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Efficient absorption of molecules through receptors on cell surfaces is crucial for various biological
processes. While ubiquitous patterns of receptor distributions, including polar localization in rod-shaped
cells, have been widely observed, the underlying evolutionary advantage of these patterns is unclear. In this
Letter, we investigate how the spatial distribution of receptors on the cell surface affects the total flux
entering the cell. We develop a numerical method that allows for the calculation of fluxes through all
receptors using linear equations. Our calculations show that the flux through each receptor is spatially
dependent for uniformly distributed receptors: the fluxes are highest near the poles in rod-shaped cells and
near the invagination in defective spherical cells. Surprisingly, we show that the optimal receptor
distribution on an arbitrarily shaped cell, which maximizes the total flux, is precisely the charge density
distribution on an ideal conductor of the same shape, in agreement with numerical simulations. Our Letter
unveils the evolutionary origin of receptor localizations.

DOIL: 10.1103/xklg-qy2t

Many intracellular processes rely on the arrival of
essential molecules at the cell surface, where the cells
absorb the molecules via specific membrane receptors
[1,2]. For example, cellular metabolism requires the cell
to uptake carbohydrates efficiently [3,4], e.g., through the
phosphotransferase system (PTS) in bacteria [5-7]. For
rod-shaped bacteria, e.g., Escherichia coli, experiments
found that many types of receptors (or transporters) are
localized at the cell poles, e.g., the osmosensory transporter
ProP [8], the lactose transporter LacY [9], the PTS proteins
EI and HPr [10], and the chemotaxis receptors [11-15].
Interestingly, in defective spherical E. coli cells with an
invagination, the PTS proteins are instead localized at the
edge of the invagination [16]. Mechanically, polar con-
stituents, such as anionic lipids [8,17] and curvature sensor
proteins [18,19], may serve as geometric cues for polar
localization. In this Letter, we seek to understand the
localizations of receptors from an evolutionary perspective:
what kinds of spatial distribution of receptors maximize the
total molecule flux entering the cell given a fixed number of
receptors and a constant environment? We propose that
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achieving the maximum flux may be the evolutionary
driving force for certain distributions of receptors ubiqui-
tous in biology.

The upper bound of flux is achieved when the entire cell
surface is a perfect absorbing boundary so that any molecule
hitting the surface is absorbed. For a spherical cell, the upper
bound of molecule flux J,,,, = 4xDRc,,, where D is the
diffusion constant of the molecule of interest, R is the cell
radius, and ¢, is the molecule concentration far from the cell.
Phillips et al. modeled a spherical cell surface as a homo-
geneous, nonabsorbing boundary [20]. The total flux
J = Nkgyc(a), where N is the number of the receptor, ko,
is the absorption rate of each receptor, and c¢(a) is the
molecule concentration on the cell surface, which is deter-
mined self-consistently. They showed that the molecule
flux entering the cell is a Hill function of the receptor
number, J = J .. (Nko,/4zDR)/[1 4+ (Nky,/4xDR)], con-
sistent with the experimental measurements of the adsorption
rate of bacteriophage A on the number of A receptors in
Escherichia coli [21]. By taking k., ~ 10 pM~!s~!, they
showed that the receptors only need to cover about 0.1% of
the cell surface to achieve a flux 50% of the upper bound.
Therefore, cells can achieve high absorption efficiency by
allocating only a small fraction of their surface area to one
receptor type, allowing them to express multiple receptor
types simultaneously.

The previous analyses by Phillips et al. were inspiring.
Nevertheless, critical questions remain. First, the actual
boundary condition on the cell surface is complex since
receptors only cover a finite fraction. Most importantly, the
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effects of nonspherical cell shape on the molecule flux are
far from clear. For an arbitrarily shaped cell, what is the
optimal distribution of receptors maximizing the flux
entering the cell? In this Letter, we answer these questions
by studying an arbitrarily shaped cell with its surface
decorated by multiple receptors. Each receptor is modeled
as a circular patch with an absorbing boundary condition.
Berg and Purcell have studied a particular case of uniformly
distributed receptors on a spherical cell [22]. Theoretically,
we solve the time-independent diffusion equation and
convert the problem of solving Laplace’s equation with
complex boundary conditions to a linear algebra problem
involving the flux of each receptor, applicable to arbitrarily
shaped cells.

For spherical cells, we recover Berg and Purcell’s
classical results [22], which strongly support the validity
of our method; in particular, we relate the absorption rate
ko, introduced by Phillips et al. to the receptor size,
kon = 4Dr, where r is the receptor radius, and explicitly
demonstrate that only a tiny fraction of area is needed to
achieve a molecule flux close to the upper bound.

For an arbitrarily shaped cell with uniformly distributed
receptors, the fluxes of receptors depend on their locations.
For a rod-shaped cell, the fluxes of receptors at the poles are
higher than those on the side. For a spherical cell with a
bud, the fluxes are the highest at the bud tip. Surprisingly,
for a spherical cell with an invagination, the fluxes at the
edge of the invagination are the highest on the cell surface,
rationalizing the localization of the PTS proteins observed
in defective spherical E. coli [16].

For an arbitrarily shaped cell with nonuniformly dis-
tributed receptors, we prove that the optimal distribution of
receptors that maximizes the total flux is precisely the
charge density distribution on an ideal conductor of the
same shape. We test our predictions by simulating an
evolutionary process in which we let the locations of
receptors evolve to maximize the total flux. As predicted,
the receptor distribution converges to the charge density
distribution on an ideal conductor. Our theories provide a
physical foundation for the evolution of receptor local-
izations, e.g., rationalizing the ubiquitous polar locations of
receptors in rod-shaped cells.

Computing fluxes for an arbitrarily shaped cell—We
study an arbitrarily shaped cell with N circular receptors
decorating its surface I". The concentration field satisfies
Laplace’s equation V2¢(x) = 0. The boundary condition of
the concentration field is that c(x) =0 for x € §;, where
i=1,2,...,N and S, is the region occupied by receptor i.
For x outside any receptors, [dc(x)/on,] = 0. Here, n, is
the unit vector perpendicular to the surface at x pointing to
the cell interior. The flux through a receptor is
Ji=-D .. 5,[0c(x)/on,]dS,, where the integral is over
the receptor i region on the cell surface. Because the radius
of typical receptors r ~ 1 nm, the average distance between
nearby receptors [~ 10 nm [23], and the typical size of

a bacterial cell R ~ 1000 nm [24], we use the condition
r < | < R in the following, a good approximation for most
biological scenarios of our interest.

We use the boundary integral equation for Laplace’s
equation in three dimensions [25-28] and modify it to the
case where the concentration at infinity is c,,

2rfce — c(x)] = — /yeF - iy| a;g) ds,

_/yer[c""_cwﬁ—lx iy|dSy. (1)

Here, (9/0n,)(1/x —]) = {[(x =) -m}/lx —y'}. We
next sample M auxiliary points x; (j = 1,2,...,M) uni-
formly on the cell surface that are not close to any
receptors, which means that |x; —y;| > r for all i, j.
Here y; is the position of the center of receptor i. This is
always doable under our assumptions. We define
C; = ¢y — ¢(x;). Making use of the length-scale separa-
tion, we convert the boundary integral equation to a set of
linear equations from which we can compute the fluxes
through all receptors (End Matter),
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N —— i -22C; - = Cj——— =0,
Dkz:;|xj—yk\ / Ml;l:;éj anx;|xj_xl|
j=1.2,...M. (3)

The spherical cell—We first study a spherical cell with its
receptors uniformly distributed on its surface. In this case, the
flux through each receptor must be equal, and the concen-
tration field at locations not close to any receptors must be
uniform, that is, J, =J,=...=J, C;=C,=...=C.
These simplifications allow us to calculate the summations in
Egs. (2) and (3) analytically and get the total flux as

Nr
o 7R
Jtot - Jmax 1 + %, (4)

where J .« = 47DRc, the total flux when the entire cell
surface is absorbing boundary [see the derivations in
Supplemental Material (SM) [29] ]. Our results perfectly
recover Berg and Purcell’s classical results for spherical cells
[22], supporting the validity of our method. By comparing
Eq. (4) with the results of Phillips et al., we find the
microscopic expression of the effective absorption rate
ko, = 4Dr. Interestingly, the flux only depends on the total
perimeter of all receptors. Our results explicitly demonstrate
that as long as R/r >> 1, the receptors only need to cover a
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FIG. 1. (a) We uniformly sample N = 800 receptors with radius
r = 0.01 on a spherical cell with radius R = 2. (b) The accu-
mulated fluxes of 20 independent samplings where the receptors
are randomly sampled with random locations and a uniform
density. (c) We change the number of receptors N for a given r,
and the calculated total fluxes agree well with the theoretical
predictions for both uniformly and randomly distributed recep-
tors. In this Letter, the color of each receptor represents the flux
through it.

small fraction of surface area, whichis ¢ = Nr?/4R?, for the
total flux to be comparable to the upper bound.

We verify Eq. (4) by sampling N receptors uniformly on
a spherical cell using the Fibonacci lattice method [30]
[Fig. 1(a)]. Details of numerical calculations are included in
SM. In this Letter, we uniformly sample M = N auxiliary
points unless otherwise specified, and the total flux is
essentially constant, with a deviation of less than 1% once
M is comparable to or larger than N (SM Fig. S1). As
expected, the fluxes are the same across different receptors.
The numerical total fluxes agree well with the theoretical
predictions, and the total flux only depends on Nr/zR
[Fig. 1(c)]. To test the robustness of our methods, we
randomly sample N receptors with random locations and a
uniform density: the average number per unit area is
constant. To show the spatial dependence of fluxes, we
plot the accumulated fluxes of multiple independent sam-
plings [Fig. 1(b)], which are also uniform. The total fluxes
also agree well with the theoretical predictions in this
random case [Fig. 1(c)].

Arbitrarily shaped cells with uniformly distributed
receptors—We next study the cases of nonspherical cells
with uniformly distributed receptors using a modified
Fibonacci lattice method (SM). For rod-shaped cells,
e.g., E. coli, we find that the fluxes are higher in the
receptors near the poles than those on the side, and as the
cell length increases, the difference becomes more signifi-
cant (Fig. 2). These observations are consistent with the
ubiquitous polar localization of receptors in rod-shaped
cells. Later, we show that if we allow receptors to move on
the cell surface to maximize the total flux, they are indeed
enriched at the cell poles.

For curved rod-shaped cells, such as Caulobacter
crescentus, we find that the fluxes on the negative curvature
side are lower than those on the other side [SM Figs. S2(a)
and S2(b)]. We also study spherical cells with an invagi-
nation [Fig. 3(a)] and a bud [Fig. 3(b)]. Interestingly, for the
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FIG. 2. (a) We uniformly sample N receptors on a rod-shaped
cell, modeled as a cylinder with length L, capped with two half-
spheres with radius R = 1. Here, we show the numerical results
of four cells where N = 400 for L =2, N =600 for L =4, N =
800 for L = 6, and N = 1000 for L = 8. (b) The average fluxes
for receptors on the side and polar regions. As the cylinder length
increases, the difference between the polar and side flux becomes
more significant. In this Letter, we set the receptor radius
r = 0.01 unless otherwise mentioned.

spherical cell with an invagination, the fluxes are the
highest at the edge of the invagination. This observation
aligns with the experimental observations that the PTS
proteins are localized at the edge of the invagination in
defective spherical E. coli cells [16]. Our theories unveil the
benefit of such a localization pattern. For the spherical cell
with a bud, the fluxes are highest at the tip of the bud and
lowest in the neck, which connects the body and bud. The
spatial dependence of fluxes leads us to wonder: if we allow
the locations of receptors to change from a uniform
distribution, what is the optimal distribution that maximizes
the total flux?

0.027
0.026
0.025
0.024

0.023

0.022

FIG. 3. (a) We uniformly sample N =407 receptors on a
defective spherical cell. We accumulate the results of 20
independent samplings to show the high fluxes at the invagination
edge more clearly. (b) We uniformly sample N = 400 receptors
on a spherical cell with a bud and accumulate the results of 20
independent samplings. The geometry of the cells in (a) and (b) is
shown on the right of each figure, in which v/3R' = (\/§ /2)a =
R=2.
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The optimal distribution of receptors on an arbitrarily
shaped cell—We seek the optimal distribution of receptors
on an arbitrarily shaped cell that maximizes the total flux.
For the optimal distribution, the flux through each receptor
must be equal. If not, the cell can always let the receptors
move toward the regions with higher fluxes to enhance the
total flux. First, we point out a useful connection between
the flux through a receptor and the concentration near the
receptor: ¢; = J;/4rD. To see this, we let x; be near y;
[r < |x; —y;| ~O(l)] and take the difference between
Egs. (2) and (3), from which we obtain ¢; =J;/
4rD + O(1/1) ~ J;/4rD. Given the fact that J, =J, =
... = J for optimal receptor distributions, we have c¢; =
¢, = ... = (J/4rD) for all receptors. Since the concentra-
tions near all receptors are the same, the concentration over
the entire surface should be approximately constant as well,
i.e., ¢ ~ (J/4rD). This allows us to simplify Eq. (Al) to

ISPV S
D\ S i = il

[ i

Here, dQ, = (d/0ny)(1/]y; —y|)dS,, the differential solid
angle aty toward y;.

Let 6(y) be the local density of receptors at y. Using
fyerde =27, we derive from Eq. (5) that 4rDc,, =
{1+ (r/7) [,erlo(v)/ly = yilldSy}J. Thus, we find that
forxel’

/yer lya(;)’i‘ dS, = const. (6)

This corresponds to the isopotential condition of ideal
conductors if we take c(y) as the charge density. Therefore,
we predict that the density distribution of receptors maxi-
mizing the total flux is the same as the charge density
distribution on an ideal conductor of the same shape.

To test this prediction, we simulate an evolutionary
process on rod-shaped cells and cells with a bud, allowing
the locations of receptors to evolve to maximize the total
flux. At each step, we let a few receptors change their
locations and accept the change if the total flux increases
(see simulation details in SM). We confirm that the fluxes
are approximately the same across different receptors for
the optimal distributions (Fig. 4). We then compare the
optimal receptor distribution with the charge density
distribution on an ideal conductor of the same shape.
For both rod-shaped cells and budding cells, the optimal
receptor distributions are indeed the same as the charge
density distributions (Fig. 4), confirming our prediction.

Discussions—In this Letter, we convert the problem of
solving Laplace’s equation with mixed boundary condi-
tions to a set of linear equations. Our method shares a
similar spirit with the collocation boundary element meth-
ods [26-28] with some important modifications tailored to
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FIG. 4. Optimal distributions of receptors on a rod-shaped cell
and a cell with a bud. (a),(c) The optimal receptor distribution on
a rod-shaped cell (a) and a cell with a bud (c). We initially
uniformly distribute 600 (a) and 710 (c) receptors, respectively,
and let the locations of the receptors evolve to maximize the total
fluxes. (b),(d) The optimal receptor distributions on the rod-
shaped cell (b) and the cell with a bud (d) agree with the charge
densities of ideal conductors of the same shapes. (e),(f) The fluxes
J for receptors with different locations along the vertical direction
of the rod-shaped cell (e) and the budding cell (f). For uniformly
distributed receptors, the fluxes vary significantly. In contrast, the
spatial heterogeneity of fluxes is much smaller for optimally
distributed receptors.

our model (End Matter). We remark that the main novelty
of our Letter lies in the biophysical insights it provides. Our
calculations explain several spatial patterns of receptors
observed in experiments, including localizations near polar
regions [8—15] and invagination [16]. Remarkably, we
demonstrate that for an arbitrarily shaped cell, the optimal
distribution of receptors on a cell surface is precisely the
charge density distribution on an ideal conductor of the
same shape, which is a novel result as far as we realize. Our
Letter predicts that for optimal molecule uptake efficiency,
the receptors tend to be localized in high-curvature regions,
just like the buildup of charge at sharp points on a
conductor [31], in agreement with multiple experiments
[8—16,18,19]. Our results are also relevant for a cell to sense
the concentration of molecules surrounding it. It has been
shown that the relative error in concentration sensing is
Acms/C & 1/y/Jio» Where Jy is the total flux [22].
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Therefore, the optimal receptor distributions we find also
help cells to sense their surrounding molecule concentra-
tions more accurately. We propose that in the presence of a
concentration gradient, the optimal receptor patterns that
maximize the total flux may be similar to the charge
distribution on a conductor in the presence of an electric
field, which requires further testing.

We provide an intuitive picture underlying the analogy
between the optimal receptor distribution and the charge
density of an ideal conductor. In the case of optimal
receptor distributions, the fluxes through all receptors are
the same. Therefore, if we average the fluxes of the
receptors inside a patch of size & such that | < & < R,
the direction of the average flux is perpendicular to the cell
surface (if the fluxes of the receptors in this patch are
unequal, the average flux would be tilted relative to the
normal direction of the cell surface). Because the
perpendicular nature of the mesoscopic fluxes agrees
precisely with the perpendicular property of the electric
field relative to the ideal conductor surface, we expect the
receptor distribution to be the same as the charge density of
an ideal conductor. One can also make an analogy between
the receptor on the cell surface in the optimal case and a
point charge on a conductor, where each point charge emits
an electric field line corresponding to the constant molecule
flux flowing into each receptor. We note that the analogy
between the receptor distribution on the cell surface and the
charge density on a conductor is only valid for the optimal
case where the fluxes through each receptor are equal. We
also note that for uniformly distributed receptors, the flux
pattern differs from the charge distribution of a conductor
of the same shape [Figs. 4(b), 4(d) and 4(e), 4(f)].

The presence of flow typically does not affect our main
conclusions. The relative increment in the total flux due to
cell motion for a nonspherical cell can be estimated as
(Jiot = J1010)/J1ot0 ~ UR/D from a dimensional analysis,
where J, is the total flux with a small cell velocity
U< D/R. Jy is the total flux when U = 0. Here, R
1s the characteristic cell size, and D is the diffusion constant
of the absorbed molecule. Taking the biologically relevant
values for bacteria, U =10 pm/s, R =1 pm, and
D = 10° ym?/s, the relative flux increment is approxi-
mately 1072 and negligible. We note that for a spherical
absorber, different scalings between the flux increment and
the Peclet number (UR/D) have been proposed [22,32].

Noted added—In a recent theoretical study [33], the
authors investigated the receptor patterns that maximize
the accuracy of sensing molecule concentration gradients. In
contrast to our Letter, they considered three-dimensional
spherical receptors and employed the free-space Green
function for molecular diffusion. Interestingly, they found
that the receptors cluster at high-curvature regions for
optimal gradient sensing, a result similar to ours despite
the optimized variables being entirely different. This accor-
dance reveals how distinct optimization principles can

converge upon similar spatial strategies, revealing a deeper
unity in the physics of biological absorption and sensing.

Acknowledgments—We thank Kaifeng Weng for provid-
ing us the charge densities of ideal conductors. The
research was funded by the National Key Research and
Development Program of China (Grant
No. 2024YFA0919600), National Natural Science
Foundation of China (Grant No. 12474190), and Peking-
Tsinghua Center for Life Sciences grants.

Data availability—The data that support the findings of
this article are openly available [34].

[1] J. Schlessinger, Cell signaling by receptor tyrosine kinases,
Cell 103, 211 (2000).

[2] Alvaro Ortega, I. B. Zhulin, and T. Krell, Sensory repertoire
of bacterial chemoreceptors, Microbiol. Mol. Biol. Rev. 81,
€00033-17 (2017).

[3] J. Monod, The growth of bacterial cultures, Annu. Rev.
Microbiol. 3, 371 (1949).

[4] A. Natarajan and F. Srienc, Dynamics of glucose uptake by
single escherichia coli cells, Metab. Eng. 1, 320 (1999).

[5] M. H. Saler Jr and J. Reizer, The bacterial phosphotransfer-
ase system: New frontiers 30 years later, Mol. Microbiol. 13,
755 (1994).

[6] J. H. Tchieu, V. Norris, J. S. Edwards, and M. H. Saier, The
complete phosphotransferase system in Escherichia coli, J.
Mol. Microbiol. Biotechnol. 3, 329 (2001).

[7] J. Deutscher, C. Francke, and P. W. Postma, How phospho-
transferase system-related protein phosphorylation regulates
carbohydrate metabolism in bacteria, Microbiol. Mol. Biol.
Rev. 70, 939 (2006).

[8] T. Romantsov, S. Helbig, D. E. Culham, C. Gill, L. Stalker,
and J. M. Wood, Cardiolipin promotes polar localization of
osmosensory transporter prop in escherichia coli, Mol.
Microbiol. 64, 1455 (2007).

[9] T. Romantsov, A. R. Battle, J. L. Hendel, B. Martinac, and
J.M. Wood, Protein localization in escherichia coli cells:
Comparison of the cytoplasmic membrane proteins ProP,
LacY, ProW, AqpZ, MscS, and MscL, J. Bacteriol. 192, 912
(2010).

[10] L. Lopian, Y. Elisha, A. Nussbaum-Shochat, and O. Amster-
Choder, Spatial and temporal organization of the E. coli pts
components, EMBO J. 29, 3630 (2010).

[11] J.R. Maddock and L. Shapiro, Polar location of the
chemoreceptor complex in the escherichia coli cell, Science
259, 1717 (1993).

[12] D. Kentner, S. Thiem, M. Hildenbeutel, and V. Sourjik,
Determinants of chemoreceptor cluster formation in escher-
ichia coli, Mol. Microbiol. 61, 407 (2006).

[13] D. Greenfield, A. L. McEvoy, H. Shroff, G. E. Crooks, N. S.
Wingreen, E. Betzig, and J. Liphardt, Self-organization of
the escherichia coli chemotaxis network imaged with super-
resolution light microscopy, PLoS Biol. 7, e1000137
(2009).

208401-5


https://doi.org/10.1016/S0092-8674(00)00114-8
https://doi.org/10.1128/MMBR.00033-17
https://doi.org/10.1128/MMBR.00033-17
https://doi.org/10.1146/annurev.mi.03.100149.002103
https://doi.org/10.1146/annurev.mi.03.100149.002103
https://doi.org/10.1006/mben.1999.0125
https://doi.org/10.1111/j.1365-2958.1994.tb00468.x
https://doi.org/10.1111/j.1365-2958.1994.tb00468.x
https://doi.org/10.1128/MMBR.00024-06
https://doi.org/10.1128/MMBR.00024-06
https://doi.org/10.1111/j.1365-2958.2007.05727.x
https://doi.org/10.1111/j.1365-2958.2007.05727.x
https://doi.org/10.1128/JB.00967-09
https://doi.org/10.1128/JB.00967-09
https://doi.org/10.1038/emboj.2010.240
https://doi.org/10.1126/science.8456299
https://doi.org/10.1126/science.8456299
https://doi.org/10.1111/j.1365-2958.2006.05250.x
https://doi.org/10.1371/journal.pbio.1000137
https://doi.org/10.1371/journal.pbio.1000137

PHYSICAL REVIEW LETTERS 135, 208401 (2025)

[14] C. W. Jones and J.P. Armitage, Positioning of bacterial
chemoreceptors, Trends Microbiol. 23, 247 (2015), special
Issue: Microbial Translocation.

[15] M. Koler, E. Peretz, C. Aditya, T. Shimizu, and A. Vaknin,
Long-term positioning and polar preference of chemorecep-
tor clusters in E. coli, Nat. Commun. 9, 4444 (2018).

[16] S. Govindarajan, Y. Elisha, K. Nevo-Dinur, and O. Amster-
Choder, The general phosphotransferase system proteins
localize to sites of strong negative curvature in bacterial
cells, mBio 4, e00443-13 (2013).

[17] T.-Y. Lin and D. B. Weibel, Organization and function of
anionic phospholipids in bacteria, Appl. Microbiol. Bio-
technol. 100, 4255 (2016).

[18] K.S. Ramamurthi and R. Losick, Negative membrane
curvature as a cue for subcellular localization of a bacterial
protein, Proc. Natl. Acad. Sci. U.S.A. 106, 13541 (2009).

[19] W. Draper and J. Liphardt, Origins of chemoreceptor
curvature sorting in escherichia coli, Nat. Commun. 8,
14838 (2017).

[20] R. Phillips, J. Kondev, J. Theriot, and H. Garcia, Physical
Biology of the Cell (Garland Science, New York, NY, USA,
2012).

[21] M. Schwartz, The adsorption of coliphage lambda to its
host: Effect of variations in the surface density of receptor
and in phage-receptor affinity, J. Mol. Biol. 103, 521 (1976).

[22] H.C. Berg and E. M. Purcell, Physics of chemoreception,
Biophys. J. 20, 193 (1977).

[23] M. Szenk, K. A. Dill, and A. M. R. de Graff, Why do fast-
growing bacteria enter overflow metabolism? Testing the
membrane real estate hypothesis, Cell Syst. 52, 95 (2017).

[24] R. Milo and R. Phillips, Cell Biology by the Numbers
(Garland Science, New York, NY, USA, 2015).

[25] V.S. Vladimirov, Eguations of Mathematical Physics
(Marcel Dekker, New York, 1971).

[26] C. A. Brebbia and J. Dominguez, Boundary Elements: An
Introductory Course, 2nd ed. (WIT Press/Computational
Mechanics Publications; McGraw-Hill, Southampton, UK;
Boston, USA; New York, USA, 1992).

[27] H. Antes, A Short Course on Boundary Element Methods
(2010), lecture.

[28] C. Pechstein, Boundary element methods, https://www
.numa.uni-linz.ac.at/teaching/lva/2013s/spezvo/bem13.pdf
(2013).

[29] See  Supplemental ~Material at  http://link.aps.org/
supplemental/10.1103/xklg-qy2t for details on numerical
methods, derivations for spherical cells, and supplemental
figures.

[30] A. Gonzdlez, Measurement of areas on a sphere using
fibonacci and latitude—longitude lattices, Math. Geosci. 42,
49 (2010).

[31] L.D. Landau, J.S. Bell, M. Kearsley, L. Pitaevskii, E.
Lifshitz, and J. Sykes, Electrodynamics of Continuous
Media (Elsevier, New York, 2013), Vol. 8.

[32] A. Acrivos and T.D. Taylor, Heat and mass transfer
from single spheres in stokes flow, Phys. Fluids 5, 387
(1962).

[33] A. Alonso, R.G. Endres, and J.B. Kirkegaard, Local
clustering and global spreading of receptors for optimal
spatial gradient sensing, Phys. Rev. Lett. 134, 158401
(2025).

[34] D. Wu, S. Mao, and J. Lin, Dataset, GitHub, https://github
.com/wudaoning/receptor2025 (2025).

[35] W.B. Smythe, Static and dynamic electricity (Taylor &
Francis, Bristol, PA, USA, 1989).

End Matter

Derivation details of the linear equations—We take
x =y, in Eq. (1), where y; is the position of the center
of receptor i and rewrite Eq. (1) as

1 o 1 & J
SR T
yeES; |yt_y| 0l’ly Dk=1.k#:i lyi_ykl

0 1

- [ et g g ds (A

Here, we use the definition of flux to replace the
integrals over all the receptors except i by their fluxes.
The first term on the right side of Eq. (Al) can be
considered as the electric potential ¥ of a flat disk
generated by the charge density —[dc(y)/dn,|; therefore,
it is proportional to the flux, which can be considered as
the total charge, by J;/D =~ [ _[dc(y)/on,dS, =
PY, where P = 2r/x is capacitance of a thin conducting
disk in the vacuum [35], leading to the first term on the
left side of Eq. (Al). Using Eq. (1), we further find that

0 1
/yer(cm_c@))a_"yxj —)’|dSy
(A2)

le =il

We approximate the integral over the cell surface in
Egs. (Al) and (A2) as a sum over the M auxiliary
points, e, [ cp(ce—c(y))(9/ony)(1/ly; —y|)dS, ~
(S/M) >, Ci(0/ony,)(1/]y; — x,|), where S is the total
surface area. Combining Eqgs. (Al) and (A2), we obtain
the linear equations to solve the fluxes of all receptors,
Egs. (2) and (3). One should note that the / = j term in
the last term of the left side of Eq. (3) is negligible in
the continuous case; therefore, it is not included in the
discrete summation.

Comparison to collocation boundary element methods—
In the collocation boundary element method (BEM), a
surface is divided into multiple elements, with collocation
points located at the centers of these elements. The
simplest and most common approximation used by the
collocation BEM is to assume that the potentials and flux
densities are constant within each element, and the
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integrals of the Green’s function serve as parameters.
There are some important differences between our method
and the collocation BEM. In our model, we directly use
the receptor centers as part of the collocation points,
which have a clear physical interpretation. Since the flux
density [dc(y)/on,] varies rapidly in space within each

receptor, we integrate it over the entire receptor to obtain
the total flux J; through the ith receptor. We treat this
integral, — [ ¢ (1/ly; —y[)[0c(y)/ony]dS, in Eq. (AD),
by modeling the integral as the potential of a disk
conductor with known capacitance.
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