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Intelligent behavior in lifelike systems often arises from the ability to gather, process, and act on
information. While active matter provides a framework for studying lifelike dynamics, it typically omits
internal information processing and decision making. Here we introduce an adaptive active particle model
that uses minimal information processing capabilities in order to navigate toward a distant target. By
combining renewal-based intermittent motion with the Cramér-Rao inequality, we derive a bound on the
navigation speed valid for a wide range of information processing strategies. The framework captures
hallmark features of cognitive systems, including optimal sensing durations and a trade-off that balances
noise and reliability. Allowing stored information to degrade before action reveals that, although
deterioration slows navigation, the trade-off remains governed primarily by external orientational noise

and is remarkably insensitive to memory decay.
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Introduction—Living and lifelike systems are remark-
able in their ability to perform purposeful behavior in
complex or noisy environments. Such behavior emerges
from the ability to sense, process, and act upon information
about the environment, a crucial property not shared by
passive counterparts [1]. Understanding and characterizing
how such behavior emerges from the interplay between
information and dynamics is central to ongoing efforts to
extend the field of active matter into the realm of intelligent
systems [2—4].

Active matter provides a powerful framework within
statistical physics for modeling the dynamics of self-driven
biological agents and is based on the ability to convert
energy input into sustained motion [5]. While such energy
processing is a crucial property of lifelike systems, so is the
ability to process information [6]. Whether in molecular
motors adjusting their steps to environmental cues [7,8] or
in large animals foraging across complex landscapes [9,10],
information underpins the physical behavior and efficiency
of these systems.

However, only recently has the field begun to grapple
with the informational aspects of behavior. Early develop-
ments such as chemotaxis-inspired models laid the ground-
work for incorporating goal-oriented navigation into
particle dynamics [11-13]. Recent approaches have
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explored extensions of active matter by endowing particles
with memory, internal states, or adaptive rules, leading
to models often referred to as smart or intelligent active
matter [14-24]. Machine and reinforcement learning meth-
ods have also been used to reveal optimal strategies for
navigating complex environments in scenarios where
analytical treatment is intractable [25-36]. These efforts
aim to bridge the gap between passive response and active
decision making. Beyond theoretical insights, they are also
relevant to real-world applications such as in autonomous
robotics, where processing partial or noisy information in
real time to navigate toward a goal is key, as well as to
biological systems like insects that rely on incomplete
internal representations to adapt their dynamics [37-40].

In parallel to these developments, several disciplines
have developed formal frameworks to understand decision
making under uncertainty. In quantitative neuroscience and
behavioral science, minimal models capture generic fea-
tures such as the tendency of agents to balance speed and
accuracy when making time-sensitive decisions [41-47].
Furthermore, search and navigation strategies based on
Bayesian inference have been used to model chemotaxis
and other sensory-guided behaviors [48-50]. Yet despite
their relevance, such concepts are rarely integrated directly
into active matter models in an analytically tractable way,
and consequently information is often implicit or absent
altogether.

In this Letter, we propose a model that combines
classical active matter models and information theory
by allowing particles to perform simple inference of a
target direction. Within this framework, we demonstrate
the existence of an information-constrained bound on
the effective navigation speed, originating from the
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Cramér-Rao inequality [51,52], and use this to analyze
different information-processing strategies. Generic behav-
ioral features such as the speed-accuracy trade-off [53],
reflecting the tension between acting quickly and acting
reliably, and the existence of optimal information process-
ing times emerge from the model, demonstrating how
minimal inference properties combined with active dynam-
ics can account for generic behavioral features. Despite the
simplicity of our model, it reveals rich behaviors and offers
a tractable setting for studying how information shapes
active dynamics.

Information-based navigation strategies and Cramér-
Rao speed limits—We consider a renewal-based navigation
strategy where the searcher has no long-term memory of
the target direction. Rather, it collects information for a
duration 7, drawn from a normalized renewal time dis-
tribution (), then proceeds by acting on this information
and effectively erasing it. This scheme endows the system
with a renewal structure that, while sufficient to incorporate
and produce realistic effects, also allows analytical analy-
sis. Dynamically, the strategy is biphasic and consists of
two repeated phases: (1) runs with information acquisition
and (2) informed reorientations (see Fig. 1): 1. Runs and
information acquisition: During the n th run, which lasts
for a random time z,, drawn from the renewal time density
w(z,), the particle follows the dynamics of an active
Brownian particle in two dimensions [54,55]:

Ald(z,_))]

Ald(z,)]

FIG. 1. Active agents use an intermittent navigation strategy
that relies on information acquired during statistically indepen-
dent periods to episodically reorient, generating a drift in a target
direction. The n th independent epoch is characterized by an
initial orientation 7[0(z,_,)] based on information from the
previous epoch, after which the particle performs normal active
Brownian motion for a time z,, while collecting information at a
rate [ > 0.

X(1) = woh (1), (1)

¢(1) = V/2D,(1). (2)

where v, is the self-propulsion speed, and 7(t) =
[cos (1), sin¢(1)] is the unit orientation vector pointing
in the particle’s direction of motion ¢ (7). The angular
dynamics in the run phase is simply determined by a
Gaussian white noise £(7) with rotational diffusion coef-
ficient D,. We assume the particle to be capable of
performing noisy measurements of the true target direction
throughout the duration of this phase. The initial particle
orientation in the n th phase is an estimate of the true target
direction based on the previous run phase, which we will
denote as O(t,_,). 2. Inference and reorientations: During
the n th run, the particle has acquired information about the
true target direction based on noisy measurements or
monitoring. Once this run phase is completed, the particle
uses the collected information and reorients in a direction
toward the target, which becomes the initial orientation for
the (n + 1) th phase. Concretely, let the agent spend a
duration 7, performing noisy measurements 6; of the true
navigation direction, relative to some global reference, with
j=1,...,m(z,) indexing the measurements. There are in
total m(z,) measurements in the n th run. An estimator
0(z,) is a function of the measurements {91};":(;) that
estimates the true target direction 6. Typically, one con-
siders weighted linear combinations 8(z,) = Z;’ip w;b;
for a choice of weights w;. The precision of any unbiased
estimator [(0(z,)) = 6] is fundamentally limited through
the Cramér-Rao inequality Var[@(z,)] > I"'(z,), relating
the estimator variance Var[f(z,)] to the reciprocal of
the Fisher information. For a single measurement of data 6;
coming from a distribution p(6;; ), the Fisher information
is defined by 1; = ([dylog p(6;; 0)]*), where expectation is
taken with respect to p(é?j;H) [51,52]. For a single
2

measurement ¢; of Gaussian data with variance o7, one

has simply I; = 677, and the total Fisher information is
additive under independent measurements so that with

m(t,) measurements in time 7, we have I(r,) =
S 672 [51,52].

j=1

Several natural systems move akin to the above biphasic
rules, for example, insects using the combination of wind
direction and odors to orient [56], or dung beetles that
intermittently collect information about new directions of
motion from the environment or even the Milky Way
[57,58]. Robotic systems can also be equipped with similar
strategies [20]. The renewal structure of this model, i.e., the
independence of each epoch, enables late-time dynamical
properties to be obtainable from single-epoch properties, a
property recently utilized in recent works to study rectified
motion in the absence of information processing [59-63].
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If the particle covers a mean distance ¢ in the direction of
the target in a single run phase, the effective drift speed in
the target direction can be measured by v = ¢/ (z), and in
dimensionless form u| = v /v,y. Without loss of generality,
we place the target direction parallel to the x axis (see
Fig. 1). By combining the active Brownian dynamics
with the Cramér-Rao inequality, one arrives at a speed
limit that must be obeyed for any renewal and information
processing strategy:

uy < e = 1—%&%) A ™ dey(z) exp (- ﬁ) 3)

This constitutes the central result of our work and demon-
strates general relations between particle persistence D!,
renewal strategy [through w(7) and its Laplace transform
¥(s) = [§° dry/(7) exp(—s7)], information acquisition (),
and a largest allowed speed ucg = ucg(w,I]. The speed
limit depends functionally on the tuple {y,I}, which
determines the overall strategy of the active agent. By
varying these, a wide range of bounds can be derived,
and generic well-established behavioral phenomena recov-
ered, as discussed in the following. We note that the Cramér-
Rao bound is saturated for so-called efficient estimators,
which means that we can also interpret the bound as the
speed curves for particles following the most efficient
strategy. Hence, the above speed limit represents a physically
attainable rather than purely theoretical bound. In the
following example, estimators that saturate the inequality
will be provided. For a further discussion of these matters, as
well as a derivation of Eq. (3), see Appendix A.

In the following, we demonstrate the results through two
natural applications, namely (I) linear information growth
with constant information acquisition rate 7, and (II)
information deterioration during internal storage. Within
each information acquisition strategy, different choices of
renewal durations can be explored by varying w(z),
revealing how particular strategies depend on stochasticity
of the renewal durations.

Case I: Constant information rate—Consider the case
I(7) = Iz, representing a situation where the particle at
short (compared to 7) evenly distributed time intervals
during the duration (0,7) performs uncorrelated and
identically distributed measurements of the true target
direction. In this simple scenario, the optimal estimator
is given by the arithmetic mean, corresponding to uniform
weights w; = 1/m(z,) attributed to each measurement.
A derivation of this is contained by taking an appropriate
limit of Case II discussed below. In the simplest case of
deterministic periods 7, the bounding speed in Eq. (3) takes
the following form:
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FIG. 2. (a) Cramér-Rao bound for the navigation speed for two

different values of the information per persistence time. Solid line
shows a deterministic renewal strategy [Eq. (4)], while the dashed
line a stochastic one [Eq. (5)]. (b) Phase diagram where
deterministic vs stochastic strategies maximize the possible
navigation speed, as function of mean renewal time and infor-
mation gained.

The presence of rotational diffusion D, > 0 makes the drift
speed decrease in time, while the presence of a positive
information acquisition rate / > 0 makes it grow. These
competing effects lead to a nonmonotonic bound ucg as a
function of the run phase durations z, as seen in Fig. 2(a).
To gain analytical insights into this nonmonotonicity,
we consider momentarily the regime of highly persistent
active particles, where D,7 < 1. Expanding the first factor
in the bound leads to ucg ~ (1 —D,t/2)exp[—(1/2I7)],
which has a maximum at the optimal renewal duration
Top = (1/41)[\/(161/D,) + 1 — 1]. The optimal renewal
duration decays monotonically with /, and at large I scales
as I7'/2. We also see that increased noise, as measured by
the rotational diffusion coefficient, will decrease the opti-
mal sensing time, reflecting the negative effect of longer
periods where noise is allowed to act. Particles that are
more efficient in acquiring information should act upon this
information more rapidly, as this avoids the negative effects
of rotational diffusion.

A relevant question in renewal-based search strategies in
general is whether stochasticity in the renewal periods can
enhance search [64,65]. To understand the role played by
fluctuations in the sensing period, we consider Poissonian
renewal times, in which case we have an exponential
distribution w(z) = re™"* characterized by the rate r.
Using integral representations of modified Bessel function
of the second kind K;(z) [66], we find from Eq. (3) the

speed limit,
pois. " 2T )20 5
=\ 1( r) G)

As in the deterministic case, the drift speed crosses over
from increasing at small rates, to decaying at large rates,
implying the existence of an optimal value of the reor-
ientation rate r. The speed limits based on Poissonian
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renewal times are shown in dashed lines in Fig. 2(a). We see
that, in both the deterministic and stochastic case, a trade-
off takes place between acting rapidly in order to avoid the
directional decorrelating effect of rotational noise and
having longer sensing durations that more accurately

identify the target {i.e., smaller variance Var[0(;)] after
sensing periods}. Within behavioral science, the tendency
for target accuracy to grow with sensing duration reflects a
speed-accuracy trade-off and is a feature found in several
living systems across scales [41-47].

While the stochasticity of the renewal duration does not
affect the presence of a speed-accuracy trade-off, it is
interesting to observe that in certain regimes variability can
either be helpful or detrimental. By considering the two
cases of deterministic and Poissonian durations at the same

mean 7=1 / r, a fair comparison can be made where only the
fluctuations in 7 in the Poissonian case differ. Figure 2(b)
shows regimes where the deterministic strategy is more
beneficial. Generally, for small (mean) sensing periods, the
particle will in the deterministic case not have collected
much information, and fluctuations could help in this
regard. At large mean sensing periods, fluctuations in
the exponential renewal time tend to shorten the sensing
duration for a substantial fraction of realizations because
most of the probability mass of an exponential distribution
lies below its mean. This bias toward shorter sensing times
in an ensemble leads to inefficient strategies.

Case II: Deteriorating information—The framework
derived can be used to study sensing strategies beyond
those where information simply grows linearly. Internal
noise can significantly alter the performance of intelligent
agents, as demonstrated for example in bacteria [67]. If the
active agent collects data as before, the data must be saved
internally until the renewal period ends and the time comes
for the particle to act on the information. Assuming that the
internal memory storage is imperfect, the data may be
corrupted or deteriorate over time. This raises an intriguing
question regarding the dynamical trade-off observed above,
which as we have seen, balances effects originating in noise
and reorientation accuracy. How does the introduction of
internal noise that acts on data enter into this trade-off?

We consider a sequence of measurements 6; taken at
evenly spaced times #; within the run phase (0,7). The

measurements are recorded with error ¢® at the moment
they are taken, representing limits to the particle’s sensory
equipment. The stored data gradually deteriorates before it
is used for inference at the end of the run phase. This
degradation is modeled as an internal diffusion process
with diffusivity D, independent and uncorrelated with
other processes in the model, which we interpret as a
deterioration rate with dimensions of inverse time. As a
result, each data point accumulates an additional uncer-
tainty that grows linearly with the time it spends in storage:
beyond the intrinsic sensing noise 62, a measurement taken

at time f; acquires an extra variance proportional to the
remaining time 7 — tj. For convenience, we denote the
incremental deterioration occurring between successive
measurements by the dimensionless number D = D At.
The inference problem, therefore, becomes one involving
heteroskedasticity, meaning the total variance is no longer
uniform across the data sequence at the time of inference.
Focusing on the regime of very frequent sampling, where
At is small, one obtains the following expression for the
Fisher information:

I(z) = %log(l + 2Di7), (©6)

where we introduced / = 1/(c?At) as the information rate
so that at early times I(7) =~ Iz. This follows from the
additivity of the Fisher information under independent
measurements, and a careful derivation can be found in
Appendix B. We see that deterioration leads to ultraslow
logarithmic growth of the Fisher information as a function
of 7. The deteriorationless limit D — O recovers the
previous case, which is readily verified by a simple
Taylor expansion of the above logarithm. The slow loga-
rithmic growth indicates that, due to deterioration of the
data, the active agent is subject to diminishing returns
whereby longer 7z gives new and accurate data points but
also lets old data become irrelevant. In order for the particle
to reach the bound set by the Cramér-Rao inequality in this
case, it must correctly weight the measurements when
estimating the target direction. Given a discrete set of n,
measurements {6, } in time 7, the optimal estimator is given
by Oope = 17" (7) > ii[6® +2Dy(t = 1;)]7'6;, as shown in
Appendix C. Hence, to reach the bound, the particle must
not only know all the measurement times but also the error
of its sensory apparatus. This may make the bound harder
to reach, although approaching the bound may be possible
through evolutionary adaptation or other forms of learning.

From our general results, Eq. (3), the above Fisher
information leads to a speed limit which for deterministic
sensing and run phases reads

_ e—D,‘r

I D
dp) =~ p(—- 2 ). (7
u(P) =—p— exP( 10g(1+2DIr)> ™

Note that, since log(1 + x) < x for all positive x, we have
I(7) < I7. Tt, hence, follows that also exp{—1/[21(7)]} <
exp[—1/(2I7)], meaning that deterioration always sup-
presses the speed for all values of z. This is seen in
Fig. 3(a), where examples of the speed limits are shown for
different deterioration rates. Figure 3(b) shows the regions
where deterministic or stochastic strategies are beneficial,
where we see that internal deterioration has a small effect.
The optimal renewal time can be extracted from the
analytical formulas for the speed limit, resulting in
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FIG. 3. (a) Cramér-Rao bound for the navigation speed without
(D=0) and with (D =35) deterioration of the data before
inference. Solid lines show deterministic renewal strategies
[Eq. (7)], while the dashed line corresponds to Poissonian
renewal times [obtained by numerical integration of Eq. (3)
using Eq. (6)]. The dimensionless information rate is set to
I/D, = 5. (b) Crossovers between optimal strategies. (c) Optimal
renewal time 7, obtained numerically from the exact analytical
plots, for deterministic strategies. Dot-dashed line shows a line
decaying as a square root in the information rate as a guide for the
eye. (d) Optimal renewal time as a function of the dimensionless
deterioration rate, with /D, = 5.

Fig. 3(c). Here we see that, while in the deteriorationless
case we have the scaling 7., ~17'/2, as predicted from
analytics in Case I, the presence of deterioration generally
affects this scaling, making the decay slower than a square
root. This reflects the need for longer durations of infor-
mation collection when deterioration is present. Finally, we
consider the way deterioration affects the optimum. To
make analytical progress, we assume that, since large
values of D would make any strategy slow, the realistic
regime is that of relatively small values of D. In this regime,
we can expand u&t (D) to leading order in D and arrive at
ul (D) ~ ult(0)(1 — D/2). Since the leading order effect
does not depend on 7, the same holds for stochastic
strategies ub9ls (D) ~ ul$i*(0)(1 — D/2). This shows that
the leading order effect of deterioration is simply to rescale
the speed limit while leaving the optimal renewal duration
Tope Unchanged. Figure 3(d) shows the explicit dependence
of the optimum on deterioration rate, extracted numerically
from the analytical formulas, where we see that, even in
regimes where the above perturbation analysis should not
be valid, the optimum surprisingly does not change much.
This demonstrates that deterioration of internally saved data
through internal noise, while lowering the speed limit, does
not significantly alter the speed-accuracy trade-off, which
still seems to focus on a balance of external noise and

reorientation accuracy. Finally, as shown in Fig. 3(b), we
see that the transition into the regime where deterministic
strategies dominate also remains relatively untouched once
deterioration is included, but it is slightly shifted to larger
values of the mean renewal time. In Fig. 3, we used Eq. (3)
together with the Fisher information given by Eq. (6) and
numerically integrated over exponential renewal times to
obtain the speed limit in the stochastic scenarios. This
shows that, while internal noise that deteriorates data can
strongly suppress navigation speed, the optimal sensing
duration that determines the speed-accuracy trade-off as
well as the location of crossovers to regimes where
fluctuating sensing periods may be beneficial remains
sensitive mostly to the external dynamical noise.

Conclusions—We have analyzed a minimal model of
active navigation that combines the renewal structure of
intermittent active motion with information processing,
revealing a speed-accuracy trade-off and optimal informa-
tion acquisition strategies. We have derived an information-
limited bound on the drift speed toward a stationary target
direction, based on statistical inference performed by the
particle. The bound, reachable through optimal strategies,
is valid for a wide range of stochastic renewal durations and
information processing strategies and provides analytical
insights into the combined effect of persistent active motion
and information processing.

Many future directions of research could be viable.
Extensions that incorporate thermodynamics and enable
trade-offs between accuracy, information as well as energy
expenditure would be of interest [68—71]. Despite chal-
lenges in formulating a consistent thermodynamics of
active systems from dynamics alone [72,73], one may still
expect that both the acquisition and processing of infor-
mation by intelligent active particles entail additional
energetic costs [74]. In particular, information must be
encoded, updated, and eventually erased, implying
Landauer-type costs [75] that favor internal representations
that are compressed yet sufficiently informative [76].

Furthermore, the intermittent strategy considered here
could be extended to non-Markovian settings. This could
arise, for example, through active agents that retain long-
term memory rather than resetting it at each renewal cycle,
or through correlations between renewal epochs. Such
extensions naturally raise the question of whether these
memory effects could further enhance navigational effi-
ciency. Identifying optimal renewal epochs, in the form of
optimal distributions /(z), also represents intriguing
grounds for future work. Egocentric strategies, where the
particle measures target direction relative to its own body
axis rather than in a global sense, would also give rise to
interesting effects of correlations since multiple measure-
ments in this case would no longer be independent.

Finally, while we here have presented results based on
the mean drift speed, a better understanding of higher-order
fluctuations would be insightful. For example, it may be of
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interest for the particle to have reliable low-fluctuating
strategies even if this comes at the cost of reduced mean
navigation speed, which raises interesting further optimi-
zation questions.
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End Matter

Appendix A: Derivation of the bound [Eq. (3)]—From
the active Brownian equations of motion, Egs. (1) and
(2), the displacement during the n th epoch is simply

Ax| = v /0 " drcos(B(z,_y) + VIDW(D). (Al

where W(t) is a Wiener process with zero mean and
variance (W?(t)) =t. We note that the addition of
translational zero-mean noise would not affect the
following results. Performing the average over the
Wiener process and wusing standard properties of
trigonometric functions of Gaussian variables results in
the conditional displacement

1= e—D,T,Z

<Ax|| |é(7n—l)’ Tn> ="y Cos[é(fn—l)] D

(A2)

We emphasize that other models of active motion, such
as the run and tumble model, could also be used,
resulting in similar expressions but with rotational
diffusion exchanged with a tumbling rate. Three random
variables remain to be averaged in order to get the mean
displacement: the two independent and identically
distributed times {z,_;,7,}, and the estimator §. We first
perform the average over the estimator, assuming that it is
Gaussian distributed with zero mean. This assumes that,
for example, if measurements are Gaussian distributed,
the particle acts on the collected information through
some linear combination of the data. This includes
strategies such as picking the median, mean, extrema, or
midpoint of the data to name a few. Averaging over the
estimator gives a displacement depending only on the two
statistically independent renewal times,

1- -D,t, vV 9
(Axylz,y.7,) = Uole)irexp <_ M)

(A3)

The Cramér-Rao bound from statistical inference tells us
that the variance of this estimator is bounded by the

reciprocal of the Fisher information Var[d(z,_;)] >

I7!(z,_;). For a single measurement of data 6; coming
from a distribution  p(@;;0), one has ;=
([0glog p(6;;0)]*) [51,52]. Rather than assuming an
explicit model for the individual measurements made by
the particle during the information acquisition phase, we
will assume that the full phase leads to a total Fisher
information /() after many measurements. The functional
dependence of I(z) on 7 defines the model’s information
acquisition strategy. Since the exponential is mono-
tonically decaying, the Cramér-Rao bound can also be
stated as exp {~(Var[d(z,_,)]/2)} < exp{—[1/21(z, )]},
directly offering a bound for the particle displacement in
Eq. (A3). Averaging over the two remaining independent
and identically distributed durations to find the
displacement £ = (Ax||7,—1, 7T, )y—1,, Tesults in the

speed limit

_ 1 - lp(Dr) & 1
u| < ucp = T@[) dry(7) exp <— T(T))’ (A4)

where we defined the (dimensionless) mean speed as

w| = v /vy = ¢)/({r)vy), and (s) is the Laplace
transform of (7).
Appendix B: Fisher information under internal

memory deterioration—Each data point has, in addition
to error ¢ coming from the measurement itself, an
additional variance 2D,(z —t,) due to the internal
deterioration taking place before inference is made.
Since the Fisher information is additive for independent
measurements, it is given by the sum

m 1 m 1
I(7)= = , (Bl
(z) ;62+2Dd(’[—lk> ;az—l—ﬂ)(rz—k) (B1)

where we considered a discretization of size Af in
time so that t; = jAt, with 7 =1, = mAt, and used
D = D,At. Note that by reparametrizing the sum in
terms of j = m — k we have
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1 1
I(7) = ﬁ;m' (B2)

To proceed, we start by noting that repeated use of the
recursive property I'(z+ 1) =zI'(z) of the Gamma
function leads to the identity T'(z+m)=z"T(z), where
2™ =z(z+1)---(z+m—1) is the Pochhammer
ascending factorial. Taking a logarithmic derivative gives

d m-l d
“logT(z +m) = + " logT'(z). (B3
7108 (z+m) ;0 i +-log (z). (B3)

Rearranging and applying this identity to our above sum
results in

1T +m) T(55)
"= g m T 1 Y

We note that in the D — co limit this reduces to
I(t) = 1/6?, which is the Fisher information of a single
Gaussian measurement at the final time 7. In this limit,
any measurement prior to the reorientation time at the
end of the run phase immediately deteriorates and
becomes irrelevant, and the particle only uses the most
recent data point measured exactly at the time of
reorientation.

While Eq. (B4) is exact and already can be used in
Eq. (3) with m = t/At, we will for the sake of transparent
interpretation simplify the expression with a minimal
approximation. When the sampling rate is high Ar < 1,
we can use the asymptotic expansion I"(z)/I'(z) =
log(z) + O(z71), leading to

I(7) = %log(l +2DIxr), (B5)

where I = (6>At)~!, which is used and discussed in the
main text.

Appendix C: Maximal likelihood strategies—The
speed limit set by the Cramér-Rao bound is tight, in the
sense that known strategies can reach it. Indeed, for the
case of independent and identically distributed
measurements, the optimal estimate the agent can use
is simply the arithmetic mean. For the case with
deterioration, the optimal strategy is more complex and
depends on the time of the measurements. The optimal
estimator is often the maximum likelihood estimator
(MLE), obtained by solving d; log P({0,}:0\ie) =0,
where P denotes the joint distribution of the data.
Since each measurement is independent, P({6;};0) =

[1, p(6;:0) with p(0;;0) ~N[0.6* +2D,(zr —t;)]. The

MLE is, therefore, obtained by solving

ET 0= bwe _ =0. (C1)
2 + ZDd T—1; )
The solution is given by
m(z)
A 1 0;
Omig=— Y 55—, C2
MLE () jzzloz +2Dy(z—t)) (€2)

where m(z) is the number of measurements taken in the
period 7 and we recognize the Fisher information as the
sum of inverse variances. This one readily verifies that
Var(@MLE) = 1/I(z). Hence, the optimal strategy where
u| = ucg must consider a weighted sum of the data,
where old and more deteriorated measurements are given
less weight.

Appendix D: Remarks on finite-time reorientations—In
the model discussed in the main text, the active agent
reorients instantaneously once the time comes to act on
the collected information. This corresponds to situations
where the reorientations are sufficiently fast compared to
the other timescales in the system. The effect of finite-
time reorientations has been studied, for example, in
Ref. [20], where it is shown that it may give rise to
optimal reorientation frequencies. To see how finite-time
reorientations affect the present model, we consider for
simplicity the case of deterministic sensing periods.
While the distance covered by the agent in one sensing
epoch remains the same, the time over which it takes
place is extended by a reorientation time zz. Hence, the
navigation speed is uf" = ¢ /(7 +7z), which equals
the speed considered in the main text rescaled by the
fraction of time spent reorienting. When rescaling
functions by this fraction uﬁ‘T:u”(l +1x/7)7!, the

sign of the slope of u” T evaluated at the optimal sensing
time of u| is always positive, i.e.,

) duF T(7)
sign dT

which follows simply from the product and chain rule of
differentiation. Hence, since u)(z,) > 0, the slope of the
speed including finite-time reorientations is positive,
meaning it has not yet reached its maximum. Hence, the
optimal sensing duration shifts in the positive direction
once finite-time reorientations are included. This reflects
the fact that shorter sensing durations are no longer
beneficial since they now come at the additional penalty
of more frequently not moving.

(D1)

1 = sign[u” (z.)],

Tx
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