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In topological phases of matter for which the bulk and boundary support distinct electronic gaps, there
exists the possibility of decoupled mobility gaps in the presence of disorder. This is in analogy with the
well-studied problem of realizing separate or concomitant bulk-boundary criticality in conventional
Landau theory. Using a three-dimensional axion insulator having clean, gapped surfaces with e2=2h
quantized Hall conductance, we show that the bulk and surface mobility gap evolve differently in the
presence of disorder. The decoupling of the bulk and surface topology yields a regime that realizes a two-
dimensional, unquantized anomalous Hall metal in the Gaussian unitary ensemble on each surface, which
shares some spectral and response properties akin to the surface states of a conventional 3D topological
insulator. The generality of these results, as well as extensions to other insulators and superconductors, is
discussed.
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Introduction—The resilience of topological insulators
(TIs) to disorder [1–16], and the utility of their similarly
robust gapless surface states, have made these systems of
paramount importance for potential technological applica-
tions [17–28]. However, the discovery of axion insulators
and higher-order topological insulators, which have gapped
bulk and gapped boundary excitations, has opened the door
to a richer landscape of possible physical phenomena and
has extended our understanding of topological bulk-boun-
dary correspondences [29–47].
The dichotomy between TIs with gapped or gapless

surfaces is brought into sharp focus in the context of
disordered systems. Conventionally, properties of a disor-
dered TI are controlled by a bulk mobility gap [5,10,48–
68], which can be closed for sufficiently large disorder
strengths. However, for TIs having gapped boundaries, the
separate bulk and surface insulating gaps allow distinct
mobility gaps and transitions. For bulk higher-order topo-
logical transitions in the presence of disorder, the

dimensionally reduced surface states smear the transition,
creating an intervening metallic phase separating topologi-
cal and trivial insulating phases [69]. This mechanism is
distinct from the nonperturbative effects that also smear the
transition for Z2 insulators [70]. Upon opening the boun-
daries, prior work has shown that this allows for the
boundary mobility gap to close, while the bulk mobility
gap remains open, producing a (de)localization transition
on only the surface [46,49–69,71,72]. This presents the
possibility of realizing an Anderson localization analog of
the well-studied question of separate versus concomitant
bulk-boundary criticality in conventional Landau theory
[73–77], a topic of recent interest. Nonetheless, an under-
standing of the universality classes of the separate surface
and bulk transitions has been lacking. It is also important to
understand and provide a clear description (or “labeling”)
of the intermediate phase with a gapless surface, but gapped
higher-order topological bulk [Fig. 1(a)], a concept that has
remained vague in the literature.
To be concrete, in the following we focus on the fate of

axion insulators in the presence of disorder, which is of
theoretical, experimental, and practical interest
[69,72,99,100]. Generically, a clean axion insulator having
broken time-reversal symmetry will have gapped surfaces
that exhibit a quantized surface Hall conductance of
opposite sign and equal magnitude e2=ð2hÞ—i.e., half
the value of the conventional integer quantum Hall effect.
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However, transport measurements of the Hall conductivity
using a standard Hall bar geometry will necessarily yield
zero due to the two surfaces canceling. In the presence
of weak disorder, the surface mobility gap will remain
open [99], but stronger disorder may close the surface
mobility gap while leaving the bulk mobility gap open.
Here, we find that upon increasing the strength of disorder
beyond the critical value necessary for closure of the
surface mobility gap, the surface Hall conductance (on
the opposing surfaces) decreases continuously from a
magnitude of e2=ð2hÞ to zero. This is different from the
discontinuous jump in the Chern number that has been
observed in isolated 2D quantum Hall layers. In contrast, to
clearly observe the vanishing of surface Hall conductivity
due to disorder, measurements of an individual surface are
essential, and we expect they can be observed via mea-
surements of the Kerr rotation [101]. Additionally, recent
experiments [101–103] suggest that this may be measur-
able (though not fully quantized) in DC transport mea-
surements of semimagnetic insulators for which a single-
surface Hall conductivity of 0.52� 0.03e2=h has been
reported in the clean limit [102].
To this end, we study an axion insulator [1–16,99,104] in

the presence of short-ranged quenched disorder. When the
surface gap is smaller than the bulk gap in the clean limit,
we demonstrate distinct bulk and surface critical points that
are in agreement with the 3D Gaussian unitary ensemble
(GUE) Anderson localization transition, and the 2D integer
quantum Hall (IQH) plateau transition universality classes,
respectively. Qualitatively, this suggests two critical dis-
order strengths at weak disorder: the first is on the scale of
the surface mobility gap, and the second is on the order of
the bulk mobility gap. In contrast, at large disorder (on the
order of the bandwidth of the clean model), the surface and
bulk will localize together. In particular, we find that the
surface critical point separates an insulating phase with
1=2-quantized Hall conductance and a 2D GUE metallic
phase having a nonquantized surface Hall conductivity (but
finite mobility gap in the 3D bulk), which is monotonically
decreasing in magnitude with increasing disorder strength
[see Figs. 1(a) and 1(c)]. In this phase, where the surface
(bulk) mobility gap is closed (open) [see the region of the
phase diagram between the teal and red lines in Fig. 1(a)],
the disorder averaged surface spectral function reveals
a characteristic Dirac spectrum [see upper left inset of
Fig. 1(a)]. Furthermore, we put forth a protocol for
determining the topological nature of the surface before
and after closure of the mobility gap by proximity-coupling
an s-wave superconductor. The gapless surface states reveal
properties consistent with the conventional Fu-Kane
mechanism [105] for each disorder sample—i.e., we find
Majorana zero modes (MZMs) where vortex lines intersect
the proximitized surface.
Model—We consider the tight-binding model of an

antiferromagnetic (AFM) TI on a simple cubic lattice [99]

in the presence of a quenched, short-range disorder poten-
tial. The disorder potential is sampled from a Gaussian
distribution with zero mean and varianceW2, and henceW
characterizes the strength of disorder. The strength of the
staggered Zeeman field which gaps the z-surface states,mz,
is provided in units of the on-site orbital energies, m. Full
details of the model are provided in Appendix A.
We note that the universal critical exponents we compute

are independent of this choice of disorder distribution but
nonuniversal details; e.g., the shape of the phase diagram
will depend quantitatively upon it.

(a)

(b) (c)

FIG. 1. Phase diagram at the band center of a disordered 3D
axion insulator: (a) Surface typical density of states fixing E=m ¼
0 as a function of disorder strengthW and staggered Zeeman field
mZ=m. Above the teal-colored phase boundary, the surface
mobility gap is closed, and the surface anomalous Hall conduc-
tivity is no longer quantized to �e2=ð2hÞ. Above the red phase
boundary, the bulk mobility gap is also closed, coinciding with a
change in the bulk topology. The insets detail results of a disorder
averaged surface spectral function for mZ=m ¼ 0.1: (right) prior
to closure of the bulk and surface mobility gap (W ¼ 0.3), and
(left) after closure of the surface mobility gap (W ¼ 0.5),
revealing a massless Dirac cone. At large disorder strengths
(of the order of the clean bandwidth), the surface and bulk
localize concomitantly within the Gaussian unitary ensemble
(GUE) universality class for mz > 0 and the GSE universality
class for mz ¼ 0 (see the Supplemental Material [78]). (b) Phase
diagram at the band center for a disordered two-dimensional
Chern insulator within the GUE class, displaying a closed
mobility gap and critical states only at the topological phase
transition point (see the Supplemental Material [78]) (c) Phase
diagram at the band center for a half-quantized anomalous Hall
surface of a 3D axion insulator that first transitions to a two-
dimensional metallic phase having an unquantized anomalous
Hall conductivity, and then to a three-dimensional metallic phase
as disorder is increased.
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Bulk and surface delocalization transitions—A phase
diagram in the presence of disorder and staggered Zeeman
field mZ is constructed by computing the typical density of
states (TDOS). The TDOS involves computing the geo-
metric mean of the local density of states which is not self-
averaging, allowing extended and localized states to be
distinguished in disordered systems. Identifying where the
TDOS becomes finite in the thermodynamic limit is
therefore a diagnostic of Anderson localization phase
boundaries in any dimension [106–109]. Details of the
TDOS computation as a function of energy, ρtðEÞ, are
available in subsection “Typical density of states” of
Appendix B.
We focus on the TDOS at the band center (E ¼ 0), since

the band structure is symmetric about zero energy in the
clean limit, and upon disorder averaging, since the disorder
potential is selected from a Gaussian distribution with zero
mean (see the Supplemental Material for data away from
the band center [78]). As shown in Fig. 2(a), the surface
TDOS at the band center ρtðE ¼ 0Þ lifts off from zero well
before the bulk does; at large enough disorder, ρtðE ¼ 0Þ is
converged in expansion order and system size (see the
Supplemental Material for data including smaller sizes
[78]). Near the transitions, however, there is a large, finite
KPM expansion order correction that we take into account
using the scaling theory of Anderson localization [110].
To extract the bulk and surface mobility edges, we fit the

data in Fig. 2(a) for W larger than the critical values to a
power-law vanishing TDOS,

ρt;jðE ¼ 0Þ ∼ jW −Wc;jjβj ð1Þ

(where j ¼ S; B denotes surface and bulk), to determine
Wc;S andWc;B as a function of Nc; the fits to the largest Nc

are shown as black lines in Fig. 2(a) and are shown on a
log-log scale in the Supplemental Material [78]. The values
of Wc;j are subsequently extrapolated to the limit Nc → ∞
through a linear fit as a function of 1=Nc, shown in the
upper panel of Fig. 2(b). This yields Wc;B ¼ 0.59� 0.02
and Wc;S ¼ 0.46� 0.02, clearly demonstrating that the
surface localization transition precedes the bulk. We use
this procedure to determine the phase diagram in Fig. 1(a)
as we vary the strength of the disorderW and the staggered
Zeeman field mZ=m. For large values of mZ=m, the surface
gap becomes equivalent to the bulk gap in the clean limit,
and the phase boundaries merge. For mZ ≫ m, the topo-
logical bulk gap will close, and the model will transition to
a trivial insulator via a diffusive metal phase [69] (see the
Supplemental Material [78]).
By extrapolating the fits for βj (where j ¼ S; B) shown

in the lower panel of Fig. 2(b) to the limit Nc → ∞, we find
βB ¼ 1.76� 0.1 for the bulk, and βS ¼ 1.64� 0.1 for the
surface formZ=m ¼ 0.1. The value of βj¼S;B is explored for
additional values of mZ=m in the Supplemental Material,
yielding consistent results [78]. Utilizing the values of β

and Wc, we fit ρtðE ¼ 0Þ at the band center to the scaling
form in energy [111]

ρt;jðE ¼ 0Þ ∼ N
−βj=ðzjνjÞ
c f

�
δjN

1=ðνjzjÞ
c

�
; ð2Þ

where δj ¼ jW −Wc;jj=Wc;j and zj ¼ dj, fixing zB ¼ 3

and zS ¼ 2. The data are then collapsed by optimizing νj
using a similarity function, SjðνÞ, as shown in the inset of
Fig. 2(d). We find νB ¼ 1.6� 0.2 and νS ¼ 2.3� 0.3 for
the bulk and surface, respectively, as shown in Figs. 2(c)
and 2(d).
Based purely on symmetry, the system falls under theGUE,

since the Zeeman field breaks time-reversal symmetry. The
values of νj determined through the finite size scaling analysis
are generally in agreementwith the expected values for aGUE
Anderson localization transition in 3D at Wc;B (ν3D ≈ 1.56)
and the 2D IQH plateau transition at Wc;S (ν2D ≈ 2.25)
[112–115]. We find that forWc;S < W < Wc;B, the mobility
gap is closed; hence, the surface is a 2D GUEmetal while the
bulk is insulating. To provide further evidence of the GUE

(a) (b)

(c) (d)

FIG. 2. Bulk and surface typical density of states: Fixing
mZ=m ¼ 0.1, we vary W to pass through each phase of the
model shown in Fig. 1. (a) Red points mark bulk typical density
of states at at E ¼ 0, and blue points mark surface typical density
of states at the band center E ¼ 0 as a function of KPM expansion
order Nc and disorder strength W. Black lines are determined
by fitting points to ρt ∼ jW −Wc;jjβj , where j ¼ B; S for the bulk
and surface, respectively. Insulator-to-metal transition points for
the surface and bulk are marked by vertical dashed lines.
(b) Fitting Wc and β as a function of 1=Nc for the surface and
bulk to determine each quantity in the limit Nc → ∞. (c) Data
collapse of bulk typical density of states (TDOS), fixing z ¼ 3
and utilizing values of β and Wc as determined from (b). The
exponent νj is determined by the minimum of a similarity
function SðνjÞ shown in the inset of (d). (d) Data collapse for
surface TDOS, fixing z ¼ 2 and determining ν using the
similarity function.
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metal phase, we performed detailed analysis of the level
spacing statistics presented in the SupplementalMaterial [78].
At large disorder—i.e., when disorder is on the order of the
clean bandwidth—there is no separation between surface and
bulk localization, as they both have the same critical disorder
strength (see the Supplemental Material [78]). Turning off the
time-reversal symmetry breaking mZ ¼ 0 changes the bulk
3D localization to Gaussian symplectic ensemble (GSE)
[12,13,15,78,116,117].
With this evidence in hand, one can ask if the surface

critical point differs in any significant ways from the
disorder induced topological phase transition in conven-
tional Chern insulators as depicted in Fig. 1(b). First, our
estimated value of βS ≈ 1.6 is much larger then what has
been found at the IQH transition, β ¼ 0.58 [114,118–121].
However, we can seek internal consistency through scaling,
as the TDOS exponent can be related to the multifractal
nature of the wave functions at the localization transition
through the expression β ¼ νðα̃0 − dÞ [106], where α̃0 is a
measure of the multifractal spectrum [110]. The obtained
values of βj and νj yield α̃B0 ¼ 4.0� 0.3 and
α̃S0 ¼ 2.6� 0.35. We find that the obtained value for the
bulk is in agreement with the expected value for the 3D
unitary class [119], α̃3D0 ≈ 4.0. The expected value for the
2D IQH transition, α̃2D0 ≈ 2.25 [122], also lies within the
margin of error for the obtained value of α̃S0 . Taken together,
our analysis of the TDOS data demonstrates the existence
of separate bulk and surface transitions and an extended
parameter regime in which the disordered two-dimensional
surface is a 2D GUE metal.
Surface spectrum and topological response—While we

have demonstrated that the surface mobility gap is closed
when W > Wc;S, we can gain more information by com-
puting the surface resolved spectral function using KPM
[123]. For a definition of this quantity see subsection
“Surface spectral function” of Appendix B. The results are
averaged over 100 disorder configurations, considering
a system size L ¼ 60 and Nc ¼ 212. The results are shown
in the inset of Fig. 1(a), which identifies clear regions
showing characteristic gapped (W < Wc;S) and gapless
(Wc;S < Wc;B) 2D surface Dirac cones.
While the surface spectral function in the 2D GUE metal

regime indicates a gapless Dirac spectrum on average, it is
important to understand the response phenomena of the
surface and bulk as well. We first consider the topological
response of the surface in the presence of disorder. To
accomplish this, we compute the local Chern marker on the
surface [124,125]; details of this computation are provided
in subsection “Local Chern marker” of Appendix B. In the
limit of weak disorder, the local Chern marker shows
convergence to the quantized half-integer value in Fig. 3.
Increasing the disorder strength beyondWc;S, we observe a
finite value that deviates from a half-integer. This is
indicative of the surface being a GUE metal having a
nonquantized anomalous Hall effect, even though the

average surface spectra indicates a gapless Dirac cone.
We confirm the Hall conductance by computing the charge
bound to a flux tube passing through the top z-surface. We
find that such a flux tube binds a charge on the surface in
correspondence with the quantized (unquantized) Chern
marker for W < Wc;S (W > Wc;S) (see the Supplemental
Material for details [78]). By comparison, we can probe the
bulk response using the Witten effect [126–131]. That is,
we can determine the charge bound to a magnetic monop-
ole inserted in the bulk, which is expected to obey
QM ¼ ðeθ=2πÞ, even in a disordered system.
To determine the charge bound to the monopole, we

compute the induced charge density at half-filling, ΔρðriÞ,
via the procedure detailed in subsection “Witten effect” of
Appendix B. The induced charge on the monopole, δQðrÞ,
is then obtained by integrating ΔρðriÞ inside a spherical
surface of radius R (all lengths are specified relative to the
lattice spacing), centered at the monopole. As shown in
Fig. 3(a), the charge is sharply localized on the monopole
and, up to finite size effects, the bound charge is quantized
toQM ¼ ðe=2Þ all the way to the bulk transition—i.e., even
when the surface mobility gap is closed. Hence, we find a
robust value θ ¼ π in the bulk for the entire region,
W < Wc;B. After the bulk transition, there can still be
charge density near the location of the monopole, but it is

(a) (b) (d)

(e)

(c)

FIG. 3. Evolution of bulk and surface topology:
(a),(b) Disorder-averaged, induced charge density within the first
octant upon monopole insertion. The quantized monopole bound
charge δQðrÞ is visible for (a) W < Wc;B, and absent for
(b) W > Wc;B. (c) Induced charge on the monopole at the origin,
computed using Eq. (B4) and exact diagonalization, within a
radius r� ¼ L=4 about the origin, where r is given in units of the
linear system size L ¼ 20 (red points). Surface Chern marker
Csurf on the ẑ-surface computed using KPM as defined in
Eq. (B3), averaged over 5000 disorder configurations fixing
Nc ¼ 16384 (blue points). The approximate values of disorder
for the surface and bulk mobility gap closing are marked by blue
and red dashed lines, respectively. (d),(e) Spatially resolved, zero-
energy density of states of Eq. (B5), fixing μ ¼ 0; mZ=m ¼ 0.1
and δ0 ¼ 0.3 averaged over 50 disorder configurations for
(d) Wc;S < W < Wc;B and (e) W ¼ Wc;B. Colored stars are used
to identify density plots with values of disorder strength in (c).
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not quantized and depends on the details of the inhomo-
geneity induced by the disorder.
In addition to the electromagnetic response, we can

probe the bulk and surface topology by proximity-coupling
the system to an s-wave superconductor, as in the work of
Fu and Kane [105]. In the clean limit, if the proximity-
induced superconducting gap dominates over the magnetic
surface gap, then vortices that intersect the surface will bind
MZMs. Hence, in the regime of disorder where the surface
gap has closed but the bulk gap remains open,
Wc;SðmzÞ < W < Wc;B, we expect that even weak super-
conductivity should be able to open a surface gap to exhibit
the Fu-Kane phenomenology. To model this scenario, we
use a Bogoliubov–de Gennes (BdG) Hamiltonian, the
details of which are provided in subsection “Fu-Kane
effect” of Appendix B. To generate MZMs, we can follow
the procedure in Refs. [132–134] to insert a vortex line
along the z-axis (see the Supplemental Material [78]).
The results are shown in Fig. 3(d), which reveal clear
localized MZMs. Furthermore, we show that by tuning the
chemical potential, μ, a vortex phase transition vanquishing
the MZMs is observable, as expected from, e.g.,
Refs. [132,134] (see the Supplemental Material [78]).
Interestingly, in Fig. 3(e), we show that the vortex phase

transition can also be accessed by tuning the disorder
strength while keeping the chemical potential fixed.
Using the Lanczos algorithm [135] at fixed μ and
mz=m ¼ 0.1, we average the spatial localization of the
zero-energy states for 50 disorder configurations, with the
results shown in Figs. 3(d) and 3(e). ForWc;S < W < Wc;B,
we clearly observe localizedMZMs,whilewhenW ¼ Wc;B,
the delocalization transition and hybridization across the
vortex line is visible. Hence, we find that the Fu-Kane
MZMs are apparent for W > Wc;S but are removed by the
bulk transition when W > Wc;B.
Discussion and outlook—We have shown that the

introduction of disorder in an axion insulator supporting
a gapped topological bulk and gapped topological surface
leads to the decoupling of the surface and bulk mobility
gaps. This decoupling gives rise to a novel phase in which
each surface hosts a single gapless Dirac cone (with
opposite chiralities on the two surfaces) within the GUE,
a situation that has previously been found at the IQH
plateau transition (for a single value of disorder strength,
not over an extended range of disorder strength), which
suggests the presence of a topological Θ term in the field-
theoretic description of this system.
There could also be a scenario where a critical phase, not

a critical point, exists where the multifractal dimensions of
the wave functions would remain “pinned” to the 2D IQH
transition values for a range of disorder strengths. However,
our data are inconsistent with this scenario (see the
Supplemental Material [78]) as the surface density of
states converges to a finite value in the thermodynamic

limit—i.e., it does not vanish in a power-law fashion as it
would at the IQH transition.
We expect this Letter to have widespread consequences,

as the class of axion insulators includes magnetic topo-
logical insulators [129,136] beyond the AFM case we
investigated. Many higher-order topological insulators
(HOTIs) have been shown to fall into this class [35–37],
providing a broad range of known systems that can realize
the physics described in this Letter. The strategy for
diagnosing topology before and after closure of the surface
mobility gap is also general and can be applied to under-
stand such HOTIs.
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End Matter

Appendix A: Model Hamiltonian—Throughout this
Letter, we consider the tight-binding model of an
antiferromagnetic (AFM) TI on a simple cubic lattice
[99] in the presence of a quenched, short-range disorder
potential,

H ¼ H0 þHV; ðA1Þ

where H0 ¼ m
P

l c
†
l τ

zcl þmz
P

lð−1Þlzc†l σzcl þ ðt=2ÞP
hl;l0i c

†
l τ

zcl0 þ ð−iλ=2ÞPhl;l0i c
†
l τ

xn̂u0 · σcl0, and dis-

order is introduced as HV ¼ P
l VðlÞc†l cl, where τμ¼x;y;z

and σμ¼x;y;z are Pauli matrices for the orbital and spin
degrees of freedom. Sites on the cubic lattice are labeled
by l, with

P
hl;l0i denoting a sum over nearest neighbors

and n̂ll0 denoting the nearest-neighbor unit vector. The
on-site orbital energies and staggered Zeeman field
strength are determined by m and mZ, respectively; t
dictates the spin-independent hopping strength, and λ is
the spin-dependent nearest-neighbor hopping strength.
The potential VðlÞ is sampled from a Gaussian
distribution with zero mean and variance W2.
When mZ ¼ 0, this model reduces to a time-reversal-

invariant 3D topological insulator having a gapped bulk
and a quantized axion angle, θ ¼ π for jtj < jmj < j3tj, and
θ ¼ 0 for jmj > j3tj or jmj < jtj. In phases where θ ¼ π,
the system will have gapless surface states consisting
of an odd number of surface Dirac cones [4]. We focus
on the parameter choice ðm; t; λÞ ¼ ð1.0;−0.5;−0.6Þ. For
mZ ≠ 0, the staggered Zeeman field gaps the topological
surface states on the z-surfaces, but the quantization of θ
remains, yielding an axion insulator [141,142]. The insu-
lating z-surfaces have a quantized half-integer anomalous
Hall effect [143]. Unless stated otherwise, we focus on the
case mZ=m ¼ 0.1 in the main text.

Appendix B: Probes of the disordered model—
Typical density of states: In this Letter, we utilize the

typical density of states to determine the Anderson locali-
zation phase boundaries. We define the typical density of
states (TDOS) through the local DOS via

ρtðEÞ ¼ exp

�
1

4Ns

XNs

i¼1

X2
σ¼1

X2
τ¼1

½ln ρi;σ;τðEÞ�
�
; ðB1Þ

where ½…� denotes a disorder average, Ns indicates a small
collection of random sites to improve the average
(Ns ≪ L3), and the local DOS at site i for spin σ and
orbital τ, is defined as ρi;σ;τðEÞ ¼

P
n jhnji; σ; τij2

δðE − EnÞ, where jni and En denote an exact eigenstate
and its eigenenergy, respectively.
When examining the surface DOS, the sum over i is

restricted to values on the surface of the sample. We restrict
sampling for the bulk DOS to the half of the system closest
to the middle to avoid any boundary effects. For the
computation of the TDOS, we average 5000 disorder
configurations and use the kernel polynomial method
(KPM) [108] to expand the action of any operator that
is dependent on the Hamiltonian on an eigenstate, jni, in
terms of Chebyshev polynomials to order Nc. This allows
us to access a large linear system size of L ¼ 100. The
surface and bulk TDOS computed for the model at hand are
displayed in Fig. 2. Further details of the KPM method are
available in the Supplemental Material [78].
Surface spectral function: The surface resolved spec-

tral function is defined as

Aðk⊥; z;EÞ ¼
X
n

X
σ;τ

jhk⊥; z; σ; τjnij2δðE − EnÞ; ðB2Þ

where k⊥ ¼ ðkx; kyÞ, and jni and En denote the exact
eigenstate and eigenenergy, respectively.
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We are using a mixed momentum-position basis
jk⊥; z; σ; τi ¼ ð1=

ffiffiffiffiffiffi
L2

p
ÞPx;y e

iðkxxþkyyÞc†x;y;z;σ;τj0i for spin
component σ, orbital component τ, and we take z ¼ 0 to be
the sample surface. The results of computing the surface
spectral function averaged over 100 disorder configurations
for a system size L ¼ 60 and KPM expansion order
Nc ¼ 212 are shown as insets in Fig. 1 for (top left)
W < Wc;S and (bottom right) Wc;s < W < Wc;B.
Local Chern marker: The local Chern marker

[124,125] is computed as

Clðx; yÞ ¼
2πi
jAj

X
s

hsj½P̂lx̂P̂l; P̂lŷP̂l�jsi; ðB3Þ

where A is a subsystem constructed of sites on the z-layer
indexed by l, with jAj being its area, and s spans all the
degrees of freedom in the subsystem. We compute the local
Chern marker via KPM [144], and we use coarse grain
across z-layers to determine the value on the surface (see
Ref. [143] and the Supplemental Material for more details
[78]). Results for computing the Chern marker as a function
of disorder strength are shown in Fig. 3(c).
Witten effect: To determine the charge bound to an

inserted monopole, we compute the charge density at half
filling,

ρqðriÞ ¼ −e
X2L3

n¼0

jψn;qðriÞj2; ðB4Þ

in the presence (q ¼ M) and absence (q ¼ 0) of the
monopole. We use a north-pole gauge to simulate the
monopole, as described in the Supplemental Material [78].
The induced charge on the monopole is then obtained by
integrating ΔρðriÞ ¼ ρMðriÞ − ρ0ðriÞ inside a spherical

surface of radius R (all lengths are specified relative to
the lattice spacing), centered at the monopole. For our
discrete system, we explicitly compute δQðRÞ ¼P

jrij<R ΔρðriÞ for a system having open boundaries along
all directions. The disorder-averaged induced charge den-
sity fixing W < Wc;B andW > Wc;B is shown in Figs. 3(a)
and 3(b), respectively. The induced charge on the monopole
as a function of system size and disorder strength is shown
in Fig. 3(c).
Fu-Kane effect: To explore the effects of proximity

coupling an s-wave superconductor in the main body, we
analyze the Bogoliubov–de Gennes (BdG) Hamiltonian,

HBdG ¼
�

H − μ Δ0τ0σ2
ðΔ0τ0σ2Þ† −H� þ μ

�
: ðB5Þ

Here, H is defined in Eq. (A1), μ is the chemical potential,
and Δ0 is the s-wave pairing amplitude. The choice of
s-wave pairing follows the reasoning given in Ref. [44]—
namely, that for this choice the bulk remains gapped, as the
chemical potential is varied in the clean limit, and it is the
form of pairing explored for TIs in Ref. [132]. To generate
Majorana zero modes and probe the topological character
of the surface states, a vortex line is inserted along the z-
axis following the procedure in Refs. [132–134].
The disorder-averaged, spatially resolved, zero-energy

density of states fixing μ ¼ 0 and δ0 ¼ 0.3 is shown in
Figs. 3(d) and 3(e) for Wc;S < W < Wc;B and W ¼ Wc;B,
respectively. For Wc;S < W < Wc;B [Fig. 3(d)], two
Majorana zero modes are found at the ends of the vortex
line. When W ¼ Wc;B [Fig. 3(e)], we observe a vortex
phase transition in which the Majorana zero modes are
vanquished.
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