PHYSICAL REVIEW LETTERS 134, 233601 (2025)

Conditional Entanglement Amplification via Non-Hermitian Superradiant Dynamics
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Because of the inherently probabilistic nature of quantum mechanics, each experimental realization of a
dynamical quantum system can produce distinct measurement outcomes, particularly when coupled to a
dissipative environment. Although quantum trajectories that lead to exotic, highly entangled states are
possible in principle, their observation is typically hindered by extremely low probabilities. In this Letter,
we present a method to significantly enhance the probability of generating highly entangled states in an
ensemble of atoms undergoing collective superradiant decay on timescales much shorter than the individual
atomic spontaneous emission rate. By analyzing an effective non-Hermitian Hamiltonian governing the
dynamics between photon emission events, we identify the conditions necessary for these rare no-click
trajectories to occur with higher likelihood. Crucially, our method relies on initializing the system in a
nonclassical state, whose entanglement is amplified via the non-Hermitian superradiant dynamics. This
approach provides a new route to creating highly entangled macroscopic states such as atomic Schrédinger
cat states, paving the way for advancements in quantum metrology and other quantum technologies.

DOI: 10.1103/w377-f9mx

Introduction—Highly entangled macroscopic states play
a key role in quantum-enhanced technologies such as
quantum simulation and computing [1-4], quantum tele-
portation [5,6], high-precision spectroscopy [7-9], and
error-correcting codes [10,11]. As a result, there has been
significant experimental and theoretical effort to develop
methods for their generation [12-20]. A promising
approaches to create these highly entangled states is one-
axis twisting (OAT) [21,22], which can be realized in various
physical platforms [23-33]. These platforms often rely on
interaction-mediating excitations, such as photons in cavity-
QED experiments [8,34—37] or phonons in ion systems [38].
Of particular interest are maximally entangled states, such as
the Schrodinger cat state, which is a quantum state com-
posed of a superposition of macroscopically distinguishable
configurations. In a more down-to-earth physical example, a
cat state can be represented by a superposition of N > 1
two-level atoms all occupying the same single-particle
state [39] (either ||) or |1)) as |cat) = (1/v/2)(|1)®V+
e|])®N), with ¢ being the relative phase between the
cat’s components. This state represents a generalized
Greenberger-Horne-Zeilinger state [40], closely related to
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the maximally entangled NOON state [41]. However, cat
states are notoriously fragile, making them highly suscep-
tible to decoherence. These features have so far limited the
creation of truly macroscopic cat states. Current state-of-the-
art experiments have produced cat states involving around
20 qubits [42—44], with the largest achieved state comprising
32 ions [45]. These limitations highlight the urgent need for
robust and alternative methods to generate maximally or
highly entangled states, particularly approaches that harness
dissipation in innovative ways [46-52].

Dissipative quantum systems are most commonly descri-
bed using the Lindblad master equation. Unlike the
Schrodinger equation, which deals with the evolution of a
single wave function, the Lindblad master equation
describes the time evolution of a density matrix, p, which,
in general, represents a statistical ensemble of wave func-
tions. An alternative approach to modeling the dynamics of
open quantum systems is the Monte Carlo wave function
method [53-55]. In this method, at each time step, a quan-
tum jump (i.e., a sudden, discontinuous change in the
quantum state) may occur with a probability determined
by the state of the trajectory. Between jumps, the wave
function evolves according to a Schrodmger equatlon
governed by a non-Hermitian Hamiltonian, H,, = A—
(in)2)32; 1,77, where H is the usual Hermitian part and
J; are the jump operators. The jump probability is deter-
mined by the norm of the wave function, which decreases
over time due to non-Hermitian evolution. Since the
stochastic average over sufficiently many Monte Carlo
trajectories converges to the full solution of the Lindblad
master equation, both methods yield identical averages for
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measurement outcomes. Although often viewed as a math-
ematical tool for handling large systems, the Monte Carlo
wave function method provides an intuitive physical inter-
pretation: trajectories can represent actual realizations of
ideal measurements performed during individual experi-
mental runs [56—58]. This approach inherently accounts for
the non-deterministic nature of quantum jumps. That being
said, a single run (either experimental or numerical) can
deviate significantly from the most probable outcome
dictated by the underlying probabilities. In particular, some
runs may lead to highly entangled quantum states. These
trajectories, however, are typically rare, leaving their sys-
tematic exploitation largely unexplored.

In contrast, in this Letter, we not only demonstrate that
the efficient identification of rare quantum trajectories is
possible via post-selection, but we also show how to
significantly enhance their likelihood by optimizing the
initial state. Specifically, we illustrate this using a non-
Hermitian description of cavity superradiance [59-64],
demonstrating how the collective coupling of an atomic
ensemble to a single mode of a lossy cavity can lead to the
conditional generation of highly entangled states, including
maximally entangled atomic cat states with a finite prob-
ability on timescales much faster than the spontaneous
emission rate.

Entanglement amplification via superradiance—The
interaction between an ensemble of identical two-level
atoms with a single-mode optical resonator [see Fig. 1(a)] is
described by the Tavis-Cummings model [65]. In the
reference frame rotating with the frequency of the cavity
mode w,, the Hamiltonian reads

N A

H = -AS, +g(aS, +a's.), (1)
where A = o, — @, is the atom-cavity detuning, g is the
effective atom-cavity coupling, SZ, S}, S_ are collective
spin operators describing the ensemble of N two-level
atoms, and & (&") is the annihilation (creation) operator of a
cavity photon. In the regime where the cavity damping rate
k is much larger than the effective collective coupling rate
V/Ng (superradiant regime), the cavity mode can be
adiabatically eliminated. For A =0, this leads to an
effective master equation for the atomic degree of freedom
[66] which is solely described by collective decay

p=-r(3.08,-3.3.8.3) )

where y = ¢%/k is the effective collective atomic emission
rate. Note that for a nonvanishing detuning, an additional
dipole-dipole interaction term appears in the effective
Hamiltonian [66]. The following analysis merely uses

the collective decay described in Eq. (2). This means it
is not restricted to cavity systems but can in principle also
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FIG. 1. Schematics of the experimental setup and postselection
protocol. (a) The considered system consists of an ensemble of N
identical two-level atoms described with a collective spin
operator S interacting with a single-mode (&) optical cavity with
damping rate x, described by the Tavis-Cummings model, see
Eq. (1). (b) In the no-click limit, where no photon is being
emitted, quantum trajectories of an atomic ensemble coupled to a
cavity mode can evolve through exotic quantum states as shown
in the main text. By preparing a suitable initial state, the
probability of these trajectories can be greatly increased leading
to the conditional generation of maximally entangled cat states
(most right Bloch sphere). The no-click limit, can be achieved by
using postselection: if a photon is being observed during the time
evolution, the experimental run needs to be repeated. (c) After a
chosen evolution time—which can be optimized to reach the
highest entanglement (7, )—the atoms are decoupled from the
cavity to stop the superradiant dynamics.

be achieved with other systems featuring this dynamic, e.g.,
emitters coupled to a waveguide.

For a single quantum trajectory without a jump (no-click
limit [67-71]), the dynamics of the above described
collective decay is governed by the non-Hermitian
Hamiltonian

ﬁm:4gmi. (3)

Note that the no-click trajectories are always the same but
require postselection, therefore we focus solely on them in
the following (see Fig. 1). The eigenstates of this
Hamiltonian are the symmetric Dicke states [59], denoted
by |m)=|S=N/2,S.=m), with m =-N/2,...,N/2,
which are simultaneous eigenstates of the collective spin
operators S. and §? =352 +$'f + 82, This can be seen
by rewriting the non-Hermitian Hamiltonian in the follow-
ing way

~i’8.3 =

f] Ve _ 2%
Hy, = =i (8" =8 +5S,). 4
= —i% SiZE =845, @

where we have used S’i = S’X + iS’y. By acting on the Dicke
states with Hamiltonian (4), we obtain
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N(N +2)

4

i) =% —o ) = ). (5)

which describes how these states decay in time. The Dicke
states that decay at the slowest rate are those with the
smallest (non-zero) modulus of the purely imaginary
eigenvalues, I',, = |¢,,|. In our case, the minimal value,
min,, I',, = yN/2, is reached for m = -N/2+1 and
m = N/2, which corresponds to the first excited state
and the maximally excited spin state, respectively. This
implies that there exists a set of initial states whose non-
Hermitian dynamics passes through highly entangled
states, provided no jumps occur for a sufficiently long
time. In particular, the maximally entangled cat state can be
conditionally generated during the non-Hermitian time
evolution if, at a specific moment ¢, the populations of
the extreme spin states m = +N/2 are equal, while the
population of all other spin states is negligible:

[(=N/2lw (t))]P = [(N/2ly (1) [P > [{mly (1)) (6)

for all m # +£N/2. Since the population in state |m)
decreases as |(m|y(1))|> = exp(=T,,t)|(m|y,)|*>, where
lwo) is the initial state, the equality in Eq. (6) gives

e TN <N/2|WO>|2 — |<—N/2|1//0> 2’ (7)
and, therefore,
RN
(=7 v

which defines the time at which a cat state can be generated
if the condition in Eq. (6) is satisfied. Note that, while the
absence of photon emission in the no-click trajectory until
t. might suggest that superradiance is irrelevant, it is
precisely the non-Hermitian superradiant dynamics that
enables the generation of highly entangled states.

Several conclusions can be drawn from these consid-
erations. First, as expected from superradiance, the time ¢,
strongly depends on the number of atoms. This collective
effect enables the generation of highly entangled states on a
timescale much shorter than any other relevant one, where
large atom numbers are even beneficial. Second, although
the initial population of the excited state must exceed that
of the ground state, the latter cannot be exactly zero, i.e.,
|(=N/2|wo)|* # 0. Finally, the time ¢, cannot be too large,
as no quantum jumps must occur during the evolution up to
t.. Nevertheless, the probability of avoiding a jump during
the evolution to 7, is generally very low. Thus, trajectories
leading to the maximally entangled cat state are extremely
rare. In the following, we demonstrate how to significantly
enhance this probability by optimizing the initial state of
the atomic ensemble.

Initial state optimization with OAT—In order to optimize
the probability of generating highly entangled states, we
use OAT to prepare the initial state. This can increase the
probability for trajectories to reach a highly entangled state
before a photon is emitted. This step can be understood as
entanglement seeding, where the initial entanglement, set
by OAT, is amplified. Postselection on no-click trajectories
allows us to identify these states. Although other methods
can be used to seed the entanglement, such as measure-
ment-induced squeezing [72-75] or two-axis counter-
twisting [76-78], OAT is particularly relevant due to its
accessibility in state-of-the-art cavity-QED experiments
[8,37,79-82]. The OAT unitary evolution reads

U(y) = exp (=ixS3). (9)

We want to note here that OAT under idealized conditions is
itself capable of generating the maximally entangled cat
state [83] for the twisting parameter y = z/2 (and an
even number of atoms [82]). However, its experimental
realization is very challenging, especially for macroscopic
systems.

To quantify the entanglement we employ the variance of
the S. operator. Although other measures could be used to
quantify entanglement [82], our choice of variance is
motivated by experimental accessibility. This quantity is
particularly useful in the context of quantum metrology
since a large variance value directly corresponds to a large
quantum Fisher information [84].

Figure 2(a) shows ten example Monte Carlo wave
function trajectories for the twisting parameter y = 0.2.
This initial state is represented by the first Bloch sphere in
Fig. 1(b). Most trajectories exhibit at least one photon
emission, which means their state will be discarded.
However, one of the trajectories features no quantum jump
until the peak value of the variance is reached, i.e., it
overlaps with the curve of the non-Hermitian dynamic
(dashed blue line). Note that in order to stop the non-
Hermitian evolution at the desired instant of time, the atoms
need to be decoupled from the superradiant dynamics. In
the above-described cavity setup, this can, e.g., be achieved
by abruptly detuning the cavity from the atoms or trans-
ferring the excited atomic states to another long-lived
(decoupled) state with a fast 7 pulse.

Figure 2(b) shows the dynamics according to the non-
Hermitian Hamiltonian (3) for N = 100 excited atoms with
different initial squeezing according to Eq. (9). We see that
for specific twisting parameters (y = 0.2 and 0.3) the
variance is strongly increased, for y = 0.2 it even approx-
imately reaches the maximal variance. For y = 0.1 the
variance decreases at the beginning, which corresponds to
the collective state becoming almost the fully excited state.
In this scenario, the initially seeded entanglement was too
little to be amplified. The figure also shows that there
is a specific time when the variance reaches its peak in the
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FIG. 2. The non-Hermitian no-click trajectory (blue line) and
exemplary Monte-Carlo wave function (MCWF) trajectories (red
lines) for the squeezed inverted ensemble of N = 100 atoms. In
(a), we show quantum trajectories for a significant amount of
entanglement in the initial state (y = 0.2). Out of ten randomly
generated trajectories (shaded red lines), one reaches the highest
entangled state allowed by the no-click trajectory (dashed blue
line). The trajectories depict the variance of S, which is a measure
of entanglement between the atoms for pure states. For N = 100
and the considered non-Hermitian dynamics, A2S, = (§2) —
(8.)> = N?/4 = 2500 indicates the maximally entangled state.
In (b), we show the S’Z variance versus time of no-click trajectories
for three values of y. If the initial entanglement is too low
(y = 0.1), the probability of generating a highly entangled state is
negligible because the process takes too long. The no-click
probability (green lines) decreases fast with time. Amplifying the
entanglement less by stopping the time evolution earlier can
strongly increase the success (no-click) probability.

non-Hermitian dynamics. In the following, we will refer to
this time as the optimal time 7, see also Fig. 1(c). It is also
worth mentioning that if one does not necessarily have to
reach the peak, it can be more efficient to stop the time
evolution with the non-Hermitian Hamiltonian earlier, which
makes a no-click trajectory more probable, see Fig. 2(b).
In the following, we investigate the peak variance of S'Z
and the corresponding no-click probability depending on
the twisting parameter y and the atom number N. Since the
probability of a photon emission increases with time, the
above described optimal time 7.y, i.c., when the peak

variance of S’z is reached, is a crucial quantity of the
dynamics. We expect the optimal time to align with the
analytically derived time 7. at which the maximally
entangled cat state can be generated [see Eq. (8)], at least
for parameters where a cat state is approximately reached.
In Fig. 3(a) we compare .y and 7.. For weak squeezing
(r = 0.1), the optimal time aligns with the prediction from
Eq. (8). However, as the squeezing increases (y = 0.2) and
the number of atoms N grows, we enter a strong over-
squeezing regime [21,85,86], where the initial state already
has an almost equal occupation of the m = £N /2 states. In
this regime, ¢, approaches zero. Figure 3(b) shows the full
scan over N and y for the numerically calculated optimal
time. We see that there is a threshold twisting parameter for
the process to be fast which reduces with N. Note that a

10! (a) — e (x = 0.1)
013 -t (y=01)

= LOTER — laal(x=02)
?\10,1 N t(x =02)

[} A
£1072 -

10—3

10~ 0.0
0 40 80 120160 200 0 40 80120160200
N N
FIG. 3. Comparison between 7. [Eq. (8)] and the time at which

maximal entanglement is actually generated 7,y for a no-click
trajectory. (a) Numerically calculated optimal time (solid lines)
and 7, (dashed lines). If the squeezing is too strong (visible for
N > 100 and y = 0.2), the initial state does not satisfy the
requirements for the cat state generation, as at =0 the
probabilities of the system to be in the ground state and the
excited state are almost equal. (b) Optimal time for the maximal
entanglement generation (not necessarily a cat state) as a function
of N and y.

twisting parameter of y = z/2 corresponds to an initial
cat state.

The no-click probability at time ¢ in the non-Hermitian
dynamics is given by the state’s absolute square of the norm

| (wan (1) [ (0) > with oy (1)) = exp(—itH ) |wo) [53-
55]. In Fig. 4 we present the results of the numerical
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FIG. 4. Optimizing the probability of generating highly en-
tangled states. In (a), we show the normalized maximal variance
of S‘Z for no-click trajectories (i.e., at #,y) as a function of y and
(even) number of atoms N. (b) Probability of obtaining the state
with maximal variance from (a). Panels (c) and (d) represent a cut
through N = 100 for the maximal variance of S, (solid blue) and
the no-click probability (solid red). The dashed blue line shows
the initial variance after the OAT squeezing. In (d), we zoom at
the optimal operating point, where the twisting parameter y is not
too large.
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simulations for the nonclick probability and the peak value
of the S‘Z operator variance to quantify the entanglement.
Specifically, in Fig. 4(a), we plot the peak value of the SZ
operator variance normalized to the maximal value (N?/4)
as a function of the initial twisting strength y for various
numbers of atoms N, see [82] for a discussion on the atom
number parity dependence. Note that a cat state is obtained
once the normalized variance is equal to 1. As can be seen,
most no-click trajectories where the entanglement has been
sufficiently seeded lead to highly entangled states. In
Fig. 4(b), we plot the probability of observing a trajectory
where no jump occurs until the peak of the S’z operator
variance is reached, which is given by the norm of the state
at the above-described optimal time 7, Importantly, even
for slightly oversqueezed states, the probability of generat-
ing even more entanglement can be significant. We also
want to emphasize the qualitative agreement between the
optimal time in Fig. 3(b) and the no-click probability in
Fig. 4(b). This highlights the intuition that a high success
probability can only be achieved if the time to reach the
state is short. In Fig. 4(c) we show a cut through N = 100
for the scans in Figs. 4(a) and 4(b), while in Fig. 4(d) we
zoom in on the most promising parameter regime. The
plotted initial variance (blue dashed line) indicates that
stronger squeezing with OAT does not increase the variance
of 8, above a certain value (y ~0.2 for N = 100 atoms).
Only at a twisting parameter y close to 7/2 it grows again
rapidly as the initial state is itself very close to the cat state.
In general, for the best performance of the protocol the
initial state needs to be slightly oversqueezed as can be seen
in Figs. 4(c) and 4(d). For 100 atoms, a good operating
point is at a twisting parameter of y ~ 0.2, which yields a
no-click probability of 7.3%. The corresponding cat state
fidelity is 90%. We want to emphasize here that Figs. 3
and 4 also indicate a beneficial scaling with the atom
number. While the variance stays approximately constant,
the optimal time reduces and the probability increases for a
specific y (in the promising parameter regime).

Conclusions—In summary, we have presented a super-
radiance-based method that allows for the conditional
generation of highly entangled states, including the max-
imally entangled cat state. The method relies on harnessing
dissipation and maximizing the probabilities of quantum
trajectories leading to highly entangled states. To achieve
this, we analyzed an effective non-Hermitian Hamiltonian
which governs the dynamics between quantum jumps. By
finding its eigenvalues in the Dicke basis, we identified
which initial states increase the probability of generating
highly and maximally entangled states in the no-click limit.
Subsequently, by exploiting experimentally accessible
OAT, we have shown how one can generate these states,
including cat states, using initially squeezed and over-
squeezed states.

Our Letter constitutes an important step toward generat-
ing macroscopic highly entangled states of atoms on

timescales much faster than spontaneous emission, a
significant improvement over existing techniques that
typically require longer evolution times or are hindered
by decoherence. More generally, this framework can be
applied to any collective (pseudo) spin coupled to a
strongly damped harmonic oscillator, offering a versatile
approach compared to methods such as one-axis twisting
under idealized conditions, which often struggle with
scalability and decoherence in large systems. Unlike purely
dissipative state preparation methods, which rely on steady-
state engineering and are limited by the trade-off between
entanglement and dissipation, our protocol exploits tran-
sient dynamics to achieve highly entangled states effi-
ciently. Furthermore, although our idea is based on high-
efficiency photon detectors, we stress that neither them
nor experimental conditions have to be ideal [82], making
the approach experimentally accessible with current
technologies.
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