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Fluid Flow and Spatiotemporal Chaos in Chemically Active Emulsions
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We study phase-separating fluid mixtures as they demix in the presence of chemical reactions that
maintain them away from thermodynamic equilibrium. We show that in such chemically active emulsions
the interplay of chemical reactions, phase separation, and hydrodynamics effects complex self-organization
and pattern formation that can give rise to spatiotemporal chaos. This chaotic dynamics, unlike in classical
turbulence, is not due to fluid inertia—we analyze the system in the Stokes flow regime—and it is different
from the turbulence of active nematics at low Reynolds number, for our fluid mixtures lack any
orientational order. To explore the generic features of nonlinear dynamics in our system, we derive
amplitude equations which we find to be identical to those obtained for Rayleigh-Benard convection with
mean flow and stress-free conditions at the top and bottom plates. Chemically active emulsions possessing
no internal order, we thus establish, can exhibit chaoticity that is driven by interfacial stresses in the fluid

mixture.

DOI: 10.1103/z1hs-ydjc

Active emulsions are phase-separating mixtures that are
maintained away from thermodynamic equilibrium by
energy input at small scales [1,2]. Unlike passive
emulsions [3,4] which typically reach a thermodynamically
equilibrated macrophase-separated state, active emulsions
can display intriguing nonequlibrium dynamics such as
suppression and even reversal of the ripening process [5,6].
Active emulsions also provide a general framework to
study the principles of self-organization of multicomponent
fluids inside living cells. Cells need to organize complex
biochemical reactions within their confines [2,7,8] and do
so by creating distinct chemical environments in the form
of compartments. Some of these compartments, such as the
mitochondria—*the powerhouse of the cell” [9], have
membranes, while others, like centrosomes which control
shape, division and motility of the cells [10], do not. Why
then the compartments without membranes just not mix
with their surroundings? This is because many membrane-
less organelles are, in fact, liquid droplets formed via phase
separation inside cells [7,11]. Their liquidlike properties
such as viscosity and surface tension have been measured
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experimentally in several cases [12,13]. In contrast to
droplets in passive emulsions though, droplets inside
cells are present in a nonequilibrium environment where
chemical reactions can actively regulate their size and
composition.

The observation of liquid-liquid phase separation in biol-
ogy provides a key reason to study the coupled physics of
chemical reactions and phase separation far from thermody-
namic equilibrium. This physics is also of significance beyond
biology, for example, in self-assembly of polymer mixtures
and reaction-driven phase transformations in electrochemistry
[14—17]. Often in studying these chemically active emulsions,
hydrodynamic flows have not been considered, or in other
words, the viscosity of the phase-separating mixture taken
infinite [ 18]. This begs the question: How does the viscosity of
a chemically active phase-separating mixture affect its
dynamics? After all, we know that in passive phase separation,
viscosity alters the kinetics of the separation process and the
morphology of its transient structures [3,19]. The motivation
behind the present article is to explore the importance of fluid
mechanics in phase-separating mixtures with out-of-equilib-
rium chemical reactions.

We study an incompressible binary fluid mixture with
components A and B which undergo reversible chemical
reactions A = B with constant forward and backward reac-
tion rates I'; and Iy, respectively. Having constant reaction
rates in a phase-separating system is inconsistent with the
thermodynamic condition of detailed balance [20-22] and
implies an active system (see [23]). An important remark is
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already in place here. When fluid flows are neglected, as they
are in many previous studies on active emulsions, the coarse-
grained model of the binary active emulsion that we have just
described is equivalent to the model of spinodal decompo-
sition of diblock copolymers, which is an equilibrium
problem [24-26]. This mapping onto an equilibrium system
breaks down when fluid flows are accounted for, thereby
highlighting the flows’” importance in effectuating the non-
equilibrium dynamics.

In this Letter, we highlight the most intriguing aspects of
our minimal system, a binary mixture with the simplest of
chemical reactions. We show that active chemical reactions
drive persistent flows. When these flows are weak, e.g. for
low reactions rates and high viscosities, the system reaches
a steady state that is either stationary or traveling with a
constant drift velocity [27]. When the flows are strong, the
system exhibits chaotic dynamics. This chaotic dynamics is
novel in that it is neither due to fluid inertia nor like the
turbulence of active nematics: we analyze the system in the
Stokes flow regime and contra nematics, our system lacks
any orientational order and is a scalar mixture.

Minimal model of an active emulsion with flows—The
dynamics of passive phase separation of an incompressible
binary fluid is governed by model H of Hohenberg and
Halperin [1,28]. The model comprises of the Navier-Stokes
equations for fluid momentum and mass conservation, and
an equation for conserved order parameter ¢p. We choose ¢
as the local molecular composition of the mixture:
¢ = (ny —ng)/(ns + ng), where n, p represents the con-
centration of molecules of A,B [1]. We describe the phases
using the Ginzburg-Landau free-energy [1,4] Fl¢p] =
J(V(p) + k(V)?/2)dV with V(p) = —ag?/2 + be*/4,
which has a double-well structure with minima at +¢,,
where ¢, = /a/b, and a, b, and k are positive constants.
The equations that we study are

%H.w:MVzu—Rw—qx), (1)

~Vp+nV?v=¢Vu with V.v=0, (2)

where, expecting small inertial forces compared to viscous
forces at the scale of biological cells, we have considered
only the Stokes equations. The fluid components A and B
here have, for simplicity, the same mass density p and

viscosity # but an interfacial tension y = \/8ka’/9b*
between them. The field ¢ is convected by the flow
velocity v, and p is the Lagrange multiplier imposing
incompressibility of the flow field, V - v = 0. The chemical
potential is defined as y = 6F/5¢ and the mobility M is
chosen to be constant. The force density -¢pVu equals
the divergence of the equilibrium stress stemming from
interfacial tension between the two fluids, in accordance
with the Gibbs-Duhem relation. The chemical reactions
make the system active and drive it towards a spatially

averaged value of (¢) = ¢,, where ¢p; = (I', —I';)/R and
R=T,+1, [29]

It is instructive to work with dimensionless quantities:
we therefore scale lengths with 2= w/ V2, where w=
\/2k/a characterizes the interface width, time with 7 =
w?/D where D = 2aM is the effective diffusion constant at
late times [4], and ¢ by ¢, to obtain

BN VD=V + =)~ R(p=m). ()
~Vp + V2V = HPV (= + §* = V2p), (4)

along with V - v = 0, where the variables now and hence-
forth represent scaled and dimensionless quantities. The
dimensionless parameters R = Rz, H = 3yr/2nw, and
m = ¢,/ ¢, represent the strength of activity, of hydro-
dynamic flows, and of asymmetry in the composition,
respectively, and control the dynamics of the system. We
solve the equations numerically using the Fourier pseudo-
spectral method in two spatial dimensions with a square
box of side 256+/2 and periodic boundary conditions. The
number of grid points in each spatial direction is initially
512, in other words two points per interface width, and
1024 at late times, including when quantifying chaos. The
time integration is performed using the Runga-Kutta
(2, 3, 3) implicit-explicit scheme [30]. As we have a cubic
nonlinearity in the equations, we use 1/2-dealiasing (trun-
cation) scheme to eliminate the aliasing error [31,32]. We
initialize the simulations with a fully mixed state of ¢ = m
plus a small random noise to destabilize it.

Results and discussion—Even as phase separation tends
to demix the components, the chemical reactions mix them.
As we stated above, the active emulsion model of (1) and
(2) but without hydrodynamic flows, i.e., v =0, is equiv-
alent to an equilibrium model for diblock copolymers with
competing local and nonlocal interactions [25]. This system
will eventually reach an equilibrium state. In two spatial
dimensions, the global free-energy minima of the hydro-
dynamics-absent system can be (i) a homogeneous state
with uniform concentration ¢ = m, (ii) periodic stripe
patterns, and (iii) periodic patterns with hexagonal
symmetry [33]. Typically, small values of |m| lead to
stripes, large values close to the value |m| =1 lead to
uniform states. Hexagonal patterns are stable for inter-
mediate values of m [33]. The charateristic size of the
patterns is inversely proportional to the reaction
rate [20,34,35]. When hydrodynamic flows are present,
the active emulsion model can no longer be mapped onto
the equlibrium problem due to the different definition of
chemical potential in the active emulsion and diblock-
copolymer models. Since the gradient of chemical potential
enters the Stokes equation, the fluid flows in the two
systems will be different (see [36,37] for the equilibrium
model with hydrodynamics; cf. [38,39]).
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FIG. 1. For symmeteric mixtures. (a) Patterns in ¢ after long times of O(10°) for some values of H and R. The gray line separates the

steady patterns from chaotic ones. Color bar same as in (b). (b) A steady ¢ pattern (left) and the underlying vorticity (right) for
R = 0.008 and ‘H = 200. (c) Plot showing values of the maximal Lyapunov exponent for different 7{ and R. Contrary to the dynamics
of Swift-Hohenberg equation with mean flow [41,42]—a system related to Rayleigh-Benard convection, we find the spiral defects to be
stable whereas it is the target patterns that populate the chaotic state.

In order to explore the effect of fluid flows, we consider a
wide range of viscosity values such that H ranges from 0.05
to 500, three different values for the strength of reactions
R, namely, 0.008, 0.04, 0.08, and two values of m, 0 and
—0.2 corresponding to 50:50 and 40:60 component ratio,
respectively (see End Matter for an estimate of H and R in
physical systems.)

The presence of fluid flows brings in fundamentally new
dynamics. For low values of H and R, the system reaches a
steady state with patterns whose morphology is dependent
on these values. For symmetric mixtures (m = 0), in
addition to the lamellae and stripes of the no-hydrodynamic
case we now also find spiral and target patterns [see
Fig. 1(a)], as was previously reported in [29,40] for
chemically reactive binary mixtures. Fluid flows underpin
these steady patterns, as can be seen in Fig. 1(b). If the
hydrodynamics were to be turned off, the patterns would
become unstable and decay towards the stripe pattern,
which is the global energy minimizer in the absence of
hydrodynamics in symmetric mixtures. Importantly, how-
ever, not every trajectory of the system leads to a steady
state. At high H and ‘R, the patterns show chaotic
dynamics, which we ascertain by calculating the maximal
Lyapunov exponent A (see End Matter for the procedure
and for the statistics of the kinetic energy). Positive values
of A indicate unpredictability and in Fig. 1(c) we find these
for high values of H and R.

While the ensuing fluid flows are stronger in symmetric
mixtures owing to the continuous nature of the phase
domains [3], we also observe chaotic dynamics for asym-
metric mixtures. In Fig. 2, we highlight the dynamics of a

40:60 mixture. Here, we initially see double phase
separation [43] and shell formation in a few drops. These
shells then grow adding layers onto themselves from the
material of the surrounding drops, collide, collapse and
reform, and so the process continues. Conversely, in the
absence of hydrodynamics, the pattern would be one of
arrested drops, ideally on a hexagonal lattice [33].

With the aim of understanding the generic features of the
dynamics of our model, we derive amplitude equations
which describe the effects of nonlinearities at large scales
and long times on some simple steady-state patterns. In
particular, we focus on stripes and hexagonal spots that
appear in the absence of hydrodynamics as noted before,

FIG. 2. Enroute to spatiotemporal chaos in a 40 : 60 mixture for
‘H =500 and R = 0.04. Snapshots of the ¢ field at (a) t =0,
(b) t=1250, (c) t=12500, (d) r=5000, (e) r= 10000,
() +=19500, (g) t=19750, (h) t =25000. The Lyapunov
exponent A = 0.021 at late times of O(10).
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and show how hydrodynamics can affect the evolution of
these near the threshold of pattern-forming instability.

We study the system near the threshold of instability
which occurs when the reaction-diffusion length scale
(dimensional) & = (D/R)'/? becomes similar to the length
scale (dimensional) w characterizing the interface width of
the phase-separating domains. We proceed by defining
u=¢ —min (3) and (4), and use the stream function y to
write v(x,y) = Vy x e_, exploiting the two-dimensional
spatial nature of the problem.

We first discuss the linear stability of the uniform

state, u=0. For a perturbation of the form
u = it exp (¢k - x 4 At), the dispersion relation is
Ak) = (1-3m?)k> —k* = R. (5)

The wave vector k. for which di/dk = 0, and therefore
k2 = (1—-3m?)/2, gives the fastest growing mode
provided that |m| < 1/+/3. The instability of this mode
occurs at R="7R, where R, =k%, so that 1 = —(k? — k2)>+
R. — R. We study the dynamics near this bifurcation point,
i.e., when R, — R = re?, where ¢ is ¢(1) and r is the
control parameter [44,45].

We then proceed systematically to derive the amplitude
equations [44,46]. Looking first at the slow dynamics of
stripe patterns aligned perpendicular to, say the x axis, we
write

u(x,y, t) = eA(ex, €'y, e2t)e’ * +c.c. + O(€?),
w(x,y, t) = e/?B(ex, e'/%y, 1) + 0(&5/?), (6)

where A(X,Y,T) is complex and B(X,Y,T) is real and
X=ex,Y = \/Ey, T = &2t are the slow scales. The dynam-
ics of the amplitude A at the lowest order in ¢ is then
given by

9A 0 i P2 oB

O rA—3AAPR 442 (L - T VA ik DA,
or [AFke + L(ax 2kcay2) oy

B o[- (0 i &

T2 e | S (A( - T 4 7
o ‘HL)Y< (ax 2kL.aY2> >]+CC ™

where A is complex conjugate of A. These equations (7) are
identical in form to those obtained for the stability of rolls at
low Prandtl number Rayleigh-Benard convection with
stress-free boundary conditions [44,47].

Similarly, for hexagon patterns at leading order we write
u(x,1) =53_, eA,(ex, et)e™* +cc. with w(x,1) =
eB(ex,€’t) where k; = k.e,, k, =k.(—e, +/3e,)/2
and k; = k.(—e, — \/§ey) /2. For a systematic derivation
now, however, we must substitute 3m = es and H = ¢h,
where s and h are constants [48,49]. The resulting
amplitude equations are

0A _
= 4, VA, = 25K, 1A

- 3k%[|An|2 + 2|An+l |2 + 2‘An—l |2]An - Z.AnTn : VB’

3
VB = "2h|(7;- V)(k;- V)|A) P, (8)

=1

where n is cyclically permuted. V acts on (X, Y), and 7; are
obtained from k; by an anticlockwise rotation of z/2. Again,
Eq. (8) are of the same form as those obtained for the evolution
of hexagon patterns in non-Bousinessq Rayleigh-Benard
convection with mean flow [49].

The coupled amplitude equations signify that slow
spatial modulations of concentration patterns can drive
fluid flow which, due to the fluid’s incompressibility,
creates a long-range coupling between different regions
of the pattern [50]. These amplitude equations, unlike the
Newell-Whitehead-Segel equation that governs the dynam-
ics in the absence of hydrodynamic flows [45,51,52], do
not have a Lyapunov functional and therefore can admit
oscillatory solutions [44]. The identical nature of Ginzburg-
Landau type equations in Rayleigh-Benard and chemically
active emulsions suggests that the latter also offer rich
dynamical behavior, and this behavior can be further
investigated through insights developed for the well-stud-
ied former problem.

Conclusion and outlook—We studied binary fluid phase
separation in the presence of active chemical reactions, and
found that the reactions drive persistent fluid flows. When
these flows are weak, the system reaches a steady state;
when strong, spatiotemporal chaos emerges. By deriving
the amplitude equations, we showed that the weakly non-
linear dynamics of our system is related to Rayleigh-
Benard convection. Beyond the narrow confines set by
the amplitude equations [50], however, the dynamics of the
two systems differs. In the numerical simulations of the full
governing equations, we did not observe the typical spiral
defect chaos of the convection problem [41,42,53]: instead
the chaotic states were dominated by target patterns. We
note that similar patterns and an unsteady dynamics were
reported for phase-field crystal model (a conserved version
of the Swift-Hohenberg equation) with mean flow [54,55],
where unlike in our system a neutrally stable Goldstone
mode is present (see [56]). Binary fluid mixtures de-mixing
under gravity and a continuously ramped temperature that
creates a buoyancy effect have also shown oscillatory
dynamics [57]. The similarities and differences of these
systems inspire our future work.

It is important that we contrast our system with others
that are similar. Previously, in [58,59] convective Cahn-
Hilliard models of the form ¢, +v-V¢ = V?u were
considered, where the velocity v was assumed to be
GV ¢ with the constant G representing the intensity of a
driving force. The authors of those studies found that while
for weak driving, G — 0, the system showed coarsening
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dynamics, as G — oo chaotic structures typical of
Kuramoto-Sivashinsky equation emerged. The convected
Cahn-Hilliard models are, in fact, based on model B of
Hohenberg and Halperin [28] with an additional flux term
due to an external field such as gravity, magnetic or electric
field [60,61]. In the present Letter, we do not assume a form
of velocity nor do we include any external field but instead
solve the fully coupled Stokes-Cahn-Hilliard equations
with chemical reactions—between the phase-separating
constituents themselves—which generate spontaneous
flows by internal activity. Chemically driven hydrodynamic
flows can also originate in non-phase-separating systems,
for example, in the canonical Belousov-Zhabotinskii reac-
tion, due to local changes in the properties of the system,
e.g., viscosity, density, and surface tension [62-67]. Any
oscillatory dynamics observed in these systems, however, is
typically either due to the complex reactions in the system
or because of the already present classical hydrodynamic
instabilities. Only recently, it was shown that the simple
chemical reaction A + B — C when coupled to the Navier-
Stokes equations can generate oscillations in the system
through buoyancy- and surface-tension-driven forces [68].
In contrast, in our phase-separating system, reactions
constantly drive fluid flows not through buoyancy or
solutal Marangoni stresses but Laplace pressure gradients
via the ¢Vu term in the Stokes equation [1]. These flows
can lead to chaotic dynamics even in Stokes flow, without
the presence of nonlinear inertial terms. Additionally, our
model is still different, both in spirit and form, to the active
phase-separating model Active Model H that presents a
continuum theory for self-propelled particles [69]. In that
model, although activity manifests itself at interfaces, as in
our model, it is added phenomenologically through terms
that break time-reversal symmetry in chemical potential
and fluid stresses and are different to those that emerge here
due to chemical activity.

In the end, it is worth emphasizing that we have studied
only a minimal model of active emulsions. We did not
consider fluid inertia along with any differences in the
density and viscosity of the components, all of which can
generate richer dynamics [57,70-72]. We ignored the
Langevin noise of the original model H [1,28], when noise
in active emulsions may play an important role. Moreover,
many real systems are multicomponent systems which
behave fundamentally differently from binary mixtures [73].
While biological emulsions are often rheologically complex
[12,74], showing properties such as viscoelasticity, which
brings in a new time scale to the problem [75], as a first step,
we restricted our analysis to only Newtonian fluids. Finally,
we studied active emulsions in two spatial dimensions but
their dynamics may differ considerably in three dimensions
due to a larger variety of possible equilibirum structures of
equation (3) without hydrodynamics, e.g., gyroids, Fddd,
BCC [37], and owing to the presence of the Rayleigh
instability of tubes, which is absent in two dimensions [76].

We believe that this Letter will stimulate further exploration
of the hydrodynamics of active emulsions.
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End Matter

On the values of the parameters R and H—We first
note that our motivation to study a minimal model is to
reveal generic principles that govern a broader class
of systems. Active emulsions, for example, biomolecular
condensates and polymer blends driven by chemical

reactions, can be rheologically complex, where the
Newtonian fluid description of our model is insufficient,
with reactions that may not follow first-order kinetics,
unlike in our minimal model. Measuring physical
quantities such as interface width and diffusion in such
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systems can also be challenging. The following values
of R and 'H are, therefore, only an order-of-magnitude
estimate.

For biomolecular condensates, the interface width w ~
10 nm and protein diffusivities D ~ 10713-10710 m?/s.
With reaction rates R ~ 1073-10"! s~!, one obtains R ~
107°=10* (see [77-79] and references therein). The con-
densates’ viscosity is ~10~! — 10° Pas and surface tension
y ~107*-10~" mN m~! [13], which gives H ~ 1078 — 10°.

The phase separation of polystyrene (PS) and poly (vinyl
methyl ether) (PVME) driven by photoisomerization reac-
tion may also be described as an active emulsion. For
shallow temperature jumps about the critical point, w ~
10-100 nm with D ~ 10717-10~!5 m?/s, and 7 is reported
~10°-10% s [80-82], cf. [75]. A photoisomerization reac-
tion rate of R ~ 1073 s~! [83] then gives R ~ 1073-107".
The interfacial tension between PS and PVME for shallow
jumps is ~10°-10' mNm~" [80] and viscosity of the
homogeneous solution—an approximation for shallow
jumps—is ~103-10° Pas [84]. These values lead to
H ~10°-10*. Note that the variation in the magnitude
of these physical quantities arises from their composition
and temperature dependence.

In light of the above estimates, we vary R as 0.008,
0.004, and 0.08, and H between 0.05 to 500 in our
simulations.

Calculating the Lyapunov exponent—We use the
procedure described in [85] to calculate the Lyapunov
exponent. We begin the procedure after pattern statistics
have fully developed, and denote with ¢(0) the state of the
concentration field at the procedure’s start; ¢(7) then
represents the state after time ¢, ¢(r) = Q'[¢p(0)], where
Q' is the time-t map due to the dynamics of the system.
Next, to the initial state ¢(0), we add a random
perturbation 5¢(0) with ||6¢(0)|| = o||¢(0)||, where o is a
small real positive value and || - || represents the L, norm.
We then determine ¢p(¢) and ¢(z) + 6¢(r) in parallel in
time. After every time span of duration 7z,, we rescale the
perturbation such that ||5¢(nz,)|| = o||p(nzs)||, where
n=1,2,3.... The maximal Lyapunov exponent is then
estimated as

1 I (107 [p(nry) + S(nry)] = Q7 [(ne, )
ooy 2 6p(nzy)]

(B1)

We have used 7, = 0.25 and ¢ = 10~ and verified that
these parameters had no significant bearing on the results
by increasing and decreasing ¢ by an order of magnitude,
and halving and doubling the value of 7,. N, was chosen
as 2.4 x 10° and in Fig. 1(c), we plot the average values
and error bars of A for the last 1.2 x 10° rescalings. We
did not see any long time trends in the values of the
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FIG. 3. Spatially averaged kinetic energy as a function of time,

after long times, for a symmetric mixture with H = 50 and
R = 0.080. The large variation suggests intermittency. K(7) =
0.5(|v(x)|?) where angular brackets denote spatial average.
Quantities in both the x axis and the y axis have been made
dimensionless.

exponent, and the error bars in the figure are smaller than
the symbol size, indicating convergence of values.

On intermittency and energy spectrum—We see signs
of intermittency in the chaotic dynamics of our system.
The unpredictability in the trajectory of the system,
quantified by the Lyapunov exponent, arises as the target
patterns collide and burst (see Fig. 2); this happens
inhomogeneously in space and time, and gives rise to
large fluctuations in the observables in the system:
Fig. 3 shows the variations in the spatially averaged
kinetic energy for a chaotic symmetric mixture. We
have, however, not attempted to quantify the intermittent
behavior (cf. [86]); this will be an important next step.
For completeness, we report in Fig. 4 the kinetic energy

T T [T T T T T [T T T T T IE

1x10°F
1x10°F

1000

E (k)

0.001f

[ [
100 10

—F

Wavelength

FIG. 4. Kinetic energy spectrum for a symmeteric mixture with
‘H = 50 and R = 0.080. The unit for the y axis is arbitrary while
wavelengths on the x axis have been made dimensionless. L
indicates the simulation box size. The dots, differently colored,
correspond to eleven time snapshots taken at equal intervals from
the time period corresponding to that in Fig. 3. The solid black
line represents the mean. E(k)= k(|v(k)[?), where angular
brackets denote average over mode |k| = k in spectral space [89].
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spectrum for the same system; here, it will be instructive
to evaluate the energy and enstrophy transfer across
scales and compare them with other instances of active
turbulence [87]. It will also be interesting to study the
chaotic dynamics in three spatial dimensions, where
topological structures distinct from the two-dimensional

case may emerge, and see how the statistical properties
and scaling laws depend on spatial dimensions, although
we note that our model, which describes the dynamics
in the Stokes regimes, lacks the advective nonlinearity
of classical turbulence which differs markedly in two
and three spatial dimensions [88].
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