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Using theory and numerical simulations, here we describe the early stages of the impact with a velocity
V of a drop of radius Rd of a low viscosity liquid such as water against a layer of generic thicknessH of the
same liquid. Our predictions for the initial velocity Vt ≫ V and the diameter Ht ≪ Rd of the toroidal rim
bordering the edge of the thin lamella which is ejected radially outwards after the impact, are in fair
agreement with both the numerical results and also with the experimental measurements reported by Zhang
et al. [J. Fluid Mech. 690, 5 (2012)]. Consequently, the present findings can be employed, for instance, to
predict the initial diameters and velocities of the fastest tiny droplets which are ejected right after a rain drop
falls on a liquid pool, an ubiquitous phenomenon with implications in the dispersal of contaminants and in
the generation of aerosols and of ice condensation nuclei.
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One of the main physical processes involved in the
dispersal of contaminants and in the generation of sea spray
aerosol is bubble bursting, a phenomenon which can be
reliably quantified using very recent results in the literature
[1–11]. While the production of aerosol particles by rain-
drop impact on dry soil is also driven by bubble bursting
[12], the falling of raindrops on wet forests, puddles, ponds,
lakes [13,14], or the sea [15–17] induce the dispersion of
contaminants [14] and the production of bioaerosols and of
ice condensation nuclei [18] through a different physical
mechanism namely, the ejection and subsequent breakup of
the very thin and fast lamella which is issued shortly after
the contact between the two liquid masses, see Fig. 1, a
physical process known as drop splashing. However, in
spite of the number of experimental, theoretical, and
numerical studies devoted to analyze the impact of a drop
on a liquid layer [15–17,19–27], much less is known about
the crucial early stages taking place when raindrops fall on
a liquid pool because none of the numerous and recent
studies enumerated above addresses the discrepancies
between the very precise experimental measurements
reported by [19] over a decade ago using high speed
x-ray images and the different quantitative analyses
reported so far. Indeed, while the classical theoretical result
used to quantify the initial velocity of the lamella ejected

FIG. 1. Numerical simulation using Basilisk [34,35] show-
ing the impact with a velocity V of a drop of radius Rd, density ρ,
and viscosity μ onto a liquid film of depth H of the same liquid
for We ¼ 315, Oh ¼ 0.0105, ρg=ρ ¼ 10−3, μg=μ ¼ 1.8 × 10−2,
and h ¼ H=Rd ¼ 1.8.
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after the impact depicted in Fig. 1 predicts that [21]
Vt ∝ ν−1=2V3=2, with ν indicating the liquid kinematic
viscosity and V the impact velocity of the drop, the
experiments in [19] do not support the prediction in [21]
but, instead, suggest a best fit to the data of the type
Vt ∼ ν−1=4V1.8. Motivated by this fact and with the purpose
of describing the very early stages of drop impact on a
liquid layer we develop a framework similar to the one used
to quantify the splashing of drops impacting solid surfaces
[28]. The results obtained will then be used to predict the
initial velocity and the initial radius of curvature of the
toroidal rim bordering the ejected liquid sheet, which
breaks due to the growth of azimuthal disturbances
[19,20,29–32], provoking an early splash characterized
by the ejection of fast, micron-sized droplets [19,20], with
velocities Vt ≫ V and diameters ∼Ht ≪ Rd [31], see
Fig. 1. Our predictions will be validated using the exper-
imental measurements reported by [19,20] and using the
results of numerical simulations carried out using
Basilisk [33–35], see Supplemental Material [36].
We first analyze the case of a liquid pool of thickness

h ¼ H=Rd → ∞ in terms of the dimensionless variables
and parameters defined using Rd, V, Rd=V, and ρV2 as the
characteristic values of length, velocity, time, and pressure,
with ρ, μ, and σ indicating, respectively, density, viscosity,
and the interfacial tension coefficient. In the following,
lower-case letters will denote dimensionless variables to
differentiate them from their dimensional counterparts,
written in capitals (e.g., vt ¼ Vt=V, ht ¼ Ht=Rd) and the
subscript gwill be used to denote gas quantities: indeed, the
numerical results also depend on the ratios ρg=ρ and μg=μ,
which are kept constant and equal to 10−3 and 1.8 × 10−2

unless otherwise specified.
The type of splashing analyzed here occurs within the

two-jets regime reported in [19], which produces the spray
reported in [20] for liquids with viscosities equal or similar
to that of water. The spray is composed of micron-sized
secondary droplets emitted from the toroidal rim bordering
the lamella, which destabilizes due to the growth of
azimuthal disturbances [19,20,29–32]. Since splashing
and the disintegration of the rim bordering the ejected
lamella only occurs when the values of both the Weber and
Reynolds numbers are such that We ¼ ρV2Rd=σ ≳ 250

[19], Re¼ ffiffiffiffiffiffiffi
We

p
Oh−1 ≫ 1, with Oh ¼ μ=

ffiffiffiffiffiffiffiffiffiffiffi
ρRdσ

p
, for the

cases of interest here, vorticity is confined within very
narrow regions at the free interfaces, a fact implying that the
dimensionless velocity field is irrotational outside the very
thin boundary layers, namely, v ¼ ∇ϕwith ϕ indicating the
dimensionless velocity potential. Consequently, by virtue
of the continuity equation∇ · v ¼ 0, ϕ satisfies the Laplace
equation ∇2ϕ ¼ 0. The potential flow will be described
next for t ≪ 1 in a frame of reference moving with the
vertical velocity −V=2 (−1=2 in dimensionless terms), with
the origin of times t ¼ 0 set at the instant when the bottom
of the drop would contact the liquid layer if the gas was not

present. In the moving frame of reference, the free
interfaces of both the bottom layer and of the impacting
drop—which in the moving frame of reference and for
r ≪ 1 is a parabola of equation z ¼ r2=2 − t=2—are
located, neglecting higher order terms [22,25], at
z ¼ 0�, with z ¼ 0þ indicating the linearized free interface
of the drop and z ¼ 0− the corresponding linearized position
of the initially flat film. The solution of the Laplace equation
subjected to the far field conditions ∂ϕ=∂zðz → �∞Þ →
�ð−1=2Þ, to the impenetrability condition ∂ϕ=∂z½z ¼ 0; r ≤
aðtÞ� ¼ 0 and to the boundary condition at the free inter-
faces ϕðz ¼ 0�; r > aðtÞÞ ¼ 0—deduced using the Euler-
Bernoulli equation in the limit t ≪ 1 [9,22,25,28,37], is
symmetric with respect to z ¼ 0 -see the sketch in
Fig. 2—and yields the following analytical expression for
the vertical velocity at the linearized free interfaces [28,38]:

∂ϕ

∂z
ðr > aðtÞ; z ¼ 0�Þ

¼ � 1

2

0

@−1 −
2

π

"
aðtÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − a2ðtÞ

p − arcsin

�
aðtÞ
r

�#1

A: ð1Þ

In Eq. (1) aðtÞ indicates the dimensionless radius of the
circular region, the wet region in what follows, where the
two liquid masses in Fig. 2 collide, entrapping a bubble of
dimensionless radius rb, see Fig. 1. The radius aðtÞ is
calculated through the so-called Wagner condition [37],
which is nothing but the time integral of the kinematic
boundary condition at the free interfaces and permits us to
calculate the time taken by a material point located initially
at r ¼ a, z ¼ a2=2, i.e., a point on the drop interface at
t ¼ 0, to reach the bottom liquid layer. Because of the fact
that the vertical velocities at the linearized free interfaces are
symmetric with respect to z ¼ 0, the two liquid masses will
collide at the midpoint between their initial positions,
namely, at z ¼ r2=4—see Fig. 2—and, therefore, using
the expression for the vertical velocity at the upper free
interface given in Eq. (1), the Wagner condition reads [37]:

a2ðtÞ
4

−
t
2
−
1

π

 Z
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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p

−
Z
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0

arcsin

�
aðτÞ
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�
dτ

!

¼ 0; ð2Þ

which is the equation for aðtÞ deduced and solved in [28],
where it was found that aðtÞ ¼ ffiffiffiffi

3t
p

. Consequently, due to
the fact that both the local velocity field and the thickness of
the lamella depend on t ≪ 1 through aðtÞ, the results found
in [28] are also applicable here and, hence, the radial velocity
of the wet region is also ȧðtÞ ¼ 1=2

ffiffiffiffiffiffiffi
3=t

p
; the liquid

velocity at the root of the lamella, see Fig. 3, which can
be deduced using the Euler-Bernoulli equation along a
streamline at the free interface in a frame of reference
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moving with the radial velocity ȧ, is also vaðtÞ ¼ 2ȧ ¼ffiffiffiffiffiffiffi
3=t

p
in the laboratory frame of reference. Note that the

solution for the velocity field at the free interface given in
Eq. (1) is not uniformly valid because it diverges for r ≈ aðtÞ
where ∂ϕ=∂z ≈ −ð1=πÞ ffiffiffiffiffiffiffiffiffiffi

a=2x
p

, with r ¼ aðtÞ þ x, x ≪ 1

and, hence, the term j∇ϕj2=2 needs to be retained in
the Euler-Bernoulli equation in an inner region, namely, a
lamella of thickness haðtÞ, where the blow-up of the
outer velocity field in the limit x → 0 of Eq. (1), is
regularized. The thickness haðtÞ is calculated imposing that
the flow rate through the lamella, in the inner region, is the
one posed by the outer solution at the root of the lamella,
namely,

R ha
0

ffiffiffiffiffiffiffiffi
a=x

p
dx ≃ 2ȧha ⇒ ha ≃ a=ȧ2 ∝ t3=2, a

classical result due to Wagner [22,25,37]. We then follow
the same steps as in [28] and, similarly to the case of impact
on a solid substrate, we also note from Fig. 3 that the edge

of the lamella is ejected at a radial velocity vt that coincides
with the wetting velocity at the ejection time te, i.e.,
vt ¼ ȧðteÞ ¼ 1=2

ffiffiffiffiffiffiffiffiffi
3=te

p
, with te deduced from the con-

dition Dvt=DtðteÞ ¼ äðteÞ ∝ t−3=2e with Dvt=Dt < 0
denoting the dimensionless acceleration of the edge of
the lamella. The deceleration is caused by the combined
effect of both viscous and capillary stresses and is calculated
by means of the momentum equation projected in the
radial direction, Dvt=Dt ≈ Re−1vt=h2t þWe−1=h2t [28],
with htðteÞ ∝ haðteÞ ∝ t3=2e the diameter of the edge of
the lamella depicted in Figs. 1 and 3. Consequently, the
equation for the ejection time te is identical to the one
deduced in [28]

ffiffiffi
3

p
=2Re−1 t−1=2e þWe−1 ¼ c2t3=2e ; ð3Þ

(a) (b)

FIG. 2. (a) Sketch showing the impact of a drop on a liquid layer in a frame of reference moving vertically with the velocity −V=2; the
dashed line indicates the parabola along which the two liquid masses collide. (b) Sketch of the linearized boundary conditions to be
satisfied by ∇2Φ ¼ 0, whose solution provides the vertical velocities given in Eq. (1), the key ingredient behind the Wagner condition
[37] in Eq. (2).

(a) (b)

FIG. 3. (a) In blue, numerical values obtained using Basilisk for the radial, rtðtÞ, and vertical, ztðtÞ, positions of the edge of the
lamella defined in Fig. 1. See also Supplemental Material for details [36]. The thick black line is the theoretical prediction
r ¼ aðtÞ ¼ ffiffiffiffi

3t
p

, whereas the yellow lines, tangent to rtðtÞ and ztðtÞ, permit us to determine the radial and vertical velocities of the edge
of the lamella, vt and vv, respectively, at t ¼ t0 ¼ 0.07, an instant of time at which the lamella follows a ballistic trajectory—rtðtÞ
follows a straight line—and, hence, retains its velocity at the ejection instant te < t0 ¼ 0.07 predicted by the solution of Eq. (3), see also
panel (b). (b) Numerical shape of the lamella at t0 ¼ 0.07 corresponding to the thin vertical black line in figure (a). The yellow circle of
diameter ht, see also Fig. 1, is the best fit to the local shape of the rim bordering the lamella. The dashed line corresponds to the parabola
in Fig. 2(a) but, in this case, it is represented in the laboratory frame of reference, i.e., z ¼ −t0=2þ r2=4. In (a),(b), h ¼ 1.8, We ¼ 315,
Oh ¼ 0.0105.
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with c a constant coming from the factor in ht ∝ ha that
was set to c ¼ 1.1 in [28] for the case of drops impacting
solid substrates; here, c ¼ cðhÞ and, for simplicity, here
we set cðhÞ ¼ 1 in Eq. (3) and will absorb the dependence
of te on cðhÞ by adjusting a factor of order unity, as will be
discussed below; notice that, for the reasons in [39,40],
the entrapped bubble does not appreciably influence the
value of te calculated through Eq. (3) which, in the limit
Oh ≪ 1 of interest here yields te ≃We−2=3. All the
numerical values of vt, vv and ht in Figs. 4 and 5 are
calculated at t ¼ t0 ¼ 0.07, see Fig. 3 because, at this
instant of time, the lamella follows a ballistic trajectory
[28,31] that retains its initial velocity at te ≈We−2=3 <
0.07 when We > 100, see also Ref. [41].
Figure 4 compares the experiments of [19,20] and our

numerical results with the prediction v�t ¼ 1=2
ffiffiffiffiffiffiffiffiffi
3=te

p
, with

te given by the solution of Eq. (3), for wide ranges of values
of We > 100, Oh, and h finding that, for the conditions
under which the rim disintegrates generating a spray,
namely, when We≳ 250 [19], vt ≈ 0.9 × 1=2

ffiffiffiffiffiffiffiffiffi
3=te

p
with

relative errors ∼� 10%. The results in Fig. 4 also reveal
that the dependence on h of the initial radial velocity of the
ejecta sheet is very small, and the reason for this lies in the
fact that, except for cðhÞ ≈ 1 in Eq. (3), the expressions for
te and aðtÞ in the limit h ≫ 1 are identical to those found
for the case of drops impacting a rigid substrate considered
in [28], a case that can be approached in the limit h ≪ 1.

The comparison between the numerical values of ht with
h�t ¼ t3=2e in Fig. 5(a) reveals that ht ≃ 2.2t3=2e , with relative
errors ∼� 10% for over two decades in h when the rim
breaks into droplets, namely, when We≳ 250 [19]; note
that the small deviations with respect to our prediction in
Fig. 5(a) are a consequence of the thickening of the rim
caused by the fact that relative volume flux into the rim is
≈h�t ðva − v�t Þ ≈ h�t v�t [31] during the time interval
t0 − te > 0, with t0 ¼ 0.07 and va ¼

ffiffiffiffiffiffiffi
3=t

p
.

The initial value of the vertical velocity vv in Fig. 3 can
also be predicted using Wagner theory [37] in the limit
h ≫ 1, see also Ref. [25]. Indeed, the lamella is ejected at
the midpoint between the initial position of the drop and the
bottom liquid layer, namely, at the parabola of equation
z ¼ r2=4 ⇒ dz=dr½r ¼ aðteÞ� ¼ aðteÞ=2 ≪ 1—see
Fig. 2—and consequently, in the moving frame of refer-
ence, vv ¼ vtðteÞaðteÞ=2 ¼ 3=4 which means that, in
the laboratory frame of reference, the vertical velocity
at the ejection instant is vvðteÞ ¼ 1=4, a value which is
much smaller than the tangential velocity, vv ≪ vt with
vt ∝ t−1=2e ∝ We1=3 ≫ 1 because, in the limit Oh ≪ 1,

FIG. 4. Main: vt=v�t with vt the experimental values in Ref. [19]
[ZD] and Ref. [20] [Th] for wide ranges of values Oh ≲ 0.02;
v�t ¼

ffiffiffiffiffiffiffiffiffi
3=te

p
=2 with te the ejection time calculated solving

Eq. (3) −v�t ¼
ffiffiffiffiffiffiffiffiffi
3=te

p
for the experimental data points in [20]

[Th] because the data in this case represent drop velocities:
indeed, using the experiments in [42], it was shown in [31] that
the secondary drops emitted directly from the root of the lamella
are ejected with the velocity va ¼

ffiffiffiffiffiffiffi
3=t

p
. The values of vt

represented using þ, indicate numerical results; see Supplemen-
tal Material for additional numerical data [36]. Inset: numerical
values of vt for We ¼ 200, 315 and Oh ¼ 0.0105 as a function of
h: notice that 0.9 ≤ vt=v�t ≤ 1 for over two decades in h. Because
of the fact that splash does not occur for We < 100 [19,26], We ≥
100 in the figure.

(a)

(b)

FIG. 5. Numerical values of ht=h�t (a) and vv (b), with h�t ¼ t3=2e

and te given by Eq. (3). The numerical results in (b) corresponding
to ρg=ρ ¼ 10−3, μg=μ ¼ 0.6 × 10−2 and to ρg=ρ ¼ 0.33 × 10−3,
μg=μ ¼ 1.8 × 10−2 have been calculated for Oh ¼ 0.0105 and
h ¼ 1.8. The insets show the dependence on h of (a) ht=h�t ,
(b) vv.
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te ∝ We−2=3 see Eq. (3). Figure 5(b) shows that 1=4≲
vv ≲ 1 and, in order to check if the deviations of vv with
respect to 1=4 are associated with gas effects [16,29,43], we
have performed simulations at reduced values of ρg=ρ and
μg=μ, finding only slight differences in the values of vv but
not on vt, see Fig. 5(b) and Supplemental Material [36] for
details. Then, the reason why 1=4≲ vv ≲ 1 in Fig. 5(b) is
because the prediction vv ¼ 1=4 refers to the initial value at
t ¼ te, whereas the values depicted in Fig. 5(b) are
measured at t0 > te. Indeed, for instants of time t > te,
the radial velocity at the root of the lamella is va ¼

ffiffiffiffiffiffiffi
3=t

p

and, consequently, the vertical velocity at r ¼ ffiffiffiffi
3t

p
in the

moving frame of reference is vvðtÞ ¼ vaðtÞaðtÞ=2 ¼ 3=2,
which means that vvðtÞ ¼ 1 in the laboratory frame of
reference. Then, the results in Fig. 5(b) are a consequence
of the relative flux of vertical momentum entering into the
rim, which is accelerated vertically from vvðteÞ ¼ 1=4
to vv ¼ 1.
To conclude, here we have made use of Wagner’s theory

[37] and its extension accounting for capillary and viscosity
effects [28], with the purpose of quantifying the early
stages of a drop impacting a liquid layer of arbitrary
thickness of a low viscosity liquid such as water. Our
main finding here is that, since the diameters dt of the
droplets ejected from the rim bordering the thin ejecta sheet
are proportional to the diameter ht [30,31,44] and the radial
and vertical initial velocities of such droplets, vt and vv,
respectively, are the ones of the toroidal rim [31], we find
that, in the usual limit Oh ≪ 1, dt ∝ 2t3=2e , vt ∝

ffiffiffiffiffiffiffiffiffi
3=te

p
,

0.25 ≤ vv ≲ 1, with te the dimensionless ejection time
given by Eq. (3), which depends very weakly on the film
thickness h and recovers the analogous equation deduced in
[28] in the limit h ≪ 1. Our quantitative description
remains valid within the range of dimensionless parameters
characterizing the fall of raindrops on a liquid layer of
generic depth: for instance, for a rain drop of radius
Rd ¼ 3 mm, V ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8gRdðρ=ρgÞ=ð3CDÞ

p
≈ 8 ms−1, where

we assumed that the drag coefficient of the falling drop
is CD ≈ 1, a spray composed of droplets with diameters
Dt ≈ 2Rdt

3=2
e ≈ 5 μm is ejected initially into the atmos-

phere with a vertical velocity Vv ≈ 8 ms−1 and a tangential
velocity Vt ≈

ffiffiffi
3

p
Vt−1=2e ≈ 150 ms−1 (see Fig. 4 and [20]),

generating an aerosol containing particles with diameters
≲5 μm. At later times, te < t ≪ 1, particles with diameters
Dp ≳ 5 μm will also be sprayed: indeed, since the radius of
the wetted area increases in time as Rd

ffiffiffiffi
3t

p
, the rim

thickness grows in time as ≈2Rdt3=2 and the liquid velocity
flowing into the lamella decays in time as V

ffiffiffiffiffiffiffi
3=t

p
, the flux

of particles of diameter Dp which will be issued at the
instant t into the surrounding atmosphere is approximately
given by ≈6πR2

dVt
3=2ðC̄þðDpÞ þ C̄−ðDpÞÞ with C̄�ðDpÞ

defined in [45]; all the micron-sized solid particles emitted
by drop splashing will be later on dispersed by wind.

Hence, our results are applicable to describe the aerosol
generated by the early splash of rain drops falling over
liquid layers of arbitrary depth, an ubiquitous process with
implications in climate [18] and in the dispersal of con-
taminants [13,14].
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