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Fast magnetosonic waves are one of the two low-frequency plasma modes that can exist in a neutron star
magnetosphere. It was recently realized that these waves may become nonlinear within the magnetosphere
and steepen into some of the strongest shocks in the universe. These shocks, when in the appropriate
parameter regime, may emit GHz radiation in the form of precursor waves. We present the first global
particle-in-cell simulations of the nonlinear steepening of fast magnetosonic waves in a dipolar
magnetosphere, and quantitatively demonstrate the strong plasma acceleration in the upstream of these
shocks. In these simulations, we observe the production of precursor waves in a finite angular range. Using
analytic scaling relations, we predict the expected frequency, power, and duration of this emission. Within a
reasonable range of progenitor wave parameters, these precursor waves can reproduce many aspects of
FRB observations.
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Introduction—Magnetars are a class of young neutron
stars with superstrong magnetic field, which can reach
1015 G on the stellar surface [1,2] (we use cgs units
throughout this Letter). The evolution of the strong internal
field is believed to induce starquakes or crustal displace-
ments that twist up the external field, injecting energy into
the magnetosphere, which eventually powers the prolific
x-ray activities we observe from these objects [3].
Magnetars may also be promising progenitors of fast radio
bursts (FRBs)—mysterious, millisecond duration radio
bursts of cosmological origin. In fact, a simultaneous
x-ray and radio burst was observed from the galactic
magnetar SGR 1935þ 2154 [4,5], corroborating this con-
nection. However, a detailed physical mechanism for such
simultaneous emission is still under debate.
Extensive analytic and numerical work has demonstrated

that dynamic activity around magnetars will inevitably
produce energetic fast magnetosonic waves. These waves
can be launched either directly at the stellar surface through
starquakes [6–10], or further out in the magnetosphere
through mode conversion [11–14]. They can also be
generated during cataclysmic stellar collapse [15], or a
merger event [16].

A fast wave emitted from near the neutron star expands
spherically, and its amplitude decreases with radius as
δB ∝ 1=r. However, the background dipole magnetic field
follows Bbg ∝ 1=r3; therefore, δB=Bbg ∝ r2—the relative
amplitude grows with radius. If the wave amplitude is large
enough, δB=Bbg may become order unity within the
magnetosphere. In the high magnetization limit, the polari-
zation of fast waves is such that the wave magnetic field δB
is in the plane containing the wave vector k and the
background magnetic field Bbg, while the wave electric
field δE is perpendicular to this plane. Such a polarization
implies that when δB=Bbg approaches unity, the wave
magnetic field may cancel with the background magnetic
field, potentially leading to macroscopic E > B regions. In
the MHD limit, such regions are not permitted, and the
wave deforms to prevent E > B, converting a significant
fraction of the wave energy into plasma bulk motion and
forming a shock at every wavelength [8,17,18]. These
shocks are named “monster shocks” by [8] due to the
enormous Lorentz factor the upstream flow can reach.
Recently, one dimensional kinetic simulations by [19]
showed that these monster shocks can emit coherent
precursor waves through the synchrotron maser instability,
producing GHz signals that may resemble observed FRBs.
So far, existing studies of this monster shock have

focused on the special case of the shock propagating
perpendicularly to the magnetic field, which is only
applicable on the equatorial plane of the magnetosphere.
However, the nature of the shock and the observational
consequences depend on the global geometry and field
scaling. This type of problem is well suited for global
multidimensional particle-in-cell (PIC) simulations, as
demonstrated by numerous works in the past decade,
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e.g., [20–23]. In this Letter, we present the first 2D global
PIC simulations of the monster shock formation due to
nonlinear evolution of fast waves in a dipolar magneto-
sphere. For the first time, we demonstrate the scaling of the
upstream Lorentz factor and its evolution in kinetic
simulations with realistic geometry. We also show the
self-consistent structure of the shock globally, and quantify
how this structure affects the precursor wave production.
Finally we estimate the properties of the resulting precursor
waves and compare with the properties of observed FRBs.
Simulation parameters—Consider a magnetar with sur-

face magnetic field B� ¼ B1510
15 G and stellar radius

r� ∼ 106 cm, producing x-ray bursts with a typical lumi-
nosity L ¼ L4210

42 erg s−1. Assuming an x-ray burst is
produced from a fast wave with comparable luminosity, this
wave will become nonlinear when δB=Bbg ∼ 1=2, at a
radius

rnl ¼
ffiffiffiffiffiffiffiffiffiffi
B�r3�
2

r �
L
c

�
−1=4

≈ 2.9 × 108B1=2
15 L−1=4

42 cm: ð1Þ

This is the central length scale of our problem. As a
comparison, the light cylinder, where the magnetic field has
to open up otherwise the plasma corotating with the neutron
star would reach the speed of the light, is located at
rLC ¼ cP=ð2πÞ ∼ 4.8 × 109P0 cm, where P ¼ P01 s is
the spin period of the neutron star. In fact, as long as

L≳ 1.4 × 1037P−4
0 B2

15 erg s−1, the fast wave can become
nonlinear within the light cylinder.
Our simulations are performed in 2D spherical coordi-

nates ðr; θÞ assuming axisymmetry, using our PIC code
Aperture [24]. To capture the shock physics, the simulations

need to resolve both the plasma skin depth λp ¼ c=ωp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mec2=ð4πnbge2Þ

q
and the gyration timescale ω−1

B ¼
mec=ðeBbgÞ at the nonlinear radius. The ratio of these
two scales is the magnetization, which is a key parameter of
this problem:

σbg;nl ¼
B2
bg

4πnbgmec2
¼

�
ωB

ωp

�
2

: ð2Þ

We have performed simulations with σbg;nl ranging from
160 to 2560, and fast wave wavelengths λ from 0.2rnl to rnl.
To capture the kinetic scale of the shock, we ensure at least
4 cells per skin depth at the nonlinear radius in all our
simulations. A detailed description of the simulation setup
can be found in Supplemental Material [25].
Results—Across a wide range of simulation parameters,

we observe the formation of the monster shock near the
nonlinear radius rnl. We are able to verify the condition of
shock formation predicted by [18] (see Supplemental
Material [25] for quantitative discussion and demonstra-
tion). Figure 1 shows the global structure of the monster
shock in our fiducial simulation with wavelength

FIG. 1. Global structure of the monster shock from our fiducial simulation with fast wave wavelength λ ¼ 0.6rnl and σbg;nl ¼ 250. The
snapshot is taken at time t ¼ 1.6rnl=c. The left panel shows Eϕr=Bbg;nlrnl, where Bbg;nl is the equatorial magnetic field at the nonlinear
radius. The subsequent three panels show a zoomed-in view of the region within the red box in the left panel, with colors representing the
scaled plasma density nr3=N0 (whereN0 ¼ nbgr3 is a constant), the ratio of the electric field to the magnetic field, and the Lorentz factor
of the bulk flow, respectively. In all panels the gray lines are the magnetic field lines. In the rightmost panel, the blue arrows indicate the
direction of the bulk flow, and the arrow lengths are proportional to the bulk velocity [36].
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λ ¼ 0.6rnl, σbg;nl ¼ 250, and λp ≈ 1.6 × 10−3rnl at the
nonlinear radius. As the wave propagates beyond the
nonlinear radius, the wave trough, in which δBθ < 0,
significantly reduces the total magnetic field, because it
partially cancels the background magnetic field. This first
happens on the equator, then expands to higher latitudes as
the fast wave propagates to larger radii. In this region
(highlighted as a red box in the first panel of Fig. 1), the
wave profile is significantly deformed to avoid E > B. As a
result, a shock forms at the left edge of this region. In the
upstream of this shock, the plasma bulk motion is accel-
erated in the E ×B direction, reaching high Lorentz
factors.
To see features of the shock more clearly, Fig. 2 shows a

one-dimensional slice along the equator in the same
fiducial simulation as in Fig. 1, taken at the same simulation
time. The wave trough, as shown in Bθ, is significantly
deformed and flattened out. In this region, E ≈ B ≈ Bbg=2,
and the bulk flow accelerates almost linearly towards the
−r̂ direction, reaching a Lorentz factor of more than 20.
Because the plasma is frozen into the magnetic field, the
density also drops to half the background value [8]. On the
equatorial plane, the total magnetic field (in the θ̂ direction)
is perpendicular to the bulk flow direction and the shock
normal (both in the r̂ direction); the resulting shock is a so-
called perpendicular shock. In the shock transition region,
two prominent solitons can be seen in all panels of Fig. 2 at
r ¼ 1.35rnl and 1.33rnl and as the striped feature extending
to higher latitudes in the density panel of Fig. 1. The center
of the leading soliton is indicated by the red dashed line
in Fig. 2 and conventionally marks the shock front.
Such solitons are characteristic of quasiperpendicular

collisionless shocks [37,38]. The cavity formed by the
two solitons produce precursor waves that are transmitted
into the upstream [39,40], shown as the fluctuations with
E > B both in the top panel of Fig. 2 and the third panel of
Fig. 1. To the left of the solitons, the plasma goes through
further phase space mixing, heats up, and transitions into
the downstream flow. We have checked that the shock jump
condition is consistent with MHD theory in the no-cooling
regime.
In an analytic calculation of monster shocks in the MHD

framework, [8] demonstrated that the plasma will be
linearly accelerated to bulk Lorentz factors proportional
to the background magnetization and the fast wave wave-
length. On the equatorial plane, the bulk Lorentz factor will
evolve as a function of position:

γu ≈
σbg;nl
2π

λ

rnl

�
rnl
r

�
4
�
π − 2 arcsin

�
rnl
r

�
2
�
: ð3Þ

γu attains a maximum value of γmax ≈ 0.81σbg;nlλ=ð2πrnlÞ,
at r ≈ 1.15rnl.
To test whether the kinetic shock obeys the MHD scaling

relation and evolution, we perform a series of simulations
with varying σbg;nl and λ. We measure γu upstream of the
shock where the linear acceleration zone ends, and record

FIG. 2. Structure of the shock on the equatorial plane in our
fiducial simulation at the same time as in Fig. 1. The top panel
shows Bθ=Bbg;nl and Eϕ=Bbg;nl. The middle panel shows the
radial component of the average plasma momentum hpri. The
third panel shows the scaled plasma density nr3=N0 and the
horizontal dashed line indicates the value of N0. The red dashed
line marks the location of the shock.

FIG. 3. The top panel shows the scaling of the maximum
upstream Lorentz factor γmax on the equatorial plane with the
background magnetization at the nonlinear radius σbg;nl. We
divide the measured γmax by the fast wave wavelength λ. The
resulting scaling relation is linear: γmax=λ ∝ σbg;nl. The bottom
panel shows γu as a function of position for simulations with
different values of σbg;nl, as well as the theoretically predicted
curve [Eq. (3)]. For better comparison purposes, the curves are
normalized by their own maximum value γmax.
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the maximum value γu attains over the history as γmax. The
top panel of Fig. 3 shows that γmax=λ depends linearly on
σbg;nl, as predicted by MHD. However, we measured a
slightly larger prefactor, so the resulting scaling relation is

γmax ≈ 1.3
σbg;nl
2π

�
λ

rnl

�
: ð4Þ

In other words, the bulk acceleration is even more efficient
than predicted by [8]. The bottom panel of Fig. 3 shows γu
as a function of position for three different simulations,
normalized by their own maximum value. We see that
the evolution of γu in our simulations agrees well with the
theoretical prediction, especially during early stages of the
shock propagation. At late stages, the measured γu
decreases with r slower than the theoretical prediction,
closer to 1=r3. This may depend on the background
magnetization σbg;nl, as Eq. (3) was derived for extremely
high σbg;nl.
Away from the equatorial plane, the plasma flow is no

longer perpendicular to the shock. The upstream velocity is
dominated by the E ×B drift, which develops an increas-
ing θ̂ component at higher latitudes, as shown in the
rightmost panel of Fig. 1. Therefore, the upstream flow
at high latitudes is oblique with respect to the shock normal.
Interestingly, our simulations demonstrate that the scaling
of the maximum upstream Lorentz factor still depends
linearly on the background magnetization. This flow also
directs plasma from higher latitudes towards the equator,
increasing the density in the equatorial plane while
decreasing the density at higher latitudes. Consequently
the density at high latitudes may decrease enough to no
longer prevent E > B in subsequent shocks (see discussion
in Supplemental Material [25]).

Another important factor that determines the shock
properties is the magnetic obliquity, defined as the angle
between the magnetic field and the shock normal in the
upstream rest frame [41]. The orientation of the magnetic
field with respect to the shock generally depends on the
reference frame. However, when the magnetic field is
parallel to the shock normal, an arbitrary Lorentz trans-
formation does not change this angle, therefore we can
directly identify a parallel shock in our simulation frame.
For all of our simulations, we do see that the shock
becomes parallel at sufficiently high latitudes. We mea-
sured the latitudes �lk where the shock becomes parallel,
and found that the value does not evolve much over time
after the shock has formed; it has a strong dependence only
on the fast wave wavelength λ. The results are shown in
Fig. 4. We found that within the equatorial region bounded
by the critical latitudes �lk, the upstream drifts inward
toward the shock; at higher latitudes beyond �lk, the
upstream drifts outward and the shock is catching up with
the upstream flow instead.
Figure 4 also shows that the shape of the shock front

depends on the fast wave wavelength λ. The shock front can
be visualized as the region separating the upstream, where
E ≈ B from the downstream, where E=B < 1. When
λ ≪ rnl, the shock front is approximately spherical.
However, as λ approaches rnl, the shock front gets
deformed from a spherical shape: the equatorial section
lags behind the segments at higher latitudes. The effect is
most extreme for the run with λ ¼ rnl. We discuss the
reason behind this in the End Matter.
As an important feature of magnetized shocks, the

formation of precursor waves is dependent on the magnetic
obliquity. Figure 4 shows that the region with precursor
wave production is around the equator, roughly bounded by

FIG. 4. The ratio of the total electric field to the total magnetic field for simulations with several different wavelengths. The fluctuating
regionwithE > B that occurs in the first full period of the fast wave is the precursorwave. The orange dashed linesmark the latitudeswhere
the shock becomes parallel, namely, the magnetic field is parallel to the shock normal. From left to right, these latitudes are �23°, �18°,
�14°,�9°, and�7°, respectively. Subsequent shocks becomemodified due to heating of the plasma from the first shock, andE > B regions
show up at higher latitudes due to plasma flowing towards the equator. The snapshots are all taken at the same time t ¼ 2rnl=c.
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the latitudes where the shock becomes parallel. This
suggests that precursor waves are most efficiently produced
at quasi-perpendicular shocks, when the upstream is
accelerated towards the shock. They are suppressed when
the shock becomes parallel. We further discuss a few
kinematic considerations that affect the appearance of
the precursor waves in the End Matter.
Astrophysical implications—Our global kinetic simula-

tions have shown that the monster shock can indeed
emit a coherent precursor wave, and this may be a
promising mechanism for FRBs [19]. For a typical fast
wave of luminosity L ¼ L4210

42 erg s−1 and frequency
ω ¼ ω410

4 rad s−1 launched from a magnetar of surface
magnetic field B� ¼ B1510

15 G, we estimate the peak
frequency of the radio emission when the shock has just
formed beyond the nonlinear radius to be νpeakðrnlÞ∼
0.22B1=2

15 L−1=4
42 M6P−1

0 ω4 GHz, and the peak luminosity of

the radio waves is LRðrnlÞ∼5.4×1037B−1=2
15 L3=4

42 ω−1
4 ergs−1

(see the End Matter for the detailed calculations).
Afterward, νpeakðrÞ increases with r linearly, but the
luminosity quickly decreases with radius as LR ∝ r−5, so
most of the radio emission is produced between
rnl < r < 3rnl. The duration of the observed radio emission
is Δtobs ∼ 0.5ω−1

4 ms if we only consider the first shock,
but the subsequent shocks could continue to emit and
produce substructures in the observed bursts similar to
those seen in some FRBs [42]. We thus conclude that with
appropriate parameters, the monster shock is promising to
produce observed FRBs, especially the one from the
Galactic magnetar SGR 1935þ 2154. The shock will also
produce a multiwavelength counterpart from incoherent
radiation in the downstream. This emission is discussed in
the End Matter.
Conclusion—We have carried out the first 2D global PIC

simulations of monster shock formation due to nonlinear
steepening of fast waves in neutron star magnetospheres.
We confirmed efficient conversion of electromagnetic
energy into plasma kinetic energy: the maximum upstream
Lorentz factor is indeed linearly proportional to the back-
ground magnetization and the fast wave wavelength. We
observed the production of precursor waves from the
monster shock and measured its angular range. We found
that with typical magnetar parameters, the monster shock
can be a promising mechanism for some FRBs, especially
the ones from the Galactic magnetar SGR 1935þ 2154.
However, more study is needed to investigate whether these
radio waves can escape from the magnetosphere. We are
also in need of a systematic study of precursor waves
emitted from shocks of general magnetic obliquity to obtain
more precise predictions of the radio spectra and polari-
zation away from the magnetic equator.
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End Matter

2D shock structure—We can understand the trend of
the shock shape shown in Fig. 4 based on the following
considerations. As has been shown by [8], the fast wave
becomes nonlinear and forms a shock first on the
equator. Then, the higher latitude portion of the wave
forms a shock at larger radii. The shape of the shock
front is then determined by both the location where it
forms, as well as its speed. The latter depends on the
local upstream magnetization. In our simulations, the
upstream magnetization on the equator can be expressed
using the lab-frame-measured magnetic field B and
density n as σu ¼ B2=ð4πnγmec2Þ. Just beyond the
nonlinear radius, we have B ∼ Bbg=2, n ∼ nbg=2, and γ ∼
γmax ∼ 1.3ðσbg;nl=2πÞðλ=rnlÞ according to Eq. (4), so

σu ∼
σbg;nl
2γmax

∼
πrnl
1.3λ

: ðA1Þ

Interestingly, this does not depend on σbg. It is known
from MHD theory that when σu ≫ 1, the shock Lorentz
factor in the downstream frame is γshjd ∼

ffiffiffiffiffi
σu

p
. In the lab

frame, the plasma in the downstream is moving
nonrelativistically, so the shock speed in the lab frame is
γsh ∼ γshjd ∼

ffiffiffiffiffi
σu

p
when σu ≫ 1. We can immediately see

that γsh decreases with increasing fast wave wavelength
λ. As λ approaches rnl, the upstream magnetization σu
drops toward order unity, and the shock speed becomes
significantly less than the speed of light. Therefore, the
equatorial shock propagates slower than the unshocked
wave at higher latitudes. When the latter also forms a
shock at a larger radius, the equatorial shock is already
lagging behind, producing the concave shock shape seen
in the right panels of Fig. 4.
The reason why the shock becomes parallel at smaller

latitudes as λ decreases is now twofold. First, the concave
shock shape makes the shock normal point toward the
equator at small latitudes. Second, the upstream plasma
drifts toward the equator, bringing in the background
magnetic field with it—an effect that becomes more
prominent when the upstream magnetization is reduced
and the plasma inertia becomes significant. In the other
limit when λ ≪ rnl, σu ≫ 1 is satisfied and the shock
propagates at a highly relativistic speed. The equatorial
shock does not significantly lag behind the unshocked
wave at higher latitudes, and the resulting shock surface
approaches the spherical limit. In this case, the deformation
of the upstream magnetic field due to plasma drift is also
negligible; therefore, the shock becomes parallel when the
upstream magnetic field is purely radial, at a polar angle of
θ ¼ sin−1ð2= ffiffiffi

5
p Þ ≈ 63° [8], or a latitude of l ≈ 27°. This is

independent of the angular profile of the original fast wave.

There are a few kinematic considerations that affect the
appearance of the precursor waves in this global setting.
The precursor waves are likely emitted from the shock
surface with a range of wave vector k. However, only the
waves emitted within an opening angle of ∼1=γsh around
the local shock normal may outrun the shock. For relatively
slowly moving shocks at large fast wave wavelength λ, this
opening angle can be of order unity, therefore the precursor
waves may be able to extend beyond the lk bound. In
addition, the length of the precursor wave train in the lab
frame depends on the Lorentz factor of the shock γsh. If the
duration of the precursor wave emission is Δt, then
the wave train length in the lab frame is Δl ∼ cΔt=γ2sh in
the regime γsh ≫ 1. This is reflected in Fig. 4 as the
precursor wave is barely visible in the λ ¼ 0.2rnl case.

Application to astrophysical FRBs—We consider a
fast wave with a luminosity of L ¼ L4210

42 erg s−1, to
be consistent with typical magnetar x-ray bursts. Its
frequency is determined by the underlying starquake,
on the order of ω ¼ ω410

4 rad s−1 [6]. Suppose the
magnetar has a surface magnetic field strength of
B� ¼ B1510

15 G and a spin period of P ¼ P01 s. We
estimate the plasma density at the stellar surface to be
n� ≈MnGJ ≈ 6.9 × 1019B15M6P−1

0 cm−3 where M ¼
M610

6 is the pair multiplicity and nGJ ¼ B�=ecP ¼
6.9 × 1013B15P−1

0 cm−3 is the Goldreich Julian density
[43] at the stellar surface. These parameters and Eq. (1)
imply a nonlinear radius of rnl ≈ 2.9 × 108B1=2

15 L−1=4
42 cm

and the ratio of the fast wave wavelength to the
nonlinear radius is

λ=rnl ≈ 6.5 × 10−2B−1=2
15 L1=4

42 ω−1
4 : ðB1Þ

The background magnetization at the nonlinear radius is
then

σbg;nl ≡
B2
bg;nl

4πnbg;nlmec2
¼ 5.7 × 107B−1=2

15 L3=4
42 M−1

6 P0: ðB2Þ

Using Eq. (4), the maximum value that the upstream
Lorentz factor will attain is

γmax ∼ 7.7 × 105B−1
15L42M−1

6 P0ω
−1
4 : ðB3Þ

This happens just slightly past the nonlinear radius
where the shock first forms. The upstream magnetization
is reduced to, according to Eq. (A1),

σuðrnlÞ ≈ πrnl=ð1.3λÞ ≈ 37B1=2
15 L−1=4

42 ω4: ðB4Þ
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For definiteness, we estimate the properties of the
expected radio emission at the magnetic equator, since
the obliquity of the shock makes the prediction about
precursor wave emission much more difficult elsewhere.
According to [40], the low frequency cutoff of
the precursor wave in the downstream frame is
ωcutoff ¼ γshjdωp ≈

ffiffiffiffiffi
σu

p
ωp and the peak frequency is

ωpeak ≈ 3ωcutoff , where ωp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πne2=meγ

p
is the proper

plasma frequency of the upstream measured in the
downstream frame. When the shock first forms, the
upstream Lorentz factor reaches its maximum, γ ≈ γmax,
the magnetic field, density, and magnetization reduce to
half their background value. Combining these, the cutoff
frequency immediately after the shock forms is
ωcutoff ≈ 4.7 × 108B1=2

15 L−1=4
42 M6P−1

0 ω4 rad s−1. Therefore,
the precursor wave spectrum will peak near

νpeakðrnlÞ ¼
ωpeakðrnlÞ

2π
≈ 0.22B1=2

15 L−1=4
42 M6P−1

0 ω4 GHz:

ðB5Þ

The precursor wave efficiency, defined as the fraction of
the total incoming energy entering the shock that is
channeled into the precursor waves, is f ≈ 2 × 10−3=σu
[40]. In our case, the precursor wave luminosity when
the shock first forms just beyond rnl is

LRðrnlÞ ∼ fL ∼ 5.4 × 1037B−1=2
15 L3=4

42 ω−1
4 erg s−1: ðB6Þ

With appropriate parameters, the precursor wave
frequency and luminosity can be consistent with
observed FRBs, especially FRB 200428 from the
galactic magnetar SGR 1935þ 2154. FRB 200428 was
detected by CHIME, with an energy emitted in the 400–
800-MHz band of 3 × 1034 erg and a peak luminosity of
7 × 1036 erg s−1 [4]. It was also detected by STARE2 in
the 1.281–1.468 GHz band, with an isotropic equivalent
energy release of 2.2 × 1035 erg and a full-width at
half-maximum (FWHM) temporal width of ∼0.6 ms,
suggesting a luminosity ∼4 × 1038 erg s−1 [5]. Since
SGR 1935þ 2154 has a surface magnetic field of B15 ∼
0.2 and a period P0 ≈ 3.2, we can see that νpeakðrnlÞ
would be around 1.4 GHz if we take M6 ∼ 45, ω4 ∼ 1
and L42 ∼ 1; these parameters would give LRðrnlÞ∼
1038 erg s−1, consistent with observations obtained by
CHIME and STARE2. FRB 200428 was also
accompanied by an x-ray burst, with a duration of
∼0.6 s, superimposed by spikes coincident with the
radio bursts. The energy released in the x-ray burst is
∼1040 erg s−1, consistent with our choice of a fast wave
luminosity of L42 ∼ 1 [44–46].
As the shock propagates to larger radii, the upstream

Lorentz factor evolves as γ ∼ γmaxðr=rnlÞ−4 according to
Eq. (3), and the upstream magnetic field is kept at

Bup ¼ Bbg=2 ∝ r−3, while the density remains as
n ¼ nbg=2 ∝ r−3; therefore, the upstream magnetization
evolves as σuðrÞ ∝ r. The upstream proper plasma fre-
quency evolves as ωp ∝

ffiffiffiffiffiffiffiffi
n=γ

p
∝

ffiffiffi
r

p
. This results in the

peak frequency of the precursor wave increasing with
radius: ωpeak ≈ 3

ffiffiffiffiffi
σu

p
ωp ∝ r. However, the luminosity of

the precursor waves quickly drops with radius: the total
incoming power entering the shock front is
Lu ∼ r2cB2

up ∝ r−4; therefore, LR ∼ fLu ∝ r−5. The lumi-
nosity of the precursor waves reduces to less than 0.5% of
its peak value LRðrnlÞ when the shock has propagated to a
radius of r ¼ 3rnl. All of the radio emission is effectively
produced between rnl < r < 3rnl.
We also estimate the duration of the observed precursor

wave emission. We take the duration of the emission as
Δt ∼ 2rnl=c, and the shock Lorentz factor is approximately
γsh ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σuðrnlÞ

p
(a lower bound), so we get the observed

duration Δtobs ∼ Δt=γ2sh ∼ 0.5ω−1
4 ms (an upper bound).

This is shorter than typical FRBs. However, here we only
considered the first shock launched in the first wavelength
of the fast wave. The subsequent wavelengths of the fast
wave can also launch shocks when they become nonlinear;
the downstream of the previous shock will become the
upstream of the next shock. Although the precursor wave
emission can be suppressed when the upstream plasma is
relativistically hot [47], if the cooling of the plasma is
efficient (e.g., through incoherent synchrotron radiation),
the subsequent shocks could have a sufficiently cold
upstream that allows precursor wave emission. The total
energetics and duration of the observed radio emission will
then be determined by the full fast wave train, and the
individual shocks may produce substructures in the
observed bursts, on a timescale of δt ∼ λ=c ∼ 0.6ω−1

4 ms.
This timescale may correspond to the observed substructure
in some bursts [42]. Since our simulations do not include
any cooling processes, we cannot properly model the
behavior of subsequent shocks. We leave this to future
studies.
The monster shock scenario may not be able to account

for the very bright cosmological FRBs. For example, the
bright FRB 20220610A has a luminosity LR ∼ 1045 erg s−1

[48]. This would require a fast wave with luminosity
L ∼ 1048 erg s−1, which would become nonlinear at a
radius rnl ∼ 9.3 × 106 cm. Such a level of energy release
in the highly magnetic compact region close to the
magnetar would lead to copious pair production and the
plasma would quickly become an optically thick fireball,
similar to the giant flares [49]. It is questionable whether
any radio waves can be produced or escape from such an
environment. Alternative explanations for these bright
FRBs are still needed.
The monster shock can also produce incoherent radi-

ation in other wavelengths. Immediately downstream of
the shock, the energetic particles entering from the
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upstream start to gyrate in the compressed magnetic
field and produce synchrotron/curvature radiation. If we
adopt the naive synchrotron formula, we get the maxi-
mum photon energy Esyn¼3hγ2maxeBbg=ð4πmecÞ∼
0.4B−5=2

15 L11=4
42 M−2

6 P2
0ω

−2
4 TeV. Note that this energy is

comparable to γmaxmec2, indicating that the synchrotron
emission likely proceeds in the quantum regime, where

the particle will quickly give most of its energy to one
single photon. The gamma ray photons at this energy can
already produce pairs through magnetic pair production,
increasing the downstream plasma density. A more care-
ful radiative transfer calculation is required to compute
the detailed pair yield and the resulting x-ray spectrum,
and will be deferred to a future work.
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