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We introduce frustration-free control, a measurement-feedback framework for quantum state preparation

that extends frustration-free Hamiltonians to monitored stochastic dynamics. The protocol drives many-

body systems into highly entangled target states, common dark states of all measurement projectors,

through minimal local unitary corrections that realize an absorbing-state dynamics without postselection.

We show that relaxation to the target state is governed by emergent transport of nonlocal charges, such as

singlet excitations in SU(2)-symmetric dynamics. While measurement feedback annihilates compatible

charge configurations, both measurement and scrambling unitaries induce charge transport and thus

determine the convergence time. Mapping a baseline model of SU(N) SWAP measurements with local

corrections to a solvable absorbing random walk yields a run-time scaling ¢ ~ L* with transport exponent

z = 2. Simulations of Motzkin and Fredkin chains reveal subdiffusive scaling z > %, confirming absorbing-

state transport as a general organizing principle for deterministic entangled-state preparation and transport

diagnostics in monitored quantum dynamics.

DOI: 10.1103/zp25-ppgk

Introduction—Engineering resourceful quantum many-
body states is central to quantum information and quantum
simulation. While Hamiltonian or unitary gate-based sequen-
ces remain a key paradigm [1-3], measurement-based
protocols with feedback offer robust alternatives [4—10].
Mid-circuit measurements on modern platforms [11-13]
enable measurement-induced dynamics [14—18], including
measurement-induced entanglement or control transitions
[19-29]. Feedback schemes targeting dark or absorbing
states [30-35] achieve deterministic control by enforcing
local constraints that render the desired state globally
attractive.

Here we introduce frustration-free control, an absorbing-
state-inspired protocol that prepares multipartite-entangled
ground states of frustration-free Hamiltonians, and show its
run-time is set by transport of local constraint violations.
Limitations from decoherence and imperfect measurement-
feedback are discussed below. It uses local projectors
whose common kernel defines a target manifold of
entangled dark states, and steers the system toward it via
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projective measurements with outcome-conditioned local
unitaries. The dark state reached from an initial state is
dictated by the distribution of conserved charges in that
state; in the SU(2)-symmetric setting studied here this
yields Dicke states, while other frustration-free targets can
be prepared analogously. Crucially, the protocol realizes an
absorbing-state mechanism on single trajectories without
postselection.

We uncover the physical mechanism underlying con-
vergence: local measurement and feedback generate global
entanglement via an emergent absorbing-state dynamics in
which nonlocal excitations (e.g., singlet pairs) diffuse and
annihilate. This transport picture establishes the scaling of
convergence times and provides a framework to optimize
and generalize frustration-free control. More generally,
when measurement and feedback enforce local frus-
tration-free constraints, absorbing-state transport of con-
straint violations controls convergence and guides protocol
optimization.

Frustration-free control—Consider a quantum system
with L degrees of freedom and a set of local projectors
{P,},i . satisfying P2 = P,, such that their common

kernel defines a many-body dark state manifold {|yp)} via
Pa|l//D> =0 Voa. (1)
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FIG. 1. Frustration-free control and absorbing random walks.
(a) Schematic circuit driving a spin chain into the entangled
ground state manifold of the Heisenberg ferromagnet. Local
measurements (red) compatible with the target leave the state
unchanged, while incompatible outcomes trigger unitary correc-
tions (blue) steering towards the absorbing target. Scrambling
unitaries (green) preserve the target and accelerate convergence.
(b) SU(2)-symmetric measurement and scrambling unitaries
induce Brownian motion of singlet endpoints, here labeled as
£(1),£(t) + r(r). Feedback annihilates short singlets of length
r(t) = 1. The diffusion-annihilation dynamics map to an absorb-
ing random walk, displayed for two possible realizations (red,
yellow) in the lower panel governed by the transport exponent z.

Consider a circuit where projectors P, are measured in a
random spatiotemporal pattern [36] and feedback unitaries
V, are applied, conditioned on the outcome. If the
measurement yields 0, the state is locally compatible with
the target; if it yields 1, a local unitary V, is applied,
satisfying [Va, IA’a] + 0, to rotate the state toward the kernel
of P,; see Fig. 1. In addition, one can interleave uncon-
ditioned scrambling unitaries Ua that preserve the target
manifold U, |y p) = [wp), while redistributing local exci-
tations and accelerating relaxation.

When all projectors commute, measurements are inde-
pendent and target a product state, reachable in O(L)
parallel operations. In contrast, noncommuting projectors
[ﬁa, Par] # 0 generate interference between measurements
and feedback, turning control into a genuine many-body
process that builds entanglement. This motivates the term
frustration-free control, analogous to frustration-free
Hamiltonians & = 3", P, whose ground state minimizes
competing local terms.

For noncommuting measurements, deviations from the
target state appear as nonlocal excitations, such as singlets
with well-defined end points [Fig. 1(b)]. Measurements and
scrambling unitaries move these end points, while feedback
annihilates adjacent pairs, leading to dynamics that map
onto an absorbing random walk with relaxation time set by
the transport exponent z. This mechanism, derived ana-
lytically for SU(N)-symmetric SWAP measurements and
verified numerically for Motzkin and Fredkin chains [37],
provides a unifying description of convergence under
feedback. As a concrete realization, we consider a
spin-; chain with SU(2)-symmetric measurements and
SU(2)-symmetry-breaking feedback—previously studied

numerically in Ref. [38]—which admits an exact solution
via mapping to a random walker with an absorbing
impurity. Extending this construction to include scrambling
unitaries, arbitrary measurement geometries, imperfections,
and SU(N) symmetry yields a complete analytical frame-
work for frustration-free control governed solely by
transport.

Quantum master equation and order parameter—The
measurement-feedback  protocol without scrambling
defines a local quantum channel with trace-preserving
Kraus maps:

,5—> Z f((x,aﬁi{l,o‘; ka,() =1 _Pav i(a,l = ‘A/ai)a' (2)
c=0,1

Let projectors P, be measured with probability 1 — ¢~7«' in
a time interval 7. Taking the continuous-time limit ¢t — dt
and averaging over the stochastic application of measure-
ment and feedback yields a Lindblad-type quantum master
equation:

op = Z Z Ya (ka.oﬁf{;v -

a o0=0,1

N =
—
=
<
E)
=
R
2
>
H—/
SN—
I
8

Each |y,) is annihilated by all K, and left invariant by
IA(O,,O. Hence, the protocol drives the system toward the
dark-state manifold {|yp)}, which forms a stationary
manifold of Eq. (3).

A useful metric to quantify the distance from the target
state is the mean projector expectation value, E((P,))=
(1/L)S,(P,), with (P,) =tr(pP,). By construction,
(P,) >0 for any physical state p, and (P,) = 0 if and
only if P,p=0. Thus, E((P,)) =0 characterizes the
global target state, while (P,) serves as a local order
parameter measuring the local deviation from the target.
These local observables obey a closed evolution equation,
derived from the master equation (3)

The double commutator in Eq. (4) corresponds to dynamics
without feedback (f/a = 1). It induces measurement-
induced dephasing, typically driving (f’/;> toward its value
in the maximally mixed state. In contrast, the first term
captures the effect of feedback and is responsible for
steering the system toward the target state. This control
is effective when the unitaries V,, act off diagonally with
respect to the projectors, such that ﬁﬂVﬂf’ﬂ =/(1- ﬂ)f’ﬂ
with 4 > 0. In this case, feedback induces a decay of (P;)
with a rate proportional to ygd.
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Spin-% with SU(2) symmetry—To illustrate the feedback-
control scheme introduced above, we consider a one-
dimensional chain of L spin—% degrees of freedom subject
to SU(2)-symmetric measurements and SU(2)-symmetry-
breaking feedback. Specifically, the measurements project
onto eigenstates of the SWAP operator S, ,, which
exchanges the quantum states of spins # and m. Since
Sém =T, its eigenvalues are £1, with the antisymmetric
eigenvalue —1 corresponding to the maximally entangled
singlet state s, ,,) = \/% (114) = [{1))z - Using the Pauli

vector 6, = (6%, 0, 65) for spin ¢, the projector onto the
singlet sector is Py, =3(1-8,,)=11-5,-5,).
Each SWAP measurement conserves all total spin compo-

nents St = %Zf oY for v = x, y, z, and the total angular
momentum  J° = S (8% = ;{L(L +2) =D sim IA’,ﬂm,
which quantifies the total number of singlets in the system.

The target manifold is defined by P, ,,|yp) = 0 for all
¢, m. It contains no singlets and exhibits maximal total spin
J = L/2,implying that each bond ﬁ’ffﬂ = 0 is symmetric.
This subspace hosts L + 1 fully symmetric Dicke states—the
ground states of the frustration-free ferromagnetic
Heisenberg model. For any fixed Si,, the corresponding
Dicke state is unique. Since the protocol conserves Sy, it
converges within the initial Sg; sector to the corresponding
Dicke state; here we present St = 0 [39]. The initial S},
fixes the target Dicke state and only changes nonuniversal
prefactors (via the initial defect density), not the asymptotic
runtime scaling with L.

To reach the target state, we implement frustration-free
control using nearest-neighbor measurements ISK,;H along
with corresponding local corrections f/ffﬂ. These uni-
taries are required to (i) act strictly locally on spins £ and
¢ 4+ 1, making use of the measurement outcome, and
(i) break the SU(2) symmetry, i.e., [Py i1, Vi) #0,
in order to rotate the system toward the target state. Single-
spin Pauli rotations generated by ¢, and 67 | satisfy both
requirements: they act locally and break SU(2) symmetry
[40]. To preserve S;,;, we choose, without loss of generality,
the feedback unitary f/ffﬂ =05

Absorbing random walk—In the absence of feedback,
the singlet projectors f’f,m are conserved under SU(2)-
symmetric dynamics. They represent nonlocal excitations
—entangled Bell pairs—anchored between sites £ and m.
Their evolution follows Eq. (4) with a = (£, + 1), =
(n,m). The double commutator yields

Z<[ﬁf,f+l’ [Pn,m’Pf,f+l]]>
4

1 R .
- EZD"*K<P"{””> + <PVlf>Df.m’
3

with Dy o0 = 84 0111 + 6¢.p—1 — 204 the lattice Laplacian.
In the absence of control, SU(2) is intact and the expect-
ation value <Pn,m> evolves diffusively, with both endpoints

of the singlet executing Brownian motion. The symmetry
enforces conservation of the total singlet number and
constrains the dynamics to local, diffusive rearrangements
of singlet endpoints.

Control explicitly breaks the SU(2) symmetry, opening a
decay channel for singlets with minimal spatial extent,

Z<Pt’,f+l[‘>f,t’+lvpn,m]v;,f+lpf,f+l> = _j'<pn.m>5n,mila
3

where 1 =1~ [{sps1|Vspirlssri1)|? determines the
decay [4 =1 for ‘A/MH = o0y]. This describes an annihi-
lation process for singlets with end points on adjacent sites,
which are rotated into the symmetric subspace.

To close the equations, we exploit translation invariance
and label singlets by center-of-mass s =3 (¢ + m) and
relative distance r = |¢ — m| mod (L/2). The total weight
of singlets of length r, P, =Y ,(P,,..), evolves as
(discrete Laplacian D)

at,Pr = (Dp)r - 25r,17)r’ (5)

where we set y, = 1. This describes a one-dimensional,
classical random walk of the relative coordinate, with an
absorbing impurity located at r = 1. Hence, the total singlet
weight >, P, decays diffusively, with a global relaxation
timescale that scales as L%, with the dynamical expo-
nent 7 = 2.

We numerically simulate the full quantum evolution of
the mean E((P,)) and the variance var((P,))=
(1/32,) 22, (Wl 22p(Ps —E((Py)))/Llw)*  for system
sizes up to L = 24, shown in Figs. 2(a) and 2(b). After
a short nonuniversal transient [t = O(1)], the mean exhib-
its hydrodynamic scaling E((P,)) ~ ~'/%, followed by an
exponential finite-size cutoff ~e~/%" at t ~ L?, consistent
with the absorbing random-walk picture at matching L. The
variance, taken over all simulated trajectories |w) and not
captured by the linear quantum master equation in Eq. (3),
shows pronounced fluctuations at the onset of the hydro-
dynamic regime, saturates to a system-size—independent
plateau, and then decays exponentially on the same
characteristic timescale ¢ ~ L7 as E((P,)), indicating the
absence of strong trajectory fluctuations.

Effect of unitary scrambling—We now consider the
impact of additional, unconditioned scrambling unitaries
U,, applied randomly in space and time with uniform rate
yk. The gates are chosen from the set of SU(2)-symmetric
unitaries of the form U, = exp(ipS, ) = cos(p) +
isin(¢)S; .1 [41], and averaging each update step p —
U ,f[)lAJ; uniformly over ¢@€0,2z] yields p— p—
Y1Ssr41.[Se.p+1.2]). With this process acting uniformly
in space, the singlet dynamics in Eq. (5) is modified by a
renormalization of the diffusion constant, D — (1 +«)D,
i.e., scrambling enhances Brownian motion. Tuning «
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FIG. 2. Frustration-free control of the Heisenberg chain. (a) Ex-
act simulations of the measurement-feedback protocol show a
hydrodynamic regime with E((P;,,,)) ~¢~'/% and an asymp-
totic exponential decay ~ exp(—t/L?) for system sizes L < 24,
averaged over 10° trajectories (103 for L = 24). The yellow line
is a single run of P; in Eq. (5) for L = 24, the same initial state
and no free parameters. (b) The variance of the order parameter
exhibits strong fluctuations at the onset of the hydrodynamic
regime [t ~ O(L)], plateaus during hydrodynamic evolution and
is exponentially cutoff at r~ L® (gray region); colors denote
system size L as in (a). (c),(d) Scaling exponents u(L) of the
cutoff time ¢ ~ L*(1) as functions of system size and long-range
exponent A for absorbing random walks in one (c) and two (d)
dimensions, obtained from solving Eq. (6). Inset: total decay rate
as a function of A.

rescales the eigenvalues of the effective diffusion operator
(1 +«)D, accelerating convergence. For example, local
scrambling at rate x ~ L* shifts the bare L2 level spacing
of D to L%? for kD, reducing relaxation times to
t ~max (L>=* 1). PFast scrambling hence removes the
diffusion bottleneck and turns a diffusion-limited absorbing
process into annihilation limited.

Generalization to arbitrary geometries and SU(N)—
The control scheme naturally extends to different lattice
geometries of the spins. Consider L? spins in d dimensions
at positions 7,;716 RY, with P— = (1 =8~ ) pro-

AT £ in

1

m

jecting onto the antisymmetric state. Measuring i’7 and

applying local, magnetization-preserving feedback uni-
taries on one spin of each measured pair drives the system

toward the fully symmetric subspace 13? _|w) =0, inde-
mn

pendent of geometry and the measurement sequence. The
SU(2) symmetry of the measurements, conserving the total
spin and magnetization, remains intact. While this leaves
the target state unchanged, the approach to it—i.e., the
dynamical efficiency of the protocol—depends on the
geometry and measurement sequence.

We consider a translationally invariant setup where pairs

(7, 7+ 7) are measured with rate y|7. Since the projector
algebra of SU(2) SWAPs is independent of geometry, the
previous analysis applies. Defining the “diffusion kernel”
D;,; =773, the total weight of singlets of distance 7
follows (cf. [42])

0,P; = Z (Dm - 27/\7\575) Ps = —Zﬁmp?- (6)

5£0 5#£0

Probability conservation requires ) z, D:5 =0 for all 7,
ie., Z;#O Y|7 = —Yo- We normalize the total rate such that
Yo = 1, which implies an extensive number of L4dt
measurements per time step dt. The asymptotic decay of
the total weight is governed by the lowest eigenvalue 7 > 0
of the operator H, i.e., Y ; Pz ~ exp(—1t).

We consider an algebraic decay of measurement rates,
yis =TalF|™® for |F| >0, with the range exponent A
interpolating between nearest-neighbor (A — o0) and all-
to-all (A — 0) measurements and I', > 0 fixing the nor-
malization for any finite L < co. Our goal is to determine
the scaling of the decay rate 7(A, L) = A(A)L ™) with the
total number of spins L¢. The limiting case A — 0 is exactly
solvable [42], yielding 7 = 2L~¢ and u(A — 0) = d.

We analyze square lattices in d = 1 [Fig. 2(c)],and d = 2
[Fig. 2(d)]. For each A, we numerically extract the smallest
eigenvalue 7(A, L) of H, and compute the exponent u(A) via
the OO function u(A)= {log[z(A,2L)]—log[z(A,L)]/
log(2)}. For d = 1, a sharp transition at a critical decay
exponent A, =~ 2.1 separates the infinite-range regime
(u = 1) from the short-range diffusive regime (¢ = 2). In
d =2, u displays a narrow range u € [2,2.3] and crossing
points at 4 = d, such that the relaxation is governed by the
infinite-range scaling.

For spin-(N — 1)/2 states, the algebra of SWAPs S, =
> g1 lap)(pal, ,, is independent of N. Hence, the control

scheme readily generalizes to SU(N): the SWAP projector
dynamics, Eq. (6) and all subsequent analysis apply equally
to general N. We stress that for N > 2, the symmetric
subspace, i.e., the control target space, is strictly larger than
the subspace of maximal total angular momentum [42].
Fredkin and Motzkin chains—We illustrate frustration-
free control in kinetically constrained models, namely the
Fredkin and Motzkin chains [43]. Both are frustration-free
spin systems with ground-state manifolds exhibiting multi-
partite entanglement. Although their excitation sectors are
not separated by a non-Abelian symmetry, they are par-
ticularly interesting because (i) their excitations, nonlocal
charge configurations represented by Motzkin words, are
balanced spin configurations with two well-defined end
points, and (ii) their transport dynamics is subdiffusive,
characterized by a dynamical exponent z > 8 [44,45].
Frustration-free control is implemented as above: we
measure local projectors Qf and apply feedback operations
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FIG. 3. Anomalous transport in frustration-free control. Meas-
urement-feedback dynamics for (a),(b) the spin-% Fredkin and (¢),
(d) spin-1 Motzkin chains exhibit an intermediate regime
E((Q,)) ~ 1'% followed by exponential decay E((Q,))~
exp(—t/L%), signaling subdiffusive transport with z > 2. For
the Motzkin chain, data up to L < 14 yield z = 3.6. The Fredkin
chain shows a hydrodynamic regime E((P,)) ~ =% with 7 = §
crossing over to an asymptotic decay consistent with z 2 3.3 [46].

steering the system toward the target state |y) with
O/|lw) = 0. For the Fredkin dynamics, we consider a
spin—% chain  with Qf =F,= (1- o-fp_l)f’ﬁﬂl—l—
Isf_lf(l +07,,), where f’ffﬂ projects onto the singlet
state of the two spins. For the Motzkin chain, we consider L
spin-1 degrees of freedom and Q,=M,=|U)(U|, .1+
ID)(Dls.p1+1F){Flzpprs with [U)g o =(]10)=|01))/
V2, D)y = (140) = [01))/V2,and |F), oy = (I1)-
|00))/+/2. Upon positive measurement outcomes, local
feedback is applied as V, = exp[i(z/2)Z,], enforcing
conservation of Si,. For the Motzkin chain the absorbing
state is unique within a fixed Sf, sector. For the Fredkin
chain this holds for S%, # 0, whereas for Si,; =0 the
absorbing manifold is twofold degenerate. The precise
target state is then fixed by the initial overlap; here we
choose a Néel initial state.

Numerical simulations of the order parameter E((Q,))
and its variance for both the Motzkin and Fredkin chains
reveal a scaling collapse consistent with an absorbing
random walk; see Fig. 3. As in the SWAP case, we identify
an intermediate transport regime O(L) < t < L%, where
E((Q,)) ~t~/%, followed by an exponential cutoff
E((Q,)) ~ exp(—tL~%). The Fredkin chain exhibits trans-
port consistent with z = % at intermediate times, while the
scaling collapse of the exponential tail suggests
7~3.3-3.5, indicating a strong suppression of transport
at long times. For the Motzkin chain, we find consistently
large exponents, z ~ 3.6. While previous studies [44,46]

reported z =§ for the lowest-lying excitation of the

Hamiltonian A = 3", O, values z > 3 have been observed
for higher excitations [46], which appear to govern the
relaxation dynamics relevant for feedback control.

Imperfect control—Realistic settings are subject to
imperfections such as noise or measurement errors.
Detrimental noise channels, such as, e.g., single-qubit
relaxation ~T7! and dephasing ~T5', do not commute
with the measurement projectors and therefore interfere
with the absorbing-state condition. To understand their
effect we consider an elementary phenomenological model
of reversible defect dynamics within the absorbing random
walk framework: let random defects occur with rate n and
create (annihilate) a singlet of length |7| with combinatorial
probability 2/L (4P;). This modifies Eq. (6):

0Py =2n— Z (ﬁ 75+ 477575) Ps. (7)

The stationary state is set by a balance between decay and
noise. It is maximally mixed P; =1 if » > H, while it
scales as P; ~ nL* for n << H and hence is governed by the
dynamical exponent z. This is confirmed by exact numeri-
cal simulations of imperfect measurements, see Ref. [42],
and allows probing z under realistic imperfections. Thus,
high fidelity at size L requires n < L7%, equivalently
L <Ly~n'/x

Outlook—Frustration-free control prepares entangled
states through measurement-feedback-driven annihilation
of nonlocal charges. The dynamics is governed by charge
transport, characterized by a global dynamical exponent z
that sets the run-time and efficiency. On digital platforms,
the SWAP measurement is realized via the SWAP test [47],
compiled into two-qubit gates and one Toffoli gate; over-
head is readout and feedforward latency [48]. Thus, the
total physical runtime is the number of control cycles ¢ ~ L*
multiplied by a platform-dependent constant per-cycle
duration (compiled joint measurement, readout, and condi-
tional unitary), i.e., an overall prefactor not affecting the L*
scaling. Remarkably, scrambling unitaries preserving the
target manifold do not hinder but instead accelerate con-
vergence, and they typically require fewer resources per
cycle than the compiled joint measurements; thus the
dominant hardware overhead and error budget is set by
the measurements.

Our framework is not restricted to frustration-free
Hamiltonians: it applies whenever the target state or
manifold is specified by locally checkable constraints that
can be monitored and corrected by local updates, so that
violations behave as mobile defects that are transported and
annihilated (e.g., enforcing local Gauss-law constraints in
lattice-gauge-theory  simulators). For frustration-free
ground-state targets, a standard coherent competitor is
adiabatic preparation, whose sufficient conditions bound
the runtime in terms of the inverse minimum many-body
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gap along the path, typically scaling at least as ~1/A2.
[54]. For the ferromagnetic Heisenberg chain, the lowest
magnon gap scales as A, (L) ~ 1 —cos(z/L) o L=2 [55],
which implies the corresponding adiabatic scaling estimate
~L*, whereas our protocol converges in ~L? control
cycles, assuming only local operations. A complementary
measurement-based scheme yields polylog depth by
exploiting global observables together with a polylog
number of ancillas in a single shot [56]; in contrast, our
strictly local protocol can recycle ancillas across repeated
local checks.
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End Matter

Absorbing random walk derivation—For projectors
P, = 1(1 = 8,,,) defined via the spin-j SWAP operator
St = DaplaP){pals,,, the double  commutator
[Pyys [Ppms Pyy)] vanishes if either {£,m} = {s,n} or
all indices are distinct. It is nontrivial only when one
index pair coincides and the other does not. Using
S?.m =1, Sf,msf,n‘sf,m = Sm.n’ and [Pf,m’ [Pf.m’ Pf,n“ =
—%[Sﬂm, [S¢ms Sz, one finds,

A

_Pm,n)'

(A1)

[Pb’,m’ [Pz,’,mvi)f,n“ = - Sm,n) -

(an

NI*—*

1
_Z (Sf,n

This result is independent of the spatial dimension d and
spin j. Introducing the relative coordinate r = mod (m —
¢,L/2) and the center of mass (c.m.) coordinate s =
(¢ +m)/2 via P,,, = Ps—r/Z,s+r/2 = P,, and collecting
all nonvanishing terms in Eq. (4) of the main text, one
obtains

Py =3 S0 (<2Pr2 =50 = b,

+ Ps—r’,r-&-r’ + }A)s,r—r’ + Ps.r+r’ + i)s—}—r’,r—r’)
- A(ylr\ﬁs,r + 7\—r\f)s+r,—r>' (Az)

Summing both sides over s and introducing P, =
S (P, ,), the center of mass coordinate s is eliminated

due to translational invariance. This yields the equation

a173}" = ZY\ﬂ(PrJrr’ + Pr—r’
r'#0

- 2)'},\r\7>rv

- Pr(z - ér.—r’ - 5r,r’))

(A3)

which due to y| =y yields Eq. (6) in the main text.
The contribution from the feedback \A/ff/ reduces to a
factor 4, as

N N 1
PoVaPoVaPy = Pol(salValsa) P = Pol 70e(Vo)P. (A4)
With this relation, the full contribution from the correction
reduces to

A A A aa 1 A A
Pa[Va’P/J]V(IxPa - 5(1,[1(1 - |Ztr<va>|2pa> = 5a,ﬁlPav
(A5)

where the 6,4 is a result of f’m/(;}f’f_f/ =0fori=ux,y,
z. Studying single Pauli corrections that yield A =1 is
sufficient: any two-site unitary can be represented by

¢?°:°% multiplied with single-Pauli operations, whereas

(50,0170 5402 = 1.

If we choose y, = =2 with A — oo, Eq. (6) is recovered.
In the all-to-all measurement limit A = 0, the equation can
simplified even further. The equal weight sum over all
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terms yields > . P, =Y . P,_, and thus

i (Spe-

r'#0

0P, =

d_1)p ) (A6)

A matrix with this structure can be diagonalized directly,
where the eigenvalue with the largest absolute value reads
7= —2(L? - 1)~". These limits confirm Fig. 2 with u(A =
0)=dand A(A=0) =

SU(2) charge dynamics—The Hilbert space of two
spin—% particles is spanned by the singlet and triplet states:
sy =3 (1M =), )y =111 o) =3(M)+
141), and |r_;) =|}!). The operator P, =1(1-
Syn) projects onto the singlet: P,,,|s) tm = 18)em-
Enforcing P, |y) = 0 for all # implies that every bond
—and therefore every pair (£, m)—is in a superposition
of triplets. For a chain of length L, the L + 1 states
satisfying this condition are the permutation-symmetric
Dicke states |D¥ ), which are symmetric superpositions of
k spins up and L — k spins down.

Any measurement f’ﬂm commutes with the total angular
momentum J> (see main text). Hence, the total number of
singlets is conserved under measurement, and only the
singlet end points are reshuffled. For example, for
ly) = |6)1]s),3, measuring a singlet on (1,2) yields
Py ,lw) ~ |5)2]0)s, effectively swapping spins 1 <> 3. A
triplet measurement gives (1 — Py ,5)[y) ~ [w) — |0),]), 5.
The correction \A/,M 41 = 0, rotates a singlet into a triplet,
o5|8)pm = |to)z.m» and thus, when applied immediately
after a measurement P, ,,, removes exactly one length-1
singlet.

Symmetric subspaces in SU(N)—Unlike the SU(2)
spin—% case, the maximally symmetric subspaces of SU(N)
are not identical to the maximal-J subspaces, although the
latter are contained within the former. Consider spin-1
[SUB3)]: two spins decompose into singlet, triplet, and
quintet sectors with =01, 2, respectively. Despite
having minimal total angular momentum, the singlet |s) =

(L= + =L D -
exchange. For j > 1, the maximal-J sector is therefore
embedded in (but not identical to) the symmetric
subspace. While measurements of SU(N) SWAP
operators (with N =2j4 1) project naturally into the
symmetric subspace, isolating the maximal-J sector
requires more elaborate measurement schemes and
generally lacks a closed-form time evolution.

,0)) is symmetric under particle

Motzkin words—The Fredkin operator F, = (1 —0%_))
IBMH + Isf_lf(l +07,,) implements a similar logic to
the CSWAP (Fredkin) gate. It can be rewritten as

1 1
Fp= 3 (1=CSspi1p42) + 2 (1= 63,2CSri2041.46512)s

where CS; ;; is the CSWAP gate that swaps sites j and
k, if i is in the |1) state. These dynamics preserve the
total magnetization S° and a family of nonlocal charges
known as Motzkin (or Dyck) words. Spin configurations
are mapped to Motzkin paths by identifying spin-up and
spin-down with ascending and descending steps, | — /
and 1 -\, and spin-zero with a flat step, 0 > —. A
configuration thus becomes a height profile, e.g.,
ML) = /\//\\. Any configuration forming a
closed profile, /...\, is a Motzkin word. Fredkin gates
do not mix Motzkin with non-Motzkin words; they only
shift the endpoints of matched parentheses. On three
qubits, the Fredkin gate acting on computational-basis
states has two outcomes: if no Motzkin word is present
e.g, ///» \\\, \//, or \\/), the action vanishes;
otherwise, it moves the Motzkin word and produces an
antisymmetric superposition of the shifted and input
states.

In the Motzkin model, Motzkin words are extended to
include flat steps; otherwise, their interpretation and
dynamics remain equivalent. See Refs. [58,59] for details
on both chains and on Motzkin words.

Target states and entanglement scaling—The target
states of the SU(N), Fredkin, and Motzkin
measurement-feedback protocols are the common kernels
of {P,}, {F,}, and {M,}, respectively. Each protocol
conserves the total magnetization S, = 3", Z,. Since S,
is conserved, the protocol converges within each S,
sector; we focus on the S, =0 subspace, where the
targets exhibit nontrivial multipartite entanglement.

In the SU(2) model, the target is the symmetric Dicke
state |D L/2 ). For a Dicke state |D¥), the entanglement
entropy of a block of size £ is [60]

(T (6
[ O00)

We confirm logarithmic entanglement growth for the target
state; see Fig. 4(a).

For the Fredkin circuit at §, = 0, two states satisfy
F|y) =0: the Dicke state [DY/?) and the anomalous
ground state |A) [43],

I\ —1/2
=05 X ),
@ € comb(L)

where comb(L) denotes the unique permutations with
n=L/2 up and n down spins, and m(w) is the absolute

S/(IDf)) =

(E1)
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FIG. 4. Stationary-state half-chain entanglement. Numerical
half-chain entanglement in the S, = 0 sectors versus analytical
expressions. (a) The spin—% SU(2) model (circles) coincides with
the entanglement of the Dicke state S; /2(\D£/ %)) (lower solid
line). The Fredkin model (triangles) converges to |A) — |D%/?)
(upper solid line). (b) Consistent with analytical results for the
open Motzkin chain [58], the stationary state of the periodic
Motzkin chain exhibits logarithmic entanglement scaling (solid
line: linear fit on a semi-log plot).

maximum height of configuration w. Figure 4(a) shows that
the controlled Fredkin circuit’s stationary state is the
antisymmetric  superposition |y) = |A) — |Dlz/ %). The
simulated entanglement entropy matches that of |y). The
oscillatory increase likely reflects the enhanced number of
Dyck paths for system sizes divisible by four, as also seen
in open-boundary Fredkin chains [58].

For the Motzkin circuit, the target is the ground state of
the periodic Motzkin chain  Hyioxinpbe = 2 i M+
1+ M, conjectured to be a generalized spin-1 Dicke
state [59]. We also find logarithmic entanglement scaling
with system size; see Fig. 4(b).

Confirming the imperfect control picture—To validate
the phenomenological noise model of Eq. (7), we
simulate a circuit with measurement imperfections in the
SU(2) setup of the main text. We assume an apparatus
that occasionally misreports outcomes. To implement a
defect rate n following the phenomenological model, we
take singlet outcomes to be falsely flagged—interpreted
as triplets and not corrected—with probability p e =
%(1 + 7). Conversely, triplet outcomes are (incorrectly)
corrected  with  probability  p, e =3 (1 — 7). The

simulations reproduce the predicted scaling of 7_5(1‘ - ®);

FIG. 5. Imperfect control. Scaling of the stationary singlet
expectation P, with noise rate 7 = L2 versus exact simulations.
The gray lines show M~'7. (a) Length-1 singlets scale as
P, ~nL="; (b) longer singlets obey P, ~nL? for r > 1. Dots
display the stationary singlet expectations for the corresponding
r, exhibiting the same scaling.

see Fig. 5. Singlets of length r = 1 scale as P; ~yL*"!,
while longer ones scale as P, ~nL?, yielding an average
scaling ~L* for the total singlet number.

Scaling of the diffusion operator versus decay rate in
ID—The spectrum of the translationally invariant
diffusion operator D; follows from the Fourier transform
of the algebraic kernel D; ~ |#|~. In momentum space,

q°, for A > 3,
D, ~ ¢ ¢*log(q), for A =3, (G1)
g~ !, for 1 < A <3.

For a finite system of size L, momentum modes have
spacing 6g ~ 1/L, so the excitation gap follows directly.
For a localized absorbing impurity at 7 =1, this gap
sets the decay rate. However, when the dispersion
becomes long-ranged, the impurity also acquires
algebraic spatial support. In the infinite-range limit, the
decay rate scales as ~1/L, independent of the diffusion-
operator dispersion. Thus, as the impurity range
increases, the dynamics cross over from diffusion-limited
to decay-limited absorbing random walks. At the
transition in Fig. 2, the system therefore switches from
diffusion- to decay-limited behavior, rather than from
short- to long-range diffusion.
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