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We accomplish for the first time the two-loop computation of the leading-twist contribution to the pion
form factor by employing the effective field theory formalism rigorously. The next-to-next-to-leading-order
hard function is determined by evaluating the appropriate five-point QCD amplitude with the modern
multiloop technique and by implementing the ultraviolet renormalization and infrared subtractions in the
presence of evanescent operators. The yielding two-loop correction to this fundamental quantity turns out
to be numerically significant at experimentally accessible momentum transfers. We further demonstrate
that the newly computed two-loop QCD correction is highly beneficial for an improved determination of

the leading-twist pion distribution amplitude.
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Introduction—TIt is generally accepted that the pion
electromagnetic form factor (EMFF) is of paramount
importance for probing the infrared structure of QCD
scattering amplitudes of hard exclusive reactions and for
unraveling the precise mechanisms that dictate the intricate
nature of composite hadron systems. Advancing our under-
standing toward this gold-plated form factor is especially
suitable for delivering deep and far-reaching insights into
the delicate interplay between the emergent and Higgs
mass generation mechanisms for such lightest pseudo-
scalar mesons as the Nambu-Goldstone modes of QCD.
Historically, the systematic analysis of the pion form factor
played an indispensable role in establishing the perturbative
factorization formalism for the entire domain of exclusive
hadronic processes [1-7]. As a consequence, the dimen-
sional-counting rules for the power-law behavior of numer-
ous hard exclusive reactions on the basis of the parton
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model [8,9] can be placed on a solid footing within this
field-theoretic framework [10]. Additionally, the perturba-
tive factorization technique has been extended to the first-
principles calculations of the deeply virtual Compton
scattering [11-14], the hard diffraction of light mesons
at high energies [15—17], and the exclusive heavy-to-light
B-meson decays [18-21]. Moreover, the timelike scalar-
current pion form factors are intimately connected with the
weak annihilation contributions to the hadronic B — zx
decays [22-24].

Experimentally, the pion EMFF at low momentum
transfers (Q? €[0.015,0.253] GeV?) has been measured
from the elastic scattering of high-energy pions off the
atomic electrons in a liquid-hydrogen target at Fermilab
[25,26] and CERN [27,28]. The challenging measurement
of the pion form factor at intermediate momentum trans-
fers, up to Q% = 10 GeV?, has been further carried out at
Cornell [29-31], DESY [32,33], and JLab [34-38], by
exploiting the so-called Sullivan mechanism and by
extrapolating the longitudinal cross section at negative
values of the Mandelstam variable ¢ to the pion pole at
t = m2 [39]. Extracting the charged pion form factor over a
wide range of the moderate momentum transfers
(Q*€1]2.0,6.0] GeV?) can be also anticipated from the
E12-06-101 experiment with the upgraded JLab accelerator
[40]. Accessing the spacelike pion form factor at yet higher
momentum transfers (10 GeV? < Q% <40 GeV?) with
high precision will be one of the key targets for the
forthcoming electron-ion collider (EIC) experiment at
Brookhaven National Laboratory [41].
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According to the hard-collinear factorization theorem
[1-6], the leading-power contribution to the pion EMFF in
the large-momentum expansion can be expressed in terms
of the short-distance coefficient and the twist-two light-
cone distribution amplitude (LCDA) for the (anti)collinear
pion state. The next-to-leading-order (NLO) QCD correc-
tion to the perturbatively calculable hard function had been
determined with the diagrammatic factorization approach
more than 40 years ago [42-46]. Including the complete
NLO correction in the factorization analysis of the pion
EMEFF turns out to be extraordinarily advantageous to pin
down the intrinsic uncertainty from varying the renormal-
ization or factorization scale [47]. Accomplishing the next-
to-next-to-leading-order (NNLO) computation of the
short-distance coefficient is, therefore, in high demand
for improving further the theory prediction of the charged
pion form factor in order to match the ever-growing
precision of the experimental measurements. It is our
primary objective to fill such an important and long-
standing gap in this Letter, by evaluating the appropriate
QCD matrix element at O(a?) with the contemporary
multiloop computational strategies and by carrying out
the ultraviolet (UV) renormalization and infrared (IR)
subtractions in a meticulous and factorization-compatible
manner (see [48] for an earlier NNLO calculation of the
pion EMFF with the covariant trace method which cannot
be rigorously justified in the perturbative factorization
framework [49-66]). Phenomenological implications of
the determined two-loop correction to the spacelike pion
EMFF at large momentum transfers will be then explored
comprehensively.

General analysis—Applying the general decomposition
for the hadronic matrix element of the quark electromag-
netic current enables us to write down

(@ (P 0)* (p))
= Fo(Q*)(p+ 1), + F(Q)(p = 1), (1)

where p(p’) corresponds to the four-momentum carried by
the initial (final) pion state and Q% = —(p — p')>.
Employing the vector-current conservation condition leads
to F,(Q%) = 0, thus leaving us with a single form factor
F,(Q?%). The quark electromagnetic current is given by

) =Y eqa(x)ruq(x), (2)

with e, = 2/3 and e, = —1/3 for the up and down quarks,
respectively. Introducing two lightlike vectors n, and 71, with
n*>=n?>=0 and n-ii =2 allows for the decomposition
pu = (n-p/2)n, and p, = (7 - p'/2)n, at leading power.

Applying the modern effective field theory technique
[67,68] leads to the factorization formula for the pion form

factor at leading power in the AécD/ Q? expansion:

F,Z<Q2>—<eu—ed>‘“’“Q#f% / dx / dyT, (x.y. Q2. vp)
X (X, )b (v, 1), (3)

with the pion decay constant f, = (130.2 £ 1.2) MeV
[69]. Apparently, the hard-scattering kernel 7'; depends
on both the renormalization scale v and the factorization
scale u. This short-distance coefficient function can be
expanded perturbatively in terms of the strong coupling
constant (similarly for any other QCD quantity)

r=3 ()10, @

The leading-twist pion distribution amplitude ¢, in the
factorized expression (3) can be defined by the renormal-
ized QCD matrix element on the light cone [70,71]:

(" (p")la(zn)en, O]y,rsd(0)|0)

1 o
— if.p, A dxe 7 b (x, 1), (5)

where [z72, 0] is the finite-length collinear Wilson line. The
one-loop renormalization-group (RG) equation for the
light-ray operator on the left-hand side of (5) implies
the conformal partial wave expansion of ¢, (x, u) in terms
of the Gegenbauer polynomials with multiplicatively
renormalizable coefficients [72]

balo) = 6x(1= ) S an(W)CP2x = 1), (6)
m=0

The short-distance coefficient T can be determined by
investigating the five-point QCD matrix element below:

IT, = (u(p})d(p5)|jis™(0)|u(py)d(p2)). (7)

where the external momenta can be restricted to their
leading components p; = xp, p, =Xp, p) =yp’, and
ph =yp' with the “bar notation” x=1-x, y=1-y.
We will perform the computation of the bare amplitude in
dimensional regularization with D = 4 — 2e.

Next-to-next-to-leading-order QCD computation—We
will dedicate this section to a brief technical description
of the two-loop QCD calculation for II,. We start with
generating the NNLO Feynman diagrams with FeynArts [73]
and, independently, by means of an in-house routine.
Taking into account the observation that a subset of the
two-loop diagrams yield the vanishing contribution due to
the Furry theorem and/or the zero color (electric) charge
factors, we eventually encounter 1066 nonvanishing dia-
grams of our interest. Two sample Feynman diagrams are
depicted in Fig. 1 explicitly.

221901-2



PHYSICAL REVIEW LETTERS 134, 221901 (2025)

(a) (b)

FIG. 1.

Sample two-loop Feynman diagrams.

All tensor integrals can be expressed in terms of scalar
integrals and algebraic tensorial structures using the
Passarino-Veltman decomposition [74]. We then perform
the Dirac and tensor reductions with in-house Mathematica
routines, by applying the QCD equations of motion and on-
shell conditions. The large amount of two-loop scalar
integrals are further reduced to an irreducible set of master
integrals with Apart [75] and FIRE [76]. In total, we obtain 57
two-loop master integrals. The evaluation of these master
integrals can be accomplished in an analytic fashion by
employing the method of differential equations [77,78]. In
order to identify a suitable linear transformation such that
the master integrals in the new basis satisfy a set of
differential equations in an e-factorized form [79], we take
advantage of Lee’s algorithm [80] as implemented in the
program Libra [81]. The boundary conditions to the differ-
ential equations are determined by capitalizing on the
package AMFlow [82] based upon [83,84]. The yielding
results of the master integrals at three distinct kinematic
points allow us to construct the boundary constants of the
differential equations in terms of transcendental numbers
using the PSLQ algorithm [85,86]. It is, thus, straight-
forward to express the master integrals through Goncharov
polylogarithms [87,88] up to the required order in e.

Ultraviolet renormalization and infrared subtractions—
We proceed to deduce the master formula for 7; by
performing the UV renormalization and IR subtractions
in the presence of evanescent operators [66,89-91]. To
achieve this goal, we exploit the matching equation for IT,,
onto the effective matrix elements:

0= (p+ '), {( —e) S T e <0k>] |
k
0, €{0,,0,,05}, (8)

with the following choice of the collinear operator basis:

Ol = U(uﬂyy(d] [Edﬂyﬁfu]’
- 1
Oy = [Wur 1abu)Ear’ixa) — 101,
03 = U(uhahmhﬂzfu] [‘Ed?’i?’fi’/il)(d} )

One can readily verify that O, is the only physical operator
in our problem and the other two operators are evanescent.
To reduce our notation to the essentials, we strip off the

collinear Wilson lines and the position arguments of quark
fields from O,. Following [49], we label the collinear and
anticollinear effective fields moving into the directions of 7
and n by & and y, respectively.

Now we organize the perturbative expansion of the
renormalized QCD correlation function I, in terms of
the tree-level matrix elements of the effective operators:

”2
M, = (p+p'),(en—eq) ) >N

4
Q k =123

Za s r+1
|G ]

where Z, denotes the renormalization constant of the
strong coupling in the MS scheme [92-94]. The scalar
quantities A,@ in (10) represent the bare #-loop on-shell
QCD amplitudes. In the same vein, the UV-renormalized

matrix elements of ; can be expanded according to

(Op) = ZZ (%) le<§> ® (0,0, (11)

©
i =0

Since the collinear fields for distinct directions already
decouple at the hard scale, the renormalization constant

Zﬁ'? can be, therefore, determined from the Efremov-
Radyushkin-Brodske-Lepage kernel with the one- and
two-loop results obtained in [2,4] and [95-99].
Substituting (4), (10), and (11) into the matching equa-
tion (8) leads to the master formulas for the hard function:

7O — 40,
T = A0 A - S T,
k=12

T = A 427040 4 7224
-N Y zPer . (12)

k=1237¢=12

The renormalization constants for the evanescent operators
are adjusted to ensure that the IR-finite matrix elements
(O, 3) vanish [100-104]. Adopting the collinear operator
basis (9) yields the evanescent-to-physical operator mixing,
which is captured by the finite renormalization constant

Z<221) at two-loop order. This justifies the essential role of
introducing evanescent operators in constructing the fac-
torization formulas [49-62]. It is perhaps worthwhile to
mention that the yielding short-distance coefficient func-

tions T@ do not depend on the particular choice of the
evanescent four-quark operators O, 3.

Inserting the two-loop expression of 7y into the factori-
zation formula (3) and then performing the twofold
integration over x€(0,1) and ye€(0,1) with the
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Mathematica package PolyLogTools [105] in the asymptotic
approximation

Asy 1 42\ __ _ 4ﬂ'as > ﬂ y_z B
Fr(Q%) = (e, —eq) % 2f”{1 + <47;> [9an2—|— 3}

2

ag\ 2 V2 v
+ <E> [811n2@+5381n@

560 128 u? 13136
+ <120—TCZ _TK:S) ln@‘i_T
1100 1736 3280
T Z_TC3_24§4+T§5:|

n 0<az>}, (13)

where {, represents the Riemann zeta function [106—108].
Including the higher conformal spin contributions from ¢,
leads to the lengthy results for the nonasymptotic correc-
tions to the pion EMFF, whose explicit expressions are
collected in Supplemental Material [109]. We have verified
that the thus achieved NNLO QCD computation of F,(Q?)
is truly independent of the renormalization or factorization
scale at O(a?), by applying the two-loop evolution equa-
tion of ¢,(x,pu) [95-99]. Adopting the RG formalism
enables us to accomplish an all-order summation of the
enhanced logarithms of Q*/Ag, entering the factorized

expression of F,(Q?) in the next-to-next-to-leading-
logarithmic (NNLL) approximation with the three-loop
evolution of ¢, (x, ) [110,111].

Numerical analysis—We proceed by first discussing our
choice for the phenomenological models of the twist-two
pion LCDA in the hard-collinear factorization formula (3).
The first model PMO% I (x, yy) = [[(2 + 2a,) /T2 (1+
a,)](xx)% is motivated from the anti-de Sitter-QCD
correspondence [112] with a,(ug) = 0.5857098) [113]
determined by matching to the lattice result of a,(pg) =
0.116f8:8218 at py = 2.0 GeV [114]. Our second model
{ay, ay, ag, ag}(uy) = {0.181(32), 0.107(36), 0.073(50),
0.022(55)} [115] is obtained from the comparison of the
light-cone sum rule for the pion EMFF [116] with the
experimental measurements (see also [117,118]). By con-
trast, the numerical intervals for the two lowest con-
formal coefficients in model I {a,,a4}(ug) =
{0.149700%2 —0.0961 0953} [119-121] are extracted from
the method of QCD sum rules [122]. Furthermore, we
employ an alternative model (hereafter labeled as model
IV) with the first three Gegenbauer coefficients
{ay, a4, a6} (uo) = {0.196(32), 0.085(26), 0.056(15)}
[123] determined from the lattice prediction for the shape of
the pion LCDA with large momentum effective theory
[124-126]. We will vary the renormalization scale of the
strong coupling a, in the interval v? € [0?/2,20?]. The

1.4
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FIG. 2. Theory predictions of the pion EMFF from the soft
Feynman mechanism [116] (yellow curve) and the hard-scatter-
ing contribution. We further collect the experimental data points
(Bebek 78 [31] and JLab 08 [38]) and the recent lattice QCD
results (LAT 24 [141]).

factorization scale y will be taken as u?> = (x)Q* with
1/4 < (x) <3/4 [127] (see also [47,57,128-134]).

We further display in Fig. 2 the obtained theory
predictions for the leading-power contributions at lead-
ing-logarithmic (LL), NLL, and NNLL accuracy as well as
the subleading power corrections arising from (I) an
atypical “end-point” configuration of twist two in the
one-loop approximation and (II) the higher-twist pion
LCDAs up to the twist-six accuracy [116], by adopting
model I of ¢, as our default choice. Apparently, the newly
determined two-loop correction to the hard-scattering
contribution can substantially enhance the NLL prediction
of the pion EMFF: numerically at the level of (30-50)%. In
analogy to the QCD anatomy of B — y£v, [135-139], the
soft nonfactorizable correction to the charged pion form
factor can constantly shift the NNLL resummation
improved leading-power contribution by approximately
an amount of O(25%) for 5.0 GeV? < 0? < 20.0 GeV>.
We are then led to conclude that an ironclad and fully
analytical extraction of the two-loop short-distance coef-
ficient in the factorized expression (3) is vital for obtaining
the robust and accurate theory prediction of F,(Q?) [140].

We now turn to present in Fig. 3 our final theory
predictions for the pion form factor with the four different

1.8
. —e— Bebek 78 Model I
“:'> 14 —=— JLab 08 Model IT
O] —®— LAT 24 Model IIT
o Model IV
& 1.0
S
= 06
o5
0.2 . ) -
5 10 15 20
Q° [GeV?]
FIG. 3. Theory predictions of the pion EMFF with the four

sample models of ¢ (x, p1o) obtained by adding together both the
hard-scattering contribution and the subleading power correction.
The uncertainties from varying the renormalization and factori-
zation scales are indicated by the color bands.
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FIG. 4. Theory predictions for the dependence of the pion
EMFF on the fourth conformal coefficient a4(yy) at
0? = 30.0 GeV?, by taking advantage of the lattice determina-
tion of a,(pg) [114] and by discarding the yet higher moments.

phenomenological models of the twist-two pion LCDA
discussed above, confronting with the two experimental
measurements Bebek 78 [31] and JLab 08 [38] at
Q? = {2.45,3.33,6.30,9.77} GeV?. It can then be
observed that the yielding numerical prediction with the
anti—de Sitter—QCD-inspired model fulfilling an additional
constraint from the lattice determination of a,(ug) [114]
(i.e., our model I) provides us with the most optimized
description of the experimental data points. In contrast with
the NNLL QCD computation for the photon-pion transition
form factor [59,143], our two-loop prediction of the pion
EMFF approaches the desired scaling behavior in the
formal Q% — co limit rather slowly [144].

We finally address the genuine benefit of the two-loop
QCD calculation of the charged pion form factor on the
model-independent extraction of the shape parameters
dictating the twist-two pion LCDA. To this end, we proceed
to explore the intrinsic sensitivity of Q?F,(Q?) on the
poorly constrained conformal coefficient ay(uy). It is
evident from Fig. 4 that including the newly obtained
two-loop correction to the pion EMFF will indeed be
advantageous to enhance the sensitivity of extracting the
key shape parameter a,(4) in anticipation of the prospec-
tive precision EIC measurements [41].

Conclusions—In conclusion, we have endeavored to
accomplish for the first time the rigorous two-loop com-
putation of the pion EMFF analytically, by applying the
modern effective field theory formalism. Crucially, we have
demonstrated that the thus-determined NNLO QCD cor-
rection to the short-distance coefficient can bring about a
sizable impact on the pion EMFF over a wide range of
momentum transfers. In particular, the very inclusion of the
two-loop correction allowed for an improved extraction of
the shape parameters dictating the intricate profile of the
pion LCDA. Extending and developing further our fac-
torization prescription to the charged kaon form factor and
to the exclusive B, — 1.V, form factors [148—151] will be
beneficial for deepening our understanding toward the
diverse facets of the strong interaction dynamics encoded
in the hard-scattering processes.
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