Supplemental material

Special case: Additive interaction

In the special case of additive interactions where the
Hilbert space factorizes fully into orthonormal single-
particle subspaces, further simplifications occur. If we
let {|b)} and {|c)} be orthonormal bases spanning sub-
systems B and C, respectively, then the many-body pro-
jector Py can be written as

P, = (JZ) Q3" ® 2V, (S1)

where the single-particle projectors onto B and C' are
Qs = Y IO, Qe =D lo.  (s2)
b c

This immediately yields a factorized expression for Sj(t)
in terms of single-particle overlaps, greatly simplifying the
evaluation of S(¢) to
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where in the last step the binomial theorem was used to
recover the known expression [1, 2|

N
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with £4, [14) the eigenenergy and eigenstate of the inter-
acting Hamiltonian of a single boson with the impurity.
In Fig. 1, we compare the truncated k-subspace ex-
pansion from Eq. S3 (up to k = 2) with the full so-
lution, following Eq. S4, for an isotropic and additive
interaction in a Rydberg s-state. The full absorption
spectrum (Fig. 1a)) exhibits a smooth broadening across
each resonance, reflecting the cumulative contribution of
all many-body states. In contrast, the truncated spec-
trum (Fig. 1b)) shows a breakdown of this continuity:
the attractive-polaron feature no longer smoothly con-
nects to the repulsive side, and the Gaussian-like envelope
near unitarity disappears entirely. Instead, only discrete
peaks associated with dimer and trimer molaron states
remain visible. This highlights that higher-order cluster
contributions—clearly present in the full calculation—are
absent when truncating the expansion at low k, and thus

a breakdown of this description at strong couplings. How-
ever, away from this region, the truncated description ex-
cellently captures the full absorption spectrum including
the line-shifts and broadening due to continuum scatter-
ing and spectral weight of the different absorption fea-
tures.

An intuitive derivation of S(t)

Our goal in this section is to derive an approximate ex-
pression for S(t) based on a hierarchical treatment of the
possible M-body bound states. The approach presented
here is less rigorous but provides a more intuitive under-
standing of the underlying structure. To do so, we begin
with the additive case where we can expand S(t) into two-
body states of the interacting and non-interacting system,
|v) and |0) respectively, yielding

S(t) = [Z {017) ] exp{i(wo — €,)t}
! (S5)
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Next we separate the two-particle states into bound states
|3) and continuum states |a), and neglect all correlations
between bound states, meaning (. s, )M = (>s sy) +

DN 54)M. This leads to
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Since the contribution of bound states is much smaller
than that of continuum states, we can set s, ~ s,, in the

limit of M << N,which results in

N
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Here the first term gives a molaron, with the bound states
|3) populated by M many bosons which gets dressed with
continuum distributions |a) of (N — M) bath particles.
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Figure 1: Absorption spectra for a Rydberg |50s) state as a function of the electron—atom scattering length as. (a)
Full calculation of the absorption A(w) using the Loschmidt echo in Eq. S4. (b) Effect of truncating the cluster
expansion in Eq. S3 at k = 2, showing how limiting the sum alters the spectral features, especially close to unitarity.

However, for a non-additive many-body system, the
occupation-dependent basis changes dynamically. Specif-
ically, the number of bound-state particles, M, directly
modifies the full basis. Therefore, for a non-additive po-
tential, we must compute the basis states independently
for each term in the sum over M,
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Here we also phenomenologically include that the con-
tinuum states depend on the underlying molecular state.
Assuming that all bound and continuum states are mutu-
ally orthogonal simplifies the symmetrization of the total
bosonic wavefunction and allows the above factorization;
however, this approximation underlies the entire deriva-
tion and is essential for the validity of the final expression.

Details for non-additive Hamiltonians

For calculating the polaron contribution with k£ = 0,
the continuum scattering states are obtained using H, g’a”
with the spherically symmetric electronic state
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This reflects the fact that the electronic orbital can freely
localize along whichever direction an incoming bath par-

ticle approaches. The bound states that arise in this po-
tential correspond to the & = 1 contribution. Once a
molecule forms, however, the electron localizes into an
¢ =1, m = 0 state, thereby imposing an anisotropic po-
tential for subsequent scattering of the remaining bath
particles—analogous to the effect of an external magnetic
field.

To solve for the k = 2 case, we start by solving Eq. 2
for two bath particles, which will give rise to two non-zero
Born-Oppenheimer potential energy surfaces. These sur-
faces lack a simple analytical form and must be computed
numerically to accurately determine the bare trimer en-
ergies. While such calculations are possible, our present
goal is to gain qualitative insight into non-additive effects
and these are not sensitive to the precise values of the
binding energies. Therefore, for simplicity, we approx-
imate the trimer interaction (following the approach of
[3]) by assuming that the radial and angular dependen-
cies of the BO potentials factorize. For the radial part,
we assume that the two bath particles do not influence
each other directly, so the radial dependence is identical
to that of the dimer case. The angular dependence is then
obtained by setting Ry = Ry = R and integrating out the
electronic degrees of freedom as a function of O, the rel-
ative angle between the two ground state atoms. Under
these assumptions, the two non-zero BO surfaces take the



form
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Vfo (R,0) = 2mag

For each bound-state <R1R2|\I/(k) ) p = UL (R, Ry) of
this Hamiltonian we then have to solve for the continuum
dressing. For this we calculate the spatial expectation
value for each molecular state which, due to the simple
single-well structure of each of the two potential surfaces
(as a function of ©), is always in the well center. Here the
corresponding state of the electron is a pure I = 1,m =0
state. Thus, each trimer state is attached to a electronic
localization in the same state as the dimer. This is a
outcome of all the simplifying approximations employed
in the trimer calculation, and is neither a universal feature
or necessary for the approach.

Using this we can then solve for the single particle
continuum state ¥53*"Y(R). As a next step we need
to evaluate the Loschmidt echo for the triatomic par-
tition, s2(t). Here one needs to be careful, as the
bound and continuum states are not mutually orthog-
onal (U7 (Ry, Ro) g™ " (R)va™ " (Ry)) # 0. This
leads to a total S(¢ = 0) > 1, indicating that the space
we constructed is overcomplete. To fix this, we orthog-
onalize the continuum states with respect to the bound
states. This first requires that we construct a set of sym-
metric two-boson continuum states 5" "Y= @Ry, Ry).

The symmetric two-body bosonic Contlnuum state, where
2 a,%

the particles occupy the single particle states 1 and
wéaﬁwb is
2,a,v,y=(a,b) /3 B 1
v (R1, Ry) = (S11)
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In a Gram-Schmidt process we then create the set of or-
thogonal states, {¥} = {\I/F,\IIQB,...,\illc,\iIQC, }7 where

all U¢ are linear combinations of 2 and ¢ as a result

of the orthogonalization. The n'® state is given as
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such that (WP (Ry, Ro)| 9§ (Ry, Ro)) = 0.

As these orthogonal states are now linear combinations
of eigenstates of the Hamiltonian, we calculate their en-
ergies following

B
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With this the Loschmidt echo takes the form
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Together, these steps provide a consistent definition of
s2(t) that incorporates both bound and continuum con-
tributions while avoiding overcounting due to the non-
orthogonality of the original states. Extension to the
k = 3 sector would follow similar lines, but with signifi-
cant added complexity stemming from the higher dimen-
sionality of the tetramer problem.

Magnetic fields

The Rydberg-boson two-body system in a magnetic
field B is described by the Hamiltonian

2
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Figure 2: Potential energy surfaces of a Rydberg p-state
and a ground state atom, split by a magnetic field.

with R the internuclear distance and 7 the electronic co-
ordinate. In the standard Born-Oppenheimer approach,
we first solve the electronic problem by treating the inter-
action with a ground-state atom as a perturbation on top
of a hydrogenic Rydberg state characterized by quantum
numbers n, [, and m:

(nlm| BL, — 2ma 6(F — R) [n'l'm’)
~ (nlm| BL, — 27a,6(F — R) |nlm’)

(S17)
unl(R) 2
R

=Bmom m + 2mas| ——=—=| Y, ()Y (Q).

The magnetic field term Bm lifts the degeneracy of the
magnetic sublevels, as illustrated in Fig. 2 for a p-state
Rydberg atom. In this regime, each electronic state is
energetically well separated from the others, allowing for
selective excitation without significant m-level mixing. In
what follows, we focus on the [ = 1, m = 0 state.

In order to find the eigenfunctions of the nuclear Hamil-
tonian we expand the vibrational wave function ¢ (R, §2)
into spherical harmonics as well,

xrm(R)
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By projecting out the LM- dependence of the Hamilto-

nian we arrive at a system of coupled radial equations
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Since the interaction term is block-diagonal in M, and we
assume a spherically symmetric initial state with M = 0,
we restrict our analysis to this symmetry sector and drop
the explicit M-dependence in what follows. Including the
parity of the spherical harmonics, the angular momenta
overlap in the interaction of Eq. S19 is only non-zero if
L,L’' are both even or both odd, which further reduces
the basis dimensions.

The dynamics of this full many-body problem is de-
scribed by the Loschmidt echo

5(t) = (Z | (wolths) | exp{—it(eo — 67>}> (520)

where [1)g) , €9 is lowest non-interacting eigenstate and its
energy, and [9,) , €, is a interacting state and its energy of
the interacting two-body system given by Eq. S19. In or-
der to solve this we need to calculate the overlap between
each of the eigenstates |y) and the spherically symmetric
non-interacting state

Xo(R)

I
The radial solution is given by xo(R) = sin[R7/Rpox]
with an appropriate normalization. Due to the orthogo-
nality of the spherical harmonics the overlap integral sim-
plifies to
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the £ = 0 component.

For this calculation we include all scattering channels
corresponding to even L up to Ly.x = 40 and expand
the radial wave function into a basis composed of 3000
radial B-splines distributed over a knot grid spanning
[300, 10°]ag with ag being the Bohr-radius. A diagonaliza-
tion of the coupled channel equations (S19) then yields the
interacting scattering states |1,), from which we include
around 1000 eigenstates in the summation in Eq. S20.



High densities

As the density is increased beyond aryq =~ p'/3 and
bosons accumulate inside the potential, the details of indi-
vidual states vanish and melt into a continuum of molaron
states with a Gaussian envelope. In Fig. 3 the devolution
of the absorption spectrum with increasing density for a
Rydberg impurity in a magnetic field are shown. With
increasing density, higher-order clusters (trimers and be-
yond) acquire increasing spectral weight. At the same
time, the density of molecular states increases, leading to
a reduced energy separation between individual features.
Once this spacing becomes comparable to the intrinsic
linewidth, the discrete peaks begin to overlap and merge
into broader spectral features. In this regime, the molecu-
lar structure appears progressively “washed out,” forming
a smooth, approximately Gaussian envelope centered near
the many-body shifted energy. This behavior is consis-
tent with previous studies [2, 4, 5] of long-range Rydberg
and ionic impurities, where increasing density enhances
the occupation of higher-order clusters and redistributes
spectral weight away from few-body states.

Remarkably, the universal feature arising at high den-
sity — characterized by zero quasiparticle weight — is not
specific to any particular quantum state but arises purely
from pressure broadening in the unitarity regime of finite-
range interactions in impurity systems. This universality
implies that the energy of the spectral feature depends
only on the bath density and boson species, indepen-
dent of the Rydberg electron’s quantum numbers. In the

mean-field picture, this energy can be expressed as:
Eygr = 27rasp/dr|unl (r)Yim (9, 0)° = 2masp.  (S23)

Since the Rydberg electron’s wave function is normalized,
the high-density spectral feature appears identical across
all Rydberg electronic states, highlighting its fundamen-
tal nature> This aligns perfectly with the findings for
Rydberg s-state impurities [1, 5, 6].
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Figure 3: Comparison of the absorption spectra of a Rydberg |n = 50,1 = 1,m = 0) state immersed into a BEC in
the order of increasing gas density ( (a) — (d)) in a strong magnetic field.
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