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The simulation of quantum field theories, both classical and quantum, requires regularization of
infinitely many degrees of freedom. However, in the context of field digitization (FD)—a truncation of the
local fields to N discrete values—a comprehensive framework to obtain continuum results is currently
missing. Here, we propose to analyze FD by interpreting the parameter N as a coupling in the
renormalization group (RG) sense. As a first example, we investigate the two-dimensional (2D) classical
N-state clock model as a ZN FD of the Uð1Þ symmetric XY model. Using effective field theory, we employ
the RG to derive generalized scaling hypotheses involving the FD parameter N, which allows us to relate
data obtained for different N-regularized models in a procedure that we term field digitization scaling
(FDS). Using numerical tensor-network calculations at finite bond dimension χ, we further uncover an
unconventional universal crossover around a low-temperature phase transition induced by finite N,
demonstrating that FDS can be extended to describe the interplay of χ and N. Finally, we analytically prove
that our calculations for the 2D classical-statistical ZN clock model are directly related to the quantum
physics in the ground state of a ð2þ 1ÞD ZN lattice gauge theory, which serves as a FD of compact
quantum electrodynamics. Our Letter thus paves the way for applications of FDS to quantum simulations of
more complex models in higher spatial dimensions, where it could serve as a tool to analyze the continuum
limit of digitized quantum field theories.
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Introduction—Quantum field theories (QFTs) are power-
ful theoretical descriptions of nature at all energy scales,
ranging from condensed matter [1] to high-energy physics
[2]. Solving QFTs is a long-standing, ongoing effort and has
motivated developing extensive theoretical and numerical
computing tools for classical simulations, e.g., with
Monte Carlo sampling [3,4] or tensor networks [5,6], and
more recently, quantum simulations using quantum hard-
ware [7,8]. A common challenge in all of these approaches
is the regularization of the QFTs’ infinitely many continu-
ous degrees of freedom at a definite length (or energy) scale,
and the task of obtaining regularization-independent results
in the continuum limit.
Most prominently, quantum fields are discretized on

finite lattices [4,9], where thermodynamic and continuum
results can be retrieved with a finite-size scaling analysis
[10]. However, in addition to finite lattices, several simu-
lation techniques—from quantum-inspired classical

methods, such as tensor networks, to future large-scale
quantum computation—typically require a digitization of
the fields, which are locally truncated to finitely many
values [11–14]. Removing this digitization to obtain physi-
cal continuum results, however, is challenging and further
complicated in the presence of continuous symmetries, as is
the case for lattice gauge theories (LGTs). While recently
several such field-digitization strategies have been devel-
oped—for example, based on finite subgroups [15–20],
fixed representation cutoffs [21–26], orbifold constructions
[27,28], quantum groups [29–31], large-Nc expansions
[32], quantum link models or large spins [33–39], qubit
regularization [40–44], or Hamiltonian truncation [45]—a
generally applicable framework for obtaining continuum
limits and a comprehensive understanding of these different
procedures in terms of the renormalization group (RG) are
still missing.
In this Letter, we take first steps toward an RG framework

incorporating the truncationof the local field toa finitenumber
(N) of values. Focusing on the example of digitizing the
continuous groupUð1Þ to a finite subgroupZN , we show that
it is possible to interpret the truncation parameter N as a
coupling constant and thus distinguish physical scenarios in
terms of relevant or irrelevant field truncation. We probe
this framework by systematically varying N in a scaling
analysis: the field digitization scaling (FDS). We first dem-
onstrate its applicability with tensor-network simulations of a
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two-dimensional (2D) classicalZN-symmetric clockmodel, a
regularization of the continuous-fieldXY model toN discrete
angles [see Fig. 1(a)] [46]. By the quantum-classical corre-
spondence, our results also translate to the one-dimensional
(1D) quantum N-state clock model [50]. We show that for
largeenoughN, rescaling thenumericaldataasa functionofN
and temperatureT relates differentN regularizations in anRG
sense andallowsus to retrieve results that are controlled by the
continuous symmetry group Uð1Þ. Furthermore, we extend
our analysis to take into account the bond dimension χ of the
tensor network, which plays the role of a second regulator.
This motivates a novel generalized scaling Ansatz of
N, T and χ, with which we uncover an unconventional
crossover regime.
As a generalization, we demonstrate that our numerical

results have direct consequences for quantum gauge the-
ories. Specifically, we prove an explicit relation between
our chosen tensor-network representation and the ground
state of a ð2þ 1ÞD ZN-symmetric LGT, which provides an
asymptotic regularization of compact quantum electrody-
namics. This indicates that our results apply to a much
larger class of classical and quantum models, and our FDS

analysis thus paves the way toward a more complete
understanding of how to obtain continuum results from
field-digitized models. We anticipate that such an approach
will help to assess digitization errors and to estimate
resources required in the simulation of QFTs at different
truncations [51–54], ultimately identifying optimal digiti-
zation strategies and thus enabling more efficient use of
quantum simulations.
Field digitization—As an example of a field-digitized

model, we consider the N-state clock model (with N > 5
[55]), described by the Hamiltonian

HN ¼ −J
X
hiji

cosðϑi − ϑjÞ; ϑi ¼
2πni
N

; ð1Þ

with ni ¼ 0;…; N − 1, and J ¼ 1 the coupling strength.
Here, the degrees of freedom ϑi are digitized, ZN ⊂ Uð1Þ
classical angles, interacting with their nearest-neighbors on
a two-dimensional square lattice [see Fig. 1(a)]. This model
has been extensively studied in the literature for various N
[56–58], and in the limitN → ∞ it reduces to theXY model
[59–61]. The partition function ZðN; βÞ for an infinite
system, where β ¼ 1=T is the inverse temperature, can be
directly encoded in a 2D tensor network (see Appendix A)

ð2Þ

As indicated on the right, we further regulate the infinite
system with truncated environment tensors, representing
the partition function ZðN; β; χÞ, which we obtain through
the isotropic corner transfer matrix renormalizing group
(CTMRG) algorithm [62]. This introduces the bond
dimension χ, which, similar to a finite system size,
truncates the correlations of the system. The full partition

function is recovered as ZðN; β; χÞ ⟶
χ→∞

ZðN; βÞ.
To interpret the impact of the truncation parameter N

from an RG perspective, we use an effective description in
terms of continuous fields θðxÞ;ϕðxÞ, with x ¼ ðx1; x2Þ
coordinates in two-dimensional Euclidean space. The field θ
is the continuous-variable generalization of the microscopic
variable ϑ, and the dual field ϕ obeys ∂μϕ ¼ −εμνK∂νθ,
where ∂μ ¼ ∂=∂xμ; μ ¼ 1, 2, andK ¼ KðTÞ is the Luttinger
parameter. One can show that the expected low-energy
effective action for the model HN takes the form [47,63]

SN ¼ SsG þ gL
2πα2

Z
d2x cos ðN

ffiffiffi
2

p
θÞ; ð3Þ

SsG ¼
Z

d2x

�
1

2πK
ð∇ϕÞ2 þ gH

2πα2
cos ð

ffiffiffi
2

p
ϕÞ

�
: ð4Þ

SsG describes the Euclidean sine-Gordon (sG) field theory,
with coupling constant gH ¼ gHðT;NÞ and UV-cutoff α,

(a)

(b)

(c)

FIG. 1. Field digitization scaling in the N-state clock model.
(a) We investigate the N-state clock model with nearest-neighbor-
interacting, discrete angles ϑ ¼ 2πn=N, (n ¼ 0;…; N − 1) on a
2D square lattice. In the limit N → ∞, these ZN-symmetric
models give rise to theUð1Þ invariant XY model, which is gapless
for T < TH. (b) Field digitization to N discrete angles
is relevant only at low temperatures, leading to an ordered,
gapped phase at T ≤ TLðNÞ. (c) In this regime we uncover a self-
similar scaling behavior among different N-regularized models.
(Left) Magnetization M for different N versus temperature T.
Dashed colored vertical lines represent TLðNÞ. (Right) Based on
the behavior of the correlation length ξðT;NÞ [see Eq. (5) and
Fig. 2], we formulate an N-dependent scaling Ansatz [Eq. (6)] for
local observables. Upon rescaling both axes accordingly, we
observe a collapse of M for different N and T. Here, a ¼ 1.5;
b ¼ 1;ΔMðNÞ ¼ 2=N2.
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while gL ¼ gLðT;NÞ is the coupling constant of a dual
cosine interaction generated by the truncation. The latter
term explicitly depends onN, revealing thatN plays the role
of a coupling parameter. At temperatures T > TL the
additional operator ∼ cosðN ffiffiffi

2
p

θÞ is RG irrelevant [see
Fig. 1(b)], and we recover the standard sG theory, with a
critical, gapless phase below TH [64]. Conversely, for
T < TLð< THÞ, N induces a relevant perturbation, leading
to an ordered, gapped phase, which is separated from the
gapless phase by a Berezinskii-Kosterlitz-Thouless (BKT)
transition at TLðNÞ [48,50].
Field digitization as a relevant perturbation—To dem-

onstrate that the field digitization N can be interpreted as a
relevant perturbation, we consider the correlation length ξ
next. Specifically, we focus on the ordered phase T < TL in
the vicinity of the critical point (CP) and investigate how
the field digitization N affects the observables.
In particular, we relate the functional behavior of ξ to an

RG analysis involving N. Below TH the operator
cos ð ffiffiffi

2
p

ϕÞ is irrelevant, and SN effectively reduces to a
dual sG action. From the corresponding RG flow equations
[65], we derive that close to the CP the correlation length
scales as ξ ∝ expfπ=ð4 · ffiffiffiffi

C
p Þg, with C ≈ ðgLðT;NÞ=2πÞ2

(see Appendix B). We then explicitly determine the N
dependence in C and in the prefactor from our numerical
simulations. Since the ordered phase is gapped, we can
extrapolate the data points to the limit χ → ∞; our
numerical results for ξ∞ ¼ ξðχ → ∞Þ indeed confirm
the derived scaling with

ξ∞ðT;NÞ ¼ ε0
Na exp

�
π

4

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
jtj=Nb

p
�
; ð5Þ

where a ≈ 1.5; b ≈ 1; ε0 ≈ logð2Þ are consistent with our
numerical results, while t ¼ ½T − TLðNÞ�=TLðNÞ < 0
labels the distance from the CP (see Fig. 2) [66,67].
Therefore, our numerical simulation confirms the inter-
pretation of the truncation parameter N as an RG coupling.
We now use the uncovered behavior of the correlation

length ξ∞ to make further predictions on the field digitiza-
tion scaling of local observables. According to standard
scaling arguments [10], close to the CP TL an observable
O∞ðT;NÞ with scaling dimension ΔOðNÞ scales as
O∞ðT;NÞ ∼ ξ−ΔOðNÞ. Note that here the label “∞” indicates
that the observableO is independent of χ, i.e., the regulator
is removed. Based on Eq. (5), we can then formulate the
scaling Ansatz

O∞ðT;NÞ ¼
�
ε0
Na

�
−ΔOðNÞ

f
� jtj
Nb · Δ2

OðNÞ
�
; ð6Þ

with scaling function f½x�. We test our Ansatz for
the extrapolated magnetization M∞ ¼ Mðχ → ∞Þ, with
M ¼ cosðϑiÞ, which translates to the operator cosð ffiffiffi

2
p

θÞ in
the low-energy effective theory Eq. (3). As shown in

Fig. 1(c), upon properly rescaling the numerical results
according to Eq. (6) and with ΔM ¼ 2=N2, we obtain a
collapse of the data points for different N and T, providing
further evidence for our Ansatz. Note that, in contrast to
standard scaling approaches, here the truncation parameter
N also appears in the exponents through an N-dependent
scaling dimension.
Moreover, we emphasize that our approach is applicable

in the neighborhood of TLðNÞ for finiteN, in contrast to the
simpler rescaling T=TLðNÞ, which is applicable close to
T ¼ 0 for N → ∞ as motivated by the mapping to a
discrete Gaussian model [68] (see Supplemental Material
[69] for a detailed comparison).
Irrelevant field digitization and emerging Uð1Þ

symmetry—Let us now consider the regime in which the
perturbation N is irrelevant, i.e., we focus on the gapless
region (TL < T < TH). Deep in the critical phase, in
agreement with predictions from the effective field theory,
our numerical results confirm the expected collapse among
different N—revealing the emergence of the Uð1Þ invari-
ance already at small values of N (see insets of Figs. 3
and 4). In this regime the physics is captured by the
Luttinger liquid conformal field theory (CFT). Because
of the finite bond dimension χ, our tensor-network calcu-
lations introduce an additional relevant perturbation, which
truncates the otherwise diverging correlation length as
ξ ∝ χκ (with κ a parameter fixed by the CFT, which we
numerically extrapolate to κ ¼ 1.247) [70,71]. In agreement
with previous observations [47,57], the numerical data in
this gapless phase depend on χ, yet upon rescaling the y axis
as ξ=χκ, we obtain a collapse for multiple N, χ and T (see
Fig. 3). Close to the gapped ordered regime we observe
some deviations in χ and N from the universal curve, which

FIG. 2. Relevant field digitization and universal behavior. In the
gapped, ordered phase we uncover a universal scaling form of the
correlation length. Shown is the extrapolated correlation length
ξ∞ ¼ ξðχ → ∞Þ as a function of the reduced temperature
t ¼ ðT − TLÞ=TL for field dimensions N ¼ 6, 7, 8, 9. Data points
collapse on a single curve [dashed black line, see Eq. (5)] upon
rescaling with N. (Inset) Unrescaled correlation length ξ∞ versus
temperature T. Colored vertical dashed lines represent TLðNÞ.
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we attribute to the impact of the operator cos ðN ffiffiffi
2

p
θÞ and

its nontrivial interplay with the truncation in χ, which we
study in detail next.
Crossover regime—So far, we have separately inves-

tigated the effects of the regularizations introduced by N
and χ on the two sides of the low-temperature phase
transition. That is, we studied regimes sufficiently far away
from the CP, where one of these perturbations dominates.
Instead, we now focus on the region closer to the CP
T ¼ TL and investigate the interplay of N and χ, as well as
of the temperature T. To capture their combined effect, we
formulate a scaling Ansatz for general local observ-
ables O ¼ OðT;N; χÞ.
To start, motivated by the uncovered behavior of

ξ∞ðT;NÞ in Eq. (5), we introduce the scaling variable
x ¼ t=N · log2½ξ=ξ0ðNÞ�, with ξ0ðNÞ ¼ logð2Þ=N3=2,
which by definition should remain constant in the critical
regime. As shown in the previous section, the finite χ
truncates the correlation length ξ ∼ χκ and the observable
O ∝ ξ−ΔOðNÞ ∼ χ−κΔOðNÞ in both the gapless phase and
close to the CP [72]. In analogy with the scaling
Ansätze for continuous phase transitions [70], we thus
introduce a generalized scaling Ansatz

OðT;N; χÞ ¼
�
χκg

�
t
N
log2

�
χκ

ξ0ðNÞ
���

−ΔOðNÞ
; ð7Þ

with scaling function g½x�. Note that for an N-independent
scaling dimension ΔO, we retrieve the usual scaling
Ansatz OðT; χÞ ¼ χ−κΔOh½x�, with the scaling function
h½x� ¼ ðg½x�Þ−ΔO [57,70,71].

We test our scaling hypothesis with the magnetizationM,
which at the CP has an N-dependent scaling dimension
ΔMðNÞ ¼ 2=N2. As demonstrated in Fig. 4, rescaling the
axes according to Eq. (7) leads to a scaling collapse around
the CP for a wide range of values of N and χ, confirming
the validity of our generalized Ansatz.
Generalizations—Until here, our investigation has

focused on an example of a 2D classical statistical model.
However, the standard quantum-to-classical correspondence
implies that our FDS analysis also applies to the 1D
quantum clock model, where N represents the local
Hilbert space dimension dimðHÞ ¼ N. Throughout this
Letter, we have used the fact that classical 2D models
can also be encoded in 2D tensor-network states [73]
suggesting a further extension to 2D quantum models.
We thus expect that a similar analysis could be extended
to other one- and higher-dimensional quantum models,
where we believe our approach to have widespread conse-
quences for the quantum simulation of models with (local)
continuous-group internal symmetries, in particular lattice
gauge theories.
As an example, we now relate the above 2D classical

N-state clock model to a ð2þ 1ÞD quantum ZN LGT.
Specifically, consider the 2D quantum Hamiltonian

HLGT¼
1

2

X
p

h
ðDpðβÞþD0

pðβÞÞ− ðUpþU†
pÞ
i
; ð8Þ

with plaquette operators Up ¼ Xp;1Xp;2X
†
p;3X

†
p;4

and Dð0Þ
p ðβÞ ¼ expf−ðβ=4Þ½P4

l¼1 c
ð0Þ
l Zp;l þ H:c:�g (see

Appendix C, and for a sketch Fig. 5). Here, cð0Þl are

FIG. 4. Crossover regime. Close to the CP T ¼ TL both
truncations in N and χ are relevant—rescaling according to
Eq. (7) leads to a scaling collapse. (Main) Rescaled magnetization
M is shown as a function of the parameter x ¼ t=N ·
log2½χκ=ξ0ðNÞ� for several N (different colors and shapes) and
bond dimension χ (increasing intensity, from χ ¼ 60 up to a
maximum of χ ¼ 192 for N ¼ 6; 7). (Inset) Unrescaled magneti-
zation M versus temperature T. Vertical dashed lines represent
TLðNÞ. The black shaded arrow indicates increasing χ.

FIG. 3. Emergent Uð1Þ symmetry at finite N. In the gapless,
critical phase the field digitization N is an irrelevant perturbation:
(Inset) the trivial collapse in N reveals the emergent Uð1Þ
symmetry. Instead, the finite χ truncates the otherwise diverging
correlation length ξ, shown versus T for different N and
increasing bond dimension χ (increasing intensity). (Main) Upon
rescaling the vertical axis as ξ=χκ , we observe a collapse for
different χ and N as a function of temperature T.
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judiciously chosen, N-dependent complex coefficients, β
represents a coupling constant, which we eventually
identify as the inverse temperature of the 2D classical
model, while Z and X are N-dimensional clock and
shift operators. Moreover, we restrict ourselves to gauge-
invariant states, that is, we impose the Gauss’s law
constraints Gs ¼ Zs;1Zs;2Z

†
s;3Z

†
s;4 ¼ 1 on all vertices s. In

the limit β ≪ 1, the operators ½DpðβÞ þD0
pðβÞ�=2 simplify

to −β½1 − cosð2π=NÞ�P4
l¼1ðZp;l þ Z†

p;lÞ, such that the
Hamiltonian reduces to a standard ZN LGT [74], which
we interpret as a field digitization of ð2þ 1ÞD compact
quantum electrodynamics.
In Appendix C, extending an analytical result from the

N ¼ 2 case [75] to arbitrary N, we prove that the ground
state of the ZN LGT [Eq. (8)] [76] is given by

jϑi ¼
X
fϑpg

e
β
2

P
hp;p0i cos ðϑp−ϑp0 ÞgðfϑpgÞjΩi; ð9Þ

with Zϑ ¼ hϑjϑi ¼ P
fϑpg e

β
P

hp;p0i cos ðϑp−ϑp0 Þ being the
corresponding partition function. Here, jΩi ¼⊗l j0i is a
trivial product state on the dual lattice, and ϑp are digitized,
angular variables defined on sites p, associated with the
plaquettes of the dual lattice. Applying the operators
gðfϑpgÞ ¼

Q
pðUpÞnp , with ϑp ¼ 2πðnp mod NÞ=N, on

jΩi creates all possible gauge-invariant configurations. The

ground state jϑi can be directly encoded in a tensor network
of finite bond dimension, which corresponds to the
tensor network in Eq. (2), i.e., Zϑ ¼ ZðN; βÞ (see also
Appendix A) [73]. This identification also applies to all
(equal-time) correlation functions of diagonal operators,
and hence our FDS results translate to the ð2þ 1ÞD
ZN LGT.
Conclusion and outlook—In this Letter, we introduced

field digitization scaling as an extension of the standard
scaling paradigm by relating theories with different trun-
cations in the number of field states. We thus take first steps
toward a comprehensive RG framework for field-regular-
ized models, with the ultimate goal of controlling con-
tinuum limits in corresponding classical and quantum
simulations.
We initiate this program at the hand of numerical tensor-

network calculations of one of the best studied 2D classical-
statistical models, and, while some of the results presented
here are specific to this case (e.g., the BKT nature of the
critical point TL), we expect our results to be relevant for a
wider range of models also in higher dimensions. In this
context, an immediate follow-up question addresses FDS in
ð2þ 1ÞD N-state quantum clock models, where emergent
Uð1Þ symmetries are expected and display an intriguing
interplay with dangerously irrelevant clock perturbations
[77,78]. Furthermore, FDSmay provide a useful perspective
on the interplay between different relevant perturbations
more generally, e.g., for those associated with finite system
size and bond dimension.
Beyond fundamental interest, our results have practical

implications for quantum simulations of QFTs—where
we are especially interested in the case of lattice gauge
theories—as a digitization of the local Hilbert space in the
presence of continuous symmetry groups poses an out-
standing challenge. In this context, a detailed understand-
ing of FDSmay thus open the door for quantitative resource
estimates for reaching the continuum limit with quantum
hardware. For example, in the present N-state clock model
the resources necessary to simulate critical properties at a
given T and N can be estimated by lower-bounding
the system size L of a 1D quantum clock chain by the
correlation length ξðT;NÞ in Eq. (5). This results in the
value N ¼ 6, corresponding to the smallest total Hilbert
space dimension ∼NL, as the most economical choice. It
would be interesting to perform similar analyses for two-
dimensional LGT models where the extent of the desired
confined phase is expected to grow upon increasing the
digitization parameter N, suggesting a nontrivial trade-off
between system size and local Hilbert space dimension.
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End Matter

Appendix A: Tensor-network simulations—In this
section we provide details on our numerical
simulations. We numerically investigate the 2D classical
N-state clock model [Eq. (1)] with an infinite 2D
tensor network by encoding the partition function Z in
an infinite projected entangled-pair states (iPEPS) state
jψi [73].
To derive an explicit form of jψi, we start from a product

state ⊗i jþi, with jþi ¼ P
N−1
n¼0 jni, and then apply the

operator exp f−βhij=2g on all bonds between two nearest-
neighbor tensors on sites i, j, with β the inverse temper-
ature. Here, hij ¼ −ðZiZ

†
j þ Z†

i ZjÞ=2 are local (two-site)
contributions to the Hamiltonian of theN-state clock model
HN ¼ P

hiji hij, where Zi ¼ eiϑi , with ϑi ¼ 2πni=N
(ni ¼ 0;…; N − 1), and J ¼ 1. Using ZN

i ¼ 1, we decom-
pose the exponential as

ðA1Þ

where the tensors on the RHS correspond to ðCmÞsisi 0 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cmðβ=2Þ

p ðZmÞsisi 0 and its Hermitian conjugate C†
m, with

real coefficients

cm

�
β

2

�
¼ 1

N

XN−1

k¼0

cos

�
2πkm
N

�
e
−β
2
cos

	
2πk
N



: ðA2Þ

Here the labels si; s0i indicate the matrix element ðsi; s0iÞ in
the matrix representation of the operator (see Appendix C).
We thus define the local PEPS tensor Aψ for jψi by

applying the tensors Cð†Þ
m to the (product state) PEPS Aþ

that corresponds to jþi, as shown in Fig. 6(a).

Because of the asymmetry between the tensors Cð†Þ
m in

the decomposition Eq. (A1), Aψ is not symmetric under
spatial rotations, in apparent conflict with the rotational
invariance of HN . It is useful to restore this symmetry as
follows. We first rewrite C†

m ¼ ffiffiffiffiffiffi
cm

p ðZ†Þm ¼ UN−m;m0 ·ffiffiffiffiffiffiffi
cm0

p
Zm0

with the unitary Um;m0 ¼ δm;N−m0, which can be
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further decomposed as U ¼ O ·OT . This allows us to
gauge the PEPS according to

ðA3Þ

We thus obtain the operator V, which corresponds to a
symmetric decomposition of expf−βhij=2g. By applying V
on the tensor Aþ, as shown in Fig. 6(b), we obtain the
desired rotational-invariant representation Bψ of jψi.
Since we mainly focus on local observables, we can

restrict ourselves to a single site and approximate the
contraction of the infinite tensor network with environment
tensors (ETs): given the rotational symmetry, we only use a
single corner transfer matrix C and one half-row transfer
matrix T, which we optimize using the isotropic CTMRG
algorithm [62,80,81].
In our numerics we further impose ferromagnetic boun-

dary conditions as follows. We first run CTMRG for
increasingly small bias magnetic fields h ≠ 0, obtained
by adding toHN the term hðZi þ Z†

i Þ to bias the symmetry-
broken phase toward the angle along ϑ ¼ 0. We then use
the resulting ETs as initial Ansätze for the successive
optimizations at smaller h. Specifically, we compute ETs
for h ¼ 10−2; 10−4 with a convergence parameter ϵ ¼ 10−5,
where ϵ is the maximal difference between the values of the
(diagonal) matrix C in two subsequent steps. In the end, we
run one final CTMRG with initial ETs optimized at the
smallest h ≠ 0 for the h ¼ 0 case with ϵ ¼ 10−8.
Having determined both Aψ and the ETs C, T, we

evaluate local observables. The magnetization M is given
by the single-site expectation value M ¼ hZ þ Z†i=2. By
contracting T with itself we also build a row transfer matrix
from which we compute the correlation length
ξ ¼ 1= lnðλ1=λ2Þ, with λ1, λ2 the two largest eigenvalues.
In our numerical analysis we discarded clearly deviating
data points.

Appendix B: Functional form of the correlation length
ξ from the RG flow equations—In this section we
elaborate on the RG calculations used to derive the

functional form of the correlation length ξ. In the action
SN Eq. (3) for T < TH the term cosð ffiffiffi

2
p

ϕÞ becomes
irrelevant, thus allowing us to map SN to the standard
sG action [65]

SsG ¼
Z

d2x

�
1

2
ð∂μφÞ2 þ

u
α2

cos ðβsGφÞ
�
; ðB1Þ

using the substitution Nθ
ffiffiffi
2

p
→ βsGφ, as well as

the parameter identifications β2sG ¼ 2πN2=K and
u ¼ gLðT; NÞ=2π.
Close to the CP β2sG ≈ 8π, the sG RG flow equations are

given by dβ̃2=d lnΛ ¼ 4u2; du=d lnΛ ¼ ðβ̃2 − 2Þu, with
β̃2 ¼ β2sG=4π, while Λ ¼ e−l defines the (inverse) length
scale [65]. Furthermore, at the CP the Luttinger parameter
KLðNÞ ¼ N2=4, and using the expansion K ¼ KL þ δK,
we find d ¼ 1 − β̃2=2 ¼ 4δK=N2, with 0 < d ≪ 1 in the
gapped phase close to the CP. We further assume u > 0.
Rewriting the RG equations in terms of the variables
z1=2 ¼ u� d, as dz1=2=d lnΛ ¼∓ z1=2ðz1 þ z2Þ and using
that z1 · z2 ¼ u2 − d2 ¼ CðN; TÞ is a constant of the flow,
we obtain dz1=d lnΛ ¼ −ðz21 þ CÞ. The solution is
z1ðlÞ ¼

ffiffiffiffi
C

p
tan ð ffiffiffiffi

C
p

lþ c1Þ, with c1 a constant. We can
then rewrite uðlÞ ¼ ðz1 þ C=z1Þ=2, and fix c1 ¼
arctan fðεþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − C

p
=CÞ= ffiffiffiffi

C
p g from the initial value

uð0Þ ¼ ε. At the start of the RG flow, both
uð0Þ; dð0Þ ≪ 1; because of the closeness to the CP we
further assume 1 ≫ uð0Þ ≫ dð0Þ > 0, i.e., C ≈ ε ≪ 1.
Hence, c1 ≈ arctan ðε= ffiffiffiffi

C
p Þ ≈ π=4. Consider the flow

parameter l� at which uðl�Þ ¼ 1, which equals

l� ¼ 1ffiffiffiffi
C

p
�
−c1 þ arctan

�
1þ ffiffiffiffiffiffiffiffiffiffiffiffi

1 − C
p
ffiffiffiffi
C

p
��

≈
π

4
ffiffiffiffi
C

p : ðB2Þ

This identifies the characteristic correlation length as
ξ ¼ el

�
, equal to ξ ∝ expfπ=ð4 ffiffiffiffi

C
p Þg.

In the gapped region, we extrapolate our numerical
results to χ → ∞ with a fit in 1=χ (for χ ≥ 70), and
consider only temperatures for which ξ∞ has a relative
error of at most 3.5% (T ≤ TL − ΔT, with ΔT ≈
0.02–0.03). From the extrapolated data we empirically
find that C ≈ jtj=N, and the overall prefactor
ξ0ðNÞ ≈ logð2Þ=N1.5.

Appendix C: Connection to a ð2þ 1ÞD ZN LGT—
Here, we extend a known result from the deformed
toric code model for N ¼ 2 [75], and we prove that
Eq. (9) is the ground state (GS) of a ð2þ 1ÞD locally
ZN-symmetric quantum Hamiltonian. We first consider
an infinite 2D lattice [see Fig. 5(b)], with degrees of
freedom located on the links. While in the main text we
focus on one type of boundary conditions, the following
proof is valid for general 2D topologies and boundary
conditions.

(a) (b)

FIG. 6. Tensor-network encoding of the state jψi. (a) The tensor
Aψ is obtained by applying on Aþ (representing jþi) the

operators Cð†Þ
m ¼ ffiffiffiffiffiffi

cm
p

Zð†Þm in two spatial directions each.
(b) A rotational-invariant encoding Bψ is instead obtained by
symmetrically applying the tensors V.
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We first define the N-dimensional “clock” operator Z ¼P
N−1
n¼0 ω

njnihnj and the cyclic “shift” operator
X ¼ P

N−1
n¼0 jðnþ 1Þ mod Nihnj, with local basis states

jni, n ¼ 0;…; N − 1, and ω ¼ eð2πi=NÞ. These operators
fulfill the commutation relations XZ ¼ ω�ZX and
X†Z ¼ ωZX†, as well as ZN ¼ XN ¼ 1. From the main
text, we recall the Gauss’s law GsðfZlgÞ and plaquette
operators UpðfXlgÞ; from the above commutation rela-
tions, it is easy to check that ½Up;Gs� ¼ 0. We further
define the Abelian group G ¼ fgg with g ¼ Q

pðUpÞnp .
Consider now the Hamiltonian

H ¼ λ0H0 þ λ1HLGT; ðC1Þ

where H0 ¼ −
P

sðGs þG†
sÞ=2 and HLGT is given in

Eq. (8), with the operators

Dð0Þ
p ðβÞ ¼ e

−β
4

h
dð0Þ�N

P
2

l¼1
Zp;lþdð0ÞN

P
4

l¼3
Zp;lþH:c:

i
; ðC2Þ

where dN ¼ 1 − ω ¼ d0�N , and λ0, λ1 > 0 are arbitrary
couplings. For λ0 → ∞ we impose the Gauss’s law con-
straint as Gs ¼ 1; ∀ s, while in the limit β → 0 H reduces
to the well-known ZN toric code [74], up to an overall
energy shift.
Our goal is to prove that the state

jψi ¼
X
α

ψαffiffiffiffiffiffi
Zα

p
X
g∈G

e
β
2

P
i
1
2
ðZiþZ†

i Þgjψαi ðC3Þ

is the ground state of H, where fjψαig form a minimal,
nonunique set of reference configurations, from which
under the action of G the full Hilbert space basis can be
generated, closely following the discussion in Ref. [75] but
now for ZN. Here, α labels the topological sectors of
the ZN-toric code in nontrivial topologies, with ψα the
weight of the normalized wave function in each sector,
i.e.,

P
α jψαj2 ¼ 1, and Zα the partition function, such

that hψ jψi ¼ 1.
We first show that jψi is a GS to HLGT ¼ P

p QpðβÞ,
with

QpðβÞ ¼
1

2
½DpðβÞ þD0

pðβÞ −Up −U†
p�: ðC4Þ

Using the commutation relations of X and Z, and the fact

that Uð†Þ
p g∈G, direct computation shows that jψi is

annihilated by the operator QpðβÞ and thus by HLGT, so
it is an eigenstate with eigenvalue zero. To show that jψi is
also a GS, it is therefore sufficient to prove that Qp is
lower-bounded by zero. To do this, we first simplify the
problem by considering conserved charges of Qp, namely
Z†
1Z2 ¼ c1; Z

†
2Z

†
3 ¼ c2; Z4Z1 ¼ c4, with cm ¼ e2πipm=N

and pm ¼ 0;…; N − 1. It follows thatQp is block diagonal

in the corresponding subsectors, with blocks Q̃p ¼
ðD̃p þ D̃0

p − X − X†Þ=2, where D̃ð0Þ
p ¼ expf−βðdð0Þ�N cZþ

H:c:Þ=4g, with c ¼ 1þ c1 þ c1c2 þ c�4 ∈C, while

Uð†Þ
p ¼ Xð†Þ. Note that we dropped the label 1 in Zð†Þ

1 .
We thus find that

Q̃p ¼ 1

2

XN−1

n¼0

½fnjnihnj − jnihn − 1j − jnihnþ 1j� ðC5Þ

is a real symmetric operator with

fn ¼ e−
β
4
½ωnd�Ncþc:c:� þ e−

β
4
½ωndNcþc:c:� ≥ 0; ðC6Þ

and jNi≡ j0i; j − 1i≡ jN − 1i. To show that Qp is
positive semidefinite, we now calculate xTQ̃px; ∀ x ¼
ðx0;…; xN−1ÞT ∈RN . Explicitly,

xTQ̃px ¼ 1

2

XN−1

n¼0

½x2nfn − ðxnxnþ1 þ xn−1xnÞ�; ðC7Þ

with xN ≡ x0 and x−1 ≡ xN−1. Rewriting fn ¼ gn þ
1=gn−1, with

gn ¼ e−
β
4
ðcωnþc:c:Þ=e−

β
4
ðcωnþ1þc:c:Þ ≥ 0 ðC8Þ

and shifting indices of selected terms ðn → nþ 1Þ gives

xTQ̃px ¼ 1

2

XN−1

n¼0

�
xn

ffiffiffiffiffi
gn

p
−
xnþ1ffiffiffiffiffi
gn

p
�

2

≥ 0: ðC9Þ

To summarize, Q̃p and hence also Qp is lower-bounded by
zero, which implies that jψi is a GS of HLGT.
Finally, to show that jψi is also the GS of H0, recall that

for general topologies jψαi in Eq. (C3) are reference
configurations in the different topological sectors of the
ZN-toric code, which all fulfill Gs ¼ 1; ∀ s. Since

½Gð†Þ
s ; g� ¼ 0 ∀ g, the application of g cannot modify the

sector, and jψi is a GS ofH0. Thus, the state jψi is a ground
state of any combination of the two Hamiltonians
H0; HLGT, and as such of H.
For an infinite system (with trivial boundaries), as

discussed in the main text, the GS is unique. In this case,
we choose a trivial reference state jψα0 i ¼⊗l j0i (i.e.,
ψα ¼ δα;α0 ). We next introduce the variable eiϑp on the
plaquette p, and, for a given configuration fϑpg, the value
of Zl on the link between two plaquettes p, p0 is uniquely
determined as Zl ≡ eiðϑp−ϑp0 Þ (see also Ref. [74]), and as
such we rewrite

P
lðZl þ Z†

l Þ=2 ¼ P
hp;p0i cos ðϑp − ϑp0 Þ.

By inserting these relations in Eq. (C3), we obtain Eq. (9).
This state can be directly encoded in a 2D iPEPS tensor
network, and it is indeed the state we use in our numerical
simulations (see Appendix A).
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