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We accomplish for the first time the next-to-leading-order QCD computations of the leading-twist
contributions to the Dirac nucleon form factors by applying the hard-collinear factorization theorem
rigorously. Our predictions for these baryon form factors indicate that the one-loop perturbative corrections
to the hard-gluon-exchange contributions are numerically substantial for a wide range of momentum
transfers. Including further the soft nonfactorizable contributions, we then perform the state-of-the-art
analysis of the Dirac nucleon form factors, allowing for the most robust determinations of the nucleon
distribution amplitudes from the comparison with the experimental data.
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Introduction—It is generally accepted that the nucleon
electromagnetic form factors are among the simplest, most
fundamental, and best-known measurable quantities for
exploring diverse facets of the nonperturbative QCD
dynamics that govern the complex nature of nucleon
structure properties and for advancing our understanding
toward the perturbative factorization formalism of hard
exclusive processes. The pioneering investigation of
nucleon tomography dates back to the elastic electron-
nucleon scattering experiment in the early 1950s, long
before the advent of QCD, conducted by Hofstadter and
collaborators [1–4]. From then on, probing the internal
structure of the composite nucleon state with unprec-
edented precision has become the central focus of the
world-wide hadron-physics programs, reflected by the
increasing number of electron accelerators and laboratories
over the past decades [5–16]. Extensive experimental
efforts in measuring the nucleon electromagnetic form
factors with the Rosenbluth cross section separation
method and with the polarization transfer technique have
been well documented in several review articles (see
Refs. [17–21] for an incomplete list).
Needless to say, the everlasting and tremendous exper-

imental investment in exploiting the emergent nucleon
structure naturally triggers a considerable amount of
theoretical developments to achieve the field-theoretic

description of hard exclusive reactions (see Refs. [21–26]
for an overview). It has been demonstrated that the under-
lying QCD dynamics of the nucleon electromagnetic form
factors is dictated by the interplay of two competing
mechanisms (namely, the soft Feynman mechanism [27]
versus the hard-scattering mechanism). A systematic and
successful approach to address the soft nonfactorizable
contributions to the nucleon transition form factors has
been formulated in the seminal works [28–30] with the
inclusion of the leading and subleading contributions at
Oðα0sÞ up to the twist-six accuracy [31], by adopting the
light-cone sum rules (LCSR) technique [32,33], which
receives numerous applications in the QCD-based calcu-
lations of B-meson decay matrix elements [34–40] and of
heavy-baryon decay form factors [41–47]. Subsequently,
the next-to-leading-order (NLO) QCD corrections to the
LCSR predictions for the nucleon form factors have been
computed at the leading-twist (i.e., twist-three) accuracy
[48] with the covariant trace formalism and at the twist-four
accuracy [49] with the Krankl-Manashov (KM) renormal-
ization scheme [50]. In particular, the hard-gluon-exchange
contributions to these nucleon form factors can be com-
puted with the same LCSRmethod by performing two-loop
computations of the considered correlation functions, at the
price of slight model dependence of the nucleon disen-
tanglement from the higher-mass background [51,52].
Instead, an elegant and model-independent description

of the hard-scattering contributions to the nucleon form
factors can be constructed with the perturbative factoriza-
tion formalism, based upon the diagrammatic analysis
[53–55] and the effective field theory approach [56,57].
As a matter of fact, the textbook tree-level computations of
the leading-twist contributions to the nucleon form factors
have been accomplished with the hard-collinear factoriza-
tion prescription more than 40 years ago [58,59] (see
Refs. [60–65] for subsequent recomputations and [66–71]
for discussions on the applicability of perturbative QCD at
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accessible energies). Apparently, extending the leading-
order (LO) QCD calculation of the twist-three hard-
scattering contributions to the NLO accuracy will be in
high demand for validating the collinear factorization of
baryon transition matrix elements truly at the quantum level
and for unraveling the intriguing pattern of perturbative
expansion for multiparton scattering amplitudes. In this
Letter, we will employ the modern QCD factorization
formalism to extract the NLO hard coefficient function
analytically, by performing the ultraviolet (UV) renormal-
ization and infrared subtractions in a rigorous and factori-
zation-compatible fashion. An emphasis will be then placed
on phenomenological impacts of the thus determined
radiative corrections to the hard-gluon-exchange contribu-
tions in the nucleon form factors.
Electromagnetic nucleon form factors—Adopting the

customary definitions of the electromagnetic nucleon form
factors enables us to write down [72]

hNðP0Þjjemμ ð0ÞjNðPÞi

¼ N̄ðP0Þ
�
γμF1ðQ2Þ − i

σμνqν

mN
F2ðQ2Þ

�
NðPÞ; ð1Þ

where P (P0) stands for the four-momentum carried by the
initial (final) nucleon, q ¼ P − P0 refers to the transfer
momentum, Q2 ¼ −q2, NðPÞ [NðP0Þ] corresponds to the
nucleon spinor, and the electromagnetic current is given by
jemμ ðxÞ ¼ QuūðxÞγμuðxÞ þQdd̄ðxÞγμdðxÞ. Introducing two
light-cone vectors nμ and n̄μ with the constraints n2 ¼
n̄2 ¼ 0 and n · n̄ ¼ 2 leads to Pμ ≈ ðn · P=2Þn̄μ and P0

μ ≈
ðn̄ · P0=2Þnμ at leading power in Λ2

QCD=Q
2 [73]. The hard-

scattering contribution to the Dirac form factor F1ðQ2Þ
exhibits the scaling behaviour of ðΛQCD=QÞ4 [74–76]. By
contrast, the asymptotic prediction of the Pauli form factor
F2ðQ2Þ turns out to be suppressed by an extra power of
Λ2
QCD=Q

2. We therefore concentrate on the NLO

computation of F1ðQ2Þ, whose factorization structure is
sketched in Fig. 1.
According to the hard-collinear factorization prescription

[53,55], the leading-power contribution to the Dirac form
factor can be cast in the form of (see Refs. [56,57,77–81] for
potential complications beyond the NLO accuracy)

F1ðQ2Þ ¼ ð4παsÞ2
Q4

Z
½Dx�

Z
½Dy�TNðxi; yi; Q2; μFÞ

× ½fNðμFÞ�2φNðxi; μFÞφNðyi; μFÞ; ð2Þ
where the integration measure is defined as

Z
½Dz� ¼

Z
1

0

dz1dz2dz3 δðz1 þ z2 þ z3 − 1Þ; ð3Þ

and μF refers to the factorization scale. The short-distance
coefficient function TN can be expanded perturbatively
(similarly for any other QCD quantity),

TN ¼ T ð0Þ
N þ

�
αs
4π

�
T ð1Þ
N þOðα2sÞ: ð4Þ

The twist-three nucleon distribution amplitude φN can be
defined by the renormalized matrix element of the leading
three-body light-ray operator [55,82]

D
0
���ϵijkhu↑i0 ðτ1nÞ½τ1n; τ0n�i0iC=n u↓j0 ðτ2nÞ½τ2n; τ0n�j0j

i
=nd↑k0 ðτ3nÞ½τ3n; τ0n�k0k

���N↑ðPÞ
E

¼ −
fNðμFÞ

2
ðn × PÞ=nN↑ðPÞ

Z
½Dx� exp

�
−in × P

X3
i¼1

xiτi

�
φNðxi; μFÞ; ð5Þ

where the Wilson line ½τin; τ0n� is defined as ½τin; τ0n� ¼
P exp½igs

R
τi
τ0
dt nμAμðtnÞ� [83] and q↑ð↓Þ ¼ 1

2
ð1� γ5Þq.

The renormalization-group equation of the light-cone
operator on the left-hand side of (5) motivates the following
conformal expansion of φN [84]:

φNðxi; μFÞ ¼ 120x1x2x3
X∞
n¼0

Xn
k¼0

φnkðμFÞPnkðxiÞ; ð6Þ

with the explicit expressions of Pnk displayed in [85].

The short-distance coefficient function TN can be deter-
mined by inspecting the seven-point QCD matrix element

Πμ ¼ huðP0
1ÞuðP0

2ÞdðP0
3Þjjemμ ð0ÞjuðP1ÞuðP2ÞdðP3Þi; ð7Þ

where the external parton momenta are restricted to their
leading components Pi ¼ xiP and P0

i ¼ yiP0 at the leading
power accuracy. We will employ dimensional regulariza-
tion with D ¼ 4 − 2ϵ in the entire calculation.

(a) (b)

FIG. 1. (a) Schematic structure of the nucleon form factor.
(b) One sample NLO diagram, where⊗marks an insertion of the
electromagnetic current.
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NLO QCD computation—In this section we will describe
briefly the one-loop QCD computation of the bare ampli-
tude Πμ. We generate the NLO Feynman diagrams with
FEYNARTS [86] and simultaneously by means of an in-
house Mathematica routine. Taking into account the
observation that certain Feynman diagrams cannot con-
tribute due to the QCD equations of motion, the vanishing
color (and/or electric charge) factors, as well as the Furry
theorem, we obtain 1371 nonvanishing diagrams at one
loop. The sample Feynman diagrams are shown in Fig. 1.
The Passarino-Veltman reduction [87] to the tensor

structure of the amplitude is implemented first, and then
the Dirac and color algebras are performed with in-house
routines. The yielding one-loop scalar integrals are further
reduced to a small set of master integrals with the packages

APART [88] and FIRE [89]. Exploiting further the fact that
PikP and P0

ikP0, we arrive at only two linearly independent
master integrals at one loop.
QCD factorization formula—We will continue to derive

the master formula for TN by matching Πμ onto the
collinear matrix elements

Πμ ¼ ð4παsÞ2
Q6

X
k

Tk ⊗ hOμ
ki;

Oμ
k ∈

�
Oμ

N;O
μ
T; E

μ
1; E

μ
2; E

μ
3; F

μ
1; F

μ
2; F

μ
3; F

μ
4

�
; ð8Þ

where we have to extend the effective operator basis with
the inclusion of the evanescent operators

Oμ
N ¼ ½χ̄↓u =̄nC−1χ̄↑u �½χ̄↑d=̄nγμ⊥=nξ↑d �½ξ↑uC=nξ↓u �; Oμ

T ¼ ½χ̄↑u=̄nγ⊥βC−1χ̄↑u �½χ̄↓d=̄nγβ⊥γμ⊥γα⊥=nξ↓d �½ξ↑uCγ⊥α=nξ
↑
u �;

Eμ
1 ¼ ½χ̄uγμ⊥ξu�½χ̄uγα⊥ξu�½χ̄dγ⊥αξd� −

1

8
Oμ

N −
1

2
Oμ

T; Eμ
2 ¼ ½χ̄uγα⊥γβ⊥γμ⊥ξu�½χ̄uγ⊥βξu�½χ̄dγ⊥αξd� −Oμ

T;

Eμ
3 ¼ ½χ̄uγ⊥αξu�½χ̄uγ⊥βξu�½χ̄dγβ⊥γα⊥γμ⊥ξd� −

1

4
Oμ

N;

Fμ
1 ¼ ½χ̄↓u =̄nC−1χ̄↑u �½χ̄↑d=̄n|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

Q̄N

γμ⊥γα⊥γ
β
⊥=nξ↑d �½ξ↑uCγ⊥βγ⊥α=nξ

↓
u �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

UN

; Fμ
2 ¼ ½χ̄↓u =̄nγ⊥αγ⊥βC−1χ̄↑u �½χ̄↑d=̄nγβ⊥γα⊥|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

ŪN

γμ⊥=nξ↑d �½ξ↑uC=nξ↓u �|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
QN

;

Fμ
3 ¼ ½χ̄↑u =̄nγ⊥ρC−1χ̄↑u �½χ̄↓d=̄nγρ⊥|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Q̄T

γμ⊥γτ⊥γα⊥γ
β
⊥=nξ↓d �½ξ↑uCγ⊥τγ⊥βγ⊥α=nξ

↑
u �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

UT

;

Fμ
4 ¼ ½χ̄↑u =̄nγ⊥αγ⊥βγ⊥τC−1χ̄↑u �½χ̄↓d =̄nγβ⊥γα⊥γτ⊥|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

ŪT

γμ⊥γ
ρ
⊥=nξ↓d �½ξ↑uCγ⊥ρ=nξ

↑
u �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

QT

: ð9Þ

To reduce our notation to the essentials, we strip off
all the color indices, position arguments and Wilson lines
from Oμ

k, and represent them only by their flavor, chiral,
and Dirac structures. The (anti)collinear quarks moving
in the direction of n̄ (n) are denoted by ξ (χ). The evane-
scent operators Eμ

i and Fμ
j vanish at D ¼ 4. Moreover, Fμ

j

can be further expressed in terms of the building blocks of
the three-quark operators Pk ∈ fQN;UN;QT;UTg (with
P̄k ≡ P†

kγ0), where UN and UT are apparently evanescent.
We now write the perturbative expansion of Πμ accord-

ing to the tree-level matrix elements of Oμ
k,

Πμ ¼ ð4πÞ4
Q6

X
k

X
l¼0;1

�
Zααs
4π

�
lþ2

AðlÞ
k ⊗ hOμ

kið0Þ; ð10Þ

where Zα is the renormalization factor of the strong

coupling [90–92] and AðlÞ
k denote the bare l-loop QCD

amplitudes. On the other hand, the effective matrix ele-
ments of the collinear operators take a similar form to (10),

hOμ
ki ¼

X
m

X
l

�
αs
4π

�
l
ZðlÞ
km ⊗ hOμ

mið0Þ; ð11Þ

where ZðlÞ
km stands for the matrix kernel of UV renormal-

ization factors at the l-loop order. Expanding further Tk

in (8) according to Tk ¼
P∞

l¼0 ðαs=4πÞl TðlÞ
k , we are then

able to deduce the master formulas for the hard coefficients

Tð0Þ
NðTÞ ¼ Að0Þ

NðTÞ;

Tð1Þ
NðTÞ ¼ Að1Þ

NðTÞ þ 2Zð1Þ
α Að0Þ

NðTÞ −
X
k

Zð1Þ
kNðTÞ ⊗ Tð0Þ

k ; ð12Þ

where Zð1Þ
NN and Zð1Þ

TT have been worked out in [83]. The
evanescent-to-physical operator mixing generates the non-

vanishing finite renormalization constants Zð1Þ
E1N

and Zð1Þ
E3N

,
which are indispensable for establishing the perturbative
factorization formula (see also [93–101]).
Employing the definitions of the matrix elements forOμ

N
displayed in (5) and forOμ

T shown in [102], we can express
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the desired coefficient function TN as follows:

TNðx1; x2; x3; y1; y2; y3; Q2; μFÞ

¼ TNðx1; x2; x3; y1; y2; y3; Q2; μFÞ þ
�
1

4

�

×


TTðx1; x3; x2; y1; y3; y2; Q2; μFÞ þ ðx1 ↔ x3Þ

þ ðy1 ↔ y3Þ þ ðx1 ↔ x3; y1 ↔ y3Þ
�
: ð13Þ

Substituting the determined one-loop hard function into the
factorization formula (2) and evaluating the convolution
integral with the asymptotic nucleon distribution amplitude
gives rise to [for the SU(3) color group]

FAsy
1 ðQ2Þ ¼ ð4παsÞ2

Q4

100

3
f2N

�
Qu

�
1þ αs

4π

�
18 ln

ν2

Q2

þ 4

3
ln
μ2F
Q2

−
1907

15
þ 7438

15
ζ3 − 368ζ5

��

þ 2Qd

�
1þ αs

4π

�
18 ln

ν2

Q2
þ 4

3
ln
μ2F
Q2

þ 1721

30
þ 209

30
ζ3 þ 6ζ5

��

; ð14Þ

where ν represents the renormalization scale and the
Mathematica package POLYLOGTOOLS [103] turns out to
be beneficial for handling the encountered fourfold inte-
grals analytically. Including the subleading terms in the
conformal expansion of φN results in the lengthy expres-
sion for the nonasymptotic correction, which are collected
in Supplemental Material [104]. We further demonstrate
that our NLO QCD computation of F1ðQ2Þ is indeed
independent of the factorization scale atOðα3sÞ, by employ-
ing the one-loop evolution equation of φN [83].
Numerical analysis—We are now in a position to

explore the phenomenological implication of the NLO
QCD computation to the Dirac nucleon form factor. To
achieve this goal, we first specify the twist-three nucleon
distribution amplitude which has been extensively inves-
tigated with the method of QCD sum rules (QCDSR)
[59,109–116], with the LCSR technique [29,30,49,117]
and with the lattice simulation [102,118–120]. Three
sample models of the initial condition φNðxi; μ0Þ at
μ20 ¼ 2.0 GeV2, labeled as ABO1 [49], LAT19 [120]
(see Ref. [121] for an update), and COZ [109], will be
employed in the numerical exploration for illustration
purposes. Furthermore, we take the renormalization and
factorization scales as ν2 ¼ μ2F ¼ hziQ2 with 1=6 ≤
hzi ≤ 1=2, which corresponds to the expectation value of
the maximum quark-gluon virtuality in the Feynman graphs
(see Refs. [122–130] for further discussions).
Taking the ABO1 model as our default choice, we

display in Fig. 2 the obtained predictions for the soft
contributions from the LCSR approach at OðαsÞ [49] and

for the hard-gluon-exchange contributions at LO and at
NLO. The available experimental measurements of these
two transition form factors [131–138] are further displayed
for an exploratory comparison. It is evident that the hard-
scattering contributions can shift the NLO LCSR predic-
tions of the Dirac proton (neutron) form factor by an
amount of f29%; 11%; 9%; 8%g (f25%; 7%; 5%; 4%g) for
Q2 ¼ f5.0; 15.0; 30.0; 50.0g GeV2, respectively [139]. In
particular, the radiative corrections to the hard-scattering
kernels in (2) can bring about enormous impacts on the
corresponding tree-level predictions for a wide range of the
kinematic domain. We further verify that this enlightening
pattern of the perturbative αs expansion remains unchanged
for both the LAT19 and COZ models.
We proceed to present in Fig. 3 our predictions for the

Dirac nucleon form factors with three sample models
ABO1 [49], LAT19 [120], and COZ [109] of the nucleon
distribution amplitudes. Inspecting the numerical features
of these state-of-the-art results implies that the yielding
theory predictions with the LCSR-inspired ABO1 model
can lead to a reasonably good description of the exper-
imental data for both the proton and neutron’s Dirac form
factors. On the contrary, the predicted electromagnetic
form factors Fp

1 ðQ2Þ and Fn
1ðQ2Þ with the QCDSR-based

COZ model of the nucleon distribution amplitudes turn
out to be significantly above their experimental values.
This observation can be attributed to the fact that the
QCDSR method tends to overestimate the hadronic matrix
elements of higher conformal operators considerably
[28–30,117,140,141]. The distinctive snapshot of the
well-separated error bands for the two parameter sets

FIG. 2. Theory predictions for the Dirac nucleon form factors
from the Feynman mechanisms (dotted curves) and from the
combinations of the soft contributions with the hard-scattering
mechanisms at LO (dash-dotted curves) and at NLO (solid
curves). The experimental data points of the Dirac proton form
factor (Christy et al. [131]; Sill et al. [132]; Rock et al. [133];
Arnold et al. [134]; Kirk et al. [135]; Coward et al. [136]) and of
the Dirac neutron form factor (Lung et al. [137]; Rock et al.
[138]) are further displayed.
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ABO1 and LAT19 can be largely traced back to the absence
of the lattice results for η10 and η11 in the twist-four
distribution amplitudes Φ4 and Ψ4, whose effects dominate
the soft nonfactorizable contributions to the nucleon form
factors [28,29,49].
We turn to address the phenomenological impact of

extracting the shape parameters for the nucleon distribution
amplitude φN with the NLO QCD computations of the
hard-gluon-exchange contributions to the Dirac nucleon
form factors. Inspecting the intrinsic dependence of the
γ�N → N transition form factors on the currently poorly
constrained parameter φ21ðμ0Þ, we indeed observe that the
inclusion of the higher-order QCD correction to the short-
distance coefficient function can profoundly enhance the
sensitivity of the nucleon form factors with regard to the
local moment φ21ðμ0Þ of the twist-three nucleon distribu-
tion amplitude.
Conclusions—In conclusion, we have carried out, for the

first time, the complete NLO QCD computation of the
Dirac nucleon form factor by applying the hard-collinear
factorization theorem rigorously. Adopting three sample
models for the nucleon distribution amplitudes, we dem-
onstrated explicitly that the NLO corrections to the
hard-scattering contributions can yield the substantial
phenomenological impacts on the counterpart LO predic-
tions in the kinematic region 5.0 ≤ Q2 ≤ 50.0 GeV2.
Moreover, including the higher-order QCD correction
turned out to be highly beneficial for an improved extrac-
tion of the shape parameters of the nucleon distribution
amplitudes. Extending our factorization formalism to
hadron form factors describing the electroproductions of

the Δ resonance and the negative-parity N�ð1535Þ can be
naturally expected for the sake of exploring the many facets
of QCD dynamics dictating the baryon transition matrix
elements.

Note added—Recently, the work [142] appeared, in
which the NLO hard function was extracted [143]. The
authors of [142] further corrected an error in the infrared
subtractions, and their updated hard coefficients can now be
constructed from our results obtained with the inclusion of
evanescent operators [49,50,93–97].
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