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We present a first joint extraction of the Collins-Soper kernel (CSK) combining experimental and lattice
QCD data in the context of an analysis of transverse-momentum-dependent distributions (TMDs). Based
on a neural-network parametrization, we perform a Bayesian reweighting of an existing fit of TMDs using
lattice data, as well as a joint TMD fit to lattice and experimental data. We consistently find that the
inclusion of lattice information shifts the central value of the CSK by approximately 10% and reduces its
uncertainty by 40%–50%, highlighting the potential of lattice inputs to improve TMD extractions.
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Introduction—This Letter presents the first effort to
incorporate lattice QCD data into a phenomenological
extraction of transverse-momentum-dependent distribu-
tions (TMDs), to better constrain the Collins-Soper kernel
(CSK). This shares the same idea as past combined
analyses of lattice and experimental data toward a better
understanding of the hadronic structure through the extrac-
tion of collinear distributions. These include analyses of
unpolarized, longitudinally polarized, and transversity
parton distribution functions (PDFs) [1–13], as well as
generalized parton distributions [14–16]. However, this is
the first time that a similar strategy is employed in the
context of a TMD extraction (see also Ref. [17] for a similar
effort in this direction). In this context, the CSK plays a
special role in that it encodes information on the QCD

vacuum rather than on the actual structure of hadrons. In
fact, there is no experimental observable directly sensitive
to the CSK, so lattice is the only source of direct
information. Improved determinations of the CSK are
important to further sharpen control and reduce model
dependence in TMD evolution, enhance the precision of
QCD predictions of multiple processes, and test the validity
of factorization in the nonperturbative regime.
Formally, the CSKK is the expectation value of a Wilson

loop running along the light-front directions and charac-
terized by a transverse displacement bT. When b≡ jbTj is
small enough, the CSK can be computed in perturbation
theory. As customary, radiative corrections introduce ultra-
violet divergences, which, upon renormalization, lead to
the introduction of the renormalization scale μ. The
dependence of K on μ is governed by the renormaliza-
tion-group equation

∂Kðb; μÞ
∂ ln μ

¼ −γK½αsðμÞ�; ð1Þ

where γK , also known as cusp anomalous dimension, is
computable in perturbation theory and is currently fully
known to four loops [18,19]. Introducing the scale
μb ¼ 2e−γE=b, where γE is the Euler-Mascheroni constant,
the solution to Eq. (1) reads

Kðb; μÞ ¼ Kðb; μbÞ −
Z

μ

μb

dμ0

μ0
γK½αsðμ0Þ�; ð2Þ

where Kðb; μbÞ is also known to four loops [18,19]. When
b grows, such that μb ≲ ΛQCD, nonperturbative effects
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dominate and Eq. (2) becomes unreliable. Nonperturbative
affects are accounted for by modifying Eq. (2) as follows:

Kðb; μÞ ¼ Kðb�; μb� Þ −
Z

μ

μb�

dμ0

μ0
γK½αsðμ0Þ� − gKðbÞ; ð3Þ

with μb� ¼ 2e−γE=b�. Here, b� ≡ b�ðbÞ behaves linearly
for small values of b (b� ∼ b) and saturates to some
bmax ≪ Λ−1

QCD for large b. The purpose of b� is to guarantee
that the first two terms on the rhs of Eq. (3) are evaluated in
the perturbative regime where αs ≪ 1. The role of the
functions gK is to encode nonperturbative effects that arise
from the large-b region. A typical parametrization is

gKðbÞ ¼ 2g22b
2; ð4Þ

with the parameter g2 to be determined from observables
sensitive to the CSK. We stress that g2 is not to be
interpreted as a physical quantity. Indeed, it depends on
the analysis setup, including the b� prescription. A dedi-
cated study of alternative b� choices is left for a future
publication. Other models for gK, with at most two free
parameters, have been used in recent TMD fits (see, e.g.,
Refs. [20–22]). However, in this context, we found no
evidence for the need of a more complicated functional
form. The purpose of this Letter is therefore to determine
the parameter g2 in Eq. (4) from a joint analysis of
experimental and lattice data.
Baseline TMD fit—A determination of g2 from exper-

imental data implies an extraction of TMDs. TMD analyses
have achieved a remarkable level of sophistication: they are
often based on broad, multiprocess datasets, achieve high
perturbative accuracy, and employ advanced methodologi-
cal frameworks (see, e.g., Refs. [20,23–31]). In this Letter,
we rely on the TMD extraction presented in Ref. [32]. In
that analysis, TMD parton distribution functions (PDFs)
were extracted from a comprehensive set of Drell-Yan data
using next-to-next-to-next-to-leading logarithmic accurate
predictions. The nonperturbative part of TMD PDFs, which
also involves g2, was parametrized through a neural net-
work (NN). The flexibility of the NN enabled a solid
estimate of the nonperturbative parameters and their
uncertainties. That analysis obtained

gbaseline2 ¼ 0.186� 0.033; ð5Þ

where central value and uncertainty correspond to average
and standard deviation, respectively, over the Monte Carlo
(MC) ensemble.
In this Letter, we will use the numerical framework and

the determination of Ref. [32] as a baseline to quantify the
impact on g2 of lattice data for the CSK in the context of a
TMD phenomenological extraction.
Lattice data—Over the last five years, several efforts

have been made to extract the CSK from lattice QCD

following the original proposals in Refs. [33–38] and
follow-up works in Refs. [39–42]. Exploratory calculations
based on quasi-TMD beam functions have been performed
in quenched [43] and dynamical [44,45] lattice QCD.
Analogous calculations based on quasi-TMD wave func-
tions [36,38] were also carried out [45–50]. Recent lattice
QCD calculations of the quark CSK using quasi-TMDs in
Coulomb gauge [51,52] have also shown promise for
significant reduction in statistical uncertainty. However,
at present there is only a single lattice QCD determination
of the CSK with full systematic control, including, for the
first time, the continuum a → 0 extrapolation [53,54].
The analysis described in this Letter is thus based on the

quark CSK from Refs. [53,54], which includes three
ensembles of gauge-field configurations with lattice spac-
ings a∈ fa1 ¼ 0.15; a2 ¼ 0.12; a3 ¼ 0.09g fm. These
data can be used at two levels of analysis: either extrapo-
lated to the continuum or at finite lattice spacing. The latter
level allows us to perform the extrapolation to the physical
point simultaneouslywith the extraction of g2. This gives us
direct control over the modeling of the b dependence of the
CSK required to carry out the extrapolation.
The CSK determinations in Ref. [54] used different

parametrizations of gK than the one employed here. For
reference, an analogous fit to the lattice QCD data of
Ref. [54] using the parametrization of Eq. (4) gives

glattice2 ¼ 0.152� 0.027: ð6Þ

Joint extraction of the CSK—In this section, we study the
impact on g2 of including the CSK lattice data of
Refs. [53,54] into the extraction of Ref. [32] following
two different strategies: reweighting and simultaneous fit.
Reweighting: The impact of incorporating new data

into an existing fit can be effectively estimated using the
Bayesian reweighting procedure [55]. This method consists
of assigning a weight to each of the N ¼ 250 MC replicas
of the fit of Ref. [32] according to its likelihood with
respect to lattice data, which, in turn, is estimated
through χ2.
We performed the reweighting both on the continuum-

extrapolated and on the finite-lattice-spacing data. In the
former approach, data for the CSK is provided as a set of
n ¼ 21 points fKj � σjg, j ¼ 1;…; n, corresponding to as
many values of b∈ fbjg. Since this dataset comes without
correlations between points, the χ2 of the α th replica, with
α ¼ 1;…; N is computed as

χ2α ¼
Xn
j¼1

�
Kj − KðαÞðbjÞ

σj

�2

; ð7Þ

where KðαÞðbjÞ is evaluated using Eq. (3) with g2 ¼ gðαÞ2

extracted from the α th MC replica. The weight to be
associated with this replica is [55]
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wα ¼ N ðχ2αÞn=2−1e−χ2α=2; ð8Þ

where N normalizes the weights so that
P

α wα ¼ N.
Weighted average and variance of g2 over the MC ensemble
are then computed, respectively, as

hg2i ¼
XN
α¼1

wαg
ðαÞ
2 ; σ2g2 ¼

XN
α¼1

wαðgðαÞ2 − hg2iÞ2: ð9Þ

The result is

grew-cont2 ≡ hg2i � σg2 ¼ 0.164� 0.020: ð10Þ

The associated number of effective replicas [55],
Neff ≃ 150, indicates that the reweighting was successful.
Indeed, Neff is significantly lower than N but still large
enough to produce a statistically sound ensemble after
reweighting. Comparing the purely phenomenological
determination in Eq. (5) with the lattice-reweighted one
in Eq. (10), we observe a shift in central value of around
10% and a reduction in uncertainty of 40%.
Next, we consider the finite-lattice-spacing dataset. This

is subdivided into three subsets corresponding to the lattice
spacings discussed above and counting n1 ¼ 6, n2 ¼ 7, and
n3 ¼ 8 points. Each subset fKjig, with i ¼ 1, 2, 3 and
ji ¼ 1;…; ni, comes with its own covariance matrix Σi
estimated in the lattice analysis of Ref. [54]. Therefore, the
χ2 of the α th replica is evaluated as

χ2α ¼
X3
i¼1

Xni
ji;li¼1

�
Kji − K̄ðαÞðbjiÞ

�

×ðΣ−1
i Þji;li

�
Kli − K̄ðαÞðbliÞ

�
; ð11Þ

and the corresponding weight is computed as in Eq. (8).
However, each prediction for the CSK K̄ must now
correspond to the appropriate lattice spacing a. This is
done by replacing gK in Eq. (3) with

gKðbÞ ¼ 2g22b
2 − k1

a
b
− k2

a2

b2
: ð12Þ

Since the parameters k1 and k2 were not available from the
fit of Ref. [32], we generated a MC ensemble for each
of them using as priors the values obtained in Ref. [54]:
k1 ¼ 0.22� 0.08 and k2 ¼ 0� 0.1 [56]. To consistently
include these parameters in the reweighting, we first
sampled 104 replicas of g2 uniformly from the original
MC ensemble allowing for repetitions. Then we generated a
pair ðk1; k2Þ for each replica according to k1 ∼
normalð0.22; 0.08Þ and k2 ∼ normalð0; 0.1Þ, thus obtaining
104 replicas of the triplet ðg2; k1; k2Þ.

After reweighting, we find

grew-fin2 ¼ 0.165� 0.020: ð13Þ

The reweighted value of g2 is in perfect agreement, both in
terms of central value and uncertainty, with Eq. (10). We
also find that the reweighted values of k1 and k2 agree with
their respective priors. This proves the consistency of
performing the reweighting using continuum-extrapolated
and finite-lattice-spacing lattice data, providing further
evidence of the impact of these data on the CSK. For
definiteness, we will take the value in Eq. (13) as our best
estimate of g2 by reweighting.
Simultaneous fit: Following the promising outcome of

the reweighting analysis, we explore for the first time the
impact of CSK lattice data in a TMD fit. Specifically, we
performed a fit using the exact same setup of Ref. [32], but
including the three sets of finite-lattice-spacing data for the
CSK of Refs. [53,54]. Accordingly, predictions are com-
puted using Eq. (3) with gK given in Eq. (12). We treat these
sets by accounting for correlations as encoded in the
covariance matrices Σi. In total, we included 503 points
in the fit: 482 Drell-Yan (DY) experimental points and 21
lattice points. Power corrections of order M2=Q2, q2T=Q

2,
and kT=Q are not included in this analysis, to remain
consistent with the baseline fit. However, these corrections
are expected to be negligible in the kinematic region
covered by the included DY datasets. In the fit, we used
a training-validation split of 50%-50% for experimental
data. However, due to its limited amount, lattice data are
fully included in the training set.
In Table I, we compare the quality of the baseline fit of

Ref. [32] with the reweighted results and the combined fit
of experimental and lattice data. For each data subset (fixed
target, RHIC, Tevatron, LHCb, CMS, ATLAS, and lattice),
we list the number of points included in the fit (Ndat) and
the χ2 averaged over the MC ensemble hχ2i [58].

TABLE I. Values of the hχ2i’s for each data subset, along with
the respective numbers of points Ndat, obtained with baseline fit
in Ref. [32], reweighting, and simultaneous fit. The hχ2i’s of
lattice data obtained using the baseline fit, which does not include
these data, are shown in bold.

hχ2i
Experiment Ndat Baseline Reweighting Fit

Fixed target 233 239.67 234.09 242.29
RHIC 7 7.06 7.11 7.62
Tevatron 71 61.33 59.91 65.31
LHCb 21 22.94 21.88 22.77
CMS 78 30.74 29.85 29.48
ATLAS 72 95.35 95.60 95.71
Lattice a1 6 31.13 11.5 12.56
Lattice a2 7 6.30 4.67 1.77
Lattice a3 8 8.50 3.88 6.01
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We observe that the average hχ2i values for the DY data
are stable across the three configurations. This indicates
that there is no tension between experimental and lattice
data in that the inclusion of the latter does not cause any
deterioration in the description of the former.
It may be argued that the reduced number of lattice

points can hardly affect the description of the much more
abundant experimental dataset. Although this is true, the
marked improvement in the description of lattice data upon
inclusion in the fit (or by reweighting) demonstrates their
constraining power.
The value of g2 obtained from the simultaneous fit is

gfit2 ¼ 0.167� 0.015: ð14Þ

This result is in very good agreement with the value
obtained through reweighting in Eq. (13), both in terms
of central value and uncertainty. A quantitative comparison
is given in Fig. 1, where the distributions of g2 over the
respective MC ensembles for baseline fit, reweighting, and
simultaneous fit are compared. This plot shows the con-
sistency of reweighting and simultaneous-fit determina-
tions, with the latter having a slightly smaller uncertainty.
Moreover, shift and uncertainty reduction on g2 caused by
the inclusion of lattice data are evident when comparing
reweighting and simultaneous-fit determinations to the
baseline one. We note that the parameter gfit2 exhibits only
weak correlations with the NN parameters. Therefore, the
impact of the combined fit on the intrinsic part of TMDs is
negligible.
Figure 2 displays the CSK computed as in Eq. (3) with

gK given in Eq. (4), as a function of b at the scale
μ ¼ 2 GeV. Curves corresponding to baseline fit, reweight-
ing, and simultaneous fit are shown, along with the
continuum-extrapolated lattice data shown as black points.

This plot confirms the consistency of reweighting and
simultaneous fit, as well as the significant impact of lattice
data on the CSK. This is made particularly clear by the
bottom inset of Fig. 2, where the ratio to the baseline
predictions at large values of b is shown. Indeed, the CSK
in this region is maximally sensitive to the nonperturbative
parameter g2, while the small-b region is mostly determined
by the perturbative components.
We conclude this section by noting that, although lattice

data for the CSK have a strong impact on g2 when included
in a TMD determination, the resulting TMD PDFs remain
very stable.
Conclusion—We presented the first successful joint

extraction of the nonperturbative Collins-Soper kernel by
combining experimental Drell-Yan data with lattice QCD
calculations in the context of a TMD analysis based on a
neural-network parametrization. The inclusion of lattice
data consistently shifts the central value of the parameter g2,
which governs the behavior of the CSK in the nonpertur-
bative region, by approximately 10% and reduces its
uncertainty by 50%, leading to a significantly more precise
determination. Two independent methodologies—
Bayesian reweighting of an existing fit and a simultaneous
fit—yield remarkably consistent results, demonstrating the
robustness of the approach. The analysis finds no tension
between experimental and lattice data, and the description
of the Drell-Yan data remains stable. This Letter highlights
the significant potential of lattice QCD inputs to substan-
tially improve precision in the extraction of transverse-
momentum-dependent distributions. While the present
analysis is restricted to Drell-Yan measurements, the
inclusion of data for semi-inclusive deep inelastic scattering

FIG. 1. MC replica distribution of g2 from the baseline fit (red),
after reweighting (green), and from the simultaneous fit (blue).
The points above the distributions display the respective central
values and 1σ uncertainties.

FIG. 2. The CSK as a function of b at μ ¼ 2 GeV as obtained
from the baseline fit of Ref. [32] (red band), from reweighting
(green band), and from the simultaneous fit of experimental and
lattice data (blue band). Bands correspond to 1σ uncertainties.
Data points correspond to the extraction of Ref. [54]. The bottom
inset shows the ratio to the baseline predictions at large values
of b.

PHYSICAL REVIEW LETTERS 136, 171902 (2026)

171902-4



is the natural next step and will be presented in a future
publication.
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