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Parton distribution functions (PDFs) are central to precision QCD phenomenology. Their Mellin
moments can be computed on the lattice, but direct determinations using local operators, besides hxi, face
severe challenges from reduced hypercubic symmetry, limiting results to the lowest moments. A recently
proposed method resolves these issues using gradient flow. We demonstrate the efficacy of this method by
computing ratios of flavor nonsinglet pion PDF moments up to hx5i on four lattice spacings at
mπ ≃ 411 MeV. The moments and reconstructed PDF agree quantitatively with recent phenomenological
extractions.
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Introduction—Parton distribution functions (PDFs) have
a long history among hadron structure observables, dating
back to the discovery of scaling in deep-inelastic scattering
at SLAC in the late 1960s. Today, proton PDFs represent
one of the dominant sources of uncertainty at several
collider experiments [1], underscoring the urgency of
improved theoretical input. Moreover, the PDFs of the
pion remain much less constrained by experimental data
[2–18], since pions cannot be used as fixed targets. Their
large-xbehavior, often parametrized as ð1 − xÞβ, has been the
subject of long-standing debate and is a strongmotivation for
upcoming measurements at Jefferson Lab [19] and the
Electron-Ion Collider [20,21]. Model calculations typically
predict values in the range β ¼ 1–2 [22–46].
The only systematically improvable first-principles

approach to calculate hadron structure functions is lattice

QCD. In Euclidean space, where lattice QCD is formulated,
the nonlocal operators defining PDFs collapse to a point,
making their direct computation impossible. A natural
approach is to consider Mellin moments,

hxn−1ihqðμÞ ¼
Z

1

0

dxxn−1½qhðx; μÞ þ ð−1Þnq̄hðx; μÞ�; ð1Þ

with qhðx; μÞ being a PDF of a hadron h at renormalization
scale μ. They can be obtained from matrix elements of local
twist-2 operators,

Ôrs
fμ1���μngðxÞ ¼ Ors

fμ1���μngðxÞ − traces; ð2Þ

where

Ors
fμ1���μngðxÞ ¼ ψ̄ rðxÞγfμ1D

↔

μ2…D
↔

μngψ
sðxÞ; ð3Þ

with ψ r being a quark field of flavor r, ψ̄ s an antiquark field

of flavor s,D
↔

μ ¼ 1
2
ðD⃗μ − D⃖μÞ the forward-backward covar-

iant derivative, and f� � �g denoting normalized symmetri-
zation over Lorentz indices.
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In the flavor nonsinglet case, there is no mixing with
gluonic twist-2 operators, and the moments are obtained
from reduced matrix elements of the trace-subtracted
operator of Eq. (2) between the hadronic states of interest.
The computation of Mellin moments from local operators

has been an active area of lattice QCD research for several
decades starting in the 1980s [47–49]. As these early studies
already pointed out, additional challenges arise because the
O(4) symmetry of the continuum is reduced to the hyper-
cubic symmetry H(4) on the Euclidean lattice.
Accessing the x dependence of PDFs with lattice QCD

has seen significant progress in recent decades, with
numerous new approaches proposed, including methods
to compute Mellin moments from derivatives of Ioffe time
distributions [50–69].
In this Letter, we investigate a recently proposed

method [70] that employs the gradient flow as an inter-
mediate regulator to compute Mellin moments, and their
ratios, of arbitrary order in lattice QCD.
We present the first numerical demonstration of this

approach for the flavor nonsinglet pion PDF, thus establish-
ing its practical applicability and effectiveness in lattice
calculations. The primary aim of this Letter is to demon-
strate a controlled numerical implementation of the
method, with particular emphasis on flow-time stability
and continuum extrapolations for higher Mellin moments,
rather than to provide a complete phenomenological
validation. With a modest computational cost, we achieve
competitive uncertainties for the lowest moments, extend
the direct computation of Mellin moments from local
operators up to n ¼ 6, and show that a simple PDF
reconstruction from these ratios yields results consistent
with phenomenological extractions. Our Letter highlights
the potential of this approach to extend lattice determi-
nations of PDFs beyond the current state of the art. In the
future, these moments can also be incorporated directly into
global PDF fits alongside experimental and/or lattice QCD
data (see, e.g., Ref. [71]).
Flowed moments—The reduction of O(4) to H(4) sym-

metry on the Euclidean lattice manifests itself in the form of
power-divergent operator mixing in calculations of PDF
moments. To address this problem, Ref. [70] proposed to
use the gradient flow (GF) for the gauge [72–74] and
fermion [75] fields. The flow time t acts as an intermediate
regulator of ultraviolet divergences: flowed operator matrix
elements are finite in the continuum limit if the operator is
purely gluonic [73], and they renormalize multiplicatively
if fermion fields are present. In the latter case, the
renormalization is particularly simple, depending only on
the fermion content of the operator [75]. Once the fermion
fields are renormalized, one can safely take the continuum
limit a → 0 of matrix elements of the flowed operator
Ors

fμ1���μngðt; xÞ, defined as in Eq. (3) with flowed fields.
In the continuum, these flowed matrix elements can then

be related to their physical t ¼ 0 counterparts through the

short flow-time expansion (SFTX) [76,77] and the corre-
sponding matching coefficients. The matching is simplified
and purely multiplicative, making use of the restored Oð4Þ
symmetry and its irreducible representations (irreps), by
computing matrix elements of flowed traceless twist-2
operators with symmetrization over Lorentz indices,
Ôrs

fμ1���μngðt; xÞ, defined as in Eq. (2) with flowed fields.
Multiplicative renormalization of the flowed fermion

fields can be avoided by considering ratios of matrix
elements with identical fermion content. In this way, ratios
of PDF moments—e.g., in the MS scheme—can be
obtained as

hxn−1iMSðμÞ
hxm−1iMSðμÞ

¼ ζmðt; μÞ
ζnðt; μÞ

hxn−1iðtÞ
hxm−1iðtÞ þOðtÞ; ð4Þ

where the matching coefficients ζnðt; μÞ were calculated at
next-to-leading order (NLO) in Refs. [70,78] and the OðtÞ
terms denote contributions from higher-dimensional oper-
ators in the SFTX. The flow-time window for the t → 0
extrapolation is selected using numerical diagnostics,
requiring mild linear flow-time dependence after matching
and stability under variations of the fit range and lattice
spacing. The ratio of flowed moments is directly related to
the ratio of reduced matrix elements of the flowed operator,
analogous to the t ¼ 0 case. It is free from ultraviolet
divergences and can be obtained in the continuum limit by
keeping the flow time t fixed in physical units. A discussion
of the continuum limit and cutoff effects is deferred to
Appendix B in the End Matter.
In this Letter, we perform the matching at NNLO up to

n ¼ 6. The coefficients ζnðt; μÞ of Eq. (4) are determined
perturbatively using the method of projectors [79,80], first
applied in the context of the gradient flow in Ref. [81]. It
leads to scalar two-loop momentum integrals which only
depend on the flow time t and the space-time parameter
D ¼ 4 − 2ϵ; they can be solved analytically using standard
tools (see, e.g., Ref. [82]). Requiring finite MS renormal-
ized matching coefficients confirms the well-known two-
loop anomalous dimensions of the twist-2 operators
[83,84]. At NLO, we find agreement with the matching
coefficients of Refs. [70,76,85]. At NNLO, the results have
been known only for the first two moments (n ¼ 1, 2)
[81,86]; they also agree with our findings. As another
check, we verified that our final results for the renormalized
matching coefficients are independent of the QCD gauge
parameter. The analytical results for the matching coef-
ficients, as well as more details of their calculation, will be
deferred to a forthcoming publication.
The strategy can thus be summarized as follows: (i)

determine the ratios of flowed moments that appear on the
rhs of Eq. (4) from lattice QCD using the standard
techniques described below, (ii) take the continuum limit
at fixed flow time t, (iii) match to the MS scheme at scale μ
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using the coefficients ζnðt; μÞ in Eq. (4), and (iv) analyze
the resulting ratio of PDF moments as a function of t; if a
residual t-dependence remains, extrapolate to t → 0 to
obtain the physical result. In this Letter, we present the
main results of this procedure, while additional details of
each step are given in a companion paper [87].
Lattice QCD calculation—The matching described in

the previous section is independent of the choice of Lorentz
indices of the flowed twist-2 operators. To optimize the
signal-to-noise ratio, we compute matrix elements of
operators with only temporal Euclidean components,
Ôrs

n ¼ Ôrs
4…4, where n temporal indices are implied, made

traceless by subtracting the appropriate spatial or mixed
components [70]. For this operator choice, no external
three-momentum is required, and the flowed moments are
related to matrix elements via

hxn−1iðtÞ
hxm−1iðtÞ ¼

ð−1Þn−m
mn−m

h

hhð0ÞjÔuu
n ðtÞjhð0Þi

hhð0ÞjÔuu
m ðtÞjhð0Þi ; ð5Þ

where the factor ð−1Þn−m accounts for the Euclidean
metric. To extract the matrix elements of Eq. (5) for the
pion, we compute the connected three-point functions

Cuu
n ðt; x4 ¼ τs; y4 ¼ τOÞ
¼ a6

X
x;y

hPduðx; x4ÞÔuu
n ðt; y; y4ÞPudð0Þic; ð6Þ

projected to zero spatial momentum for all n. Here,
PudðxÞ ¼ ψ̄uðxÞγ5ψdðxÞ denotes an interpolating operator
with the quantum numbers of a πþ state.
On a hypercubic lattice, the O(4) representation, when

restricted to H(4), decomposes into a direct sum of H(4)
irreps. This implies that different discretizations of trace-
less, Lorentz-symmetric operators are possible. Although
all such choices share the same continuum limit, this
freedom could in principle be exploited to reduce discre-
tization effects. Here, we restrict to the standard O(4) irrep
for all n, leaving a numerical study of alternative discre-
tizations to future work.
We compute three-point functions for n∈ f2; 3; 4; 5; 6g

using four stabilizedWilson fermion (SWF) ensembles gen-
erated by the OpenLat initiative [88–91]. These ensembles

span four lattice spacings, a≃ ½0.12;0.094;0.077;
0.064� fm, with the lattice scale set from t0=a2 [73] and
converted to physical units using

ffiffiffiffi
t0

p ¼ 0.14474ð57Þ fm
[92–96]. They are generated with Nf ¼ 3 degenerate
dynamical quarks, tuned such that the pion mass is
mπ ≃ 411 MeV. The number of independent configurations
and other run parameters for each ensemble are listed in
Table I. Further technical details of the lattice QCD calcu-
lation are given in Appendix A in the End Matter.
We are interested in determining ratios of matrix ele-

ments for the ground state, [97] AnðtÞ=A2ðtÞ, where
AnðtÞ≡ hπð0ÞjÔuu

n ðtÞjπð0Þi. To isolate the ground state,
we assume the limit τs ≫ τO ≫ 0, which ensures ground-
state dominance. In this regime, for each flow time t=a2, the
ratio of three-point functions becomes

Cuu
n ðt; τs; τOÞ

Cuu
2 ðt; τs; τOÞ

≃
AnðtÞ
A2ðtÞ

þ � � � ; ð7Þ

where the ellipsis denotes excited-state contributions. We
then look for plateau-like behavior as a function of the
operator insertion time τO for each source-sink separation
τs. As an effective estimator of AnðtÞ=A2ðtÞ, we use an
average over all ðτs; τOÞ values of the ratios with
τs=2 − 2 ≤ τO ≤ τs=2þ 2, with an additional systematic
error equal to the half-difference between the maximum
and minimum central value of the averaged-together ratios.
Further details on this choice and on excited-state con-
tamination are given in the End Matter and in the
companion publication [87].
Moment results—To obtain the flowed moment ratios,

we multiply our final results AnðtÞ=A2ðtÞ by the appropriate
factors involving the pion mass in lattice units, as defined
in Eq. (5). The resulting ratios are extrapolated to the
continuum limit, assuming cutoff effects of Oða2Þ. The
outcome is shown in Fig. 4 in the End Matter, where results
for individual ensembles at each lattice spacing are dis-
played together with the extrapolated a → 0 values (black
circles). Further details on the continuum extrapolation and
the choice of the minimal value ðt=t0Þmin are provided in the
End Matter.
Finally, we multiply the continuum-extrapolated values

of each ratio by the matching factors to the MS scheme at
the scale μ ¼ 2 GeV, and we examine the results for

TABLE I. Details of the SWF lattice ensembles used in this Letter, which were generated by the OpenLat
initiative [88–91], including the total number of gauge configurations, Ncfg, and the specific source-sink separations,
τs=a, on which the three-point functions were measured.

Label a ðfmÞ t0=a2 β κud ¼ κs T=a × ðL=aÞ3 Ncfg τs=a

a12m412_mL6.0 0.12 1.4868(04) 3.685 0.1394305 96 × 243 838 35, 40
a094m412_mL6.2 0.094 2.4400(01) 3.8 0.138963 96 × 323 700 35, 40
a077m412_mL7.7 0.077 3.6239(12) 3.9 0.138603 96 × 483 400 40, 42
a064m412_mL6.4 0.064 5.2471(26) 4.0 0.138272 96 × 483 500 40, 42
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residual flow-time dependence. This is shown in Fig. 1,
where we display the continuum results before matching
(black circles), and after matching at NLO (purple squares)
and NNLO (brown diamonds). The NNLO-matched results
are then extrapolated to t ¼ 0, using a linear fit in t=t0. The
flow-time window for the t=t0 → 0 extrapolation is selected
using numerical diagnostics, requiring mild linear flow-
time dependence after matching and stability under varia-
tions of the fit range and lattice spacing. The fit ranges are
taken as all possible intervals within ½ðt=t0Þmin; 2.6�, where
ðt=t0Þmin for each n are defined in Fig. 4, with a minimum
fit range in t=t0 of at least 0.8. Each fit with p-value > 0.1
is weighted equally as a conservative choice, and the

shaded bands represent the combined outcome of this
procedure.
The results of this analysis constitute our final estimates

for hxn−1i=hxi in the MS scheme at μ ¼ 2 GeV, and are
listed in Table II.
In Fig. 2, we compare our results with recent phenom-

enological determinations [9,14,18,98]. Perfect agreement
is not expected, since our calculation is performed at a
heavier-than-physical pion mass of mπ ≃ 411 MeV.
Guidance on the pion-mass dependence can be drawn
from previous lattice QCD studies [99–104], which show
inconsistent mπ trends for the moments and ratios, and no
clearly preferred chiral behavior. A systematic investigation
of the chiral dependence is deferred to future work.
A comparison with other direct lattice QCD calculations

is presented in Table III. References [105,106] employ
states boosted in multiple directions to avoid power-
divergent mixing with lower-dimensional operators, which

FIG. 1. Continuum-extrapolated ratios of Mellin moments
hxn−1i=hxi for n ¼ 3, 4, 5, 6 as functions of the flow time
t=t0. Black points show the continuum limit without matching,
while purple and brown points correspond to NLO and NNLO
matching, respectively, in the MS scheme at μ ¼ 2 GeV. The
shaded bands indicate the outcome of the fit procedure, where
multiple fits of the form C0 þ C1t=t0 over different ranges of the
NNLO matched ratios are combined with equal weights to
estimate the physical t → 0 limit.

TABLE II. Top: Final results for hxn−1i=hxi in the MS scheme
at μ ¼ 2 GeV. Bottom: Parameters of the PDF reconstruction fits
(see Fig. 3), performed using the ansatz of Eq. (8), either
including (nmax ¼ 6) or excluding (nmax ¼ 5) the highest-order
moment ratio.

n 3 4 5 6
hxn−1i=hxi 0.433(14) 0.275(23) 0.130(43) 0.158(39)

Fit with nmax ¼ 6 Fit with nmax ¼ 5

α −0.48ð10Þ −0.47ð11Þ
β 0.93(16) 0.97(17)

FIG. 2. Comparison of our continuum-extrapolated results
from Table II for the pion PDF moment ratios hxn−1i=hxi at
μ ¼ 2 GeV (blue squares), obtained at a pion mass of
mπ ≃ 411 MeV, with phenomenological extractions of the va-
lence sector from JAM (orange circles) [14], xFitter (green
diamonds) [9], and FANTO (gray triangles) [18], all obtained
from global fits to experimental data.
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leads to signals that are significantly noisier than ours.
References [63,67] instead use Ioffe time distributions to
extract PDF moments. The discrepancies between different
lattice QCD computations are not worrisome, because
calculations are done with different pion masses, different
numbers of dynamical flavors, and in some cases with
systematics not completely under control.
While this Letter is a proof-of-principle calculation, we

nevertheless identify potential sources of systematic effects
to be investigated further once the statistical precision is
increased and more data becomes available. In addition to
the conservatively treated excited-state contamination, in
our calculation we perform a robust continuum extrapola-
tion at an unphysical pion mass. Cutoff effects grow, as
expected, at small flow times; however, in the region where
they are under control, we observe that the relative differ-
ence between NLO and NNLO corrections is about 5%,
and that the t → 0 extrapolation is stable with respect to
variations of the fit range in flow time. This is reassuring for

future calculations with higher precision. Extending the
region where a controlled continuum limit can be taken
toward smaller flow times, thereby enabling more stringent
tests of the short-flow-time expansion, is an important
direction for future work.
PDF reconstruction—Given our results for the ratios of

moments in Table II, we attempt a reconstruction of the
PDF using the simple ansatz [6,107]

qvðxÞ ∝ xαð1 − xÞβ ð8Þ

and fit our data to the analytic dependence of themoments on
α andβ.As expected, the fitting procedure is nontrivial:while
Gaussian priors help stabilize the fit, the results remain highly
sensitive to the prior width of α. We also find that excluding
the highest-order moment (n ¼ 6) has little impact on the
extracted values of α and β, shown in Table II, indicating that
higher moments affect these parameters only weakly unless
determined with higher precision.
The resulting PDF, shown in Fig. 3, is in reasonable

agreement with phenomenological extractions [9,14,18],
but, for the reasons discussed above, should be regarded as
illustrative rather than a robust reconstruction. Despite
these limitations, it is worth noting that the preferred
values for β are ∼1, in support of some of the recent
determinations [9,14,71].
Summary and conclusion—We have presented the first

direct lattice QCD extraction of the flavor nonsinglet pion
PDF moment ratios hxn−1i=hxi for n∈ ½3; 6�, using a novel
method [70] that employs the gradient flow as an inter-
mediate regulator. Our results for the moment ratios show
full agreement with phenomenological extractions. The
precision achieved with a modest statistical sample is
already comparable to phenomenology, opening the pos-
sibility of incorporating lattice QCD results from this
method into global PDF fits [71], either directly in the
form of ratios as presented here or as individual moments.
In the latter case, determination of the normalization hxi is
required; this can be obtained with standard lattice QCD
techniques and renormalized in the MS scheme either
via the regularization-independent momentum-subtraction

TABLE III. Comparison with twist-2 operator determinations from ETMC [105,106], derivatives of Ioffe time
distributions from HadStruc [63] and BNL [67]. For the results of Ref. [63], covariances between the moments are
not available and have been neglected in the shown ratios.

Nf mπ ½MeV� a ½fm� hx2i=hxi hx3i=hxi hx3i=hx2i hx4i=hxi hx4i=hx2i
This Letter 3 411 Cont. 0.433(14) 0.275(23) 0.636(50) 0.130(43) 0.301(98)
ETMC [105] 2þ 1þ 1 260 0.093 0.30(11)
ETMC [106] 2þ 1þ 1 260 0.093 0.092(71) 0.22(17)
HadStruc [63] 2þ 1 415 0.127 0.370(47) 0.224(16) 0.059(47)
BNL [67] 2þ 1 140 Cont.a 0.351(34)

aThe continuum limit is estimated using calculations at a ¼ 0.076 fm with,mπ ¼ 140 MeV, and at a ¼ 0.04 and
0.06 fm with mπ ¼ 300 MeV.

FIG. 3. Reconstructed pion valence PDF qvðxÞ ∝ xαð1 − xÞβ
obtained by fitting the parameters α and β to the ratios of
moments computed in this Letter. The blue band uses all available
moments up to n ¼ 6, while the light-blue band excludes the
highest ratio hx5i=hxi. For comparison, we also show phenom-
enological extractions from JAM, xFitter, and FANTO [9,14,18],
respectively.
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(RI-MOM) procedure [108,109] or by renormalizing the
flowed fermion fields.
This Letter demonstrates the viability of the method and

provides meaningful results; a more detailed study of sys-
tematic effects will become necessary once higher statistical
precision is achieved. Future investigationswill include (i) the
impact of excited-state contamination, (ii) a better under-
standing of cutoff effects and their possible reduction by
exploiting different discretizations of the twist-2 operators
based on the subduced hypercubic irreps, (iii) a dedicated
study of the pion-mass dependence toward the physical point,
and (iv) the impact of higher-order corrections in the
perturbative matching. The PDF reconstruction from our
results could also benefit from Bayesian approaches, such as
Gaussian processes [110,111], which have the potential to
stabilize the fits and provide less model-dependent recon-
structions compared to the current parametric ansatz.
In addition to solving a long-standing challenge in the

field, this method is complementary to other promising
approaches [50–59], and combining results fromboth should
substantially enhance the impact of lattice QCD in this area.
Finally, this Letter opens the way for applying this

method to other quantities of interest, including the proton
PDFs, the flavor-singlet and gluon PDFs, and off-forward
structure functions such as the generalized parton distri-
butions [112,113].
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End Matter

Appendix A: Lattice QCD technical details—In this
appendix, we provide additional details on the lattice
calculation underlying the results presented in the
main text.
The main building block in the calculation of the ratio

of moments presented in this Letter is the correlation
function

Cuu
n ðt;x4¼ τs;y4¼ τOÞ
¼ a6

X
x;y

eip·ðx−yÞhPduðx;x4ÞÔuu
n ðt;y;y4ÞPudð0Þic; ðA1Þ

where the subscript c indicates that only the fermionic
connected contribution is included.
In the nonsinglet case, there is no mixing with gluonic

twist-2 operators, and the matrix elements for a spin-0
hadron are given by

hhðpÞjÔuu
n jhðpÞi ¼ 2ðpμ1 � � �pμn − tracesÞhxn−1i; ðA2Þ

with hðpÞ being a hadronic state of momentum p, and Ôn
the trace-subtracted operator of Eq. (2).
In standard lattice QCD calculations, the renormaliza-

tion and continuum limit of these operators is greatly

PHYSICAL REVIEW LETTERS 136, 171903 (2026)

171903-10

https://doi.org/10.1016/0370-2693(93)90562-V
https://doi.org/10.1016/0370-2693(93)90562-V
https://doi.org/10.1016/0370-2693(93)91387-3
https://doi.org/10.1103/PhysRevD.111.034515
https://doi.org/10.1103/PhysRevD.111.034515
https://doi.org/10.1140/epjc/s10052-024-13100-1
https://doi.org/10.1140/epjc/s10052-024-13100-1
https://doi.org/10.1088/0954-3899/24/7/002
https://doi.org/10.1088/0954-3899/24/7/002
https://doi.org/10.1103/PhysRevD.56.5524
https://doi.org/10.1103/PhysRevD.56.5524
https://doi.org/10.1140/epjc/s10052-015-3318-8
https://doi.org/10.1140/epjc/s10052-015-3318-8
https//:www.gauss-centre.eu
https//:www.gauss-centre.eu
https//:www.gauss-centre.eu
https://doi.org/10.17815/jlsrf-7-183
https://doi.org/10.17815/jlsrf-7-183
https://luscher.web.cern.ch/luscher/openQCD/
https://luscher.web.cern.ch/luscher/openQCD/
https://luscher.web.cern.ch/luscher/openQCD/
https://luscher.web.cern.ch/luscher/openQCD/
https://luscher.web.cern.ch/luscher/openQCD/
https://doi.org/10.1016/j.nuclphysbps.2004.11.254
https://doi.org/10.1016/j.cpc.2010.05.002
https://doi.org/10.1016/j.cpc.2010.05.002
https://arXiv.org/abs/1109.2935
https://arXiv.org/abs/1612.07873
https://doi.org/10.1038/s41586-020-2649-2
https://doi.org/10.1038/s41586-020-2649-2
https://doi.org/10.1038/s41592-019-0686-2
https://doi.org/10.5281/zenodo.4290884
https://doi.org/10.5281/zenodo.4290884
https://doi.org/10.5281/zenodo.4037174
https://doi.org/10.5281/zenodo.4037174
https://doi.org/10.1109/MCSE.2007.55
https://doi.org/10.1016/0550-3213(88)90445-2
https://doi.org/10.1016/0550-3213(88)90445-2
https://doi.org/10.22323/1.466.0336
https://doi.org/10.22323/1.466.0336
https://arXiv.org/abs/2412.01750
https://doi.org/10.1016/0550-3213(83)90468-6
https://doi.org/10.1016/0550-3213(83)90468-6
https://doi.org/10.1016/0550-3213(83)90469-8
https://doi.org/10.1016/0550-3213(96)00378-1
https://doi.org/10.1016/0550-3213(96)00378-1
https://doi.org/10.1016/j.cpc.2020.107355
https://doi.org/10.1016/j.cpc.2020.107355


complicated. For n > 2, twist-2 operators mix with lower-
dimensional operators, and this mixing is power-divergent
in the lattice spacing a, preventing a controlled continuum
limit. For n ¼ 3, 4, specific irreducible representations
(irreps) can be chosen to avoid such mixing [48,129];
however, only operators with all indices different transform
irreducibly, which requires injecting spatial momentum in
multiple directions in Eq. (A2). This leads to a severe
deterioration of the signal-to-noise ratio, as confirmed in
recent lattice studies [105,106]. For n > 4, no irreps are
available that are safe from power-divergent mixing, and
consequently the extraction of higher Mellin moments of
PDFs with local operators has remained out of reach.
With the method adopted in this Letter, we are not

constrained in the choice of Lorentz indices and can
therefore select twist-2 operators with all temporal indices.
In the evaluation of the correlation function in Eq. (A1),

we project to vanishing spatial momentum [Eq. (6)]. For the
calculation of the quark propagators, we use a single
randomly positioned, unsmearedZ4 stochastic noise source
per configuration, although for notational simplicity in
Eq. (6), the source is written as if it were fixed at the origin.
The three-point functions are measured at two sink-

source separations per ensemble, using the sequential
source-through-the-sink method [130], and at several flow
times up to t=t0 ≃ 2.7, spaced in steps of ∼0.1.
Constructing the traceless operator bases for n∈ ½2; 6�

requires 4, 10, 40, 136, and 544 independent operators with
unique Lorentz indices, which constitutes a major part of
the computational cost. Moreover, each three-point func-
tion contains several terms arising from the discretized
symmetrized covariant derivatives, with each term itself a
sum of four contributions. To reduce this contraction cost,
we employ several numerical improvements, detailed in
Refs. [87,131].
If the flow-time footprint of Ôuu

n ðtÞ is sufficiently
smaller than its Euclidean time separation from the pion
creation and annihilation operators—i.e.,

ffiffiffiffi
8t

p
≪ τs − τO

and
ffiffiffiffi
8t

p
≪ τO—the three-point function of Eq. (6) admits

the spectral decomposition

Cuu
n ðt; τs; τOÞ ¼

X
k;k0

e−Ek0 τse−ðEk−Ek0 ÞτO

4EkEk0

× Z�
kZk0 hk0ð0ÞjÔuu

n ðtÞjkð0Þi; ðA3Þ

where Zk ¼ h0jPdujkð0Þi, and the sum runs over all states k
in the spectrum. The ground-state contribution can then be
isolated in the limit τs ≫ τO ≫ 0. In this regime, for each
flow time t=a2, the ratio of three-point functions becomes
independent of τO (and of τs), leading to the ratio of matrix
elements AnðtÞ=A2ðtÞ given in Eq. (7). Fits including
excited states give results consistent with simple plateau
fits, showing that, within the present statistical precision,
the extracted matrix-element ratios are not significantly

affected by excited-state effects. As discussed in the
“Lattice QCD calculation” section of the main text, we
adopt a conservative analysis strategy (see Ref. [87] for
details), chosen to reduce sensitivity to residual statistical
fluctuations in some plateaus, at the expense of slightly
larger uncertainties.

Appendix B: Continuum limit—In this appendix, we
summarize our continuum extrapolation strategy and the
treatment of cutoff effects for the correlation function
entering our analysis. We first outline the Symanzik
effective theory expectations for the lattice artifacts
relevant to our setup, then describe the specific
simplifications that occur for ratios of flowed moments,
and finally state the practical extrapolation procedure
adopted in this Letter.
The cutoff effects of the correlation function in Eq. (6)

can be analyzed within Symanzik effective theory
[132–134]. For the exponential-clover (exp-cl) fermion

FIG. 4. Ratios of flowed Mellin moments hxn−1i=hxi for n ¼ 3,
4, 5, 6 as functions of the flow time t=t0. Results are shown for
four lattice spacings, a ≃ ½0.064; 0.077; 0.094; 0.12� fm, and for
their continuum extrapolation (a ¼ 0). Points in lighter colors are
excluded from the continuum limit (see main text).
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action employed in this Letter [135], these effects can be
discussed following the framework presented in Ref. [75].
Once the lattice action is nonperturbatively OðaÞ improved,
as is the case here with the exp-cl action, the remaining
OðaÞ cutoff effects related to flowed operators are of order
OðamÞ. There are potentially short-distance OðaÞ effects
that decay faster than exponentially with the Euclidean
separations between the operator and the source, τO, and
between the operator and the sink, τs − τO. We have
checked numerically that the correlation function describ-
ing these effects is negligible in the range of τO where we
extract the matrix elements.
Besides further simplifying renormalization, the lattice

calculation of ratios of flowed moments is also advanta-
geous, because OðamÞ discretization effects cancel, as they
depend only on the fermion content of the flowed
operators [75]. This implies cutoff effects that are para-
metrically of Oða2Þ [70]. This situation is particularly
favorable compared to the standard case, where the
calculation of matrix elements of twist-2 operators requires
a nonperturbative subtraction of OðaÞ cutoff effects that
depend on the moment n under consideration.
In Fig. 4, we show the flow-time dependence of the

ratios of flowed moments, rn ¼ hxn−1i=hxi, at each lattice
spacing together with the resulting continuum limit (black

points). The Oða2Þ discretization errors for these ratios can
be parametrized as

rnða2; t=t0Þ ¼
hxn−1i
hxi ðt=t0Þ þ δ2ðt=t0Þ

a2

t0
þ � � � ; ðB1Þ

where δ2ðt=t0Þ includes contributions that are power-
enhanced—i.e., proportional to a2=t. The observed flow-
time dependence of rn in Fig. 4 confirms this expectation.
For the purpose of this Letter, we adopt a simple

procedure in which each moment is extrapolated to
the continuum limit independently at every flow time.
The extrapolation uses the set of lattice spacings closest to
the continuum that are well described by Eq. (B1), with a
trend toward including more lattice spacings at larger flow
times. The range in t=t0 for which this approach is valid
depends on both the moment and the flow time, and it
defines the ðt=t0Þmin used in the subsequent extrapolation to
vanishing flow time. The results presented here are con-
sistent, in both central values and uncertainties, with the
more detailed analysis presented in the companion
paper [87], which provides a comprehensive assessment
of the systematic uncertainties associated with the con-
tinuum extrapolation.
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