses predicted are not physical.

B. Atomistic verification

Using the methodology discussed in Sec. III, atomistic
simulations produced relaxed tungsten structures containing
dislocation loops. The dislocation loop induced stress fields
which led to a displacement of atoms around the dislocation
loop. From the displacement fields analysis on the difference
between the displacements, and therefore the strain fields, of
the atomistic and analytic results was conducted.
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1. Strain field comparisons

An initial analysis into the verification of the model was a
comparison on the strain fields that are predicted by the atom-
istic and continuum theories. In order to calculate the strain
fields from an atomistic perspective, functionality within
OVITO was used to determine the deformation gradient ten-
sor F from the deformed and reference configurations [83].
The equivalent infinitesimal strain & was then obtained from
F. From this infinitesimal strain tensor, two scalar quanti-
ties were then obtained: the hydrostatic strain and the von
Mises local shear strain [83]. These measures of strain were
compared with the equivalent scalar quantities obtained from
the continuum strain computations.

10%% CLE strains:

10000

Von Mises

10400
10700

Figure 5 shows shear strain fields predicted by both the-
ories at the center of the simulation cell. The top row of
the figure shows the analytic strains, while the middle row
shows the strain fields calculated from atomistic results. The
bottom row shows the residuals between the strains produced
by the two results. Each column show the plots sliced along
the three coordinate axes. The analytical strain fields predicted
much larger strains close to the dislocation which was ex-
pected when modeling the discrete nature of the problem as a
continuum, and this discrepancy is shown by the large residu-
als between the two datasets near the dislocation core.

Since the dislocation loops studied are prismatic, approxi-
mately circular and have normal and Burgers vector oriented

10357
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10400

Shear residuals local shear invariant
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10°

Atomic strains:
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FIG. 5. Plots of the shear strain field for both the CLE prediction (top row) and atomistic results (middle row) as calculated using OVITO.
The bottom row shows the residuals between the two results including the defect core, and different orientations of the same system are shown
in each column, as indicated by the crystalline axes. The strain error is greatest in the vicinity of the dislocation loop, as expected. The system
size is a sphere of free atoms with radius of ~350 A, the dislocation loop has a radius of 12 A, and the shell of fixed boundary atoms (not

shown in these figures) is around 22 A thick.
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in the %(111) direction, we expect that the strain fields are
axisymmetric about a line passing through the center of the
loop x¢ in the %(111) direction. The rightmost column in
Fig. 5 show this phenomenon, with both the analytic and
atomistic simulations demonstrating radial symmetry on the
plane containing the dislocation loop.

The residuals of the fields are shown to reduce to around
10~* in magnitude, supporting our hypothesis that the analyt-
ical model agrees with atomistic simulations in the far-field
limit. However, due to surface effects the residuals near the
boundary are larger than some regions within the simulation
cell, highlighting the importance of comparing the results in a

‘region of confidence’ far enough from the boundary.

2. Choice of atomistic boundary condition

The displacement decay rate of the atomistic and analytic
simulations was compared for varying simulation cell sizes.
As mentioned at the end of Sec. IIT A, one expects that the
displacement field behaves linearly proportional to the elastic
Green’s function ~r~2 only at the far-field regime. Therefore,
for finite-sized systems one must consider boundary effects as
well. This means that in a finitely sized simulation there is a
spherical ‘shell” of atoms around the dislocation loop where
linear elasticity is applicable, and so displacements can only
be compared in such a regime for an appropriate verification
of results.

As discussed in Sec. IIIC, in order to obtain the largest
possible region of comparison, three different choices of
boundary condition were studied and the most suitable one
was chosen for further analysis. The boundary condition
selected was the one which contributed the shortest-range
boundary effects on the simulation box. This length scale was
defined as the distance away from the loop center at which the
atomistic results deviated away from the analytic prediction,
which determined the ‘regions of confidence’ where the data
could be compared. In particular, linear regression was only
performed on the data within such regions in order to find the
rate of displacement decay predicted by the simulations in the
linear regime. Figure 6 shows the displacement decay of the
atoms in the simulation sphere as predicted by the CLE model.
The decay rate of the displacement can be seen to be ~r~2
as expected, and this result was used for comparison against
the atomistic relaxations for the different boundary conditions
considered.

Three different boundary conditions were tested: first, a
fixed boundary condition where the boundary atoms were
fixed at the bulk position (denoted as the zero displacement
boundary condition), then a fixed boundary conditions with
the boundary atoms fixed at the continuum prediction, and
finally, a traction-free boundary condition. That is, the bound-
ary atoms were free to move during the LAMMPS relaxation of
the system. All three cases were studied in order to see which
one would contribute the smallest finite size effects on the
simulation box, and therefore give the biggest regions inside
the simulation sphere where linear elasticity was applicable,
which were denoted as the ‘regions of confidence’.

Figure 7 shows plots of the displacement prediction from
the atomistic simulations on the left and a comparison of
the displacement envelopes between the atomistic and CLE
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FIG. 6. Displacement of atoms computed according to the an-
alytic prediction Eq. (2.2), which is used for comparison with the
atomistic displacements. Each point corresponds to the displacement
of a single atomic nucleus.

prediction on the right. As can be seen from the left plot, the
atomistic simulations agree with the continuum theory that
the rate of decay of the displacements is ~r~2 within the
‘region of confidence’. The right plot, where the envelopes
are compared, shows how such a region was determined. The
regions were constructed such that they began and ended
where the top of the envelopes behaved algebraically rather
than exponentially—which is shown as a linear behavior in a
logarithmic plot. Quantitatively, for the fixed boundary condi-
tion at zero displacement, these values were chosen such that

f1 = max(a, 2.5R)
f> = min(b, 1L)

where f; and f, are the starting and ending points of the
regions respectively, and a and b are the two intersections
between the top of the analytic and atomistic displacement
envelopes. In the above formulas, R is the dislocation loop
radius and L is the system boundary radius. The reasoning
behind these choices lies in the following argument: When the
two envelope maxima first intersect at point a, this indicates
that the atomistic results approach the far-field behavior of the
continuum theory. However, Fig. 7 shows that the atomistic
displacements are multiplicatively scaled above the analytic
displacements within such a ‘region of confidence’. For this
reason, more care was taken in defining the starting points
with some guidance from literature. For the 2.5R criterion,
elasticity theory suggests that the stress fields from segments
at opposite sides of a circular dislocation loop will tend to
cancel at distances which are ~2R away from the loop center
[84], p. 98]. The results of [85] also reinforce the idea that
the ‘double force’ (dipole tensor) approximation to the stress
fields is only applicable beyond 2R. The %L criterion for the
endpoint f, was chosen by observing the results from multiple
simulations and noticing that exponential displacement decay
began at around such distances for different simulation sizes
L. Although the second criterion is a heuristic, the reasoning
is consistent with arguments using Saint-Venant’s principle
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in these bins.

which state that boundary-field effects decay with a charac-
teristic length scale of the same order as the simulation size
[86,87]. The ‘regions of confidence’ therefore presented a
metric to determine whether the atomistic results could be
considered to be within the linear elastic regime for a reason-
able comparison.

A comparison of the three different boundary conditions
and the resulting ‘regions of confidence’ that were determined
can be seen in the Supplemental Material [88]. From compar-
ing all three boundary conditions it was found that the fixed
boundary condition at zero displacement provided the largest
regions of confidence with a rate of decay close to r—> and
thus gave the largest quantity of data that could be compared
appropriately between the atomistic and continuum results.
In light of these investigations, for all subsequent results, the
fixed boundary condition at zero displacement was used as it
was determined to be the most reasonable choice.

3. Comparing different tungsten potentials

After selecting a boundary condition, the analytic model
was then compared against a range of interatomic potentials
modeling W-W interactions. For convenience, the potentials
considered were given shorthand names: YC [62], AT [89],
DND [76], HZ [90], ZJ [91], and ACE [70]. All of these
potentials apart from ACE are embedded atom models fitted to
particular observables for a pure W system, such as cohesive
energy, lattice constant, elastic constants and formation en-
ergies of different defects, which included SIAs in crowdion
sites. For this reason, the potentials considered provided a rea-
sonable range of atomistic models to compare the continuum
theory against.

Figure 8 shows a comparison of the displacement en-
velopes for all the potentials considered and the analytic
prediction computed using Eq. (2.2). The potentials can be
seen to agree similarly with the analytic result in a roughly
similar region of confidence, reflecting the robustness of the

elastic effects in the far field. Additionally, for all the poten-
tials, the worst rates of displacement decay—the top of the
displacement envelope—match closely with one another, with
more significant variation in the potential’s representation of
the dislocation core, as expected. From this plot it can be seen
that for the chosen boundary condition all of the interatomic
potentials agree with the continuum theory to a similar degree,
and particularly well for atoms lying at a distance of between
2 and 12 loop radii (24 and 144 A, respectively) from xo.
However, all potentials similarly show a multiplicative shift
between the atomistic and analytic results within this region,
as mentioned before in Sec. IVB 2 for the YC [62] poten-
tial, which suggests that this shift is due to the finite size
effects of the simulation rather than any discrepancies in the
atomistic potentials used. This multiplicative shift was studied
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FIG. 8. Comparison of displacement envelopes for different po-
tentials against the analytic prediction. Potentials are denoted as YC
[62], AT [89], DND [76], HZ [90], ZJ [91], and ACE [70]. To obtain
the curves, the norms of the atomistic displacements were binned
according to their distance from the center of the loop, and maxima
and minima in each bin were computed. At distances far from the
dislocation loop, all potentials agree, reflecting the robustness of
CLE theory in predicting the far-field displacements.
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TABLE 1. Quantities of interest from the studied potentials; lattice spacings and elastic constants were computed using the matscipy
library [77]; all potentials of interest have elastic moduli within a few percent of one another. The latter two columns indicate the fitted rates
of decay and prefactors fitted to the data shown in Fig. 8; these are found within the regions of confidence described in Sec. IV B 2.

Potential Reference Lattice spacing (A) Cy1 (GPa) C, (GPa) Cy4 (GPa) Decay exponent Prefactor
YC [62] 3.165 522.0 204.1 161.0 —2.033 283.0
AT [89] 3.165 523.1 205.0 161.2 —2.038 318.0
DND [76] 3.165 542.4 209.0 165.1 —2.036 317.0
HZ [90] 3.165 533.5 205.9 164.1 —2.038 296.7
7] [91] 3.165 522.5 204.2 160.8 —2.059 294.2
ACE [70] 3.180 519.4 194.4 144.0 —2.040 329.1

more in depth later in Sec. IV B 4 where, using convergence
arguments, it is demonstrated that the shift can be attributed
to finite-size effects, even in the large computational domains
used.

The fact that all potentials seem to match clearly can be ex-
plained quantitatively by Table I. All potentials used reported
similar values of the lattice spacing and elastic coefficients
Cy1, Cyz, and Cyy in W. Additionally, performing a linear fit
on the top of the envelopes in the regions confidence within
the linear elastic regime yielded rates of decay of ~r~2 for all
of the potentials, and prefactors of a similar magnitude. This
result verifies that the behavior of the fields reported is similar
to the analytic model in the linear elastic regime.

4. Effect of loop radius on predicted fields

A final study on the atomistic simulations was the effect of
varying the dislocation loop radius for fixed simulation sizes,
and seeing how this affected the displacement fields predicted
by the atomistic theory.

Initially, the model was derived under the assumption that
the area of the dislocation loop was a perfect circle of radius R.
Using OVITO’s dislocation extraction algorithm (DXA) on the
relaxed structures [92] a thorough verification of this assump-
tion was performed. DXA finds the dislocation line and the
Burgers vectors corresponding to line defects within a struc-
ture, and the dislocation line data is stored in array of vertices.
Using this array of vertices, an atomistically informed dislo-
cation loop area can be calculated via the shoelace formula
[93]. Using this method, it was found that the circular loop
was a reasonable assumption for the loop area at least when
comparing the visible area enclosed by the dislocation loops
from the atomistic simulations.

When the atomistic displacements were compared to the
analytic displacements for varying loop radii, however, the
results appeared to be shifted by a multiplicative factor. Since
the displacement fields are directly proportional to the dislo-
cation loop area as formulated in Eq. (2.2), this indicated that
the relaxation of the structure reported a displacement field
corresponding to an effective area significantly different to the
one assumed or found by OVITO’s DXA.

This motivated a further study in finding a scaling law for
the effective area of the dislocation loop for a given loop
radius in a finite system. The effective area was found by
calculating a scaling factor ¢ between the analytic and atom-
istic displacements, in a fixed window of radial distance away

from the loop. The effective area was then ¢ x Apxa, for the
area Apxa calculated from dislocation analysis. A polynomial
scaling law, A(R) = AR + A,R?, was fitted to the effective
area data, as a function of the loop radius R. The largest
order term was assumed to be R* as the area is expected to
have dimensions of length squared. Additionally, a leading
constant term was not used, as we expect zero effective loop
area for zero magnitude in the radius of the loop. Figure 9
shows a comparison of the fitted scaling law for two different
system sizes, one with a simulation sphere with a radius of
L=200A and the other with a radius of L = 500A. As
the left panel in Fig. 9 shows, the linear term in R is more
significant for the smaller system size when compared to the
larger system size; as the simulation sphere becomes larger,
the quadratic term begins to become more significant and the
linear term decreases in significance. Analyzing the plots in a
window of radii, it can be seen that for the smaller system size
the effective area crosses the area calculated with DXA at a
smaller dislocation loop radius, when compared to the larger
system size, indicating that the effective area depends on the
total system size. Figure 10 supports our conclusion that as
the simulation size increases the behavior of the effective area
changes; as might be expected from the asymptotic analysis
of Sec. II, to obtain good predictions, the loop radius should
be significantly smaller than the overall system size in order
to obtain good agreement with the area calculated with DXA.

This analysis raises the question of whether the mismatch
in the expected area could be attributed to the finite size effects
in the simulation cell and discrete effects from the disloca-
tion core. Recent work in the field of elasticity theory for
crystal defects aims to improve such analytic predictions [57]
and performing a similar comparison as the one discussed in
this paper could demonstrate refinement in the multiplicative
shift, although the work needs to be expanded from point
defects to dislocation loops. To study the multiplicative shift,
further analyses were conducted to see if the effective area
was convergent as the simulation size increased, and to predict
what value it may be converging to. In order to quantify this
convergence, a slice through the data displayed in Fig. 10 was
studied for a fixed radius. In order to quantify the convergence
of the effective area, the data was fitted to a power law of the
form: A(L) = Ap(c0) + A;/L", where the parameters Ao (00),
Ay, and n were fitted to. This form was chosen because in
the infinite medium limit, we expect that the effective area
of the dislocation loop is independent of the system size in
such simulations, and is exactly Ay(co). For finite system
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loop sizes which are small relative to the overall system radius.

sizes, the second term is significant and therefore this is a
way to quantify the effect of the finite system size on the
effective area reported. Ap(00), A1, and n are all treated as free
parameters for the purpose of this fit.11

Figure 11 shows the convergence of the effective area for a
radius of R = 35 A. The plot shows that the effective area does
indeed seem to converge to some value of Ay(oco0) & 3706 A2,
at a rate of ~L ™3, demonstrating that for small system sizes
the finite size effect is very significant, and this effect becomes
less important as the data approaches the linear elastic regime
of an infinite medium. Additionally, the convergence exponent
of 3.36 is close to a value of 3, which Saint-Venant arguments
would predict for a dipole source. The fact this is not exact
suggests that there are fitting artifacts in the results, but a
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FIG. 10. Plot showing the effective area of a dislocation loop for
different system sizes (colored lines), along with the area calculated
from the vertices determined by OVITO’s dislocation analysis algo-
rithm (black line). As the system size increases, the effective area
tends to approach the calculated area.

study into the dataset shows that as the data is populated with
a wider range of system size radii L the convergence exponent
approaches a value of 3. Finally, if the value of Ag(co) is
compared to the area of a circle for a radius of R = 35A
one finds that relative error between Ag and the area of such
a circle is around 3.7%, indicating that in the linear elastic
regime dislocation loops can be considered circular within a
3.7% error margin. Following on from the asymptotic analysis
of Sec. II, the error is dependent on the relative size of the
dislocation loop with respect to the system size, and thus
increases for larger dislocation loops for a fixed system size
L, which can be seen qualitatively in Fig. 10.

V. CONCLUSION

In this paper, a model to represent the fields around dis-
location loops using the defect dipole representation was
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FIG. 11. Plot showing the effective area of the dislocation loop as
the simulation size increases, rescaled by the fitted parameter A (00).
The area converged asymptotically to the fitted parameter, A(00),
which was reported to be ~3706.4 A2 for a fixed dislocation loop
radius of 35 A.
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discussed. The continuum model can be applied generally
to any dislocation loop for any type of anisotropy due to its
dependence on an arbitrary elasticity tensor. The resulting
continuum prediction was then compared against atomistic
simulations using appropriate interatomic potentials, which
verified the comparable behavior of the displacement and
strain fields predicted around the dislocation loops at a qual-
itative and quantitative level. The anisotropy of the fields is
shown to agree between the analytic and atomistic results
qualitatively, and the magnitudes are shown to be within simi-
lar orders for distances at least twice the loop radii away from
the loop center. Additionally, an analysis into the behavior of
the dislocation loop area verified that in the infinite medium,
dislocation loops can indeed be considered circular within a
relative error margin of around 3.7%. Therefore, our results
confirm that as the atomistic simulations approached the far-
field regime, the continuum model correctly predicts the fields
around a dislocation loop within a percentage error, which
motivates the use of CLE to describe the interactions between
dislocation loops in W.

Further work could include a similar comparison of the
predicted fields around voids, another nanoscale defect found
in irradiated tungsten. It may be of interest to formulate an
elastic correction to the displacement prediction by impos-
ing different boundary conditions, such as Dirichlet fixed
boundary conditions at zero displacement, and comparing

the result against the atomistic results. Future plans include
the implementation of the Peach-Koehler force in order to
perform mesoscale simulations of interactions between dis-
location loops and voids due to radiation damage, in order to
provide meaningful predictions in the degradation of Tungsten
for long periods of time under such conditions, and to study
any patterning that may arise from such ensembles.
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