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Quantum simulation offers a powerful approach to studying quantum field theories, particularly
ð2þ 1ÞD quantum electrodynamics (QED3) with Wilson fermions, which hosts a rich landscape of
physical phenomena. A key challenge in lattice formulations is the proper realization of topological phases
and the Chern-Simons terms, where fermion discretization plays a crucial role. In this Letter, we highlight
the differences between staggered and Wilson fermions coupled to U(1) gauge fields in the Hamiltonian
formulation. We analyze why staggered fermions fail to induce ð2þ 1ÞD topological phases, while Wilson
fermions admit a variety of topological phases including Chern insulator and quantum spin Hall phases.
Additionally, we uncover a rich phase diagram for the two-flavorWilson fermion model in the presence of a
chemical potential. Our findings resolve existing ambiguities in Hamiltonian formulations and provide a
theoretical foundation for future quantum simulations of lattice field theories with topological phases. We
further outline connections to experimental platforms, offering guidance for implementations on near-term
quantum computing architectures. A complementary presentation of the analytical calculations, the
identification of robust topological structure and response, and extensive numerical results is contained in a
joint submission [S. Bharadwaj et al., Phys. Rev. D 114, 094502 (2026)].

DOI: 10.1103/vd45-l8d5

Introduction—Quantum simulation has emerged as a
powerful tool for studying quantum field theory and high-
energy physics, enabling the exploration of strongly inter-
acting systems beyond the reach of classical computation
[1,2]. In particular, quantum simulation provides a prom-
ising avenue to study real-time dynamics in quantum field
theory, circumventing the sign problem that plagues
classical Monte Carlo methods [3]. Furthermore, it enables
the direct realization of lattice gauge theories in control-
lable quantum hardware, offering new insights into non-
perturbative phenomena in high-energy physics [4,5]. A
particularly exciting frontier is the simulation of ð2þ 1ÞD

quantum electrodynamics (QED3), which exhibits rich
emergent phenomena such as confinement, chiral sym-
metry breaking, and potential realizations of exotic topo-
logical phases [6–9]. Recent advancements in quantum
computing platforms [10–17], together with tensor network
methods [18–21] and neural network representations of
quantum states [22–25], have opened new possibilities for
simulating QED3 on discrete lattices. However, construct-
ing Hamiltonian formulations that accurately capture gauge
invariance, fermionic dynamics, and topological effects
remains a significant challenge.
A key open question in the lattice formulation of QED3

is the realization of topological phases and the Chern-
Simons term, which plays a crucial role in topological
gauge theories and fractional quantum Hall physics. The
lattice Hamiltonian approach often introduces ambiguities,
particularly in the formulation of fermions. Staggered
fermions, a commonly used discretization scheme to reduce
fermion doubling, have been widely employed in lattice
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gauge theory, but their ability to capture topological effects
remains unclear. In particular, there is confusion about
whether staggered fermions can host nontrivial Chern
numbers and whether they effectively reproduce continuum
topological phases. A deeper understanding of these issues
is essential for designing quantum simulation experiments
capable of probing topological effects in gauge theories. In
the Lagrangian formulation of lattice gauge theories,
Wilson fermions coupled to U(1) gauge fields host a rich
set of infrared topological phases [26–29]. Beyond the
plane-wave approximation [29], a Hamiltonian analysis of
topological phases has been carried out for free Dirac/
Wilson fermions without coupling to gauge fields that
satisfy Gauss’ law [30], and also for ð3þ 1ÞD axionic
models [31].
In this Letter, we highlight the role of fermion discre-

tizations in the emergence of ð2þ 1ÞD topological phases
in U(1) Hamiltonian lattice gauge theory [32]. First, we
elucidate why staggered fermions fail to host topological
phases by emphasizing the role of broken time-reversal
symmetry. Second, we present the infrared phase diagrams
of weakly coupled QED3, with both one- and two-species
of Wilson fermions at finite density, which naturally
exhibits a variety of topological phenomena, including
Chern insulator and quantum spin Hall phases. Our find-
ings provide a theoretical foundation for constructing
lattice gauge models that accurately encode topological
effects in quantum simulations. Finally, we outline key
directions for future quantum simulations, establishing
connections between lattice Hamiltonian formulations
and experimental implementations on near-term quantum
computers. Our results offer a crucial step toward realizing
quantum simulations of topological phases of gauge
theories.
Topological phases and time-reversal symmetry of

lattice fermions—In this section, we explain the relation
between time-reversal symmetry and topological phases
characterized by a Chern number and highlight an apparent
conflict between the continuum and the lattice. Since the
gauge-kinetic terms are time-reversal invariant, it suffices to
focus on the fermionic terms coupled to a background U(1)
gauge field.
In the continuum, the theory of a single Dirac fermion

coupled to a U(1) gauge field exhibits the so-called parity
“anomaly” [34], which is manifest in its effective low-
energy Chern-Simons description. In other words, since
charge conjugation is a UV symmetry and CPT is always a
symmetry, both time-reversal and parity are broken explic-
itly in the continuum. In contrast, the lattice Hamiltonian
formulation of a single staggered fermion coupled to a U(1)
gauge field is shown to be time-reversal invariant [33],
which implies that the Chern number of the Berry curvature
is vanishing. Therefore, the low-energy limit of staggered
fermions is always in a topologically trivial phase with a
vanishing Chern-Simons level.

These observations can be rephrased in terms of fer-
mionic doublers. The continuum theory of two Dirac
fermions coupled to a U(1) gauge field is time-reversal
invariant provided that the two masses are equal and
opposite. On the lattice Hamiltonian side, the staggered
fermion formulation reduces the doublers from four to two
but does not eliminate them entirely. Due to the staggered
mass, these two modes have equal and opposite mass,
making the theory time-reversal invariant.
To construct a time-reversal breaking Hamiltonian of a

single doubler-free fermion coupled to a U(1) gauge field,
we use Wilson fermions. The Wilson term removes all
doublers in the Hamiltonian formulation and breaks time-
reversal symmetry explicitly. This is consistent with well-
known results from the Lagrangian formulation on the
topological phases of Wilson fermions. Our findings from
[33] are summarized in Table I.
Topological phases of Nf ¼ 1 QED3—We describe the

temporal gauge Hamiltonian and topological phases of a
single ð2þ 1ÞD complex two-componentWilson fermion of
massm andWilson couplingR coupled to a U(1) gauge field
[36]. The Hamiltonian H ¼ Hf þHB þHE is (k ¼ x, y)

Hf ¼
1

2

X
r

½ψ†
rγ0ðiγk þ RÞψ rþk̂UkðrÞ þ H:c:�

þ ðmþ 2RÞ
X
r

ψ†
rγ0ψ r;

HE ¼ e2

2

X
k;r

EkðrÞ2; HB ¼ −
1

e2
X
r

cosBðrÞ: ð1Þ

Physical states satisfy Gauss’ law at each vertex: GðrÞjψi ¼
0 for all r, where GðrÞ ¼ Δ−

k;rEkðrÞ −QðrÞ, Δ−
k;r is the

negative-difference operator, QðrÞ ¼ ψðrÞ†ψðrÞ is the
charge-density operator, and EkðrÞ is the electric field
operator that satisfies ½EkðrÞ;Ulðr0Þ� ¼ eδk;lδr;r0UkðrÞ (e
is the gauge coupling).Averaging over thegroup of all Gauss’
law operators, we define a projector P onto the physical
Hilbert space Hphys, which commutes with the Hamiltonian
H. A state jψi∈Hphys iff Pjψi ¼ jψi.
Observe that Hf þHB commutes with the non

contractible Wilson lines, Wx ¼
Q

x Uxðx; 0Þ and
Wy ¼

Q
y Uyð0; yÞ, which generate an approximate

Uð1Þ × Uð1Þ flux-symmetry at weak coupling when HE

TABLE I. Summary of time-reversal symmetry breaking.

Fermion discretization Time-reversal broken?

Continuum Nf ¼ 1 Dirac ✓ for any m
Continuum Nf ¼ 2 Dirac ✗ iff m1 ¼ −m2

Lattice Nf ¼ 1 staggered ✗ for any m
Lattice Nf ¼ 1 Wilson ✓ for any ðm;RÞ
Lattice Nf ¼ 2 Wilson ✗ iff ðm1; R1Þ ¼ −ðm2; R2Þ
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is small relative to the mass gap Δ ≠ 0 [37]. In the
thermodynamic limit at weak coupling, the ground state
lies in the trivial-flux sector, i.e., ðWx;WyÞ ¼ ð1; 1Þ [33].
In this sector, we find that Uk ¼ 1 for k ¼ x, y up to gauge-
equivalent configurations. Subject to this gauge-back-
ground, we solve the (Wilson) fermionic theory, which
exhibits nontrivial topological phases. Following this, we
uplift this solution to be gauge-invariant using the Gauss-
projector P, which does not change the spectrum or
location of gapless transition points. In terms of the
many-body fermionic solution jfgi subject to the gauge
background jgi ¼⊗k;r jUkðrÞ ¼ 1i, the gauge-invariant
solution is Pjfg; gi, which has the same energy as
jfg; gi since ½H;P� ¼ 0 (see the penultimate section and
Ref. [33]). In this state, the first Chern number of the Berry
curvature b on the Brillouin zone B is [33]

C ¼
Z
B

b
2π

¼
8<
:

−1; if M∈ ð−2; 0Þ
þ1; if M∈ ð0;þ2Þ
0: Otherwise

ð2Þ

Figure 1 is consistent with the proposal of [38,39] in the
absence of gauge fields. In [33], we study the Chern-
Simons level (derived from the lattice Lagrangian [38]) in
the limit where the temporal lattice spacing a0 → 0. We
find full agreement with Fig. 1, including the locations of
the transitions at M ¼ mþ 2R ¼ 0;�2 (we set R ¼ 1).
This derivation fills the missing link between the
Hamiltonian in Eq. (1) and the Chern insulator
Hamiltonian alluded to in [38] in the absence of gauge

fields. We show that it is consistent to turn off gauge fields
in the Wk-invariant vacuum [33].
Topological phases of Nf ¼ 2 QED3—We consider the

topological phase diagram of the two-flavor theory as a
function of the masses, both at zero and at finite density. At
zero chemical potential, the Hamiltonian with Nf ¼ 2
flavors coupled to a U(1) gauge-field and relative chemical
potential μ is

Hf ¼ 1

2

X
r

�
ψaðrÞ†γ0ðiγk þ RÞψaðrþ k̂ÞUkðrÞ þ H:c:

�

þ
X
r

MaψaðrÞ†γ0ψaðrÞ þ μðψ†
1ψ1 − ψ†

2ψ2Þ; ð3Þ

where we sum over a ¼ ↑;↓. In the second line above, we
have implicitly included the dependence on the Wilson
couplings inside the shifted mass-matrix Ma ¼ ma þ 2R.
We will focus on the following special cases: M1 ¼ M2 ¼
M (only a singlet mass) andM1 ¼ −M2 ¼ M (only a triplet
mass). We focus on the theory at half filling, defined by
ð1=4L2ÞPr ψaðrÞ†ψaðrÞ ¼ 1

2
. Since the arguments made

in favor of the gauge choice Uk ¼ 1 do not depend on the
number of flavors, we may analytically compute the Chern
number and observables like the average occupation
fractions [33], which serve as a diagnostic for metal-
insulator transitions

faðμ;MÞ ¼ 1

2L2

X
k∈B

hψaðkÞ†ψaðkÞiμ;M; ð4Þ

where
P

a faðμ;MÞ ¼ 1.

FIG. 1. The analytically computed Chern number C (left) vs the shifted mass M ¼ mþ 2R for a U(1) gauge group and arbitrary
system size L, and the numerically obtained many-body Chern number (right) on a 2 × 2 lattice with Z2 gauge fields for e2 ¼ 0.01. The
pink regions are trivial insulator phases, the orange one has C ¼ −1, while the yellow one has C ¼ þ1. This figure demonstrates the
robustness of topological phases even under severe gauge-group and lattice truncations, making them ideal targets for quantum
simulations. Derivations of the analytical and many-body Chern numbers are relegated to Ref. [33].
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Our investigation reveals a rich finite-density phase
diagram, hosting a variety of novel topological phases.
The full weak-coupling infrared phase diagram in Fig. 2
was obtained by evaluating the occupation fractions and
Chern numbers over the entire ðM; μÞ-plane for both the
singlet and triplet cases. In the insulating (i.e., gapped)
phases, we find that ðf↑; f↓Þ∈ fð1; 0Þ; ð1

2
; 1
2
Þ; ð0; 1Þg,

which we label as hsi∈ f↑;↑↓;↓g in Fig. 2, respectively.
The gapped phases may be topological, i.e., integer
quantum Hall (IQH) phases for the singlet case and
quantum spin Hall (QSH) phases, or trivially gapped but
characterized by hsi. In addition, the phase diagram also
hosts gapless metallic phases. Each metal-insulator phase
transition is found to be second order [33].
We emphasize that simulating such novel topological

phases is firmly beyond the reach of classical methods due
to the fermion sign problem that plagues QED3 and the
exponential computational complexity of simulating fer-
mions. Our results from exact diagonalization pave the way
for near-term quantum simulations of such topological
phases, which serve as an experimental verification of our
predictions.
A path to Wilson fermion quantum simulations with

gauge fields—So far, we have shown that lattice
Hamiltonian theories with Wilson fermions capture a
variety of topological phases while staggered fermions fail
to do so. However, staggered fermions have received a lot
of attention as far as implementation on quantum comput-
ing platforms is concerned, while similar experiments and
quantum simulations with Wilson fermions are not as
widespread.

In this section, we provide numerical results obtained via
exact diagonalization (ED) on 2 × 2 systems with ZN
gauge fields, which serve as a starting point for a deeper
study of quantum simulations with Wilson fermions. This
also provides an independent check on the results devel-
oped so far.
When we include gauge fields, there are a number of

considerations. First, the gauge fields must be truncated
from U(1) to ZN . Second, the gauge-invariant physical
states that carry both fermionic and gauge labels must
satisfy Gauss’ law. Third, the symmetries imposed prior to
introducing the gauge fields must be compatible with the
gauge symmetry, i.e., the Gauss-law projector and the
symmetry generators must share simultaneous eigenstates,
as shown explicitly for the weakly coupling flux-symmetry
generated byWk for both theZN and U(1) cases [33]. Since
our theoretical arguments indicate that the lowest Wk-
invariant state is independent of the gauge field values, we
must observe the topological transitions from ED even for
N ¼ 2 as proof of concept. This offers the possibility to
realize such topological phases on near-term quantum
computing platforms (such as superconducting devices
[14], Rydberg atoms [15], trapped ion [16], dipolar
molecules [40] and fermion-pair registers [41]) via a spin
representation for the truncated U(1) gauge group.
In Fig. 3, we have displayed a representative sample of

the results obtained via ED for the case of Nf ¼ 1 Wilson
fermion with Z2 gauge fields. Note that the blue and red
curves in Fig. 3 agree precisely with the analytically
predicted gaplessness at M ¼ 0;�2. We emphasize that
the energy levels displayed in Fig. 3 are explicitly ensured

FIG. 2. The phase diagram of Nf ¼ 2 Wilson fermions coupled to a U(1) gauge field for singlet (left) and triplet (right) mass
configurations at weak coupling. In the left figure, the pairs are labeled as ðc1½b�; hsiÞ. In the right figure, the triplets of Chern numbers
are labeled as ðc↑; c↓; ctotÞ. Here, “↑↓” denotes zero average spin. The diagram highlights the existence of IQH phases for singlet masses
and QSH phases for triplet masses. This plot was produced on a 16 × 16 lattice using the analytical solution [33], which allows access to
large system sizes. Details on deriving the phase diagram may be found in Ref. [33].
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to be Wk-invariant by the projectors 1
2
ð1þWkÞ, which

commute both with P and H.
As shown in the companion paper [33], the level cross-

ings originate from the Wilson fermions and are robust
under turning on U(1) gauge fields. This robustness of the
topological phase transitions persists despite severe gauge
group truncation and finite-size effects, which is further
confirmed in Fig. 1 by comparing the Chern number
obtained from ED with dynamical Z2 gauge fields at e2 ¼
0.01 with the analytical result obtained for arbitrary lattice
size L and N values. The ED data was obtained by
computing the many-body Chern number using the
Fukui-Hatsugai-Suzuki algorithm by imposing twisted
boundary conditions [42]. Given this excellent agreement,
we conclude that including fully dynamical gauge fields is
consistent with the physical picture that has been developed
so far. A thorough numerical investigation as a function of
e2 and m of the spectrum and a variety of topological
observables (such as current correlators) for both Nf ¼ 1

and 2 may be found in [33].
Future directions—In future works, we will examine in

further depth the fate of topological phases at strong
coupling, and the crossover into the confining regime. In
this Letter, we have focused our attention to the already-
rich weakly coupled phase diagram. It is worth emphasiz-
ing that theWk symmetry exists only at weak coupling; i.e.,
it commutes with Hf and HB, but not the electric term,
which is what allows us to extend our analysis to weakly
coupled QED3 with e2 ≪ Δ, where Δ is the mass gap.
While the topological phases persist when the gauge
coupling is sufficiently small compared to the mass gap,
there are indeed points in the parameter space where the
theory is gapless andΔ → 0. In this limit, there is no notion
of “weak coupling” and the theory is necessarily strongly

coupled. Therefore, we are required to include the effects of
the electric term. Sufficiently far from gapless points where
e2 ≪ Δ ≠ 0, the topological phases indeed persist [33].
Given the strongly coupled nature of the gapless points, it is
difficult to precisely predict the values of the transition
points. We hope that simulations on quantum computers
can provide further insights into such phase transitions. It
would be most interesting to study the full phase diagram as
a function of the gauge coupling, the masses, and the
chemical potential, especially at the gapless points. Such
regimes could be challenging for current classical algo-
rithms due to strong correlations and sign problems [43],
which motivates the development of quantum simulations.
Furthermore, Lagrangian lattice QCD4 with Wilson fer-
mions has been shown to exhibit so-called Aoki
phases in the gauge coupling-mass plane [44–48], which
maps out the boundary of the topological phases at finite
coupling. It would be fruitful to explore such phases in the
context of both lattice QED3, and lattice QCD4 at finite
density.
Our analysis provides a method for detecting phase

transitions with quantum algorithms such as variational
quantum eigensolvers [49] and quantum phase estimation
[50] in the future. While Fig. 3 focuses on Nf ¼ 1 Wilson
fermion, the truncation schemealsoworks forNf ¼ 2Wilson
fermions. An exciting direction is to design efficient
quantum algorithms to realize the rich phase diagram in
our theoretical analysis and identify the phase transitions in
experiments.
Conclusion—In this Letter, we have analyzed how

infrared topological phases can arise in fermionic theories
coupled to U(1) gauge fields. First, we note that theories of
staggered fermions are incompatible with the existence of
phases characterized by nontrivial Chern numbers. Second,
we find that Wilson fermions can support such phases in the
Hamiltonian formulation. This is in full agreement with
previous literature that has used the Lagrangian formulation
to analyze this problem. Third, we mapped out the phase
diagram of the QED3 at half filling with both one and two
flavors at zero and finite density, demonstrating metal-
insulator transitions and topological (Chern insulator and
quantum spin Hall) phases. We have shown that the vacua
that we consider are compatible with Gauss’ law, as
explicitly checked using exact diagonalization. This pro-
vides a foundation for realizing novel topological phases on
near-term quantum computers originating from Wilson
fermions, which are shown to be robust under weakly
coupling with U(1) gauge fields. Our results reveal rich
phases ofWilson fermions coupled to gauge fields and pave
the way for quantum simulations of topological phases in
ð2þ 1ÞD lattice field theory.
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