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We study the interplay between quantum geometry, interactions, and external fields in complex band
systems. When Wannier obstructions preclude a description based solely on atomiclike orbitals, this
complicates the prediction of electromagnetic responses, particularly in the presence of disorder and
interactions. In this Letter, we introduce a generalized Peierls substitution framework based on Lagrange
multipliers to enforce the constraints of the Wannier obstruction in the band of interest. Thus, we obtain
effective descriptions of interactions and disorder in the presence of nontrivial quantum geometry of that
band. We apply our approach to examples including the diamagnetic response in flat-band superconductors
and delocalization effects in flat-band metals caused by interactions and disorder.
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Introduction—Recent advances in materials science,
specially the emergence of moiré materials, challenge
our understanding of correlated band systems of nontrivial
quantum geometry (QG) [I1-11]. These systems have
isolated bands that are separated from remote bands by a
large band gap A,,, (see Fig. 1), while the characteristic
interaction strengths are much weaker than the band gap.
Importantly, QG can manifest through Wannier obstruc-
tions, which preclude a description based solely on atom-
iclike orbitals. The geometric contributions can introduce
geometric contributions such as Berry curvature governing
the topological phase [12-14] and quantum metric encod-
ing the distinguishability of Bloch states [15]. It can
reshape the low-energy physics to go beyond knowledge
of band dispersion [5,16-31]. This is particularly evident in
flat-band superconductors, where the Fermi velocity van-
ishes, and the quantum metric plays a key role in determin-
ing superfluid weight and coherence length [32-56].

One can construct an effective theory through the band
projections into the subspace associated with these isolated
bands. However, problems can arise when we consider the
electromagnetic response. For instance, imposing band
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projections directly on both the Hamiltonian and the current
operator for a Landau level would yield immobile electrons
as the kinetic energy in the Landau level is quenched.
However, in actuality, in this problem, it is the projected
Coulomb interaction in the lowest Landau level that can
control the highly nontrivial charge dynamics [57,58]. In
lattice systems, electromagnetic fields are incorporated via
the Peierls substitution through attaching phase factors to
hopping terms. This method approximates continuum

HSP {Cas s} = Pap (K)o

FIG. 1. Schematic illustration of bands of Wannier obstruc-
tions. With a large band gap A,,,, the low-energy physics can be
captured in the subspace H*°. Electrons are not independent
across different orbitals {cka,clt,ﬂ} = Pup(k)gy in the sub-
space H™". The kernel P,4(k) is the band projector under the
orbital basis.
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minimal coupling by assuming exponentially localized
Wannier functions, which allows truncating the hopping
to nearest neighbors. However, its application is challenged
on Wannier-obstructed bands where no complete set of
maximally localized Wannier functions exists. The obstruc-
tions, exemplified by topological bands, can force tight-
binding models to include long-range hopping terms that
can produce nonlocal phase factors and thus a nonlocal
current operator.

This raises the question: Can we establish a theoretical
framework self-consistently within the subspace H*"*? In
particular, can we generalize the Peierls substitution to
topological bands of Wannier functions to obtain the
current operator in the presence of disorder or interactions?
Some progress on this has been made in identifying a
multiplicative phase factor from the effective projected
interaction terms [48,49] in response to an electromagnetic
field. However, these approaches lack a general method for
deriving the current operator in the subspace H*'® as they
only consider specific cases.

In this Letter, we generalize the Peierls substitution
framework to resolve the response to disorder and inter-
actions in bands of Wannier obstructions. We first enforce
the band projection by a set of Grassmann-valued Lagrange
multipliers through L, in Eq. (4) onto the subspace H".
The generalization of Peierls substitution is achieved by
identifying the gauge coupling through L,. We apply our
approach to two examples: the diamagnetic response in
flat-band superconductors and the delocalization effect in
flat-band metals, where the currents from the interaction
and disorder terms dominate the low-energy dynamics.

Model setup—We consider a Hamiltonian H =
H, + H,, where the free part H, describes a band structure
that possesses isolated bands with a band gap A, as
depicted in Fig. 1. The term H; includes additional
contributions that cannot be represented within the free
part H, such as interaction and disorder terms. The energy
scales of the additional terms in H; are much weaker than
the band gap A,,,. The tight-binding Hamiltonian H,
contains N, orbitals,

Z Zhaﬁ(k)cliack/f’ (1)
N, k

where the operator cka(cfm) annihilates (creates) a fermion
at an orbital a of the crystal momentum k and satisfies the
anticommutators {cy,, clT(, ﬁ} = ki Oqp- For simplicity, we
assume only one band at the Fermi energy with the wave
function uy,: Y 45 hp(K)uys = €xui,, while these states
span the subspace H™"°. We derive a low-energy theory in
the subspace H*"" of the partially filled band for A,
Band projection and Lagrange multipliers: As
depicted in Fig. 1, we introduce a band projection

— 0.

Cha = Ukaf e (2)

with flT( satisfying the anticommutation {f), fli,} = Ok’
and creating a fermion with wave function u, in the
isolated band. The projection is unique up to an arbitrary
phase of wave functions: uy, — uy,e”*). Within the sub-
Hilbert space H®, the projected cy, fermions obey
unconventional anticommutators,

{Ckav CL/;} = Paﬂ(k)fskk” {ckav Ck/ﬂ} = {C:((l’ C;f(/ﬁ} =0.

(3)

The kernel P,;(k) = uy,uxp is the band projector under
the orbital basis. It is not a constant function of momentum
k when the band possesses the Wannier obstruction [59].
One profound consequence is a generalized Girvin-
MacDonald-Platzman algebra [60-62] for the projected
denSity operator p(q) = Zka Clack+qa'

We highlight two challenges arising from the projection
in Eq. (2). First, we cannot independently vary cy, for
different orbitals when, e.g., deriving the dynamics through
the variational method. Second, the projection may not
commute with the action of an external perturbation. For
example, the presence of the electromagnetic field can
change the eigenfunction of H,, and the projection in
Eq. (2) should change accordingly.

To enforce Eq. (3), we introduce the complex
Grassmann-valued Lagrange multipliers Ay, ifm to realize
the projection in Eq. (2),

L/I = Zﬂla(cka - ultafk) + H.c. (4)
ka

(For a different scheme, see Ref. [57].) Equation (4) implies
a U(1) symmetry in the subspace H*"®. Concretely, with the
Wannier function ¢,(r) = >\ cpz ¢ uy, of orbital a
centered at the original point, we have in real space

ra

L, = Z/Ill'rx |:Cra - (p:;(l‘ - r/)fr’} +H.c., (5)
v

and then the U(1) symmetry manifests as

—if —if —if
ﬂra_’ﬂrae ' s Cra = Cra€ ' ’fr_’fre ",

l:a - /ﬂaem, c;[a g CIaeiev fi g fieiﬁ’ (6)

where ¢, = >\ cpz Cka@’® " and similar expressions hold
for A, and f,. The U(1) symmetry in Eq. (6) indicates a
Noether current. The formula for multiple bands at the
Fermi energy can be expressed similarly [63].

We can summarize the effective theory within the
subspace H*™® with the partition function Z =

[ DDA DeDE DEDf e ) with
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L= clyidcra—Hy—Hy— L, (7)
ka

After integrating out the Lagrange multipliers, we recover
the constraint cy, = uy,fx. The constraint needs to be
varied when we apply external perturbations. In the
following, we derive the current response from both
Euler-Lagrange equations and the Peierls substitution
based on the effective Lagrangian in Eq. (7).

Euler-Lagrange equation and Noether current: The
U(1) transformation in Eq. (6) leads to a conserved Noether
current. We derive the Euler-Lagrange (EL) equations first
and then proceed to derive the continuity equations. For
simplicity, we assume that the terms in H;, such as the
Hubbard interaction, commute with the local density
operators in the full Hilbert space H and therefore do
not contribute to the current operator in H. We will identify
two contributions to the Noether current, namely, from
band dispersion and interactions in the subspace H*"®. The
EL equation can be obtained from the functional derivative
(6S/6¢p) =0,p€{c,c", A, A", f, fT} with the action
S = [dtL. Above all, we can figure out the Lagrange
multipliers Ax, = D 5 [Pas(K) — 8,4](6H |/ 5C£ﬂ>, which
does not vanish when both interaction and nonconstant
kernel P, are present. Then we can reach the EL equation,
with details in Supplemental Material [64],

. OoH
latcka = Zhaﬂ(k)ck/} + Zp(lﬁ(k) —T] s (8)
p p

ocy y)

while the dynamics of i&,cLl is obtained by taking the
Hermitian conjugate of Eq. (8). The kernel M,;(k)
appears in the interaction term, which can contribute to
the continuity equation,

_iatp<q) = Z(ek - 6k+q)f£+qfk
k

S5H,
-3 |k Pl o
Kap Ckp

SH,

5ck+qa

Pop(k + Q)Ck/s} . )

Here p(q) = > x (uk+q|uk)f£fk+q is the projected density
operator. There are no terms from H; in Eq. (9) when the
kernel P,4(k) is a constant function of momentum k. The
Noether current j, can be obtained by expanding Eq. (9) to
the form 9,p(q) = —iq - jg-

From the continuity equation in Eq. (9), we can
determine two contributions of currents: band dispersion
and interactions. The current that depends on band
dispersion can be obtained by directly projecting the
original current operator. In contrast, the interaction-driven
current is not achievable through this method, and we call it

the QG current. What kind of H; can contribute to a
nonvanishing QG current? We require that H; cannot be
expressed in the form of the free Hamiltonian H,,.
Specifically, it should not take the form of terms like

> kapVap(K)ChaCicp OF D kg Vaﬁ(k)clacik/} +H.c. We
will show that there are QG currents from both the
interaction and disorder terms in the examples provided.
The Noether current is nonlocal as seen by expanding L, in

Eq. (5) in real space, L, = > . {taCra = Sop,(1/n!)
(¢ =) - V" Ao (¥ — 1) £} + H.c.: the Noether current
can involve high derivatives of fields f and f' [57].

Generalized Peierls substitution—We now generalize
the Peierls substitution on bands of Wannier obstructions to
derive the current operators. In a lattice model, the Peierls
substitution is an approximation of the continuum minimal
coupling in the response to a slowly varying gauge
potential Ay () by attaching U(1) phase factors to hopping
terms. For Wannier-obstructed bands, the effective
Lagrangian in Eq. (7) contains L, which realizes the band
projection. The term L, is invariant under global U(1)
transformations, but not under local U(1) transformations.
Thus, the U(1) symmetry in Eq. (6) operates by involving
the fras Ckas Ake and their conjugates.

According to the Peierls substitution, we can introduce
the gauge coupling to the kinetic term H,[A]. For a slowly
varying gauge potential, we can keep the leading order
of A,

HO[A} = Z |:haﬂ<k>clackﬁ

kap
—ZA”()h k—ﬁ—g e
q“u" ap 5 ) “ka k+qp
qu

1
+EZAﬁAiqaﬂayhaﬁ<k)C£aCkﬂ:| s (10)
quv

with the abbreviation d, = d/0k,. The terms linear and
quadratic in A represent the paramagnetic and diamagnetic
response, respectively. The key step in the generalization is
to introduce a gauge coupling to L;, which gives rise to

LAl =L, + L} + L3, (11)
with
L;= Z’IliaAﬁau”Lgafkﬂ + H.c., (12)
kqapu

1
L;=> > M AGA 0,0, 15 f i + Hee,  (13)
kqauv

It is essential to keep both terms L! and L? to obey the U(1)
gauge symmetry. Therefore, the Lagrangian L[A] after the
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Peierls substitution has the form
= Cheidicxa — HolA] — Hy = L[A]. (14)
ka

We can again solve the modified constraint which, to
leading order of A, becomes

cka = uZ(K)fx = Y _AGDutty 0, ficiq
qu
—fZA”A_q o (K)o - (15)

Here D, = d, + iA, is the covariant derivative with Berry
connection A, (k) = i{uy|d,uy), and G, (k) is the quan-
tum metric, G, (k) = Re(d,uy |(1 — |uy)(ux|)|0,ux). The
covariant derivative D, appears due to the gauge redun-
dancy uy, — ug.e”®). The solution in Eq. (15) captures
the response of a Bloch wave to a gauge potential A,(f). An
effective theory can be derived by integrating out the fields

Mk and cyq, With Z[A] = [ DfyDfje i [ALIFA Ghere the
Lagrangian L[f, A] becomes

=Y friofx — Holf Al — Hi[f. A, (16)
k

with  Hylf. Al = Sy eifific = D Aduefificeq +
ZZKHD AGAY 0,0, exfifx. The interaction term H,[f,A]
is obtained by substituting the solution in Eq. (15) into the
original H,. The effective theory in Eq. (16) encodes band
dispersion and Bloch wave changes by the gauge potential
for Wannier-obstructed bands. We will derive the current
operator based on the effective theory.

Quantum geometric current from interactions—We
first examine currents from the free term H,. From
Eq. (16), it is easy to find the paramagnetic current and

diamagnetic current tensor from H, respectively, jhq =
Sk Ol i fiiq and K, = 3 0,0,€ f1 fi With the pro-
jected density operator py = >y f £ fx4q- The interaction

term H,[f,A] can also contribute to the paramagnetic
current jéG’q and diamagnetic current tensor Kqg ..

-/4 SH,[f, A]

&H, [f . Al
] =
QGa— s5At,

v |A—>0’
BARSAY

|A—>0! QGuv —

(17)

even though H, does not contribute to the current operator
in the full Hilbert space. Obviously, both ng’q and KqG
in Eq. (17), which we call QG currents, are proportional to
the interaction strength. The QG current encodes the
dynamics from the interactions in the subspace H’.
This is similar to the lowest Landau level [57,58]. For a

specific system, such as a flat-band superconductor, one
can simplify the QG current expression by employing the
ground state ansatz, as illustrated in the examples below.

One may question whether the Peierls substitution can be
applied to a band with a topological obstruction, where
long-range hopping terms exist in the tight-binding models.
There are two key observations. First, the free Hamiltonian
H, does not contribute to QG current, and the related
current only depends on band dispersion. Second, the
projector in real space Puu(r.r') =) e"k'(r‘r’)Pa/,(k)
decreases exponentially for a large distance |r—r'| in
any dimensions [65-69], leading to a short-range effective
interaction [70]. One typical example is the lowest Landau
level, where the projected Coulomb interaction gets sup-
pressed by a Gaussian decay factor.

Example I: Diamagnetic response in a flat-band SC—
We revisit the SC in a flat-band system which possesses
finite quantum geometry [32,33,50] from the perspective of
the electromagnetic response We consider the interaction
term: H; = —(U/N) > xkp A 1 (p)Ay (p) with the pairing
operator Ay (p) = >, C_kq| Ck+pat- We €xamine its gauge
coupling

A( —)Ak

)+ ZA”D”
- ZA’{IA”_qGW (K)Ag(p), (18)

quv

p))Ak(q +p)

with  Ag(p) = fox) fipr  and  7(p) = (uklugp)-
For convenience, we abbreviate Dg({uyluy)) =
(Dytys(q)2)luxr) + (ux|Dyutir s (q/2)). Then the paramag-
netic current and diamagnetic current tensor are both
proportional to the interaction,

Jpq = __Zyk’

(p))AL(P)Ax(p +q)

kkp

+ (k < k'), (19)

K = 5 16K (B) + G (6)7i ()3 (p) B (p).
kk'p

(20)

The Meissner effect can be inferred from the total
current in linear response (jy) = —»_, D5°A4, where the

superfluid weight is given by D{* =R, (q.7) + (K,,)
with the paramagnetic current response tensor
R, (q.1) = =([jpq(1). J5—q(0)]). The response can be

evaluated based on the mean-field order parameter
A = 1/N 3\ (f-kyfxt), which determines a BCS ground
state [64]. At leading order in A, we can decompose
the paramagnetic current, jhq = 2UA Y " Dq((uy|uy))

[f sk ficrqt = Firf Lxqy)» Which vanishes when g — 0.
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In Supplemental Material [64], we show that R,,(q.?)
vanishes even at finite temperatures where the quasiparticle
state populations are nonzero. Thus, the current response at
finite temperature is only determined by the diamagnetic
response (K,,) = 2UA?G,,, with G, being the averaged
quantum metric over the flrst Brillouin zone. This is
consistent with Refs. [32,33,50] from different approaches.
Therefore, the decrease of superfluid weight can be attrib-
uted to the shrinking of the pairing gap at finite temperature
[64]. More importantly, the absence of paramagnetic current
response at finite temperature indicates that the quasiparticle
excitations do not carry dissipative currents, which can
provide a mechanism behind the suppression of nonequili-
brium quasiparticle transport observed in Ref. [71]. By
contrast, in the two-fluid model of a conventional super-
conductor, dissipation is always present at finite temper-
atures due to the quasiparticle current [72].

Concerns may arise regarding the validity of linear
response theory in a flat-band SC state, where only one
energy scale exists. We note that the amplitude of the form
factory (p)yi (p), which appears in the projected interaction
term  H; = =(U/N) Y 72 (0)71 (P) A (p)Ai (), s
smaller than 1. Therefore, it is likely still reasonable to
conduct the linear response analysis.

Example II: Drude weight in a flat-band metal—As the
second example, we investigate the delocalization effect in
a flat-band metal. Reference [73] showed (through a
diagrammatic expansion in the full Hilbert space) that
there is a finite Drude weight in a flat-band metal
with a nonzero quantum metric when the temperature is
much larger than the interaction strength. We consider
an interaction H; = (1/N) Vopt (P)pi(p) with
Pk(P) = 4 CiuCkipa- With the generalized Peierls sub-
stitution, we have the paramagnetic current in response to a
gauge potential A} of an electric field,

Zv T (P

kk’

with Ty (P) = Dy(rie ()7 (P) + 7 (P) Dy (ric (P))-
When the temperature is much larger than the bandwidth
and the interaction strength, we can ignore the finite band
dispersion from the Hartree-Fock decomposition of the
interactions. In linear response [64], we can evaluate the
Drude weight

)i ()i (P), (21)

zlo(1 = D)]?
Dm/(T) :M |:Akl |V |2‘-7kk/( ) ik[(_p)
_/ ,va—p’j’f(k(l’)ﬂ’f(k(—p’)}, (22)
kpp

with v being the filling factor. In the special case of the
potential Vi, = V4, the Drude weight is related to the

Berry curvature variance, which is consistent with
Ref. [73]. Physically, the current jf,,t describes a co-
operative hopping process of two particles, which does
not have a one-body operator correspondence. At low
temperatures, the dispersion induced by the interaction
becomes relevant, a problem we leave for future studies.
Moreover, it will be interesting to consider the conductivity
in the twisted bilayer graphene system where the narrow
band possesses a finite quantum geometry and the QG
current can be induced by interactions as in Eq. (21).

Example III: Delocalization from disorder—We further
show that QG currents from disorder can induce a tendency
toward delocalization in a flat-band system, in the absence
of any conductivity in the clean limit [74]. For this purpose,
we can consider an on-site disorder in two spatial dimen-
sions with H; = >, wrcIacm, where the disorder satisfies
Wywy = 728, with = denoting the disorder averaging. Our
generalized Peierls substitution to couple to A} of an
electric field yields

L= Zlfk 0 fx— ZW uk+p|uk>fkfk+p At]pt’ (23)

with wy, = 1/N ", w,ePT. Here the paramagnetic current
prj k

with T4 (p) = (ukip|Dyttx) + (Dyttyiplug). This para-
magnetic current j, , depends on the disorder configuration.

In a flat-band system, introducing disorder can destroy
the destructive quantum interference, underpinning the
vanishing group velocity. We note two effects of disorder
in a flat-band system. First, disorder can lead to a finite
bandwidth in the disorder-averaged Green’s function G, =
(1/w/2 —iy) for |w| <y from the Dyson equation [64].
Second, the disorder drives the QG current, Eq. (24), which
is absent in the clean limit. Ignoring the quantum fluctua-
tions from Diffuson and Cooperon, we estimate the finite
static conductivity when the disorder is much weaker than
the band gap, o, ~ [[d*kd*p/(27)*| T (p) T (p). Such
delocalization effect can potentially be linked to inverse
Anderson localization [75,76]. The above discussion
describes a regime at scales below the Anderson localiza-
tion length, which in two dimensions can be large for weak
disorder [77,78], as well as energy dependent when band
topology protects a delocalized state.

The resulting detailed phenomenology, possibly includ-
ing a “finite-size metal-insulator transition,” is an interest-
ing object that we leave to future study. Experimentally, the
Lieb lattice, already realized in cold atomic systems
15 years ago [79-86], could provide a platform for
experimental investigations.

Concluding remarks—It is essential to consider changes
in Bloch waves when studying the response of bands of

fkfk+p’ (24)
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Wannier obstructions to general perturbations, which are
not limited to electromagnetic fields. We note that our
projection method can be extended to cases without
translational symmetry where one can enforce projection
onto the descendants of the flat band through L; =
[ (e = 3, wi(r)f,) + Hee., with n labeling the eigen-
state of the bands and w,(r) the corresponding wave
functions. The projection restricts electrons to be spatially
correlated, such that ¢, = [, G(r,r')cy with G(r,r') =
2on ¥ (0w, ().

Finally, based on the examples above, one may view the
interaction-induced QG currents as integral to Fermi liquid
behavior [13,87]. This immediately raises the question of
how to extend Landau’s Fermi liquid theory to incorporate
QG currents.
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