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The universality of the large-momentum effective theory (LaMET) allows computing parton distribution
functions starting from any Euclidean correlator with appropriate large-momentum Fourier components.
Nevertheless, only the Wilson-line operators have been widely studied in this framework. In this Letter, we
provide the first LaMET formulation using current-current correlators up to the next-to-leading order. The
advantage of this new method is its simple renormalization property due to the absence of Wilson-line
linear divergences. This provides an alternative approach for LaMET calculation with very different
systematics, making it crucial for cross-validating future precision calculations. A first numerical example
is presented using newly generated correlators for specific LaMET application from existing four-point

function data.
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Introduction—Parton distribution functions (PDFs) are
fundamental quantities in quantum chromodynamics
(QCD) that describe the hadronic structure in terms of
quark and gluon degrees of freedom on the light cone. They
are universal inputs to the prediction of hadronic processes
at, e.g., the LHC [1] and the upcoming Electron-Ion
Collider [2,3], and can be determined from global fitting
to experimental data. Meanwhile, it is also important to
theoretically calculate these observables nonperturbatively
from first-principles lattice QCD. While there are funda-
mental difficulties in fully extracting these light-like
observables on a Euclidean lattice, large-momentum effec-
tive theory (LaMET) [4,5] provides a framework to directly
calculate the midrange Bjorken-x dependence of PDFs
through the large-momentum expansion of Euclidean
correlations. Various other approaches have also been
proposed to fit the parametrization of PDFs from lattice
QCD data, which can be found in recent reviews [6—10].

The LaMET framework introduces a universality class of
distributions [11]. The leading order expansion of these
distributions in terms of (Aqcp/P,) contains the same
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infrared (IR) structure as the lightcone PDFs and thus can
be perturbatively matched to them. The simplest member of
this universality class is the quasi-PDF, which is the
Euclidean version of the lightcone correlation function,
and can be interpreted as the physical momentum distri-
bution of quarks and gluons in a hadron with finite
momentum. Other variants in the same universality class
include the Coulomb gauge distributions proposed recently
[12,13] and the current-current correlations [11]. Since the
proposal of LaMET, significant theoretical improvements
have been developed to better control the systematics for
the quasi-PDF calculations in the past decade [14-32]. One
significant challenge of the precision PDF calculation from
quasi-PDFs is the renormalization of the ultraviolet (UV)
divergence in the Wilson-line self energy [14-16,23,33].
Coulomb gauge distributions avoid this issue by not
including the spatial Wilson line in the operator, and have
demonstrated advantages in numerical precision in the
calculation of the transverse-momentum-dependent observ-
ables [12,13], but their factorization has not been proved to
all orders in perturbation theory. The current-current
correlators have not yet been studied in LaMET applica-
tions due to the perception that they are more challenging to
compute on lattice. With continuing advances in computa-
tional resources, these correlators are becoming increas-
ingly accessible in lattice QCD. They offer the significant
advantage of being free from renormalization issues and
being well understood in perturbation theory.
Consequently, they provide an alternative method with
completely different systematics, which is substantially

Published by the American Physical Society
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important for cross-validation on the control of systematic
uncertainties in precision PDF.

Current-current correlations have attracted a lot of
interest due to their close relation to physical cross sections
in collider physics. Various methods of extracting PDFs
from current-current correlations have been proposed,
including the hadronic tensor [34], the “Iloffe time” dis-
tributions [35], the Compton amplitude [36], and the
“lattice cross sections” [37]. They can also be studied to
understand the twist-4 double-parton distributions [38].
Some first lattice calculations have been realized in recent
years [36,39-43]. The common basis of these methods for
extracting PDFs is the operator product expansion (OPE),
which allows a short distance factorization (SDF) of the
correlators into lightcone distributions and perturbative
matching kernels when the two currents are separated by
a perturbative Euclidean distance. They can extract
moments of PDFs, or fit the data to some parametrization
of the x-dependent PDFs.

As current-current correlations are also in the same
universality class of distributions introduced by LaMET,
lightcone PDFs can be factorized in terms of current-
current correlations, and their x dependence can be directly
calculated through perturbative matching [44]. However,
here for the first time, we present the detailed formulation
of this factorization up to one-loop order. The differences
between SDF and LaMET applications of similar lattice
data are explained in Ref. [45].

In this Letter, we develop the x-space formulation for the
large-momentum expansion of the two-current matrix
elements of vector (V) and axial vector (A) currents up
to one-loop order for the first time, enabling future
calculations in this direction. For this first analysis, we
generate new correlators specifically for the LaMET
formulation from the current-current data produced in
Ref. [42]. We show some first results for the proton
PDF f,_,; demonstrating the feasibility of the presented
approach.

Theory—We start from forward matrix elements of two
currents in the proton. We consider unpolarized matrix
elements, i.e., we implicitly average over helicity states,

M’)l(yY,ab(Z’P) <P|JXab( ) Yba( )|P> (1)
where J’;(,ab(z) are local currents. Specifically, we consider
two types,

G.(2)7" q»(2),
3.(2)7"rs qp(2). (2)

Jl</ ab (Z) =

‘IA ab (Z) =

The indices a and b indicate the flavor of the quark field,
with the index a specifying the quark PDF under consid-
eration. We are free to select the flavor b, and the
calculation simplifies drastically if we choose b to be an
(auxiliary) quark flavor that is different from the valence

quark flavors of the considered hadron, in our case a
proton. The spatial separation z = (0,7) is chosen to be

parallel to the direction of the proton’s momentum P with

|P| > Aqcp- In the following, we discuss the current
combination VV where we already have lattice data from
previous work, the case AA works in an analogous way.
The leading contribution to the hadronic tensor is given by
transverse polarizations, thus for arbitrary lattice momen-

tum P = (P, Py, P,), the spin structure can be replaced
with the following projection of Dirac matrices,

A P,P;
"= Z <5ij _|f)—|2j> Vi (3)
jE{x.y.2}

where only two of them are independent, spanning the two-

dimensional transverse plane, such that I" - P = 0. We can
further average the data on the transverse plane for the VV
current by taking a trace, yielding

M%Vab(ZP ZZ(U |P|2> 3V$ab(Z’P)' (4)

Moreover, it is useful to define,

lﬂ'Z

WVV a2 P) = |3 M%%mb@ P), (5)

and likewise for the AA combination. As explained in
Ref. [46], these correlators exhibit the same infrared
divergence structure as the PDFs. Therefore, their x-space
conjugate can be used to calculate the PDFs through the
LaMET approach. One of the most important merits of
these correlators is that they are constructed from conserved
vector and axial-vector currents and do not involve Wilson
lines. As a result, no UV divergence arises at one-loop
order, and the correlators are free from power UV diver-
gences and the linear renormalon ambiguities.

As we shall explain later in this Letter, we average the
matrix elements of the VV and AA currents,

W (2. P) = o (Wyy (2. P) + Wax (2. P)).  (6)

N[ —

and Fourier transform to obtain the VV distribution,
- P.d
h(y’Pz) = / 2 Z LA WLL(Z P) (7)
—oo 2T

which can also be directly calculated in momentum space
[47]. The light-cone PDF can be factorized into the VV
distribution and perturbative matching [44],

foar) = [T (L ipp 4

— Y p
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where C[(x/y), (|y|P./u)] is the matching kernel calcu-
lable in perturbation theory, and the higher twist contri-
butions in the expansion parameter O{[Afep/(xP.)"],
[Abep/[(1 = x)P_]"], (M"/P?)} are omitted for n > 2. In
this way, LaMET provides a forward matching that enables
a direct determination of PDFs from lattice-computable

|

quasidistributions, with systematically improvable power
corrections suppressed by inverse powers of P,.

We calculate the perturbative matching kernel up to one
loop in the MS scheme, with the naive dimensional
regularization, where the VV and AA results are exactly
the same at one loop order. Thus we have,

CM_S<§ Mﬁ) — (1 _5)(1 +0!st> L aCr {(52 + 1)[sgn(1-¢)sgn(&) log [¢] + log |1 = &[] + &+ 1/2}[‘“""’]
AN

dr 2

—l&-1

+(1)

a,Cr 1+& w
S o0 - {1 e

where & = (x/y), and the plus distribution is defined as

[ a2, ) = [ axgolhx) = hixg). - (10)

The PDFs can also be calculated from the VA or AV
correlations, which have been studied before for the pion
valence PDF in the short-distance factorization framework
[41]. We can obtain the VA matrix elements through
(assuming x, y to be two transverse directions),

”223

Wik = M P) £ MR P)L (1)

where Ep = V/ P> + m? is the proton energy. The corre-
sponding matching kernel needs an extra correction term
compared to Eq. (9),

Ay = OB+ 25 _ g0 o0 -8 (12)
Simulation details—In this first analysis, we generate the
matrix elements for the specific LaMET formulation from
the two-current data produced in the context of other
simulations [42] employing the ny=2+1 Wilson-
Clover gauge ensembles provided by the CLS collaboration
[48]. Specifically, we use the ensemble H102 with exten-
sion 323 x 96, lattice spacing a = 0.085 fm, and pion mass
m, = 355 MeV. The matrix element in (1) can be calcu-
lated on the lattice in Euclidean spacetime if the separation
between the two currents is purely spatial. The matrix
elements can then be expressed in terms of a Euclidean
four-point correlation function in the limit of large time
separations to suppress excited state contributions,

ngt(lgv 7,7, l)

M* (7, P) = EpV -
C2pl(P’ t)

, (13)

O<xrt

where the four-point function reads

) ) {mg(l ~9)+ (6—5)§+3] }M

y2P?

E-1) ©)

+(1)

[
Ol (P.Z7,0) 1= (OP (1) 14, (2, 7) 3, (0,2) OP(0)). (14)

Cyypy s the usual two-point function, and V' is the spatial

lattice volume. The operators or, OF, respectively, anni-
hilate or generate the desired hadron, in our case, the
proton. In general, there are several types of Wick con-
tractions that can contribute to (14) as has been worked out
in detail in [42]. As already mentioned, we consider b to be
different from the flavors of the valence quarks in the
considered hadron (nonsinglet contribution). In this case,
only the contractions C, and S, shown in Fig. 1 contribute.
The latter represents a pure sea quark contribution. In the
current analysis, we restrict ourselves to the isovector PDF,
ie., f,_q» where the S, contributions cancel. Hence, we
only have to evaluate the contraction C,. The methods and
techniques to evaluate the required diagrams have been
worked out in [42].

In this Letter, we only give a brief summary of the
required diagram C,: We use a momentum smeared source
[49] to obtain a point-to-all propagator. The sink is realized
using the sequential source technique again employing
momentum smearing. The propagator between the two
currents is evaluated using the stochastic source technique,
accompanied by the hopping parameter expansion for
Wilson fermions. For more details on this, the reader is
referred to [42,50]. This allows us to efficiently calculate
the matrix element (13) for all current separations 7. As
discussed in [43], the contribution of the C, diagram is
sensitive to discretization artifacts of the Wilson propagator

* —
()
I
FIG. 1.

Wick contractions that can contribute to the four-point
correlation function (14) in the case of an auxiliary intermediate
quark field of flavor b. Flavor a (blue) specifies the PDF.
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partly due to a nonvanishing chiral odd contribution to the
Wilson propagator. This is avoided by taking combinations
of Dirac structures where these chiral odd contributions
cancel, e.g., the combination (Myy + M4, )/2 given in (6)
[39,43]. The remaining anisotropy artifacts are suppressed
by performing a simple tree-level improvement where we
multiply our data by the correction factor,

eom(z) = M) ’"—KZ( =) )
w{e/Mye(@)} 7 w{d/Mgg))
where m, = 1 (m, + mg)m?2 0,/ m%, ~ 24 MeV is the MS

quark mass in our lattice setup for the above equation. In
order to keep the associated systematic uncertainties small,
it is advisable to restrict to data points where c*"(z) is
close to 1. In past studies, it has been found to be the case if
7 is in the vicinity of a lattice diagonal [39,43]. The
simulation is carried out for proton momenta of the form
(£n,+n, £n) so that 7 is indeed aligned with one of the

lattice diagonals if one maximizes the scalar product P-Z
which is preferred in our LaMET calculation. At the
moment, the largest available proton momentum
is |P| = V12 x 27/L = 1.57 GeV.

To maximally utilize the lattice data we have measured,
we also include more data points when P and Z are not
perfectly aligned, and also other relevant Lorentz compo-
nents in addition to the pure transverse operators. This
increases the effective statistics of the measurement, and
allows a smoother interpolation in coordinate space and a
more stable Fourier transformation to x space. To extract
M*+, we exploit the fact that M* is a Lorentz-covariant
object and decompose it in the case of My and M4, into
the Lorentz structure,

W pU

M (z, P) =

- ¢“B(2,2%)
(Pz¥ + P*72#)D(4, 7°),
(16)

A4, 7%)
+m?z7'z°C(A, 2%) +

where 1= P-Z. M*! is equivalent to the function B,
which is obtained from the overdetermined system of
Eq. (16) including all available data points. B is accessible
for —| P, |Z] < 4 < |P|,u|Z]- By definition, the actual P,
is now P, = A/|Z| when Z is not aligned with P. To avoid a
large logarithmic correction from combining data at differ-
ent P, we only allow a small tolerance of 2% with respect
to |P|, ie., |P|(1-0.02) < 4/|Z] < |P|(1 4 0.02). Notice
that the corresponding dataset is essentially different from
the one required for SDF approaches. The latter require
data points for all 1 at fixed small z2, while in the current
work we need the information for maximal A for all
available z2, as demonstrated in Fig. 2.

LaMET

|| [fm]

FIG. 2. Kinematic regions of the four-point function data used
in the LaMET and the SDF analysis.

Lattice results—The lattice results for WL, are shown in
Fig. 3 as functions of z. Given the current level of statistics,
the real part of the matrix elements becomes consistent with
zero at around z = 0.42 fm. In addition, we compare the
lattice data with WL, (z, P) reconstructed from the CT18
PDF [51] through coordinate-space matching. The
CT18NNLO result is shown only in the perturbative region
7 <0.3 fm where the SDF is reliable. The deviation
suggests larger moments of the PDF in our lattice data.
For the moment, we employ a suitable ansatz for extrapo-
lating the large-z behavior. This generates some systematic
uncertainty, which should be suppressed by improved data
quality at large z in future simulations. The matrix element
at z =0 is not directly accessible in lattice simulations
because of the contact singularity. However, since the
current-current operator is free of ultraviolet divergences,
the corresponding z = 0 value can be calculated perturba-
tively. In the MS scheme, one finds

1.0 ~—- Re CT18NNLO
~~~~~~~ . ~—- Im CT18NNLO
J o ~~e @ Re lattice data
0.8 b o ® Imlattice data
T { L] —— Re extrapolation
: Py —— Im extrapolation
—~ 0.6 } 'y O ReEq.(17)
Q ] & ImEq.(17)
L\I: ] [ ] q
j 0.4—_ \
= ] e
0.2 2/" ¢
1 I ®
0.04¢
] 1 *J |
-24t——v—7+—"+1"— ——
0.0 0.2 0.4 0.6 0.8 1.0
z[fm]
3 3 11
FIG. 3. Real (blue) and imaginary (red) parts of W, 2,(z, P) at

|P| = 1.57 GeV. The vertical shaded bands label the extrapola-
tion regions, and the dashed curves are reconstructed from
CT18NNLO through coordinate-space matching in the perturba-
tive region.
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1 : —— CT18NNLO
1.75 i —— NLO
1 ‘ —— NLO+RGR

X

FIG. 4. Flavor nonsinglet PDF f,_,(x,u) at g =2 GeV. The
blue band shows the result obtained in this work, while the red
band denotes the CT18NNLO global-fit result.

WHH(0,P) = 1 — a,Cp/4n, (17)

which can then be included in the Fourier transform.

To carry out the Fourier transform, we adopt an extra-
polation ansatz for the large-|z| region, motivated by its
asymptotic behavior derived in Ref. [32]. Specifically, we
parametrize the correlator as

WJ‘J‘<Z,P) _ A|Z|5/2ei¢sign(z)e—A\Z|’ (18)

where A, ¢, and A are fitting parameters. The extrapolation
ansatz is used in the Fourier transform starting from the
point where the lattice data become dominated by noise.
This happens after z =0.51 fm for the real part and
z = 0.75 fm for the imaginary part. With this choice, the
dominant uncertainty remains statistical rather than the
model dependence of the extrapolation. Using this extra-
polation together with the perturbative input at z = 0, we
obtain the momentum-space distribution 7(y, P.). After
applying the matching formula in Eq. (8), and also
following the renormalization group resummation pro-
cedure proposed in Ref. [26], the resulting isovector
PDF is shown in Fig. 4, together with the CTISNNLO
global-fit result. A noticeable deviation is observed. This is
expected to be improved with larger hadron momenta, at
which the parton’s momentum will shift to smaller x.
We emphasize that the present analysis with limited
precision and hadron momentum is not intended to
provide an accurate determination. Rather, it aims to
demonstrate a feasible method for extracting PDFs from
lattice QCD.

Conclusion—We formulated a large-momentum expan-
sion of two-current matrix elements of two vector or two
axial vector currents in order to calculate the x dependence
of the proton PDF. This first analysis was carried out for
fu—a> avoiding disconnected diagrams. This work provides
a proof of concept of using current-current correlations in

the framework of LaMET, which has several conceptual
advantages compared to the conventional approach using
Wilson-line operators, such as the absence of the linear
renormalon ambiguities. Therefore, this opens the door to a
valuable alternative within the scope of LaMET with
different systematics compared to the conventional
Wilson-line approaches. Notice that our analysis was

carried out at a maximal proton momentum |P|=
1.57 GeV due to limitations in the availability of lattice
data, which we calculated from the raw data produced in
the context of a previous project that was not designed for
performing a LaMET calculation. Moreover, the pion mass
m, = 355 MeV of the employed ensemble is higher than
the physical one. This is in all probability the origin of the
discrepancies between our lattice results and the exper-
imental ones. In fact, as the hadron momentum increases,
the partons are expected to migrate from large to small x
regions. Our formalism can be extended to quark PDFs of
specific flavor by adapting the matching kernel accord-
ingly. This would require the evaluation of the contraction
S, in Fig. 1, which is nontrivial to implement, since it
requires two all-to-all propagators. The next step will be to

repeat the calculations for higher momenta (|13| > 2 GeV)
for the same ensemble. In this context, the usage of the
newly proposed kinematically enhanced interpolators [52]
will be very helpful. Eventually we move on to other
ensembles in order to take the physical and continuum
limits. Notice that the analysis can also be carried out for
other hadrons, in particular the pion, where the signal-to-
noise ratio is in general better [53] and gets a larger
kinematical enhancement [52].
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