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We provide a theoretical framework to describe the nonequilibrium temporal dynamics of correlated
electron systems for realistic system parameters and the consequent, often exponentially long timescales. It
is based on an entirely integrodifferential formulation of time-dependent dynamical mean-field theory,
the noncrossing approximation, and the quantum representation of a driving electromagnetic field. For
heavy-fermion systems, we identify two key nonequilibrium mechanisms governing their time evolution
after a single-cycle terahertz excitation: transient, instantaneous shift from the Kondo toward the mixed-
valence regime by an enhanced, photo-assisted hybridization, and slow recovery of the heavy-fermion state
due to the long Kondo coherence time. This explains recent time-resolved terahertz spectroscopy
experiments microscopically and establishes the latter as a technique for direct experimental access to
the Kondo coherence time and to the heavy-fermion quasiparticle weight, central for the classification of
heavy-fermion quantum phase transitions.
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The past twenty-five years have witnessed a tremendous
development of ultrafast spectroscopy techniques which
have enabled both the creation and control of nonequili-
brium quantum states of matter, as well as the measurement
of system properties on ultrafast timescales [1]. While at
first, weakly correlated phenomena were investigated,
including ultrafast control of magnetism [2,3], the melting
of charge-density waves [4,5], and exciton dynamics [6,7];
more recently, the focus has shifted to also include strongly
correlated electron systems like cuprate superconductors
[8], Mott-Hubbard systems [9,10], and heavy-fermion (HF)
compounds [11–13]. The latter systems are peculiar, in that
the Kondo electronic correlations generate a narrow, low-
energy band at the Fermi energy, whose width is in the
terahertz (THz) range [11]. The investigation of their
temporal dynamics has received a boost by the recent
application of phase-sensitive THz time-domain spectros-
copy [13–17], which has shown strikingly more complex
behavior than expected: A HF system responds to an
incident single-cycle THz pulse by emitting a time-delayed
echo pulse, which can be interpreted to carry information
on the strongly correlated dynamics, separated in time from
the uncorrelated background [13].

On the theoretical side, real-time evolution methods
have used a time-dependent density-matrix renormalization
group [18–20], nonequilibrium real-time dynamical mean-
field theory (t-DMFT) [21–23] with self-consistent dia-
grammatic [24,25] or variational Monte Carlo [26,27]
impurity solvers, or a numerical renormalization group
for quantum impurity problems [28–30]. However, due to
the complexity of correlated many-body systems, real-time
evolution has largely been limited to quench dynamics
[24,31] and short evolution times [27]. For the case of the
echo-pulse response of HF systems [13,14], a phenom-
enological rate-equation model could successfully explain
the echo-pulse shape [13], but a microscopic understanding
of important dynamical properties—most prominently the
delay time—has remained elusive.
The quantitative, microscopic time evolution of such a

light-driven HF system requires (i) evolving the system
from ultrashort timescales corresponding to the inverse
binding energy of 4f electrons ofOðeVÞ to multiples of the
inverse lattice Kondo temperature T�

K ofOðmeVÞ; (ii) treat-
ing the photon field as a dynamical quantum field, since it
not only drives the correlated electron system, but has its
own dynamics controlled by the coupling to the correlated
electrons; and (iii) maintaining a thermalizing environment
which ultimately restores the system to thermal equilibrium
at the cryostat temperature T. Note that the electromagnetic
environment cannot serve for this purpose because of
insufficient photon spectral density. Here, we develop a
formulation of the t-DMFT for a driven-dissipative
Anderson lattice which incorporates all of these require-
ments. In particular, it describes both the strongly retarded
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evolution of the correlated lattice electrons and the absorp-
tion and emission dynamics of a THz photon field, far
beyond the exponentially long Kondo coherence timescale
τ�K ¼ 2πℏ=ðkBT�

KÞ, where ℏ and kB are the Planck and the
Boltzmann constants, respectively. This reveals the under-
lying microscopic mechanisms responsible for the collapse
and delayed revival of the HF state observed in experiments
[13,14]. The initial THz excitation provides an additional,
photon-assisted hybridization channel between the rare-
earth 4f orbitals and the conduction band. Our calculations
show that this drives the system transiently from the Kondo
to the mixed-valence regime, and thus causes an instanta-
neous collapse of the HF band even though the equilibrium
Kondo coherence time τ�K is a much longer timescale.
Subsequently, the system relaxes to thermal equilibrium
in a highly nonlinear fashion, which involves the recon-
struction of the correlated HF band, accompanied by the
emission of a delayed, temporally confined burst of THz
radiation after τ�K. Our analysis shows that this burst
originates from the correlated-electron dynamics.
Model and methods—The Anderson lattice model for a

generic HF compound with an additional dipole coupling to
a photon mode reads

H¼−tc
X
hi;ji;σ

c†iσcjσþ
X
i;σ

εdd
†
iσdiσþU

X
i

d†i↑di↑d
†
i↓di↓
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h
V− igða−a†Þ
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�
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�
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Here, c†iσ, ciσ and d†iσ , diσ are the creation and destruction
operators for electrons with spin σ ¼ ↑;↓ on lattice sites i
in the conduction band (typically 5d) and in the rare-earth
4f orbitals, respectively. The conduction band is modeled
by a semicircular density of states of half-bandwidth D,
representative of a lattice with a nearest-neighbor hopping
amplitude tc. The 4f electrons have a binding energy εd <
0 and a strong on-site repulsive interaction U ≫ jεdj. The
last term in Eq. (1) describes the mixing between local 4f
and conduction states by the intrinsic hybridization V and
due to the weak optical dipole coupling g to a bosonic
photon field a†, a [32,33]. Note that intraband transitions
are suppressed by the dipole selection rules, and that the
photon field couples equally at all lattice sites. This is
because the f-c hybridization matrix elements are confined
to a unit cell, and the photonic wavelength exceeds the
lattice spacing by several orders of magnitude. The hybrid-
izations V and g can be taken to be local in space, because a
possible dependence on momentum transfer is integrated
over in the effective f-c coupling, so that this does not
impair the accuracy of the model. Importantly, the photon
quantum field has its own dynamics, which we describe by
an effective single mode with frequency Ω in the THz
regime, comparable to the Kondo scale. This mode will
obtain a homogeneous spectral broadening due to its

ultrashort pulse duration, in accordance with the experi-
ments [13–16]. Treating the THz electromagnetic field in
the quantized photon-number representation enables effi-
cient, resonant excitations of electrons out of the HF band
and distinguishing the intrinsic, Kondo coherent dynamics
from superradiance, as shown below.
In contrast to previous formulations [23], we compute all

two-time Green functions by solving the Kadanoff-Baym
(KB) integrodifferential equations, using the recently
developed two-time adaptive time-stepping algorithm
[34–36]. While formally equivalent to iterating the
Dyson integral equations, this substantially accelerates
the computations, as the self-consistent DMFT conditions
are fulfilled at each time step. As a state-of-the-art non-
equilibrium impurity solver for t-DMFT, we employ the
auxiliary-particle technique in the noncrossing approxima-
tion (NCA) [23,37–39], as it provides computationally
efficient long-time evolution up to multiples of τ�K. For
strong on-site repulsion, U ≫ jεdj, the NCA is known to
quantitatively reproduce the energy scales of the Anderson
model [40,41] and to correctly describe the equilibrium
spectra down to energies well below T�

K [42], developing a
spurious, nondivergent cusp only far below it. In the time
domain, the latter results in an inaccuracy in the subleading
long-time behavior, which, however, is washed out by the
thermal bath discussed below. Thus, the NCAwill reliably
describe the long-time evolution and retardation effects of
order τ�K and beyond. We write the entire formalism in
terms of the greater and lesser two-time propagators
G≷ðt1; t2Þ for the matter and the photon fields, as this is
most suitable for the NCA. The time-evolving HF spectra
in terms of the quasiparticle energy ω computed below are
obtained in the standard way by transforming the two-time
propagators to Wigner center-of-motion (CoM) and relative
times t ¼ ðt1 þ t2Þ=2, τ ¼ t1 − t2, and Fourier-transform-
ing with respect to τ.
It is important to note that in the long-time limit, thermal

equilibrium at cryostat temperature is restored by coupling
to a thermal bath. This may be composed of bosonic (e.g.,
phonon) excitations [12], or of the vast number of electrons
not excited by the initial photon pulse [24]. We find that the
fermionic bath is the more efficient thermalization channel,
because it operates via mere particle exchange, while the
phonon-scattering mechanism is limited by a kinematic
restriction, the Rothwarf-Taylor bottleneck [12,43]. There-
fore, in the present Letter, we consider a fermionic bath
with the following system-bath coupling Hamiltonian:

HSB ¼ Γ
X
iσn

ðc†iσγnσ þ H:c:Þ; ð2Þ

where γnσ are the fermionic bath operators. Integrating out
the bath degrees of freedom leads to an additional con-
duction-electron self-energy Δ≷

bathðt1; t2Þ ¼ jΓj2G≷
bathðt1; t2Þ.

Here, the fermionic bath propagators are obtained by
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Fourier-transforming the equilibrium frequency-dependent
expressions, G≷

bathðωÞ ¼∓ iπρðωÞfð∓ ωÞ, to the time
domain τ. Here, fðωÞ is the equilibrium Fermi-Dirac distri-
bution at the cryostat temperature, and ρðωÞ is a featureless,
broadband bath spectral density. By varying Γ, we make
sure that the dissipative thermalization dynamics is slow
enough not to influence the intrinsic Kondo dynamics—
i.e., the delay time and line shape of the delayed pulse.
Heavy-fermion dynamics—To prepare the initial HF state

in equilibrium, we solve for the steady state of the HF
system [Eq. (1)] in the presence of the thermal bath
[Eq. (2)] and thermal photon occupation; however, without
an incident THz pulse. We truncate these functions at
t ≪ 0, retaining a sufficiently long history to preserve
Kondo coherence while allowing for the subsequent incor-
poration of nonequilibrium dynamics induced by the THz
pulse. Memory truncation [44] during time evolution is not
employed, as it would lead to spurious washing of
correlated low-energy excitations. The incident two-point
photon propagator, as produced in experiments by the
nonlinear THz generation crystal with a Gaussian envelope
of width δ0 [13,14], acts as a driving field on the HF system
and reads

Gð0Þ<
a ðt1; t2Þ ¼ −in̄ð0Þa e−ðt=δ0Þ2e−ðτ=2δ0Þ2−iΩτ; ð3Þ

where n̄ð0Þa is the total photon number in the incident pulse,
and we have set the zero of CoM time t at the maximum of
the Gaussian envelope. Note that the Gaussian factor as a
function of τ accounts for the fact that the incident THz
pulse has a nonzero spectral width 1=δ0 in the frequency
domain. Within the local t-DMFT, this can equivalently be
seen as due to an integral over a continuous range of
photonic modes. Figure 1 shows the resulting time evolu-
tion of the momentum-integrated, total 4f spectrum and the
occupied 4f spectral density of a HF system, as well as the
nonequilibrium distribution function, representative for a
range of model-parameter values in the Kondo regime [35].
See the Supplemental Material [45] for a video of the
continuous evolution. It exhibits two important phenom-
ena. Long before the arrival of the THz pulse [Fig. 1(a)], the
equilibrium spectrum shows the familiar, narrow Kondo
resonance at the Fermi level and the broad single-particle
resonance near ω ≈ εd, where most of the occupied spectral
weight resides. At the onset of the THz pulse [Fig. 1(b)],
the Kondo resonance starts to decline, while the
4f occupation number (gray area) is still essentially
unchanged. However, at the peak of the THz pulse
[Fig. 1(c)], a large fraction of the 4f spectral weight is
shifted above the Fermi level, and hence, a large fraction of
the 4f occupation number is moved to the conduction band.
This is because of the additional, photo-assisted hybridi-
zation channel induced by the incident pulse in Eq. (1),
with an effective amplitude ≈g

ffiffiffiffiffi
n̄a

p
. It transiently shifts the

system into the mixed-valence regime, so that the

exponentially long coherence time τ�K of the Kondo regime
no longer exists, and the Kondo resonance is destroyed on a
much shorter timescale by stimulated HF excitation. At the
end of the THz pulse [Fig. 1(d)], it has almost completely
collapsed. This is a much faster destruction mechanism
than heating (thermal decoherence). At the same time, the
distribution function (insets of Fig. 1) departs strongly from
the equilibrium Fermi-Dirac distribution, indicating the
creation of hot charge carriers. For subsequent times, in
the absence of the THz radiation, the system returns to the
Kondo regime. It thus takes the Kondo coherence time τ�K
for the Kondo resonance to start to build up [Fig. 1(e)], and
an even longer time to completely recover [Fig. 1(f)].
The fast collapse and delayed recovery of the Kondo

state is also seen in the HF band structure as calculated
from our t-DMFT and shown in Fig. 2. In the equilibrium
band structure [Figs. 2(a) and 2(f)], the avoided crossing
with an indirect gap between the conduction (steep line)
and the flat HF band, as well as the broad 4f spectral

(a) (b)

(c) (d)

(e) (f)

(g)

FIG. 1. Time evolution of HF spectra due to an incident THz
pulse. Panels (a)–(f) display the spectra at the CoM times marked
by the corresponding letters in panel (g), which shows the
timeline where the incident pulse envelope is displayed as a
gray Gaussian peak, with t ¼ 0 set at its maximum. Blue, solid
lines correspond to momentum-integrated 4f spectral density
Adðt;ωÞ, while shaded areas denote the occupied part of the
spectra. The insets show the corresponding nonequilibrium
distribution functions. The gray lines in the main panels and
in the insets represent the equilibrium spectra and the Fermi-
Dirac distribution, respectively, for comparison. The parameter
values used are, in units of the conduction half-bandwidth D,
εd ¼ −0.18D, V ¼ 0.15D, U → ∞, and inverse temperature
β ¼ 300=D. The resulting lattice Kondo scale, extracted as the
half-width of the equilibrium Kondo peak in panel (a), is
kBT�

K ≈ 5 × 10−3D. The THz driving pulse is characterized by

Ω ¼ 5 × 10−4D, δ0 ¼ 67D−1, n̄ð0Þa ¼ 10 (per 4f site), with g ¼
0.02D and bath coupling Γ ¼ 0.11D.
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density near εd, are clearly visible. At the peak of the THz
pulse [Fig. 2(c)], both the HF band and the low-lying 4f
single-particle band are strongly blurred. At the end of the
pulse, the avoided crossing is completely destroyed, and
the nearly free conduction band crossing the Fermi level is
restored [Fig. 2(d), lower panel]. Interestingly, the destruc-
tion occurs predominantly near the avoided crossing,
indicating the resonant THz excitation across the gap.
Photon emission dynamics—Photons are emitted by the

delayed recombination of photoexcited electrons with holes
in the recreated HF band. The photon number per 4f lattice
site is given for the ingoing condition of the pump pulse
[Eq. (3)], as naðtÞ ¼ − ImG<

a ðt; tÞ, where the renormal-
ized, equal-time photon propagatorG<

a ðt; tÞ is computed by
integrating its KB equation coupling to the matter Green
functions G≷

c;d, cf. Eq. (A3). The time evolution of naðtÞ is
shown in Fig. 3 for various temperature values T. It consists
of two pulses: an intensive, instantaneous pulse followed
by a substantially weaker one, delayed by the Kondo time
τ�K. This is consistent with the experimental observations
[13,14], where the envelope of the instantaneous reflection
is also significantly stronger even though it captures only a
small space angle of the total emitted photon number.
Downscaling the instantaneous pulse (incident photon
number) to approximately the same height as the delayed
one (gray area in Fig. 3) shows that both pulses are well
separated in time. To understand the computed time traces
more quantitatively, we fit them by the sum of individual
pulses. While the dominating instantaneous pulse has a
Gaussian shape, we find a 1=cosh2½2πðt − τ�KÞ=w� pulse
shape of delay time τ�K and width w for the delayed

emission (see the End Matter), in agreement with the
experimental findings and the phenomenological model
of Ref. [13]. Note that this pulse shape corresponds to a
Lorentzian-like line shape in frequency space. The change
from an injected Gaussian to an emitted 1= cosh2 pulse
shape is a clear fingerprint of nonlinear dynamics. The inset
of Fig. 3 shows the T dependence of the maximum delayed-
pulse intensity in comparison to the experimental findings
for the HF compound CeCu6 [13], scaled to the respective
Kondo temperatures from theory and experiment. The
logarithmic increase from high T and settling at a constant
value for T → 0 is expected from the quasiparticle spectral
weight in the heavy band and is in quantitative agreement
with experiment down to about 5T�

K. At lower T, the
experimental behavior deviates from this logarithmic
increase. This is attributed to the proximity to the quantum
phase transition in the doped compound CeCu6−xAux at
x ¼ 0.1 [13], which is not included in our theory. The
detailed agreement of our calculations in the range of
applicability with the experiments strongly supports Kondo
physics as the origin of the experimental findings.
Kondo coherence versus superradiance—It has been

considered [46] that the delayed photon pulse might be due
to superradiance [47], which, remarkably, would also have
a 1= cosh2 pulse shape [48]. In superradiance, quantum
coherence among the emitting matter states is established
by coupling to a common radiation mode, producing a
photon burst with maximum intensity proportional to N2,
where N is the number of excited matter states [48]. For HF
systems, N is proportional to the fraction of photoexcited
electrons, which, in turn, scales with the pump intensity

n̄ð0Þa [cf. Eq. (3)]. To conserve the injected and emitted
energy, the pulse width and delay time would then scale as

FIG. 2. Time evolution of the energy- and momentum-resolved
conduction spectral density (steep lines) and 4f spectral
density (flat bands) of the THz driven Anderson lattice,
Atotðt;ωÞ ¼ − Im½Gckðt;ωÞ þ Gdkðt;ωÞ�=π, in Wigner coordi-
nates at the CoM times t as indicated. These times correspond
to the labels a, c, d, f in Fig. 1(g), respectively. Top row: Overall
view. Bottom row: Enlarged view on the Fermi level. The
dependence on momentum k is displayed via the parameter
ε ¼ εk − μ, with μ being the chemical potential, since the bare c-
electron dispersion εk enters the DMFT only through this
parameter. Parameter values are as in Fig. 1.

FIG. 3. Time evolution of the renormalized photon intensity for
various cryostat (bath) temperatures T, with the thermal photon
occupation of the initial and the final states subtracted for clarity.
The shaded area represents the incoming photon intensity down-
scaled by a factor of 3000. The inset shows the T dependence of
the maximum intensity of the normalized delayed pulse (dots),
compared to the normalized echo-pulse weight from the experi-
ment in Ref. [13] (crosses).
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1=n̄ð0Þa . Our theoretical formulation is capable of describing
both the Kondo delay dynamics and superradiance, if it is
realized, since the THz photon field is treated fully
quantum-mechanically and couples identically to all lattice
sites. To test superradiance, we plot the delayed pulse as a

function of the pump intensity n̄ð0Þa ∝ N in Fig. 4. The
figure clearly shows that the delayed peak intensity scales

linearly with N and the delay time is independent of n̄ð0Þa .
This indicates that superradiance is not realized in a generic
HF system, presumably because the Pauli principle
excludes multiple occupation of identical electron excited
states, and thus prevents quantum coherence between them,
in contrast to distinguishable atoms.
Conclusion—We have developed an efficient method

that can describe the pumping of strongly interacting lattice
electron systems by realistic, ultrashort optical or THz light
pulses and evolve the systems well beyond the exponen-
tially long timescales characteristic of strongly correlated
electron systems. Treating the injected and emitted THz
light as a dynamical quantum field allows us to directly
compute the optical response observed experimentally
[13,14]. For a generic heavy-fermion lattice system, the
dynamics involve two processes: (i) instantaneous collapse
of the Kondo state due to a transient shift to the mixed-
valence regime by photoassisted 4f hybridization, and
(ii) slow recovery of the heavy-fermion state on the scale of
the lattice Kondo coherence time τ�K. To obtain these
results, it is crucial to use the Anderson lattice model
for the description, which includes the deeply bound 4f
single-particle state and mixed-valence physics, in contrast
to the Kondo model considered in previous studies

[12,20,24,27]. At the same time, the pump frequency must
be of the order of the Kondo scale, which corresponds to
the THz range. Both processes, instantaneous collapse and
delayed revival, provide the microscopic explanation for
the experimental observations [13]. This establishes the
latter as a method to directly access the HF quasiparticle
spectral weight, as well as τ�K [13,14,16,17]. Our method is
generally applicable to optically driven, correlated systems.
We conjecture that similarly to heavy-fermion systems,
charge fluctuations may also be important in other corre-
lated systems, even when the ultrafast THz field directly
drives only the low-energy spin dynamics. Although
superradiance is excluded for generic heavy-fermion com-
pounds, the conditions for its realization in many-body
systems can be explored in future work.
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End Matter

Integrodifferential formulation of t-DMFT—The
t-DMFT formulation is expressed in terms of two-time
Green functions for conduction electrons, 4f electrons,
and photons, Gxðt1; t2Þ ¼ −ihT̂Cx̂ðt1Þx̂†ðt2Þi, where t1, t2
lie on the Keldysh contour C, and T̂C indicates contour
time ordering. For conduction electrons, x̂ stands for
x̂ðt1Þ ¼ cðt1Þ; for 4f electrons, x̂ðt1Þ ¼ dðt1Þ; and for
photons, being a real field [51], x̂ðt1Þ ¼ aðt1Þ þ a†ðt1Þ.
Within DMFT, the lattice problem is mapped onto an

effective single-site problem embedded in an effective bath,
described by an effectively noninteracting Green function,
the Weiss field G, which incorporates the remaining lattice
under the self-consistency assumption that the Green
functions on the impurity site are equal to the local
(momentum-integrated) Green functions on each lattice
site, and the impurity self-energy is local. For a conduction
band with a semicircular density of states, the Weiss field
satisfies [25]

i∂t1Gcðt1;t2Þ¼ δCðt1;t2Þ

þ
��

D2

4
Gloc

c þΔbath

�
�Gc

�
ðt1;t2Þ; ðA1Þ

where Gloc
c is the local conduction-electron Green function,

Δbath ¼ Γ2Gbath denotes the hybridization with the fer-
mionic bath, and � denotes a contour-time convolution.
Note that in our model [Eq. (1)], only the conduction-
electron component of the Weiss field is nontrivial, as they
are the only ones with a hopping term. In the effective
single-impurity Anderson model, the local conduction-
electron Green function can be obtained via the T-matrix
equation, Gloc

c ¼ Gc þ Gc � T c � Gc, where T c is the con-
duction electron T-matrix. By acting with G−1

c , we obtain
an integrodifferential equation for the local conduction-
electron Green function

i∂t1G
loc
c ðt1;t2Þ

¼ δCðt1;t2Þþ
�
T c �Gcþ

�
D2

4
Gloc

c þΔbath

�
�Gloc

c

�
ðt1;t2Þ:

ðA2Þ

For the Anderson model, we have T cðt1; t2Þ ¼
Ξðt1; t2ÞGdðt1; t2Þ, where Ξðt1; t2Þ ¼ V2 þ ig2Gaðt1; t2Þ
is the total c-d hybridization function, dressed by inter-
actions with the THz photons, and Gd is the full, local 4f-
electron Green function, which will be obtained using the
NCA described in the next section. Note that Eqs. (A1) and
(A2) enforce the DMFT self-consistency condition at each
time step [34], in that it uses the full lattice DMFT solutions
at the previous times [35]. This KB integrodifferential
formulation avoids additional DMFT iteration loops at each
time step that are required in formulations based on Dyson
equations [20,23,25]. The renormalized photon Green
function is also computed via a T-matrix expression given
by [35]

Gaðt1; t2Þ ¼ Gð0Þ
a ðt1; t2Þ þ

�
Gð0Þ

a � T a � Gð0Þ
a

�
ðt1; t2Þ;

ðA3Þ

where the photon T-matrix is

T aðt1; t2Þ ¼ −ig2
X
σ

½Gdσðt1; t2ÞGcσðt2; t1Þ

þGdσðt2; t1ÞGcσðt1; t2Þ�: ðA4Þ

Nonequilibrium auxiliary-particle field theory—In the
limit of strong repulsion, U → ∞, the constraint of
no double occupancy of the local 4f orbital can be
implemented faithfully by the auxiliary-particle
representation [37,38] of the 4f electron operators,
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d†σ ¼ f†σb. Here, the fermionic operator f†σ creates a
singly occupied 4f orbital with spin σ, where the
bosonic operator b† creates the empty 4f orbital, and
the operator constraint Q̂ ¼ P

σ f
†
σfσ þ b†b ¼ 1 must be

obeyed at all times. Q̂ is a conserved quantity due to a
local Uð1Þ symmetry in auxiliary-particle space. Since any
physical operator, like d†σ , annihilates the Q ¼ 0 sector
of Hilbert space, the projector onto the physical sector
Q ¼ 1 can be written as P̂Q¼1 ¼ limλ→∞e−λðQ̂−1Þ, and the
projected partition function reads in terms of the
density matrix ρ̂, ZQ¼1¼hρ̂iQ¼1¼ limλ→∞tr½ρ̂e−λðQ̂−1ÞQ̂�¼
limζ→0ζ

−1hQ̂iζ. Here, hð…Þiζ denotes the grand-canonical
expectation value with respect to Q̂, with the corresponding
chemical potential −λ and the fugacity ζ ¼ expð−λÞ. This
representation is exact for equilibrium [38], as well as
for stationary [39] and time-dependent nonequilibrium
situations [24,36]. As a consequence, the strongly
correlated, constrained dynamics are achieved for any
physical correlation function by first calculating it in the
grand-canonical ensemble with respect to the auxiliary-
particle number Q̂ using standard field-theoretic techni-
ques, and then taking the limit ζ → 0. For any physical
operator Â acting on the impurity Hilbert space, we thus
have (see Ref. [36] for details)

hÂi ¼ lim
ζ→0

hÂiζ=hQ̂iζ: ðB1Þ

Note that the grand-canonical, greater (>), and lesser (<)
auxiliary-particle propagators obey the ζ → 0 scaling,

G>
fσ;bðt1; t2Þ ∼Oð1Þ; ðB2Þ

G<
fσ;bðt1; t2Þ ∼OðζÞ: ðB3Þ

Because of this well-defined scaling behavior, it is
convenient to formulate the entire t-DMFT formalism in
terms of the greater and lesser Green functions.
Additionally, the greater and lesser Green functions obey
the symmetry G≶ðt1; t2Þ� ¼ −G≶ðt2; t1Þ. Therefore, once
the Green function is time-evolved along the first time
index, the evolution along the second index can be directly
obtained from this relation. As a result, only a single
diagonal step in the two-time plane remains, thus
significantly simplifying the two-time evolution scheme.

Noncrossing approximation—The Luttinger-Ward
generating functional of the auxiliary-particle NCA is
shown diagrammatically in Fig. 5 and reads

Γ2½G� ¼ −
X
σ

Z
t1;t2

Gcσðt1; t2ÞGbðt1; t2ÞGfσðt2; t1ÞΞðt1; t2Þ;

ðC1Þ

where all functions Gf;b;c;a are understood as Keldysh
matrix Green functions. The self-energies are obtained
by functional derivatives, Σxðt1; t2Þ ¼ �iδΓ2½G�=
δGxðt2; t1Þ, x ¼ fσ; b; cσ; a, where the upper and lower
signs correspond to fermionic and bosonic self-
energies, respectively. Since all the physical-particle
self-energy diagrams (c and a) are at least of OðζÞ,
they vanish within NCA diagrams in the limit of
ζ → 0. Thus, the physical propagators enter only in
unrenormalized form into the equations of motion for
the local problem. Using this, the equations of motion
for the auxiliary-particle two-time greater and lesser
Green functions read

ði∂t1 − Ef;bÞG>
f;bðt1; t2Þ ¼

Z
t1

t2

dt̄Σ>
f;bðt1; t̄ÞG>

f;bðt̄; t2Þ;

ðC2Þ

ði∂t1 − Ef;bÞG<
f;bðt1; t2Þ ¼

Z
t1

t0

dt̄Σ>
f;bðt1; t̄ÞG<

f;bðt̄; t2Þ

−
Z

t2

t0

dt̄Σ<
f;bðt1; t̄ÞG>

f;bðt̄; t2Þ;

ðC3Þ

where Ef ¼ εf for pseudofermions and Eb ¼ 0 for
auxiliary bosons. The auxiliary-particle self-energies are
given by

Σbðt1; t2Þ ¼ −iΞðt1; t2Þ
X
σ

Gfσðt1; t2ÞGcσðt2; t1Þ; ðC4Þ

Σfσðt1; t2Þ ¼ iΞðt1; t2ÞGcσðt1; t2ÞGbðt1; t2Þ: ðC5Þ

Finally, the full, local 4f-electron Green function is
obtained within NCA as

Gdσðt1; t2Þ ¼ lim
ζ→0

iGfσðt1; t2ÞGbðt2; t1Þ
hQiζ

: ðC6Þ

Thus, Eqs. (A1)–(A3), (C2), and (C3) constitute a
complete set of integrodifferential equations, enabling

(a) (b) (c)

FIG. 5. Diagrammatic representation of the NCA Luttinger-
Ward functional, composed of (a) the direct hybridization, (b) the
photoassisted hybridization, and (c) the thermal bath. The solid
lines represent the conduction electron, dashed lines the pseu-
dofermion, wiggly lines the auxiliary boson, the curly line the
THz photon, and the dotted line the bath propagators.
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long-time evolution with simultaneously high resolution
of the system in Eq. (1)(2).

Fitting procedure—Due to the presence of additional
dissipation channels coupled to the system, a direct
fitting of only the initial pulse and the echo pulse is
insufficient. The bath enables a radiationless relaxation
to equilibrium, thus reducing the response of the
renormalized photon pulse. To account for this, we
allow for an extra Gaussian term with a negative
amplitude in the fitting procedure. This three-
component fit accurately reproduces the shape of the
renormalized photon pulse (see Fig. 6). The width of
the echo pulse extracted from the fit agrees with the
Kondo timescale τ�K to within 1%, where τ�K is
determined as in Fig. 1. Notably, the height of the echo
pulse is only about 0.1% of the incoming pulse,
indicating that only a small fraction of the photoexcited
electrons undergo radiative relaxation, in agreement
with the experimental observations [13,14]. The shape
and the width of the echo pulse follows a 1= cosh2

function in agreement with the phenomenological
approach of Ref. [13].

FIG. 6. Fitting the time trace. For display, the curves shown are
scaled by a factor as indicated. The green and the blue curves
show the instantaneous response and the reduction of the
response due to absorption by the bath, respectively, both
following a Gaussian pulse shape. The red curve is what remains
of the signal when these two contributions have been subtracted,
displaying the relevant echo pulse. The best fit is obtained by a fit
function FðtÞ ¼ F0= cosh2½2πðt − δtÞ=w� to the echo pulse
(dashed line), with fit parameters F0, δt, and w. The sum of
the red curve and the negative blue curve produces the observ-
able, delayed pulse seen in Figs. 3 and 4.
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