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We present high-precision spectroscopy of the ground state hyperfine structure of HDþ at 4 T.
We determine the bound-electron g factor, ge;bound ¼ −2.002 278 540 96ð40Þ, to a relative uncertainty
of 2 × 10−10, the most precise determination of a bound-electron g factor of a molecular ion to date. The
experimental value agrees with recently developed ab initio theory that now includes quantum-
electrodynamical effects up to order α5 and has reduced the theoretical uncertainty by three orders of
magnitude [O. Kullie et al., Precision calculation of the bound-electron g factor in molecular hydrogen
ions, Phys. Rev. A 112, 052813 (2025)]. In addition, we extract the scalar spin-spin interaction
coefficients E4 ¼ 925 395.758ð41Þ kHz (electron-proton) and E5 ¼ 142 287.821ð22Þ kHz (electron-
deuteron), which show a moderate tension with another state-of-the-art theoretical prediction
[M. Haidar et al., Higher-order corrections to the spin-orbit and spin-spin tensor interactions in HDþ,
Phys. Rev. A 106, 042815 (2022)].
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The search for physics beyond the standard model
requires isolating potentially minute deviations from the
overwhelmingly dominant effects of known physics. This is
certainly the case for precision experiments at low energy
that compare measured observables to predicted values
from fundamental theory, in particular quantum electrody-
namics (QED), and independently determined fundamental

constants. By choosing systems that are sensitive to
particular interactions, such experiments become a search
platform that is competitive with, and complementary to,
accelerator-based high-energy experiments [1]. Alternati-
vely, under the assumption that the standard model is
correct, precise measurements and theory can be combined
to determine fundamental constants to high precision [2–5].
Similar to one of the simplest and most studied atomic

systems, hydrogen, diatomic molecular hydrogen ions
(MHI) contain only a single electron and are exceptionally
well described by QED theory [6,7]. However, as molecular
systems, MHI possess additional rotational and vibrational
degrees of freedom that give rise to a rich energy spectrum
comprising hundreds of rovibrational states in the electronic
ground state. These energies depend on fundamental con-
stants, such as the proton-to-electron mass ratio ðmp=meÞ,
the proton charge radius rp, the Rydberg constant R∞, and
the fine-structure constant α, with well-understood scaling
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[7]. As a result, high-precision spectroscopy of MHI in
conjunction with ab initio theory can be used to determine
fundamental constants, test molecular QED, and probe
beyond-Standard-Model forces [5,8–11].
Furthermore, measurements of the rovibrational tran-

sition frequencies of Hþ
2 and its antimatter counterpart H̄−

2

are also very attractive for a future test of CPT invariance
[12–17] that would provide a unique opportunity to
compare the properties of the proton and antiproton along
with proton-proton (p-p) and antiproton-antiproton (p̄-p̄)
interactions. Compared to atomic (anti)hydrogen, such a
test would be three orders of magnitude more sensitive to
the proton/electron vs antiproton/positron mass ratio dif-
ference ðmp=meÞ − ðmp̄=mēÞ. While production of H̄−

2

remains a challenge [18–20], recent years have seen
considerable development in precision spectroscopy of
Hþ

2 and HDþ, which now enables comparisons of experi-
ment and theory at the level of 1 × 10−11 relative uncer-
tainty [9–11,21].
In this Letter we aim to use the techniques of single-ion

precision Penning-trap experiments to perform high-preci-
sion measurements on HDþ and extend the reach of MHI as
a platform for fundamental physics studies. These tech-
niques, namely electron spin resonance spectroscopy (ESR)
enabled by image current detection and the continuous
Stern-Gerlach effect (CSGE) [22], have recently been
applied to HDþ and provide deterministic and nondestruc-
tive state preparation and detection [17]. This experimental
platform presents an opportunity for a strong improvement
in experimental resolution. For context, the only previous
ESR experiment [23] on MHI was performed nearly
40 years ago on an ensemble of ions and determined
bound-electron g factors to a relative precision of around
1 × 10−6. Today, experiments using single atomic ions
routinely performmeasurements of bound-electron g factors
to sub-ppb or even lower uncertainty [24–26].
This perspective of greatly improved experimental

accuracy triggered a new ab initio calculation of the
bound-electron g factor that improved the only, decades-
old previous calculation [27] by more than three orders of
magnitude and allows us to now perform a high-precision
comparison of theory and experiment. Such comparisons,
and, more generally, accurate determinations of the hyper-
fine structure (HFS), are crucial as HFS affects all rovibra-
tional transition measurements in MHI and are required to
extract spin-averaged frequencies from measured transition
frequencies. Currently, the extraction of fundamental con-
stants from MHI spectroscopy is limited by the theoretical
uncertainty of the spin-averaged frequencies. However,
once these theoretical calculations improve, precise knowl-
edge of the HFS will be required for improved determi-
nations of these fundamental constants. Moreover, while
theory [28] and experiment [11,29,30] on the HFS of Hþ

2

currently agree, discrepancies have been observed in HDþ
[31] that call for a resolution.

Here, we present the results of a new determination of the
ground state HFS of HDþ using ESR in a precision
Penning-trap experiment and measure the bound-electron
g factor with orders of magnitude improved precision. To
perform these measurements, we directly drive magnetic
dipole transitions between the electron spin states of a
single molecular ion in the ALPHATRAP cryogenic
Penning-trap apparatus [32]. In the strong 4-T magnetic
field used to trap the ion, these transition frequencies
(around 112 GHz) can be measured via millimeter-wave
(MW) spectroscopy to well below 100 Hz precision.
HFS theory—The effective Hamiltonian [33]

Hðv ¼ 0; N ¼ 0Þ ¼ hE4ð0; 0ÞðIp · seÞ þ hE5ð0; 0ÞðId · seÞ
− μBge;boundð0; 0ÞðB · seÞ
− μBgpð0; 0ÞðB · IpÞ
− μBgdð0; 0ÞðB · IdÞ ð1Þ

describes the HFS of HDþ in the rovibrational ground state
(vibrational quantum number v ¼ 0 and rotational quantum
number N ¼ 0) in the presence of an external magnetic
field B. The particle-spin orientations are indicated by the
(approximate) magnetic quantum numbers ms, mI;p, and
mI;d. The Hamiltonian characterizes the coupling of the
electron spin se to the proton spin Ip and to the deuteron
spin Id. The strengths of these couplings are given by the
spin-spin interaction coefficients E4ð0; 0Þ and E5ð0; 0Þ,
respectively, and have been calculated ab initio with
uncertainty below 1 ppm [6]. At the same time, H
characterizes the Zeeman interaction of the magnetic
moments due to the particle spins and B. Its strength is
given by the rovibrational-state-dependent g factors and the
magnetic field B ¼ Bez where ez is the unit vector along
the z axis. Here, μB ¼ ðeℏ=2meÞ is the Bohr magneton,
ge;boundð0; 0Þ ≈ −2 is the g factor of the bound electron, and
gpð0; 0Þ, gdð0; 0Þ are the g factors of bound proton and
deuteron, respectively. We emphasize that all g factors,
along with the E4 and E5 coefficients, are functions of the
rovibrational level ðv; NÞ. We also note that the bare
nuclear g factors gp, gd may be used as their contribution
to the measured transition frequencies is small (for details
see Supplemental Material [34]).
Further corrections to H are discussed in Supplemental

Material [34] and are small compared to our measurement
precision. The explicit Hamiltonian matrix can be found in
Supplemental Material of Ref. [44]. Level energies and
transition frequencies are obtained by diagonalizing H and
are displayed in Fig. 1.
Theory of the bound-electron g factor—The theoretical

uncertainty of the bound-electron g factor in diatomic MHI
has been improved by more than three orders of magnitude
in Ref. [45] and we summarize the results here. Using the
nonrelativistic quantum electrodynamics approach [46],
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corrections to the bound-electron g factor are expressed in
the form of an expansion in α, Zα, andme=M, where Z and
M denote the charge and mass of a nucleus, respectively.
The bound-electron g factor can then be written as

ge;bound ¼ ge þΔgð2Þ þΔgð3Þ þΔgð4Þ þΔgð5Þ þ…; ð2Þ

where ge is the free-electron g factor, and ΔgðnÞ denotes a
correction of leading order αn, which can be further

separated into nonrecoil (ΔgðnÞnonrec, i.e., zero-order in

me=M) and recoil (ΔgðnÞrec ) contributions. With the exception
of ge, all terms depend on the bound state under consid-
eration although, for brevity, this is not explicitly indicated.
Previously only the leading-order, nonrecoil [ðZαÞ2]

relativistic correction had been calculated [27] while in
the recent work [45], the theory was improved by calculat-
ing the complete ðZαÞ2 correction, including recoil [47],
without using the adiabatic approximation. The new cal-
culation also includes the nonrecoil contributions of order
α3, α4, and (partially) α5. The αðZαÞ2-order correctionΔgð3Þ
is the leading one-loop radiative correction and originates
from the electron’s anomalous magnetic moment (ge − 2).
The next term,Δgð4Þ, is a pure relativistic correction of order
ðZαÞ4. The relativistic g factor grel was calculated with high
precision using wave functions obtained by the minmax
finite element method presented in Ref. [48] while the
relativistic corrections of orders ðZαÞ4 and above were
obtained by subtracting the leading orders from the result,

Δgð4þÞ
rel ¼ grel − ge − Δgð2Þnonrec−ad; ð3Þ

where, in the right-hand side, the Dirac value ge ¼ 2 is used
and calculations are performed in the adiabatic approxima-
tion. Finally, at the α5 order, the largest contribution by far is

the one-loop self-energy Δgð5ÞSE, with a much smaller con-
tribution from one-loop vacuum polarization. The self-
energy correction is a sum of logarithmic αðZαÞ4 lnðαÞ
and nonlogarithmic terms.
Overall, the fractional theoretical precision of the bound-

electron g factor, ge;boundð0; 0Þ, is 5.0 × 10−11. The largest
uncertainty comes from the estimate of the nonlogarithmic

part of the one-loop self-energy correction Δgð5ÞSE , and the
next largest are due to the uncalculated recoil correction

Δgð3Þrec at order αðZαÞ2 along with the use of the adiabatic

approximation in the calculation of Δgð3Þnonrec.
Experimental methods—The trap setup is placed in a

static and homogenous magnetic field with B ¼ 4.02 T
and is cooled to 4 K by a liquid-He bath cryostat. A room-
temperature beamline connects the trap to ion sources,
which include a Heidelberg compact electron beam ion
trap [49] that we use to produce HDþ ions. A cryogenic
vacuum valve separates the beamline from the trap and
allows us to achieve a vacuum pressure below 10−16 mbar.
Consequently, trapping lifetimes of most ions are very
long, allowing clouds of ions to be stored for months
without loss [17,25,50]. In total, eight individual HDþ ions
were isolated and used for the measurements.
To perform precision spectroscopy of the hyperfine

structure, we utilize the “double-trap technique” [51]. As
a result, our trap stack features a “precision trap” (PT), with
an extremely homogeneous magnetic field, B, and a highly
harmonic electric field that supports single-ion spectroscopy
to high precision. Below the PT is an “analysis trap” (AT)
that contains a strong magnetic field gradient (“magnetic
bottle”), allowing us to employ the continuous Stern-
Gerlach effect to determine the spin orientation ms.
Furthermore, a “reservoir trap” allows us to store additional
ions and extract new single ions for spectroscopy if needed.
In a Penning trap, due to the superposition of static

electric and magnetic fields, an ion has three distinct
motional modes: one axial mode due to the electric
potential, and two radial modes, the modified cyclotron
and magnetron modes. In the case of HDþ at Alphatrap
these modes have frequencies νz ≈ 650 kHz, νþ ≈ 20 MHz,
and ν− ≈ 10 kHz, respectively, which are related to the free-
space cyclotron frequency,

νc ¼
1

2π

qion
mion

B; ð4Þ

via the invariance theorem [52],
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FIG. 1. Level scheme of HDþ hyperfine structure in the
rovibrational ground state at 4.02 T. The blue arrows represent
the six measured electron-spin-flip transitions and the red and
green lines indicate the energy level splittings associated with the
proton and deuteron spins, respectively. The first excited rota-
tional state is separated from the ground state by about 1.3 THz.
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νc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ν2þ þ ν2z þ ν2−

q
; ð5Þ

where ðqion=mionÞ is the charge-to-mass ratio of the ion. A
measurement cycle starts by initially determining the HFS
quantum state (ms, mI;p, mI;d) of the ion in the AT by
attempting to induce an electron spin flip. Note that the
frequency of this transition depends on the rovibrational and
hyperfine state of the ion so that a successfully induced flip
of Δms ¼ �1 (heralded by a change of the axial frequency
in the magnetic bottle) uniquely identifies the complete
internal quantum state, including v, N[17]. The ion is then
adiabatically transported to the PTwherewe attempt to drive
an electron spin transition using much lower MWamplitude
to avoid power broadening. Simultaneously, the magnetic
field is determined to high precision by measuring the three
motional frequencies of the ion.
After transporting the ion back to the AT the HFS state

(ms, mI;p, mI;d) is determined again to reveal whether the
MW excitation in the PT has successfully induced an
electron-spin transition. This way, the resonance is recorded
in the homogeneous field of the PT with correspondingly
small linewidth. A single, fully automated measurement
cycle takes approximately 35 min and each of the six
measured transitions consists of 100–500 cycles—see End
Matter for details.
Experimental results—Although the room temperature

ion source produces HDþ ions in many rovibrational
states, spontaneous emission causes the ions to quickly
decay into the ðv ¼ 0; N ¼ 0Þ rovibrational ground state
where the population largely remains due to the low

blackbody radiation environment provided by the 4 K
trap chamber [17]. To measure the ground state HFS
we investigated “pure” electron-spin-flip transitions
(Δms ¼ �1), which do not change the nuclear spin
orientations (ΔmI;p ¼ ΔmI;d ¼ 0), marked as blue arrows
in Fig. 1(a). We were able to measure MW resonances with
a full width at half maximum (FWHM) of ∼300 Hz. One
such resonance is shown in Fig. 2(a) along with the
Gaussian maximum-likelihood fit that allows us to deter-
mine the center of each line to about 8% of the FWHM,
corresponding to ∼2 × 10−10 fractional statistical uncer-
tainty (∼20 Hz). Details are given in the End Matter.
In order to extract ge;boundð0; 0Þ, E4ð0; 0Þ, and E5ð0; 0Þ

from the recorded resonances, the values of the MW drive
frequencies have to be combined with the precise magnetic
field B at the time of the excitation, which we determine
from the measured cyclotron frequency [Eq. (4)]. The
dominant systematic shift enters in this measurement and
arises from relativistic effects due to the excited motion of
the ion during the phase-sensitive measurement of the
modified cyclotron frequency, νþ [53]. This shift is
corrected for and impacts transitions I–V at the 0.25
(5) ppb level and transition VI at 0.90(18) ppb [54], due
to a different choice of excitation strength. The data from
all six transitions is used to determine ge;boundð0; 0Þ,
E4ð0; 0Þ, and E5ð0; 0Þ by a combined Gaussian maxi-
mum-likelihood fit, see End Matter. The results are shown
in Fig. 2 and Table I. Other systematic shifts and correc-
tions are at least an order of magnitude smaller and are
discussed in End Matter and Supplemental Material [34].

FIG. 2. (a) Representative resonance data and fit, in this case for transition VI (shown in Fig. 1). Individual spin flip attempts at a given
detuning to the best-fit frequency value, ΔνHFS, are marked with a dark green X (successful) or a dark red dot (unsuccessful). The blue
curve is a Gaussian maximum-likelihood fit to the data and the blue and orange shaded areas are the confidence bands of the fitted
lineshape parameters and center value, respectively. The black binned points are provided for illustration but are not used to fit and
extract values. (b) The fitted line center of all six resonances relative to the values calculated from the effective Hamiltonian in Eq. (1)
using the values of E4, E5, and ge;bound from both ab initio theory (gray) and a global fit to the experimental data (blue). The shaded
regions indicate the 1σ confidence bands of these predictions and text labels indicate the number of successful and attempted spin flips.
The differences in experimentally determined values of E4 and E5 from the ab initio calculations (see Table I) shift the black points right
and left depending on the respective proton and deuteron orientations mI;p, mI;d of each transition. The absence of a unidirectional shift
of all transitions reflects the good agreement between experimental and theoretical values of ge;bound. (c) The same as (b) showing only
the results of the global fit that determines both the best fit values for E4, E5, and ge;bound and the line centers. The agreement between the
values predicted from the fit with uncertainties corresponding to the blue bands and the experimental line centers (data points) shows that
the data is well described by the effective Hamiltionian with the experimentally determined hyperfine coefficients.
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Discussion—This Letter presents the most precise
bound-electron g-factor measurement of a molecular ion
to date, ge;boundð0; 0Þ ¼ −2.002 278 540 96ð40Þ, corre-
sponding to a relative uncertainty of 200 ppt. The exper-
imental value and the theoretical value agree at this level,
see Table I, where the total uncertainty is dominated by the
experiment. This agreement represents an exceptional
improvement compared to the previous comparison
between experiment [23] and theory [27], which was
unable to probe the bound-electron QED contributions
(starting with Δgð3Þ).
In addition, measuring several resonances in the rovibra-

tional ground state enabled us to determine the spin-spin
coupling coefficients E4ð0; 0Þ and E5ð0; 0Þ to 41 Hz and
22 Hz uncertainty, respectively, corresponding to a relative
uncertainty of 44 ppb and 151 ppb. This improves on the
only previous experimental determination [56] by approx-
imately five and four orders of magnitude and also
surpasses the current theory [6] precision by factors of
20 and 4, respectively. Furthermore, our experimental
uncertainties are, for the first time, small enough to be
sensitive to the higher-order nonrecoil QED contributions
to E4, a vibrational contribution that enters at the 3 × 10−6

level [6]. We observed moderate (2σ and 3σ) tensions to the
theoretical values. The measured values of E4ð0; 0Þ and
E5ð0; 0Þ differ from the theoretical values by a similar
relative amount; E4ð0; 0Þ is 1.7 ppm larger and E5ð0; 0Þ is
1.9 ppm larger.

Recent laser spectroscopy of Hþ
2 [11] found experiment-

theory agreement for the spin-rotation coefficient at the
≃0.15 kHz level while rovibrational spectroscopy of HDþ
[8,9,21,57] has also tested HFS calculations [6]. However,
while some measurements in HDþ show agreement within
≃1 kHz experimental uncertainties, others deviate by as
much as 8.5 kHz [28,57]. This particular case corresponds
to a disagreement between experiment and theory by 9σ
[28] and points to an emerging puzzle in HDþ.
Of the transitions, ðvi; NiÞ → ðvf; NfÞ, that have been

measured in HDþ, namely ð0; 0Þ → ð0; 1Þ [8], ð0; 0Þ →
ð1; 1Þ [21], ð0; 0Þ → ð5; 1Þ [9], and ð0; 3Þ → ð9; 3Þ [10,57],
only the ð0; 0Þ → ð5; 1Þ and the ð0; 3Þ → ð9; 3Þ measure-
ments are sensitive to E4 and E5 via the difference
E4;5ðvf; NfÞ − E4;5ðvi; NiÞ. For the ð0; 0Þ → ð5; 1Þ transi-
tion, the difference of two spin component frequencies was
determined [9] and found to be in agreement with theory. If
the same comparison is made using our experimentally
determined values of E4ð0; 0Þ and E5ð0; 0Þ rather than the
theoretically predicted values, theory and experiment
remain in agreement at the 1–2 kHz level for the (5, 1)
rovibrational state, with the uncertainty dominated by the
experimental resolution [9]. Meanwhile, the discrepancy of
8.5 kHz on the hyperfine interval measured in the ð0; 3Þ →
ð9; 3Þ transition remains unexplained. More measurements
on high vibrational and rotational states will be critical for
resolving this issue. See Supplemental Material for further
details [34].
Outlook—The availability of high-precision theoretical

predictions combined with the high experimental resolu-
tion demonstrated here establishes a general technique for
unambiguously identifying the complete internal state of
any MHI isotopologue. We expect this technique to be
particularly useful in studies of homonuclear MHI, for
which the lifetimes of excited vibrational and rotational
levels are days or even longer. More specifically, this
would enable rovibrational laser spectroscopy of Hþ

2 and,
in the future H̄−

2 [13], from a wide range of initially
populated levels.
The current levels of precision of experiment and theory

also suggest promising avenues for further research. As
discussed, there is a pressing need to experimentally
determine the E4, E5 coefficients of not just the ground
state, but of excited (v > 0,N > 0) states, which are needed
to determine spin-averaged frequencies and ultimately
certain fundamental constants [5,58]. In HDþ, such excited
rovibrational levels could be populated by laser excitation
and the lifetime of these levels (of order 10 ms) is sufficient
for ESR with lifetime-limited precision.
The approach demonstrated here, using single ions in a

Penning trap, is highly complementary to other ongoing
efforts toward improved precision measurements in MHI
such as with quantum logic spectroscopy [59,60] and a
comparison of HFS measurements at both low and high
magnetic field would be of great interest.

TABLE I. (a) ab initio theoretical prediction and contributions
to the bound-electron g factor along with the measured value with
the statistical (st) and systematic (sys) uncertainties. (b) ab initio
theoretical prediction and experimental results for the spin-spin
interaction coefficients E4 and E5. In both parts (a), (b) the
deviation between experiment and theory, Δ, is given in units of
the combined uncertainty σ.

(a) ge;boundð0; 0Þ
Hegstrom [27] −2.002 278 46ð20Þ
ge [45] −2.002 319 304 360 92ð36Þ
Δgð2Þnonrec−ad

0.000 040 819 39

Δgð2Þrec−na −0.000 000 006 99
Δgð3Þ −0.000 000 049 05ð5Þ
Δgð4þÞ

rel
0.000 000 000 52

Δgð5Þ −0.000 000 000 20ð9Þ
Total theory [36] − 2.002 278 540 70ð10Þ
Experiment −2.002 278 540 96ð18Þstð35Þsys
ΔðσÞ 0.6

(b) E4ð0; 0Þ (kHz) E5ð0; 0Þ (kHz)
Theory [6,31] 925 394.16(86) 142 287.556(84)
Experiment 925 395.758ð39Þstð11Þsys 142 287.821ð20Þstð8Þsys
ΔðσÞ 1.9 3.1
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More generally, the determination of the hyperfine
interaction coefficients and bound-electron g factors can
directly test high-precision calculations of fundamental
theory. These tests, that we show can now be performed
at world-record sub-ppb precision, are exceedingly impor-
tant in light of existing discrepancies between high-
precision comparisons of experiment and theory and,
potentially, can play a role in their resolution.
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End Matter

Measurement of MW resonances—
Measurement Sequence: The motion of the ion induces

fA-level image currents in the trap electrodes. For the axial
oscillation, this is measured as a voltage drop across a
cryogenic superconducting resonant rf circuit [32]. After
thermalization, this results in a dip signal in the Fourier
spectrum of the circuit output [shown in Fig. 3(b)], which
can be fitted with a well-established line shape model [32].
Both trapping regions—AT and PT—are equipped with a
detection circuit. The radial modes can be measured by
coupling to the axial mode via rf excitation at the sum or
difference frequency resulting in a double dip in the Fourier
spectrum [Fig. 3(b)]. As νþ is the largest frequency its
uncertainty dominates the final uncertainty in the B-field
determination. Therefore, this frequency is measured more
precisely with the phase sensitive pulse-and-amplify (PnA)
technique [32]. In this technique the motional phase of the

ion is read out after various evolution times for phase
unwrapping, see Fig. 3(c).
In the PT the MW is irradiated for 5–8 s, resulting in an

incoherent drive. The overall transmission efficiency of the
MW through the trap apparatus is frequency dependent so
we adjust the MW power for each transition to avoid
saturation. A typical measurement cycle is displayed
in Fig. 3.
Data analysis: Each collected data point k of a tran-

sition i ¼ I–VI consists of the current magnetic field value
BðkÞ obtained by a νcðkÞ measurement, the value of the
simultaneously applied MW frequency νMWðkÞ, and the
binary outcome DðkÞ ¼ 0, 1 of the attempted transition.
Diagonalizing the Hamiltonian H, Eq. (1), with BðkÞ and
arbitrary, but fixed reference values gð0Þe;bound, E

ð0Þ
4 , Eð0Þ

5 , the
predicted transition frequencies fνtheoðkÞgi are calculated.

(b) (c)

(a)

FIG. 3. (a) Schematic of a typical measurement cycle. In the AT the internal state of the ion is determined (purple section) by observing
an electron spin flip with 50% spin-flip probability—depicted via slanted blue lines. The precision measurement is performed in the PT
(orange section). (b) An axial dip and modified cyclotron double dip, seen on the axial resonator, both of which are used to determine the
free cyclotron frequency νc—see text for details. (c) The measurement of the modified cyclotron frequency is depicted with a single
phase-sensitive measurement sequence with a 5.2 s phase evolution time during which the MW is injected. Multiple phase evolution
times τi are required for phase unwrapping and the ion is cooled for 50 s preceding each phase measurement. Adapted from Ref. [61].
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Note that the values fgð0Þe;bound; E
ð0Þ
4 ; Eð0Þ

5 g are not neces-
sarily the theoretical values, but can be shifted arbitrarily as
long as the shifts are constant. We chose the reference values
after finding all transitions by adding offsets to the theory
prediction. Using νtottheoðkÞ, each data point is assigned a
detuning ΔνHFSðkÞ ¼ νMWðkÞ − νtottheoðkÞ. Higher-order
magnetic field effects (Δνho) are taken into account using
fixed offsets fνtottheoðkÞgi ¼ fνtheoðkÞ þ Δνhogi for each tran-
sition and are computed from the values in Table IV of
Supplemental Material [34].
The resonance data fΔνHFSðkÞ; DðkÞgk are first fit by a

maximum-likelihood distribution with a Gaussian line
shape for each transition i ¼ I–VI individually, using the
following function:

PiðΔνi;HFSÞ ¼ Aie
−
ðΔνi;HFS−Δνi;centerÞ2

2σ2
i ;

where Ai is the amplitude, Δνi;center is the center of the
resonance, and σi is the standard deviation of the normally
distributed data. The line widths are approximately 300 Hz
(2.5 ppb). The dominant contributions arise from the
phase-imprint jitter due to the thermal motional amplitude
of the ion and temporal magnetic field fluctuations during
the magnetic field determination. The center of the lines
are determined with statistical uncertainties approximately
equal to 10% of the line widths. This yields a set of
six nominal line center detunings and their uncertain-

ties fΔνi;ð0Þfit ; uðΔνi;ð0Þfit Þgi¼I−VI.
Then, all data points of the six transitions are used for the

determination of ge;bound, E4, E5. The likelihood of a
combined Gaussian fit of all six transitions is maximized
by variation of ge;bound, E4, and E5, using the following
function:

PiðΔνHFSÞ ¼ Aie
−ðΔνHFSÞ2

2σ2
i ; ðA1Þ

where Ai and σi are the amplitude and standard deviation of
the normally distributed data for each transition, respec-
tively. The fit requires the reevaluation of νtottheoðkÞ and
therefore, ΔνHFSðkÞ ¼ νMWðkÞ − νtottheoðkÞ for each data
point in every variation of ge;bound, E4, E5. The results of
the combined fit are reported in Fig. 2. The final ge;bound,
E4, E5 are then used to obtain Δνifit by a Gaussian
maximum-likelihood fit for each transition individually.
As a cross check of the fit, we linearized νifit around the

reference values νi;ð0Þfit for which we introduce the coef-

ficients cig, ci4, c
i
5 with cig ¼ ð∂νi;ð0Þfit =∂ge;boundÞ, etc., com-

puted for the reference parameter values. We compute the
total squared deviation

X

i

ðΔνi;ð0Þfit þ cigΔge;bound þ ci4ΔE4 þ ci5ΔE5Þ2=uðΔνi;ð0Þfit Þ2

ðA2Þ

and minimize it by varying Δge;bound, ΔE4, ΔE5, which are

defined as gð0Þe;bound − gfite;bound, E
ð0Þ
4 − Efit

4 , E
ð0Þ
5 − Efit

5 , respec-
tively. After minimization, gfite;bound, E

fit
4 , E

fit
5 represent the

final result. This procedure is admissible since the reference

parameters ge;bound, E
ð0Þ
4 , Eð0Þ

5 were chosen very close to
the experimentally determined ones. For both methods the
same reference parameters were used. The results of the
linearized approach are in agreement with the combined
maximum likelihood fit described above.
Note that the inclusion of higher order magnetic field

effects via Δνho has minimal impact on the determined
values of E4ð0; 0Þ and E5ð0; 0Þ and only slightly impacts
ge;bound. Excluding these effects from the evaluation would

change the last two digits of gð0Þe;bound from 96 to 82.

Systematic effects—
Magnetic field determination: The largest systematic

effect occurs in the determination of νc and is due to special
relativity, resulting in a shift of up to 0.9 ppb toward lower
frequencies. For the phase sensitive measurement of νþ the
ion has to be initialized to a radial orbit larger than the
thermal motion. For transitions I–V the excitation pulse
was set to 68 ms, corresponding to a radius (ρþ) of 48 μm
and for transition VI to 135 ms, corresponding to
ρþ ¼ 96 μm. The resulting frequency shift for the free
cyclotron frequency is [54]

Δνc=νc ≈ −ð2πνþρþÞ2=2c2; ðB1Þ

leading to 0.25 and 0.9 ppb shifts, respectively. The
uncertainty of this shift is given by the uncertainty of
the PnA radius calibration (∼10%) resulting in a 20% shift

TABLE II. Systematic effects for the determination of the
magnetic field.

Shift Δνc=νcð10−10Þ
Special relativity (I–V) [54] −2.5ð5Þ
Special relativity (VI) [54] −9.0ð18Þ
Polarization [62,63] −0.210ð1Þ
Image charge shift [64] −0.038ð2Þ
C4 shift 0.00(2)
Cn>4 shift 0.0000(3)
B2 shift 0.00(2)
Line shape νz 0.00(1)
ν− 0.00(15)
Ion mass [62] 0.00(20)

Axial temperature Tz 9.2(4) K
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uncertainty. The mass of HDþ is known to 1.2 × 10−11 [62]
and does not limit the results here.
Further shifts and uncertainties listed in Table II are due

to electric field anharmonicities (C4, Cn>4) and residual
magnetic field inhomogeneity (B2) along with an

uncertainty assigned to the dip line shape used to fit the
axial frequency νz and an uncertainty of the determined
magnetron frequency ν−. All of these are smaller than the
statistical uncertainty of 0.3 ppb.
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