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We compute for the first time the production rate for four jets in electron-positron annihilation at next-to-
next-to-leading order. Our calculation exhibits the highest final-state jet multiplicity considered at this
perturbative accuracy to date. The cancellation of infrared singularities is achieved in the antenna
subtraction scheme, relying particularly on generalized antenna functions. The evaluation of the two-loop
virtual corrections is enabled by the construction of a new basis of transcendental special functions tailored
to four-particle decay kinematics. Our results are compared with LEP data, finding improved agreement
with respect to the next-to-leading order calculation. In the region where perturbative predictions are most
reliable, we observe a significant reduction of theory uncertainties, which now fall below the experimental

ones.
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Introduction—The study of hadronic final states in high-
energy particle collisions—particularly jet observables—has
been instrumental in establishing quantum chromodynamics
(QCD) as the theory of the strong interaction. This is
especially true in electron-positron annihilation, where the
absence of initial-state QCD radiation and underlying-event
effects provides a uniquely clean environment for precision
studies of jets and event shapes [1]. Landmark achievements
include the discovery of the gluon in planar three-jet events
[2], the measurement of its spin [3], and stringent tests of the
non-Abelian gauge structure of QCD through three- and
four-jet production [4-11]. These developments were
accompanied by increasingly precise determinations of the
strong coupling constant, o (see Ref. [12] and references
therein).

Precision QCD measurements constituted a central
component of the physics program at the Large
Electron-Positron collider (LEP). Since then, substantial
advances have been made in higher-order perturbative
techniques, significantly enhancing the accuracy of theo-
retical predictions and enabling increasingly stringent
comparisons with experimental data. Fresh opportunities
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for QCD studies are now emerging from renewed analyses
of LEP data employing modern analysis strategies and
theoretical inputs (see, e.g., Ref. [13]). Looking ahead,
future lepton colliders such as the Future Circular Collider
(FCC-ee) [14-16] and the Circular Electron-Positron
Collider (CEPC) [17-19] are expected to deliver unprec-
edented experimental precision. Realizing their full physics
potential will require commensurate progress in theoretical
predictions, in particular in high-order perturbative QCD
and related precision frameworks.

While the inclusive cross section for hadron production
at electron-positron colliders has been computed to high
order [20-25] in perturbative QCD, less precise predictions
are typically available for more differential observables,
like event shapes and jet rates. The inclusive n-jet rate is
defined as the fraction of hadronic events in which n
distinct jets are reconstructed according to a given jet
clustering algorithm. In the following, we consider the
Durham (or k7) jet algorithm [26-30], which has been
extensively used for jet studies at lepton colliders. The
algorithm proceeds as follows: for each pair (i, j) of final-
state particles, the distance measure

2 min(E}, E3)(1 — cos 6;)

Yij 02

is evaluated, where Q = ), E; represents the sum of all
final-state particle energies Ey, and 6;; is the angle within
each pair. The particles with the minimum distance y;; are

(1)
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then clustered together by summing their four momenta.
The previous steps are repeated until all pairwise distances
are larger than a predefined jet resolution parameter y.,
and the event is classified as an n-jet event, where r is the
number of remaining final-state clusters. Clearly, the
smaller the y.,. the more distinct jets are resolved in an
event, and vice versa.

Jet rates as a function of y., can be computed by
normalizing the cross section for the production of 7 jets in
electron-positron annihilation for a given value of y.,,
denoted with ¢, (y.), by the fully inclusive cross section
for hadron production o;,.. The n-jet rate then reads

Rn(ycut) = M (2)

Oinc.

The leading order (LO) contribution to R, (y.,) starts at
order a/~2. Next-to-leading order (NLO) corrections in
QCD have been computed for up to seven jets [31-39].
Next-to-next-to-leading order (NNLO) predictions for
R3(yeu) (order o) were first presented in Refs. [40,41].
In Ref. [40], the implementation of the eTe™ — jjj process
at NNLO in EERAD3 [42,43] is combined with the knowl-
edge of the inclusive cross section up to order a2 [20-22] to
also reach next-to-next-to-next-to-leading order (N°LO)
accuracy on R(yy). In Ref. [44], a direct N°LO calcu-
lation of R,(y.y), Which does not rely on the previous
knowledge of the inclusive cross section at order a3, was
presented. We note that quarks are considered massless in
Refs. [40,41,44]. Mass corrections to R3(y.,) were first
computed in Refs. [45-47] at NLO. Beyond fixed order,
all-order resummation effects in jet rates (and the associ-
ated jet transition variables y,3, y34, ...) have been
computed up to next-to-next-to-leading logarithmic accu-
racy for Ry(yey) [48] and R3(y..) [49], and at next-to-
leading logarithmic (NLL) accuracy for higher-multiplicity
rates [50,51].

In this Letter, we present the first calculation of Ry (yey)
at order af, obtained from an NNLO computation of the
four-jet production process ete™ — jjjj. This calculation
lies at the current frontier of perturbative QCD. The explicit
cancellation of infrared divergences and the phase-space
integration are carried out for the first time at NNLO for
such a high final-state jet multiplicity. Two-loop corrections
for five-particle scattering with one leg off shell have only
recently begun to emerge [52-65]. In this Letter, we
construct a new basis of transcendental special functions
that enables analytic results for such two-loop corrections
in the four-particle decay region. This construction allows
us to analytically continue the two-loop amplitudes for
hadronic vector-boson production in association with two
jets, currently known only in the leading-color approxi-
mation (LCA) [52,53], into the decay region relevant
for eTe™ — jjjj.

Our results represent a crucial step to improve the
accuracy of theoretical predictions for electron-positron
colliders. In particular, we address one of the many
challenges [66] that theoretical calculations must meet in
preparation for the next generation of electron-positron
colliders.

Calculation—We perform the calculation within the
NNLOJET Monte Carlo framework [67], suitably extended
to include four-jet production at electron-positron colliders
up to NNLO.

The jet rates that we consider in this Letter are normal-
ized to the inclusive hadron production cross section, and
are integrated inclusively over all angular directions. For
such observables the electroweak coupling, the loop
corrections to the electroweak boson propagator, and the
effects of y*/Z mixing cancel in the ratio, provided that
quarks are treated as massless and that singlet contributions
are ignored [22]. We consider five massless quark flavors,
N; =5, neglect top-quark loop effects, which are expected
to be small [36,68], and we do not systematically include
singlet contributions, which were observed to be numeri-
cally negligible at NLO [36,38,69-71], as we also verified
explicitly. In particular, the contributions from anomalous
diagrams with axial-vector coupling of the Z boson to
closed quark loops cancel between massless isospin dou-
blets, and we exclude the remaining negligible contribution
from bottom-top-quark mass splitting. Under these
assumptions, the results we present are therefore valid
for both y* and Z exchange. In particular, our predictions
for R4(ye) depend on the center-of-mass energy /s only
via the running of the strong coupling.

An additional approximation is applied only to the two-
loop infrared-finite remainder due to its complexity: we
retain only the leading terms in the N, — oo limit, with
Ny¢/N, constant, in each partonic channel (LCA). This
approximation has been found to be generally reliable for
the double-virtual contributions to five-particle processes
provided these contributions are subdominant [72-75].
Finally, in the two-loop finite remainder, we explicitly
neglect singlet contributions from the vector coupling to
closed fermion loops.

The helicity amplitudes for five-parton scattering at tree
level [76-78] and four-parton scattering at one loop [79-81],
necessary for the NLO calculation, are directly implemented
within NNLOJET. Six-parton tree-level and five-parton
one-loop amplitudes, required for the double-real and the
real-virtual corrections, respectively, are obtained from
OpenLoops?2 [82,83], ensuring efficient and stable numeri-
cal evaluations across the whole phase space.

In order to achieve the cancellation of infrared singu-
larities arising in intermediate steps of higher-order calcu-
lations, we adopt the antenna subtraction method [84,85].
This entails using antenna functions for the construction
of counterterms to remove the divergent behavior of
real-emission matrix elements in soft and collinear limits.
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After an inclusive integration over the radiation phase
space, which is performed analytically [86], these counter-
terms are then combined with virtual corrections, sub-
tracting their explicit infrared singularities.

The assembly of infrared counterterms has typically been
a bottleneck in the calculation of higher-order corrections to
processes with high partonic multiplicity, such as four-jet
production at electron-positron colliders. To address this task
in an automated fashion, we rely on the colorful antenna
subtraction method [87,88], which allows one to infer real-
emission counterterms from the universal structure of infra-
red singularities appearing in virtual amplitudes by means of
suitable infrared insertion operators in color space.
Moreover, we employ generalized antenna functions [89]
for final-state radiation constructed directly from a target set
of unresolved limits, following the algorithmic procedure
outlined in Refs. [90,91]. As discussed in Ref. [89], these
offer significant advantages in terms of both simplicity and
numerical performance of the infrared subtraction counter-
terms through a streamlined construction.

The infrared counterterms are extensively validated by
computing their ratio to the respective matrix elements for
phase-space points lying increasingly close to soft and
collinear configurations, and by observing a gradual
improvement in the cancellation of the divergent behavior.
Moreover, we verified analytically that all explicit infrared
singularities cancel exactly. We validated our setup at lower
perturbative orders against SHERPA [92,93]. In particular,
we computed the cross section for four- and five-jet
production up to NLO and for six-jet production up to
LO for different values of the jet resolution parameter y,,
finding excellent agreement. In general, we observe that
our implementation up to NNLO, including matrix ele-
ments and infrared counterterms, exhibits very good
numerical stability, even for low values of y., which
probe events close to the three-jet (planar) limit.

The two-loop contributions for this process are novel and
state of the art, and we discuss them in more detail below.

Two-loop corrections—The two-loop corrections are
implemented in the NNLOJET framework through the UV-
and IR-subtracted two-loop amplitudes denoted as finite
remainders. Their analytic representation can be written
schematically as

RY(p) = Y _rdDMEf (). (3)

where p denotes the kinematic variables, and the multi-
index a labels collectively helicity, color, and coupling
information. The sets {f;} and {r;} are bases of transcen-
dental special functions and rational coefficients corre-
spondingly, while M f‘J are matrices of rational numbers.
A basis of special functions to represent the relevant
two-loop five-particle Feynman integrals, dubbed

one-mass pentagon functions and denoted by { fﬁ’md }, were

previously available only in the kinematical crossing
corresponding to the hadronic production channel of one
massive and two massless particles [61,65]. Following the
same approach, in this Letter we construct the complete
basis of one-mass pentagon functions for the decay of an
off-shell particle into four massless ones, { f?my}, and
implement their efficient evaluation in the public library
PentagonFunctions++ [94].

We discuss this construction, as well as a number of
intriguing observations regarding the functions’ divergence
structure, in the Appendix. We stress that, while the two-
loop contributions considered in this Letter only include
planar diagrams in the LCA, the set of functions that we
present will allow one to include all subleading-color
contributions in the future.

Compact analytic expressions for the two-loop finite
remainders for the production of an electroweak vector
boson in association with two light jets in proton collisions
are available for planar contributions [52,53], which
correspond to the approximations discussed in the previous
Section. The finite remainders are defined in Catani’s
scheme [95-97], which we also employ here. The results
are written as in Eq. (3), with the production-channel
functions { fﬁ’md}. We cross these expressions into the
decay channel by replacing the production pentagon
functions with the decay ones (see Appendix). This yields
new sets of rational matrices in Eq. (3) for the finite
remainders in the decay channel.

The rational bases r; from Ref. [53] are crossed by
simply evaluating their expressions with suitable momen-
tum permutations.

Finally, we derive all momentum permutations of Eq. (3)
required to obtain the color- and helicity-summed squared
finite remainders entering the double-virtual contributions
to ete™ - y*/Z — jjjj. We note that the interference
effects in identical-quark channels are also explicitly
excluded in the LCA. We make the implementation
available in a public library [98], which is interfaced with
NNLOJET. We observe excellent numerical performance of
our implementation, similar to the one reported in Ref. [53]
for the production channel, which allows us to integrate the
two-loop contributions with small computational cost
compared to the rest of the calculation.

We validated our implementation by checking that the
renormalization-scale dependence of the finite remainder
agrees with the prediction (see, e.g., Ref. [99]), and that the
assembly of the squared matrix elements agrees with the
internal implementation in NNLOJET at one loop.

Results—We consider m; = 91.2 GeV and a,(my;) =
0.118. In the denominator of Eq. (2), the inclusive cross
section oy,.. 1S computed up to the @, order of the
numerator, namely up to a? at LO, &’ [20-22] at NLO,
and o [23-25] at NNLO. This normalization choice
ensures that different jet-multiplicity rates add up to 1 at
any order in a,. The renormalization scale is set to
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FIG. 1. Fixed-order predictions for the four-jet rate compared to
data from the ALEPH experiment [102] (black) at
/s =91.2 GeV. Predictions are shown at LO (green), NLO
(blue), and NNLO (red). In the inserted frame, we zoom in the
Yeut € [1073,107!] region and use a logarithmic scale on the y
axis. Colored bands represent theory uncertainties obtained by
varying the renormalization scale. The ratio to NLO-accurate
predictions is shown in the bottom frame.

U, = /s, and the theory uncertainties are estimated by
varying u, in the range u, € [\/s/2,2+/s] in a correlated
manner between the numerator and the denominator of
Eq. (2). The uncertainty bands obtained in this way are then
symmetrized [100]: the maximum variation among the
upward and downward ones is assigned symmetrically
from the central value. This procedure yields a more
conservative estimate of theory uncertainties, as we elabo-
rate in the following. We provide our results in digital
format in ancillary files [101].

For y., = 107!, the reconstruction of four distinct jets is
unlikely due to the largeness of the resolution parameter,
meaning that R4(y.,) is very suppressed and no precise
data is available in this region. Hence, we set y,, = 107! as
the upper bound of the figures presented in the following.
On the other hand, as y., — 0, the small jet resolution
parameter leads to less inclusive clustering, thereby
enhancing the sensitivity to soft and collinear emissions.
In any fixed-order calculation, this manifests as the onset of
large logarithmic contributions scaling as aIn™(y.,;) with
m < 2n, which must be resummed to all orders in g to
restore predictive power. Moreover, other effects like quark
masses and hadronization also become important in this
region. There is no sharply defined value of y., at which
fixed-order calculations cease to be valid. Nevertheless, we

o011 NNLOJET Vs =91.2 GeV
E‘ ' — NLO —— NNLO --- NNLO without two-loop finite remainder
0 s
2 7
x 0.9 T e :
1074 1073 1072 107!
Yeut

FIG. 2. Comparison between NNLO results without the two-
loop finite remainder (dashed black line) and the complete NNLO
predictions (red), both normalized to NLO results (blue), for the
four-jet rate at /s = 91.2 GeV. Colored bands represent theory
uncertainties obtained by varying the renormalization scale.

identify a “perturbative” region, 1073 < y.,, < 107!, within
which fixed-order predictions are expected to provide a
reliable description of QCD dynamics and to be system-
atically improvable through the inclusion of higher-order
corrections.

In Fig. 1, we present fixed-order predictions from LO to
NNLO for the four-jet rate and compare them to data
from the ALEPH experiment [102] at /s = 91.2 GeV,
where the most accurate data is available. We observe
remarkable convergence in the perturbative region, with
the NNLO correction being particularly small in the range
3% 1073 < you <5 x 1072, corresponding to a negative
2%—-5% of the full NNLO results. Nevertheless, the shape
of the NNLO prediction agrees better with the shape of the
data in the perturbative region. Moreover, the theory uncer-
tainties exhibit a significant reduction in size, moving from
+15% at NLO to (3% — 5%) at NNLO. We note that the
conventional scale variation procedure without symmetriza-
tion yields, in the perturbative region, an asymmetric
theoretical uncertainty of (+0%, —(3%-5)%), due to u, =
\/s being close to the maximum of the scale dependence at
NNLO, and hence resulting in potentially underestimated
uncertainties. We observe that the residual fixed-order theory
uncertainties at NNLO are smaller than the experimental
ones for LEP data, which are dominated by systematic errors.
In principle, nonperturbative effects, such as hadronization,
contribute an additional uncertainty. However, we note that
hadronization corrections are expected to be small for jet
rates computed with the Durham algorithm [26,50]. More
accurate data, either obtained by reanalyzing existing mea-
surements or collected at future electron-positron colliders,
should enable further high-precision tests of QCD.

As we move to smaller y., values, NNLO corrections
grow in size and are negative, leading to a visible deviation
from the NLO prediction. In particular, the four-jet rate
peak reduces and moves to a higher value of y.,. This
brings the NNLO result closer to the experimental data
everywhere, especially to the left end of the perturbative
region, where the agreement is excellent and signifi-
cantly improved with respect to the previous order. For
Yeur < 1073, we observe that, while the NNLO predictions
still lie closer to the data, they clearly fail to reproduce the
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FIG. 3. Fixed-order predictions for the four-jet rate compared to

data from the ALEPH experiment [102] (black) at several center-
of-mass energies. Predictions are shown at NLO (blue) and
NNLO (red). Colored bands represent theory uncertainties
obtained by varying the renormalization scale.

measurements, and signs of perturbative breakdown are
evident. Specifically, the size of the theory uncertainties
dramatically increases, they no longer overlap with the
NLO scale variation band, and predictions become unphys-
ical as the NNLO curve turns negative. As explained above,
all-order resummation is required in this region.
Nevertheless, it is evident that capturing the logarithmically
enhanced terms present in the NNLO correction alone
significantly improves the theory prediction.

In Fig. 2, we investigate the numerical impact of the two-
loop finite remainder in the LCA. In the perturbative
region, the two-loop finite remainder amounts to a negative
contribution of 2%—5% of the complete NNLO prediction.
We note that for y., = 1072, the NNLO correction is
dominated by the two-loop finite remainder. This pattern
is different from that typically observed in hadronic
processes, where the two-loop finite remainder often
represents a smaller contribution to the NNLO correction.
Nevertheless, its overall size is similar to what is seen in
hadronic processes [72-75]. Assuming that subleading-
color contributions to the two-loop finite remainder are
suppressed by a factor of 1/N2 = 0.1, their size can be
estimated to be about 0.5% of the full NNLO result in the
perturbative region. To be conservative, we can then
estimate that the uncertainty associated with the LCA is
at most 1% of the full NNLO prediction in the perturbative
region, well below the size of the fixed-order scale
uncertainties at NNLO.

In Fig. 3, we show NLO- and NNLO-accurate predic-
tions compared with ALEPH data at different center-of-
mass energies. For a better visualization, we provide results
in the same format of Fig. 1 for each value of /s as
ancillary files [101]. In general, we observe very similar
features to the ones discussed for /s = 91.2 GeV, namely
very good convergence with small NNLO corrections in the
perturbative region, and a sizeable negative shift for
Yeur < 1073, which brings the prediction closer to data with
respect to the NLO results. At higher energies, the strong
coupling is smaller and perturbative calculations should
exhibit improved convergence. This also means that the
breakdown of fixed-order predictions is pushed to lower
values of y. and partially explains why the theory
calculation agrees better with experimental data for smaller
Yeur @s the center-of-mass energy increases. Nevertheless,
all-order resummation is still necessary to cure the indica-
tors of perturbative breakdown, such as nonoverlapping
scale variation bands and the NNLO prediction turning
negative, as can be seen in Fig. 3. Regarding the size of the
two-loop finite remainder, we observe that it is largely
insensitive to the center-of-mass energy (see ancillary files
[101]) and consistently below the theory uncertainties.

Conclusions and outlook—In this Letter, we report on
the first calculation of the NNLO correction to four-jet
production in electron-positron annihilation, and present
phenomenological predictions for the four-jet rate. We
compare our results with measurements performed by
the ALEPH experiment [102] at LEP, finding improved
agreement with data.

Our calculation represents an important milestone in the
advancement of precision QCD phenomenology, especially
in view of future electron-positron machines such as FCC-
ee and CEPC. Future directions include the computation of
the NNLO correction to four-jet event shapes and other
observables that probe the deviation from the planar
configuration, such as thrust minor [103], D-parameter
[31], and aplanarity [104]. To correctly describe the region
close to the three-jet limit, the all-order resummation of
large logarithmic contributions is required. Implementing
resummed predictions and matching them to fixed-order
results will be the subject of future work.
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End Matter

One-mass pentagon functions in the decay channel—
A complete basis of special functions sufficient to
represent any one- and two-loop five-particle finite
remainder with a single external massive particle was
constructed in Refs. [61,65], together with an efficient
numerical implementation. These basis functions, known
as (one-mass) pentagon functions, are of polylogarithmic
type, i.e., they can be represented as iterated integrals of
logarithmic one-forms [105]. The construction in
Refs. [61,65] is however performed in the production
channel with two incoming massless particles. On the
one hand, the analytic representation of the basis
elements used for numerical evaluation is valid only in
that region. On the other, the basis elements themselves
are chosen to minimize the occurrence of spurious
singularities—singularities of the integration kernels
where the functions themselves remain finite—inside the
production region.

In this Letter, we construct a dedicated set of pentagon
functions for the decay channel, where all four massless
particles are in the final state. The latter is defined by the
following inequalities:

pi>0, p -pi <0, pi-p; >0, As<0, (Al)
for 2 <i < j <5, where all momenta are outgoing, p; is
the momentum of the decaying particle, and As is the
determinant of the Gram matrix of p, p,, p3, and py.

Following Refs. [61,65], we solve the canonical differ-
ential equations (CDEs) [106] for the two-loop five-particle
Feynman integrals obtained in Refs. [58,59,61] in terms of
iterated integrals. From the space of solutions, we construct
a graded basis of functions and express the basis elements
as one-fold path integrals over products of logarithms,
dilogarithms, and logarithmic one-forms [107], evaluated
along integration paths lying entirely within the decay
region. This construction relies on the values of the
Feynman integrals at an arbitrary base point in the decay
channel. The requirement that the symbol-level basis lifts to
a function basis [61] imposes strong constraints, fixing
most of these values. The remaining constants are deter-
mined through numerical evaluations with AMFlow
[108,109], which also serves as an independent consistency
check. We further crosscheck our results against an
independent evaluation of all Feynman integrals at a

random point in the decay channel obtained with either
AMFlow Or DiffExp [110].

The arguments of logarithms and dilogarithms are drawn
from the alphabet letters appearing in the CDEs [111].
Although the resulting onefold integrals are well defined in
the decay region, the integration paths may cross hyper-
surfaces where a letter vanishes, requiring an additional
analytic treatment of the integrand prior to numerical
evaluation [65]. In this respect, the decay channel is simpler
than the production channel: only letters that depend
quadratically on the Mandelstam invariants can change
sign in the production channel. In particular, the degree-4
polynomial

_ 2
Zs = (512815 = 512523 — S15545 + 534545 + $23534)

— 453534545(8534 — S12 = S15), (A2)
and its permutations, which in Ref. [61] were shown to give
rise to divergences within the production channel, have a
definite sign throughout the decay channel. All singularities
in the decay channel are thus spurious, and the numerical
implementation follows straightforwardly the approach of
Ref. [112], leading to improved performance and stability.

The integration paths originate from the base point used
in solving the CDEs. We choose it to be symmetric under
permutations of the final-state momenta. This symmetry
reduces the number of values needed to solve the CDEs and
simplifies the iterated-integral representation of the solution
by reducing the proliferation of distinct transcendental
constants. In contrast to the production channel, the
permutation symmetry constrains the base point up to its
normalization; we choose it to be

pi=1 sn=s;s :%, 823 = $34 = S45 Zé, (A3)
where s;; = (p; + pj)z. Interestingly, all letters that can
vanish within the decay channel do so at the base point.

The endpoint of the integration path, on the other hand,
specifies the kinematic point at which the pentagon
functions are evaluated. As the production channel, also
the decay one—expressed in Mandelstam variables—is not
star shaped: straight paths originating from the base point in
Eq. (A3) are not always sufficient to reach any point in the

decay channel without leaving it. In practice, we observe
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that two straight segments lying within the decay region
suffice, with an intermediate point chosen according to the
Monte Carlo strategy of Ref. [65].

We make the numerical evaluation of the decay-channel
pentagon functions publicly available through the C++
library PentagonFunctions++ [94]. Efficiency and stability of
this evaluation routine are certified by the phenomenologi-
cal study presented in this Letter. Symbolic expressions of
all relevant master integrals in terms of decay-channel
pentagon functions, and expressions of the latter in terms of

either iterated or one-fold integrals can be found in
ancillary files [101]. Additionally, we provide the mapping
between the production- and decay-channel pentagon
functions. Crossing from the production to the decay
channel then simply amounts to replacing each produc-
tion-channel pentagon function with the corresponding
polynomial in the decay-channel pentagon functions.
Finally, we stress that these results include also the non-
planar pentagon functions that do not appear in the LCA
employed in this Letter.
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