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The production of two isolated photons at the Large Hadron Collider has applications in Higgs-boson
phenomenology and in new-physics searches. In fact, measurements would provide more insight if a
percent-level theoretical prediction were available. We account for next-to-next-to-next-to-leading-order
strong-interaction effects in the cross section for the first time. This is not only necessary to demonstrate the
convergence of perturbation theory, but also results in a reduction of the theoretical uncertainty by a factor
of 3 down to 3%. With this, we pave the way to improved analyses.
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Introduction—Photons are among the cleanest objects at
hadron colliders: they deposit their energy in the electro-
magnetic calorimeters, can be selected efficiently by
dedicated photon triggers, and yield diphoton spectra with
excellent invariant-mass, m,,, resolution. In fact, the Higgs-
boson decay channel into two photons was instrumental in
establishing discovery. The same channel remains a source
of highly accurate data on the Higgs-boson transverse-
momentum and rapidity distributions [1,2], and, not the
least, associated jet activity. Most importantly, it allows for
measurements of the mass [3,4] of the fundamental scalar
with competitive uncertainties. The same clean invariant-
mass spectrum that made H — yy powerful also makes
diphoton production a prime channel for new-particle
searches. For instance, it provides strong constraints on
a multitude of fashionable models at high m,, [5,6],
whereas low-m,, measurements are being conducted in
order to exclude or discover dark-matter candidates with
masses below the electroweak scale [7,8]. The high-
luminosity phase of the LHC (HL-LHC) promises more
measurements with higher statistics and improved system-
atics due to the constant methodological progress on the
experimental-analysis side.

How important is reliable theoretical modeling of prompt
diphoton production—the background process to the
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signals listed above? The complexity of Monte Carlo event
generators and the numerous approximations they rely on,
make it desirable to assess the quality of modeling in the
context of purely perturbative predictions. Consider the
H — yy signal as an example. The signal excess over
the continuum background is about 4% in the main m,,
window; see e.g., Ref. [3]. In order to perform the analysis,
the background is actually fitted as a smooth curve from the
region outside the signal window. Reference [1] quotes an
uncertainty of about 4% on the inclusive pp - H — yy
cross section from uncertainty on the shape of the fit
function alone as one of the largest systematic errors. This
is where an accurate theory prediction could help, espe-
cially if percent-level accuracy would be certified. Cross-
section measurements are, in fact, performed in a multitude
of specialized phase-space regions adapted to the goals of a
given analysis. This fine graining will be even more
pronounced at the HL-LHC. A simple fit function is rarely
applicable in such cases and the shape of the background is
obtained from Monte Carlo simulations with the normali-
zation given from inclusive fits. Clearly, a percent-level
perturbative prediction would be invaluable in validating
the simulations. One should also remember that the concept
of background diphoton production ignores quantum inter-
ference effects between signal and background amplitudes.
These percent-level effects are not negligible [9]. However,
their inclusion is only justified if the background process
without interference is known to matching precision.
Perturbative predictions for diphoton production present
a major challenge. Inclusion of strong-interaction effects at
next-to-leading (NLO) and next-to-next-to-leading order
(NNLO) [10,11] showed that while theory starts to agree
with the data at NNLO [12], no convergence is observed
when increasing the order of the approximation. Instead,
both NLO and NNLO calculations yield cross-section
values well outside the theory uncertainty predicted by
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the previous order. Furthermore, this theory uncertainty
increases order by order and reaches about 8% at NNLO.
The reason for the unsatisfactory behavior lies to a large
extent in the fact that new parton-scattering channels appear
at NLO (quark gluon) and NNLO (gluon gluon), while
the leading order is generated by electromagnetic quark-
antiquark annihilation. Hence, reliability of the perturbative
expansion can only be assessed with results beyond NNLO.

In this Letter, we present the theoretical prediction for the
fiducial cross section for diphoton production at next-to-
NNLO order (N*°LO) in QCD. We finally observe pertur-
bative convergence together with a significant reduction of
scale uncertainty to about 2%. There are two other sources
of uncertainty that affect our result. One is due to
Monte Carlo integration, while the other is an artifact of
the computational method, and is referred to as power
corrections. We estimate both uncertainties at the same
level of 2%.

Our result is first in the class of genuine 2-to-2 scattering
processes at hadron colliders. It could not have been
obtained without methodological progress, despite sub-
stantial computational resources used. In particular, we
have drastically improved the efficiency of the NNLO
pp — yy + jet calculation, and obtained analytic one-loop
amplitudes for pp — yy + 2 jets using techniques that have
only recently been proposed.

Calculation—N3LO predictions for simpler hadron-
collider processes have been obtained with a multitude
of methods: reverse unitarity [13,14] in Refs. [15-21],
projection to Born [22] in Refs. [23-25], g slicing [26] in
Refs. [27-35]. Since there is no subtraction scheme able to
handle our problem [36], we apply the g,-slicing method
[26], which, at this order, is currently restricted to colorless
final states. Approaches [39—44] to overcome this limita-
tion have not exceeded NNLO so far [45]. A different
slicing approach that could also be applied is N-jettiness
slicing [47-52]. However, it was only completed [53,54]
for our case when the present study was already under way.

In the framework of ¢ slicing, the diphoton production
cross section is decomposed as

dO.PP—’?’Y

a5 4 o defbyn
pp=rr N°LO NNLO
0 qr g qr

where gy = |g7| is the transverse momentum of the photon
pair. A finite ¢g§" > 0 regulates infrared divergences due to
the jet radiation in the second term. On the other hand, if
g3 is chosen sufficiently small, we can approximate the
first term by means of the factorization theorem [55-59]

d’b; .
:ZHuh(m},y)/(z—ﬂ)Tzequ-bT

a,b
X fa(x1.b7)f5(x2.b7) + O(qr/my,), (2)

dePpP=rr

dq%dm”,dy

where m,, is the diphoton invariant mass and y the rapidity,
X1 = my,/+/sexp(£y). H,, contains the Born cross section

and virtual corrections and f; is the transverse-momentum-
dependent parton distribution function. It combines beam
and soft functions, f;(x,bs)= B;(x,bs)\/S(by), and
enters multiplicatively for the partons a and b when expressed
through the impact parameter b7, the Fourier conjugate of
qr. Furthermore, it is related to regular parton distribution
functions (PDFs) f; via convolution [55],

(x,by) = Z/ dZITMD (z.b7)f; (E) + O(brAgep)
(3)

with the matching kernel Z }}MD calculated through N3LO in
Refs. [60,61]. Starting from the ancillary files of Ref. [61], we
perform the by and g integrals analytically and take the
virtual amplitudes through three-loop order that contributes to
H,, from Refs. [62,63].

The second term of Eq. (1) requires an NNLO calculation
that can, in principle, be performed with existing subtraction
schemes [38,604—74]. In particular, Refs. [38,67] have
enabled precise predictions for 2 — 3 processes [75-81]
including pp — yyj [82,83]. Here, we use STRIPPER, a
C++ implementation of the NNLO sector-improved residue
subtraction scheme [67,84,85] starting from the setup
described in detail in Ref. [82]. Unfortunately, the require-
ment of a very small ¢g$" parameter introduces major
technical obstacles. We therefore implement several
improvements compared to Ref. [82]. First, we employ
hybrid floating-point precision, double or quadruple, using
the gd library [86]. Phase-space regions with particularly
large cancellations are calculated in quadruple precision by
default. Second, a significant speedup of the Monte Carlo
integration was achieved by modifying, as described in
Supplemental Material [87], the selector functions, which are
integral parts of the STRIPPER methodology. Third, we use
amplitudes of very high numerical stability. The seven-point
tree-level amplitudes are computed with the avh1ib library
[99,100] and the five-point two-loop amplitude from
Ref. [82] is upgraded to full color thanks to Ref. [101].
The previously used OpenLoops library [102,103] does
not offer sufficient precision for the six-point one-loop
amplitudes. While the library NJet [104] can calculate
one-loop amplitudes as needed with octuple precision, the
computation time makes a calculation with acceptable
statistical precision unfeasible. Therefore, we implement
stable and compact analytic expressions for the amplitudes;
see next section.

Note that the cross section contains an independently
gauge-invariant contribution from the loop-induced gg — yy
amplitude at NNLO. The gg — yyg amplitude relevant at
N3LO is obtained through OpenLoops. Since this loop-
induced N3LO contribution is obtained with an effective
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NLO calculation, which had already been performed in
Ref. [11], the precision is sufficient in this case. With the
three-loop gg — yy [105] and two-loop gg — yyg [106]
amplitudes, all ingredients are available to include this
contribution at N*LO. However, we choose not to do so
in order to obtain a pure N*LO prediction.

We work in a theory with ny =5 flavors without top-
quark loops and a QED coupling of @ = 1/137. The strong
coupling and PDF values are obtained through the
LHAPDF interface [107] from the NNPDF3.0 [108]
PDF set [109], which was also used for the theory
predictions in Ref. [12]. We set the factorization and
renormalization scales to up = ug = m,, and use standard
seven-point scale variation to obtain uncertainty bands. As
in Ref. [12], we perform the calculation for the LHC at
13 TeV with fiducial cuts pr,, , >40(30) GeV, |n,| <

2.37 excluding 1.37 < |5,| < 1.52, AR,, > 0.4, using a

hybrid scheme for photon isolation [110,111] which
combines the smooth-cone condition

. 1 —cos(r
EP™(r) = 0.15E7, T—e (r)

B <R} 4
O(Ry) e

with the hard-cone condition

EP*(r) = 0.09E7,, r <RI (5)
where EF**(r) is the maximal allowed sum of transverse
energies of all partons within angular distance r of a
photon, and we use R, = 0.1 and R, = 0.2.

Six-point one-loop amplitudes—As announced in the
previous section, we obtain analytic expressions for the
scattering amplitudes of the processes 0 — yyggqq and
0 — yyQQqq at one-loop order using finite-field-based
reconstruction. While an analytic derivation of a six-point
one-loop amplitude has already been performed using high-
precision floating-point evaluations of the amplitude [112],
the present calculation constitutes the first full calculation
of such an amplitude using finite-field reconstruction
[113,115].

The method of rational reconstruction over finite fields
[117,118] consists of two steps. First, we develop a frame-
work to calculate the amplitude numerically for arbitrary
finite-field phase-space points, and second, we construct
compact rational ansitze for the analytic expressions. The
unknown coefficients in the latter can be obtained given a
sufficient number of random finite-field probes.

Finite-field reconstruction is routinely used in the liter-
ature to calculate analytic expressions of two-loop five-
point QCD amplitudes. In the five-point case, the ansitze
can be built using Mandelstam variables and a single
parity-odd quantity, which has been done to obtain mass-
less [119-124] and massive [78,125,126] amplitudes. This
is impractical for a generalization to six-point kinematics
because the Gram determinant G(py, ps, p3, P4» Ps» Ps) 18

nonzero when expressed through Mandelstam variables
but evaluates to zero in four dimensions. A solution is given
by intrinsically four-dimensional ~momentum-twistor
variables [127], which have been used for the finite-
field reconstruction of massless [80,106,128—-131] and
massive [132-137] five-point two-loop amplitudes as well.
Momentum-twistor variables, however, have the disadvant-
age that they do not have a simple connection to physical
limits and are related to Mandestam variables via rational—
not polynomial—identities, introducing additional denom-
inators. Indeed, Ref. [119] has found significantly simpli-
fied results when Mandelstam variables are used compared
to twistor variables used in Ref. [131]. Alternatively, phase-
space variables which are both four-dimensional and have
an intuitive behavior in infrared limits are given by spinor
products in the spinor-helicity formalism. Their disadvant-
age is that standard finite-field reconstruction algorithms
require a set of independent variables, whereas spinor
products are related via Schouten and momentum-
conservation identities. This can be tackled with methods
from algebraic geometry as proposed in Ref. [116], which
have been applied to the calculation of a number of
massless [138—140] and massive [141-146] five-point
amplitudes. There, the finite-field probes were obtained
either from previous analytic computations, through the
unitarity method [147-149], or its implementation in the
software package Caravel [150]. However, the latter currently
only supports the calculation of finite-field probes of
amplitudes for five-point kinematics.

The reconstructed expressions of the amplitude have
been made publicly available [151]. Details of the compu-
tation and subsequent implementation in efficient C++ code
can be found in Supplemental Material [87] to this Letter.

Results—Our main result is the behavior of the fiducial
pp — yy cross section at N3LO for the slicing variable
Few = 45" /m,, < 1 shown in Fig. 1. The left plot dem-
onstrates the drastic growth of various contributions to the
NNLO pp — yyj cross section for small r,, which results
in large cancellations between real and virtual corrections
as well as integrated subtraction terms. Not illustrated are
cancellations within each contribution [152]. These various
cancellations are responsible for the substantial computa-
tional resources used—in units of million CPUh: 2.7 for the
real-virtual-finite (RVF), 2.3 for the double-real-finite
(RRF), 2.4 for the double-real-single-unresolved (RRSU),
0.5 for the double-real-double-unresolved (RRDU), and 0.6
for the double-virtual-finite (VVF) contribution (other con-
tributions required significantly less).

The middle plot of Fig. 1 presents the cancellation
between the two terms in Eq. (1). We observe that the
reut dependence of the sum is smaller than its statistical
uncertainty over a large range. Furthermore, the separate
divergence of the terms is clearly visible for r, < 1073.

Finally, the right plot of Fig. 1 shows the results for the
fiducial N3LO cross section, including the statistical error
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FIG. 1. The left plot shows pp — yyj cross sections at NNLO for different r., values decomposed into multiple contributions (a

precise definition can be found in Ref. [85]). The first two letters indicate contributions which are double virtual (VV), real virtual (RV),
double real (RR), or a single convolution with splitting kernels (C1). The letters F, SU, DU, and FR correspond respectively to finite,
single-unresolved, double-unresolved, and finite-remainder contributions. The NNLO cross section and the contribution of the gy
subtraction terms [Eq. (1)] is shown in the middle plot. Their sum converges to o%, /" as rq, — 0. The right plot displays the results of
the gr-slicing method additionally for NLO and NNLO, where the cross section can also be directly calculated with STRIPPER for
comparison. It also contains a comparison to experimental data presented by ATLAS in Ref. [12]. The error bars correspond to the
statistical uncertainty of the Monte Carlo integration, whereas the shaded bands indicate the uncertainty from seven-point scale variation
for the theory predictions and the experimental uncertainty reported by ATLAS, respectively. The numerical values to reproduce the
right plot can be found in Supplemental Material [87].

and the theoretical uncertainty from scale dependence,
estimated with a seven-point variation. Although the scale
dependence is affected by residual statistical uncertainty, it
remains significantly smaller than the 8% at NNLO. In view
of the weak r,, dependence for small cutoff values, and the
comparison of slicing and direct calculation at NNLO, any
remaining dependence on the slicing parameter is expected
to lie well within the statistical uncertainty. For our fiducial
cross-section prediction, we choose rq, = 3.2 x 107 for
which the power corrections at NNLO amount to 0.3 pb.

As long as the N>LO power corrections are hidden in the
statistical uncertainty band of £0.6 pb, they too should not
exceed 0.6 pb. Estimating them at twice the power correc-
tions of the NNLO result should be considered conservative.
There have been attempts to remove at least the linear power
corrections in r,; due to the asymmetric cuts on the two-body
phase space [153]. Unfortunately, Ref. [153] shows that
precisely in the case of diphoton production, this leads to even
larger differences between the exact NNLO cross section and
the one obtained with g7 slicing. In Ref. [154], it has been
pointed out that the problem is related to the very specific
photon-isolation criteria. The remedy proposed there seems to
improve the situation slightly, but is based on a special
treatment of only some of the contributions at NNLO and
does not seem to be extensible to N°LO in a justifiable way.
Hence, for now, the only way to deal with power corrections at
this order is to take as small r, as possible.

Our result reads

oy = 31.2(6)03 pb (£0.6 pb power corrections),

(6)

where the statistical uncertainty is quoted in parentheses,
the scale uncertainty is provided as lower and upper bounds
of the variation range, and the power-corrections estimate is
separated. The scale uncertainty is obviously affected by
the statistical uncertainty. Thus, we recommend adding the

E{:|:| — LO
T 107 = — NLO
3 Illz — NNLO
u —— N3LO
8 1072 -
z
§ ,|LHCI13Tev
% 107° { PDF: NNPDF30
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FIG. 2. The invariant-mass distribution of the photon pair
through N3LO. The top panel contains absolute predictions,
whereas the bottom panel is normalized to the NNLO values.
While the distributions through NNLO are calculated through
direct computation with STRIPPER, the N3LO values are
obtained through ¢; slicing for fixed r,. The remaining
dependence on r is included in the lower panel and lies well
within the statistical uncertainty.
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uncertainties in quadrature to obtain the total error estimate.
In summary, our result reduces the uncertainty on the total
cross section to 3%, while also being consistent with the
NNLO value, indicating convergence of the perturbation
series. Additionally, it is in agreement with the ATLAS
measurement [12]

o h ke = 31.4 £+ 0.1(stat) £ 2.4(syst) pb (7)

also displayed in Fig. 1.

Lastly, since g7 slicing yields fully differential informa-
tion, we can obtain distributions for arbitrary observables.
Figure 2 shows the differential cross section de??~"" /dm,,

through N3LO. As we have optimized the phase-space
integration to minimize the statistical uncertainty of the
total cross section, there remain large error bars for m,,
regions that contribute less. Overall, the statistical uncer-
tainty is comparable with the scale uncertainty at NNLO.
Nevertheless, the distribution shows perturbative conver-
gence across different regions of the phase space, as well as
stable behavior as the value of the slicing parameter r is
varied.

Conclusions—Theoretical predictions for pp — yy are
plagued by large higher-order corrections, but our N3LO
result finally shows perturbative convergence. The N3LO
corrections are small, in agreement with the NNLO QCD
uncertainty estimates, and lead to a significant reduction of
the scale sensitivity. They shift the theoretical prediction
slightly upward, closer to the central value of the ATLAS
measurement, although this is of little relevance given the
large experimental systematic uncertainty. Since the cal-
culation has been performed in a fully differential manner,
extending to different phase spaces or observables based on
the photons’ kinematics is straightforward.

This is a first N°>LO QCD calculation for a process with
actual 2 — 2 kinematics. It marks a milestone in the
advancement and automation of higher-order predictions,
specifically at NNLO. Besides technical improvements of
the cross-section integration, it required substantial effort to
increase the stability and evaluation speed of the one-loop
matrix elements.

Despite all improvements and considerable computa-
tional resources used, the precision of the calculated N*LO
QCD cross sections is limited by the statistical uncertainty
arising from the Monte Carlo integration of the NNLO
QCD cross section of the pp — yyj process in the limit of
vanishing photon-pair transverse momentum. The cancella-
tion between positive and negative contributions in sub-
tracted cross sections is a major limiting factor. Improving
on this issue would make a substantial difference in the
capabilities of existing NNLO QCD frameworks and their
application to N?LO slicing computations. Turning this
argument around, local N°LO subtraction schemes might
offer improved efficiency by avoiding regions with extreme

numerical cancellations. Furthermore, they would remove
the uncertainty due to power corrections.

Based on our results, one can claim that diphoton
production at N*LO has a theoretical uncertainty of 2%
as long as the computational methodology itself does not
introduce additional errors. This should be sufficient to
improve various measurements by  constraining
Monte Carlo simulations currently used.
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