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We bootstrap the first-order correction in the curvature expansion of the Virasoro-Shapiro amplitude in
AdS spacetime, for arbitrary Kaluza-Klein charges of external operators. By constructing a universal ansatz
based on single-valued multiple polylogarithms as well as an AdS × S formalism, and matching it with the
low-lying result, we derive a unified formula in terms of world-sheet integrals. Our result predicts an
infinite number of Wilson coefficients that were not available in previous literature.
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Introduction—The application of analytic bootstrap
methods to correlators in holographic conformal field
theory models has recently uncovered many hidden struc-
tures in these observables in the supergravity limit. In
particular, in the prototypical model of N ¼ 4 supersym-
metric Yang-Mills (SYM), contrary to the naive expectation
from complicated bulk interaction vertices, these new
developments reveal that these correlators enjoy universal
features that are guided by simple principles such as the
hidden higher dimensional conformal symmetry [1].
This offers a useful probe into the structure of particle
interactions in anti–de Sitter (AdS). When taking into
consideration the full type IIB superstring dual to SYM,
one may wonder whether the above simplicity extends to
the entire string scattering [2]. At least, when we perform
curvature expansion on (the Mellin represenations of)
the four-point correlator of half-BPS operators, i.e., with
respect to λ−

1
2 ¼ α0=R2, the leading piece in the genus-0

scattering is well captured by the renowned Virasoro-
Shapiro amplitude

Að0ÞðS; TÞ ¼ −
Γð−SÞΓð−TÞΓð−UÞ

ΓðSþ 1ÞΓðT þ 1ÞΓðU þ 1Þ ; ð1Þ

where S, T, U are the Mandelstam variables, satisfying
Sþ T þ U ¼ 0. It should be ideal that a similar compact
formula exists for the complete genus-0 correlator.

As a promising step toward this goal, recent studies
of the stress-tensor correlator hO2O2O2O2i as well as
its higher Kaluza-Klein (KK) charge counterparts
hO2O2OpOpi show that the corrections in the above
curvature expansion can also be expressed as a Riemann
sphere integral with insertions [8–10]. It is then natural to
inspect whether these developments can be made system-
atic for arbitrary KK charge configurations. On the one
hand, such an all KK result will definitely help us ease the
analysis of the operator spectrum as well as provide new
insights on universal structures of the correlators. On the
other hand, computation in these general situations is
typically not a straightforward task, since existing methods
(such as dispersive sum rules [11,12]) struggle with super-
conformal block expansion among different KK modes.
In this Letter, we resolve the above challenge through a

novel AdS × S formalism [3], establishing the world-sheet
formula for the first curvature correction to the AdS
Virasoro-Shapiro amplitude of arbitrary KK modes. The
bootstrap computation leading to this result starts with an
ansatz where the world-sheet integrand is built using single-
valued multiple polylogarithms (SVMPLs). After con-
straining the ansatz by crossing symmetry, the remaining
degrees of freedom turn out to be uniquely fixed by
matching the known hO2O2OpOpi result [10]. This
circumvents the computational complexity in dispersive
sum rules. We validate the universality of our result via
low-energy expansions [3–7], where consistency with
localization/integrated predictions [13,14] is confirmed
by precise agreement on Wilson coefficients. This world-
sheet formula further provides an infinite set of new
predictions for the Wilson coefficients.
The correlators—In this Letter we consider the super-

gravitons in AdS5 × S5. On the boundary they are half-BPS
operatorsOp≥2ðx; yÞ inN ¼ 4 SYM theory, with protected
dimension Δ ¼ p and transforming as ½0; p; 0� under the
SUð4Þ ≃ SOð6Þ R-symmetry group. Here, x denotes the
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space-time dependence while y represents the SO(6) null
vector. We can derive the reduced correlator Hðu; vÞ from
four-point correlation function hOp1

Op2
Op3

Op4
i by solv-

ing the superconformal Ward identity [15,16] [17]. The
reduced Mellin amplitude is defined by

Hðu; v; yijÞ ¼
Z

dsdt
ð2πiÞ2 u

sþ4
2 v

t−p23
2 Mðs; t; yijÞΓpi

; ð2Þ

where we abbreviate pij ¼ pi þ pj and yij ¼ yi · yj. The
function Γpi

reads,

Γpi
¼ Γ

�
p12 − s

2

�
Γ
�
p34 − s

2

�
Γ
�
p14 − t

2

�

× Γ
�
p23 − t

2

�
Γ
�
p13 − ũ

2

�
Γ
�
p24 − ũ

2

�
;

and

sþ tþ ũ ¼ p1 þ p2 þ p3 þ p4 − 4 ¼ 2Σ − 4:

Note that s, t, and ũ are the Mellin analogues of the
usual Mandelstam variables for four-point amplitudes in
flat space.
The genus zero contributions of Mðs; tÞ can be decom-

posed into [18]

Mgenus-0 ¼ MSG þ λ−
3
2M3 þ λ−

5
2M5 þ � � � ; ð3Þ

where MSG originates from the supergravity contributions
[19] while Mi corresponds to higher-derivative stringy
effective corrections. The divergences in the asymptotic
expansion Eq. (3) are removed via a Borel transform [12],
which resums the perturbative series into a finite amplitude

AðS;T;yijÞ ¼ λ
3
2ΓðΣ− 1Þ

Z
dα
2πi

eα

αΣþ2

×M

�
2

ffiffiffi
λ

p
S

α
þ 2Σ− 4

3
;
2

ffiffiffi
λ

p
T

α
þ 2Σ− 4

3
;yij

�
:

ð4Þ

This transformation analytically continues the original
divergent series into a well-defined amplitude, reorganizing
the curvature expansion in λ−

1
2 around flat space,

Agenus-0ðS; T; yijÞ ¼
X∞
k¼0

λ−
k
2AðkÞðS; T; yijÞ: ð5Þ

The leading term Að0Þ is proportional to Virasoro-Shapiro
amplitude with an extra factor fixed by known supergravity
terms on S5 [19,20]. Að0Þ exhibits a low-energy expansion
whose coefficients lie in the ring of single-valued multiple

zeta values (MZVs) [21–24]. For example, in the
hO2O2O2O2i case,

Að0Þ
2222 ¼

1

STU
þ 2ζ3 þ ðS2 þ T2 þU2Þζ5 þ STUζ23 þ � � � :

We use ζn to represent the Riemann ζ function. The
appearance of single-valued MZVs indicates the structure
of world-sheet integrals. Building on this observation
one can systematically construct curvature corrections
AðkÞðS; TÞ by generalizing the integrand on a compact
Riemann sphere [11,12].
Our goal is to ascertain the first curvature correction

Að1ÞðS; TÞ for arbitrary KK modes. However, for the
scattering involving generic KK modes, the dispersive
sum rule method necessitates applying superconformal
block decomposition and carefully handling the intricate
internal SU(4) symmetry. These difficulties underscore the
necessity to enhance the current framework.
The AdS × S formalism—It is convenient to introduce

the AdS × S Mellin formalism [3] when one deals with the
KK levels. This S transform sends nij to yij similar to the
Mellin transformation, which sends s=t=u to x2ij,

Mðs; t; yijÞ ¼
X
nij

Mðs; t; nijÞ ×
Y
i<j

y
nij
ij

Γðnij þ 1Þ ; ð6Þ

where nij can be understood as the Mellin variables on the
sphere S5. To obtain the usual Mellin amplitude, one sums
over all integers nij under the following constraints:

X
j

nij ¼ 0; nij ¼ nji; nii ¼ −ðpi − 2Þ: ð7Þ

The γ functions in the denominator naturally set a cutoff
for the range of nij, leading to a finite sum. This formalism
simplifies the structures that depend on internal symmetry
into problems with finite parameters. This makes it highly
effective in diverse scenarios, including the bootstrap
process for low-energy expansion [7], computations of
10d effective actions [6], and higher-point calcula-
tions [25].
Within this framework, the tree-level supergravity ampli-

tude for arbitrary KK charges [19] has a remarkable
simplification [3],

MSG ¼ −
1

ðsþ 1Þðtþ 1Þðuþ 1Þ ; ð8Þ

here s and t are associated with our notation as

s ¼ 1

2
ðs − p12Þ þ n12; t ¼ 1

2
ðt − p14Þ þ n14;

and satisfy the on-shell relation sþtþu¼−4. Regarding
the stringy corrections, this formalism can also recast them
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into a simpler form. For instance, in the case of the λ−
3
2 term,

the result for the most general KK charges [4,5] can be
reorganized as a constant [3]

M3 ¼ 2ðΣ − 1Þ3ζ3; ð9Þ

where ðaÞb ≡ Γðaþ bÞ=ΓðaÞ is the Pochhammer symbol.
Having introduced the Borel transform Eq. (4) and the S

transform Eq. (6), a useful insight is their commutativity, as
illustrated in Fig. 1. Previous discussions only introduced
the Borel transform forMðs; t; yijÞ [10–12], but we suggest
considering the transformation from Mðs; t; nijÞ to
AðS; T; nijÞ through the Borel transform directly. This
framework provides a practical approach for deriving
arbitrary KK results while maintaining explicit crossing
symmetry.
For instance, the tree-level supergravity contribution to

Að1ÞðS; TÞ derived from Eq. (8) yields

Að1Þ;SG ¼ 2 − Σ
6S2T2U2

× ð3ðnsS2 þ ntT2 þ nuU2Þ
− ðns þ nt þ nu − 1ÞðS2 þ T2 þ U2ÞÞ; ð10Þ

where the crossing symmetric variables are defined as

ns ¼ n12 þ n34; nt ¼ n14 þ n23; nu ¼ n13 þ n24

and satisfy the on-shell relation ns þ nt þ nu ¼ Σ − 4.
Furthermore, taking into account the contribution Að1Þ;i

of each string correctionMi under the Borel transform, we
can write the full low-energy expansion of Að1ÞðS; TÞ as

Að1ÞðS; T; nijÞ ¼ Að1Þ;SG þAð1Þ;3 þAð1Þ;5 þ � � � : ð11Þ

Notably, deriving Að1Þ;i from Mi is straightforward. For
example, Eq. (9) predicts Að1Þ;3 ¼ 0. Conversely, recon-
structingMðs; tÞ fromAðS; TÞ is uniquely ascertained due
to the polynomiality of stingy correction [7]. Toward the

end of this Letter, we will revisit the discussion on Wilson
coefficients of Að1Þ and provide more precise results.
The results for the low-lying KK configurations can be

reformulated as an integral over the Riemann sphere,
suggesting the feasibility of constructing analogous
structures in AdS × S space. The supergravity contribu-
tion Að1Þ;SG, as part of the low-energy expansion of Að1Þ,
already delineates a pathway for incorporating nij
dependence into the amplitude. Next, we will present a
compact formalism that systematically unifies the treat-
ment of world-sheet integrals and internal symmetry
dependencies.
World-sheet correlator—Let us construct our ansatz.

On the one hand, we choose the single-valued multiple
polylogarithms (SVMPLs) as basis, which ensures that the
amplitude contains only single-valued MZVs. On the other
hand, the coefficients should contain the internal symmetry
dependencies. We assume the curvature correction for the
world-sheet correlator as

Að1ÞðS; TÞ ¼ Bð1ÞðS; TÞ þ Bð1ÞðS;UÞ þ Bð1ÞðU; TÞ; ð12Þ

which respects the crossing symmetry. Bð1ÞðS; TÞ is an
integral over the Riemann sphere

Bð1ÞðS; TÞ ¼
Z

d2zjzj−2S−2j1 − zj−2T−2Gðz; z̄Þ: ð13Þ

In the above jzj−2S−2j1 − zj−2T−2 is the Koba-Nielsen
factor, z the complex cross ratio on the Riemann sphere,
and the integration measure reads d2z ¼ dzdz̄=ð−2πiÞ.
Our ansatz generalizes the structure of hO2O2OpOpi,

with the integrand

Gðz; z̄Þ ¼
X4
i¼1

Ls
iR

s
i þ

X3
j¼1

La
jR

a
j : ð14Þ

HereRa=s
i ðS; TÞ are homogeneous rational functions in the

Mandelstam variables S, T, U and Ls=a
i denote combina-

tions of pure transcendental weight 3 SVMPLs L. Both
of them are carefully chosen to ensure consistency with
the pole structure and low-energy behavior of the AdS
Virasoro-Shapiro amplitude. The symmetric components
Ls
i and antisymmetric components La

j under the exchange
z ↔ 1 − z [8,9] are defined as,

Ls
i ¼ ðLs

000ðzÞ;Ls
001ðzÞ;Ls

010ðzÞ; ζð3ÞÞ; ð15aÞ

La
i ¼ ðLa

000ðzÞ;La
001ðzÞ;La

010ðzÞÞ; ð15bÞ

with explicit expressions provided in Supplemental
Material [26]. The prefactors Ra=s

i ðS; TÞ are designed

FIG. 1. We use solid arrows to represent the Borel trans-
formations Eq. (4) from M to A and from M to A, and dashed
arrows to represent the S transformations Eq. (6) from M to M
and fromA to A. Since these two transformations act on different
variables, we conclude that they are commutative.
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with a universal denominator U2 and enjoyed the general
structure

Ra=s
i ðS; TÞ ¼ fa=s1 S2 þ fa=s2 ST þ fa=s3 T2

ðSþ TÞ2 ; ð16Þ

where fa=si are linear combinations of

fΣns;Σnt;Σnu;Σ; ns; nt; nug

with unknown coefficients. This parametrization is moti-
vated by two observations. First, supergravity contributions
Að1Þ;SG already encode these nij dependencies. Second, the

known Að1Þ
22pp exhibit at most quadratic dependence on p,

ensuring the sufficiency of the ansatz. Notice that the on-
shell relation ns þ nt þ nu ¼ Σ − 4 reduces the number
of basis. This ansatz systematically encapsulates the SU(4)
information for arbitrary KK charges.
We establish key consistency conditions that constrain

the ansatz Eq. (14). The ansatz must satisfy the following
fundamental constraints of crossing symmetry and single
valuedness.
Crossing symmetry: invariance under the exchange

z ↔ 1 − z translates to a symmetry in the Mandelstam
variables S ↔ T and ns ↔ nt enforcing

Bð1ÞðS; T; ns; ntÞ ¼ Bð1ÞðT; S; nt; nsÞ:

The crossing symmetry impose nontrivial relationships
among the coefficients of fa=si , enabling partial determi-
nation of their values.
Single-valuedness: The use of SVMPLs guarantees that

the amplitude only contains the single-valued MZVs, a
critical requirement for closed-string amplitudes.
After imposing the crossing relation, 75 unknown

coefficients remain in Eq. (14). All of these coefficients
can be uniquely determined by comparing to the
known hO2O2OpOpi result presented in [10]. The com-
plete bootstrap procedure is presented in Supplemental
Material [26]. We find that the final result exhibits a
striking simplification and offers several insightful physical
perspectives.
Results—We now present the first curvature correction

to the Kaluza-Klein AdS Virasoro-Shapiro amplitude.
Although the ansatz was constructed with the full basis
of weight-3 SVMPLs, by properly reorganizing the boot-
strap result, we observed that it only depends on five
linearly independent SVMPLs,

L1=4 ¼ Ls=a
000ðzÞ; L2 ¼ −Ls

010ðzÞ þ 4ζ3;

L3 ¼ Ls
000ðzÞ − Ls

001ðzÞ − Ls
010ðzÞ;

L5 ¼ La
000ðzÞ − La

001ðzÞ − La
010ðzÞ; ð17Þ

where L1, L2, and L3 are symmetric, while L4 and L5 are
antisymmetric. This basis automatically eliminates diver-
gences of weight three or lower in the Riemann surface
integral Eq. (13). Specifically, none of these basis elements
generate logarithmic singularities of the form logið0Þ for
i ≤ 3. This is consistent with the world-sheet toy model
proposed by [8], where all such divergences cancel due
to the intrinsic properties of closed-string amplitudes. We
anticipate analogous cancellations in higher-order correc-
tions (e.g.,Að2Þ), and we leave this analysis for future work.
In terms of this basis, the curvature correction takes the
elegantly simple form

Gðz; z̄Þ ¼ ðΣ − 2Þ ×
X5
i¼1

LiRi; ð18Þ

where the rational prefactors RiðS; TÞ are explicitly

R1 ¼
ðns − ntÞðS − TÞ þ 2U

12ðSþ TÞ ; R2 ¼
1

2

1

Σ − 2
;

R3 ¼
nsSþ ntT þ nuU

12ðSþ TÞ ; R4 ¼
ns − nt
12

;

R5 ¼
nsS − ntT þ ðnu þ 2ÞðT − SÞ

12ðSþ TÞ : ð19Þ

This result yields several interesting insights. First, an
overall prefactor Σ − 2 appears in the integrand. In fact, this
factor emanates from the supergravity contribution Eq. (8).
All basis elements Li involve the polar contributions such
as 1=S4 or 1=T4 except L2. These polar contributions are
related to Eq. (8). This illustrates why R2 looks different.
Second, our ansatz reproduces the supergravity result
automatically without explicitly imposing additional con-
ditions. This alignment arises from the hidden 10d con-
formal symmetry of supergravity [1], which is preserved
when extended to AdS × S framework.
Low-energy expansion—To derive the low-energy

expansion of Að1Þ from the world-sheet correlator, we
first need to compute the expansion of Bð1ÞðS; TÞ around
S ¼ T ¼ 0. This requires evaluating the integrals over basis

IwðS; TÞ ¼
Z

d2zjzj−2S−2j1 − zj−2T−2LwðzÞ: ð20Þ

These integrals were computed in [8] using the method
developed in [23], yielding the following result:

Iw ¼ Pw þ
X
i;j¼0

ð−SÞið−TÞj
X

W∈0i⧢1j⧢w

ðL0Wð1Þ−L1Wð1ÞÞ;

ð21Þ

where Pw represents the polar term on S or T, arising
from logarithmic divergences of the integrand either around
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z ¼ 0 for w ¼ 0n or around z ¼ 1 for w ¼ 1n. In our case
we have

P0n ¼ −
1

Snþ1
; P1n ¼ −

1

Tnþ1
:

⧢ denotes the shuffle product. In our case, 0i ⧢ 1j ⧢w
represents all possible ways to merge the sequences 0i, 1j,
and w, while maintaining their individual orderings. An
example of the integral is

I000 ¼ −
1

S4
− ð8Sþ 6TÞζ5 − ð8ST þ 6T2Þζ23 þ � � � :

Now we would like to systematically analyze the low-
energy behavior of the Mellin amplitude M and its Borel-
transformed counterpart A. The behavior of M under
Borel transform is dominated by the power of s, t, and ũ.
Critically, the large-p limit [3] imposes an upper bound on
the power of s while the perturbative order we considered
constrains the lower bound of s. This dual constraint
ensures that only a small part in M contributes to Að1Þ,
allowing us to categorize contributions as leading or
subleading based on the degree of s=t=u in λ−1 expansion.
The leading terms in λ−ði=2ÞMi correspond to homo-
geneous symmetric polynomials in s, t, and u of degree
i − 3. These terms are fully determined by the flat-space
Virasoro-Shapiro amplitude Að0Þ through the Borel trans-
form, contributing dominantly to Að0Þ and partially to Að1Þ.
Subleading terms, however, involve mixed polynomials
of lower degree in s=t=u and linear dependence on
ns=nt=nu=Σ,

ðsjns þ tjnt þ ujnuÞSk; Sjþk; ΣSjþk;

where jþ k ¼ i − 4 and Sm denote a homogeneous sym-
metric polynomial in s, t, and u of degree m. Constructing
a complete basis for these terms requires systematic
enumeration of symmetric invariants, as detailed in [7].
By plugging in our result Eq. (18) into the integral, in

principle we can predict subleading Wilson coefficients in
Mi for arbitrary i. The first few terms are worked out as

M5 ¼ ðσ2;0 − 5σ1;1 þ � � �Þζ5; ð22aÞ

M6 ¼ 2

3
ðσ3;0 − 9σ2;1 þ ð6Σ − 3Þσ2;0 þ � � �Þζ23; ð22bÞ

M7 ¼
�
σ4;0 − 14σ3;1 þ

�
8Σ −

51

8

�
σ3;0 þ � � �

�
ζ7; ð22cÞ

M8 ¼ 4

5

�
σ5;0 − 20σ4;1 þ

�
10Σ −

55

4

�
σ4;0 þ � � �

�
ζ3ζ5;

ð22dÞ

the “� � �” represents the contributions from Aðk≥2Þ and we
use a shorthand

σa;b ¼ ðΣ − 1Þaþ3ðsanbs þ tanbt þ uanbuÞ: ð23Þ

These expansions perfectly align with the analysis above.
Our resultsM5,M6, andM7 precisely agree with previous
bootstrap result [6,7], supersymmetric localization [13], and
integrated constraints [14]. These perfect alignments verify
the validity of our approach. The subleading terms of M8

are not fixed in previous studies [6,7]. It will be ideal to
validate these results further from different perspectives, i.e.,
the OPE data [31–33] and some special limits [34,35].
Discussion—This work establishes a universal frame-

work for computing curvature corrections to the AdS
Virasoro-Shapiro amplitude with arbitrary KK modes.
By utilizing the AdS × S formalism and constructing an
ansatz based on weight-3 single-valued multiple polylogar-
ithms, we circumvented the complicated superconformal
block expansion, which is a long-standing challenge in
correlators of nonidentical KK modes. The derived ampli-
tude not only reproduces the known results but also predicts
an infinite tower of subleading Wilson coefficients. These
coefficients encode both bulk string corrections and effective
higher-dimensional interactions, offering a systematic tool to
probe AdS geometry beyond the supergravity regime.
The prefactor Σ − 2 in Eq. (18) hints that, an underlying

10-dimensional conformal symmetry inherited from the
supergravity limit may persist in the world-sheet frame-
work, which ensures consistency between stringy correc-
tions and the low-energy effective action. A more in-depth
exploration of this symmetry in AdS × S space is desirable.
Our results also provide a pathway to extracting CFT

data for massive stringy operators, such as the dimensions
of single-trace operators. These data probe the fine struc-
ture of N ¼ 4 SYM theory and can be directly compared
with predictions from integrability methods.
It is interesting to generalize our method to higher-order

corrections such as Að2Þ [36], where we need single-valued
multiple polylogarithms of weight 6. The cancellation
mechanism of divergences observed for weight-3 terms
(e.g., log3ð0Þ terms) needs rigorous validation at higher
weights. The generalization to other AdS backgrounds
[37–39] or AdS Veneziano amplitude [40,41] could reveal
universal features of AdS string amplitudes. Finally, the
higher genus expansion encodes the non-planar effects, we
can consider world-sheet correlators on genus-one
Riemann surface, while the one-loop supergravity terms
were provided in [42–49]. These advancements aim to
bridge perturbative string theory with nonperturbative
holography, ultimately forging a comprehensive dictionary
for quantum gravity in AdS.

Acknowledgments—The authors would like to thank
Tobias Hansen, Paul Heslop, Zhongjie Huang, and

PHYSICAL REVIEW LETTERS 135, 041603 (2025)

041603-5



Michele Santagata for useful discussions and Tobias
Hansen and Konstantinos C. Rigatos for valuable sugges-
tions on the first draft. We thank Xiaoyu Fa for collabo-
rations on related projects. B. W., D.W. and E. Y. Y. are
supported by the National Science Foundation of China
under Grants No. 12175197 and No. 12347103. The work
of B.W. is also supported by the National Natural Science
Foundation of China under Grant No. 124B2095. E. Y. Y.
is also supported by the Fundamental Research Funds for
the Chinese Central Universities under Grant No. 226-
2022-00216.

Data availability—No data were created or analyzed in
this study.

[1] S. Caron-Huot and A.-K. Trinh, All tree-level correlators in
AdS5 × S5 supergravity: Hidden ten-dimensional conformal
symmetry, J. High Energy Phys. 01 (2019) 196.

[2] For recent explorations, see Refs. [3–7].
[3] F. Aprile and P. Vieira, Large p explorations. from SUGRA

to big STRINGS in Mellin space, J. High Energy Phys. 12
(2020) 206.

[4] J. M. Drummond, D. Nandan, H. Paul, and K. S. Rigatos,
String corrections to AdS amplitudes and the double-trace
spectrum of N ¼ 4 SYM, J. High Energy Phys. 12 (2019)
173.

[5] J. M. Drummond, H. Paul, and M. Santagata, Bootstrapping
string theory on AdS5 × S5, Phys. Rev. D 108, 026020
(2023).

[6] T. Abl, P. Heslop, and A. E. Lipstein, Towards the Virasoro-
Shapiro amplitude in AdS5 × S5, J. High Energy Phys. 04
(2021) 237.

[7] F. Aprile, J. M. Drummond, H. Paul, and M. Santagata, The
Virasoro-Shapiro amplitude in AdS5 × S5 and level splitting
of 10d conformal symmetry, J. High Energy Phys. 11 (2021)
109.

[8] L. F. Alday, T. Hansen, and J. A. Silva, Emergent worldsheet
for the AdS Virasoro-Shapiro amplitude, Phys. Rev. Lett.
131, 161603 (2023).

[9] L. F. Alday and T. Hansen, The AdS Virasoro-Shapiro
amplitude, J. High Energy Phys. 10 (2023) 023.

[10] G. Fardelli, T. Hansen, and J. A. Silva, AdS Virasoro-
Shapiro amplitude with KK modes, J. High Energy Phys.
11 (2023) 064.

[11] L. F. Alday, T. Hansen, and J. A. Silva, AdS Virasoro-
Shapiro from dispersive sum rules, J. High Energy Phys. 10
(2022) 036.

[12] L. F. Alday, T. Hansen, and J. A. Silva, AdS Virasoro-
Shapiro from single-valued periods, J. High Energy Phys.
12 (2022) 010.

[13] D. J. Binder, S. M. Chester, S. S. Pufu, and Y. Wang,
N ¼ 4 Super-Yang-Mills correlators at strong coupling
from string theory and localization, J. High Energy Phys.
12 (2019) 119.

[14] A. Brown, P. Heslop, C. Wen, and H. Xie, Integrated
correlators in N ¼ 4 SYM beyond localisation, Phys.
Rev. Lett. 132, 101602 (2024).

[15] B. Eden, A. C. Petkou, C. Schubert, and E. Sokatchev,
Partial nonrenormalization of the stress tensor four point
function in N ¼ 4 SYM and AdS/CFT, Nucl. Phys. B607,
191 (2001).

[16] M. Nirschl and H. Osborn, Superconformal Ward identities
and their solution, Nucl. Phys. B711, 409 (2005).

[17] The space-time cross ratios are defined as

u ¼ x212x
2
34

x213x
2
24

; v ¼ x214x
2
23

x213x
2
24

; x2ij ¼ ðxi − xjÞ2:

[18] P. Heslop, The SAGEX review on scattering amplitudes,
chapter 8: Half BPS correlators, J. Phys. A 55, 443009
(2022).

[19] L. Rastelli and X. Zhou, Mellin amplitudes for AdS5 × S5,
Phys. Rev. Lett. 118, 091602 (2017).

[20] L. F. Alday, T. Hansen, and J. A. Silva, On the spectrum and
structure constants of short operators in N ¼ 4 SYM at
strong coupling, J. High Energy Phys. 08 (2023) 214.

[21] O. Schlotterer and O. Schnetz, Closed strings as single-
valued open strings: A genus-zero derivation, J. Phys. A 52,
045401 (2019).

[22] F. Brown and C. Dupont, Single-valued integration and
double copy, J. Reine Angew. Math. 2021, 145 (2021).

[23] P. Vanhove and F. Zerbini, Single-valued hyperlogarithms,
correlation functions and closed string amplitudes, Adv.
Theor. Math. Phys. 26, 455 (2022).

[24] F. Brown and C. Dupont, Single-valued integration and
superstring amplitudes in genus zero, Commun. Math. Phys.
382, 815 (2021).

[25] Z. Huang, B. Wang, E. Y. Yuan, and J. Zhang, All five-point
Kaluza-Klein correlators and hidden 8d symmetry in
AdS5 × S3, Phys. Rev. Lett. 134, 161601 (2025).

[26] See Supplemental Material at http://link.aps.org/
supplemental/10.1103/v72s-rv7y for the explicit expres-
sions of the function basis and a brief review on SVMPLs.
Multiple polylogarithms (MPLs) are defined through iter-
ated integrals [27,28], and SVMPLs are constructed follow-
ing [29]. This can be conveniently implemented using
PolyLogTools [30].

[27] A. B. Goncharov, Multiple polylogarithms, cyclotomy and
modular complexes, Math. Res. Lett. 5, 497 (1998).

[28] A. B. Goncharov, Multiple polylogarithms and mixed Tate
motives, arXiv:math/0103059.

[29] F. C. S. Brown, Polylogarithmes multiples uniformes en une
variable, C. R. Math. 338, 527 (2004).

[30] C. Duhr and F. Dulat, PolyLogTools—polylogs for the
masses, J. High Energy Phys. 08 (2019) 135.

[31] N. Gromov, A. Hegedus, J. Julius, and N. Sokolova, Fast
QSC solver: Tool for systematic study of N ¼ 4 Super-
Yang-Mills spectrum, J. High Energy Phys. 05 (2024) 185.

[32] J. Julius and N. Sokolova, Conformal field theory-data
analysis for N ¼ 4 Super-Yang-Mills at strong coupling,
J. High Energy Phys. 03 (2024) 090.

[33] J. Julius and N. S. Sokolova, Unmixing sub-leading Regge
trajectories of N ¼ 4 Super-Yang-Mills, J. High Energy
Phys. 04 (2025) 200.

[34] L. F. Alday, T. Hansen, and M. Nocchi, High energy string
scattering in AdS, J. High Energy Phys. 02 (2024) 089.

PHYSICAL REVIEW LETTERS 135, 041603 (2025)

041603-6

https://doi.org/10.1007/JHEP01(2019)196
https://doi.org/10.1007/JHEP12(2020)206
https://doi.org/10.1007/JHEP12(2020)206
https://doi.org/10.1007/JHEP12(2019)173
https://doi.org/10.1007/JHEP12(2019)173
https://doi.org/10.1103/PhysRevD.108.026020
https://doi.org/10.1103/PhysRevD.108.026020
https://doi.org/10.1007/JHEP04(2021)237
https://doi.org/10.1007/JHEP04(2021)237
https://doi.org/10.1007/JHEP11(2021)109
https://doi.org/10.1007/JHEP11(2021)109
https://doi.org/10.1103/PhysRevLett.131.161603
https://doi.org/10.1103/PhysRevLett.131.161603
https://doi.org/10.1007/JHEP10(2023)023
https://doi.org/10.1007/JHEP11(2023)064
https://doi.org/10.1007/JHEP11(2023)064
https://doi.org/10.1007/JHEP10(2022)036
https://doi.org/10.1007/JHEP10(2022)036
https://doi.org/10.1007/JHEP12(2022)010
https://doi.org/10.1007/JHEP12(2022)010
https://doi.org/10.1007/JHEP12(2019)119
https://doi.org/10.1007/JHEP12(2019)119
https://doi.org/10.1103/PhysRevLett.132.101602
https://doi.org/10.1103/PhysRevLett.132.101602
https://doi.org/10.1016/S0550-3213(01)00151-1
https://doi.org/10.1016/S0550-3213(01)00151-1
https://doi.org/10.1016/j.nuclphysb.2005.01.013
https://doi.org/10.1088/1751-8121/ac8c71
https://doi.org/10.1088/1751-8121/ac8c71
https://doi.org/10.1103/PhysRevLett.118.091602
https://doi.org/10.1007/JHEP08(2023)214
https://doi.org/10.1088/1751-8121/aaea14
https://doi.org/10.1088/1751-8121/aaea14
https://doi.org/10.4310/ATMP.2022.v26.n2.a5
https://doi.org/10.4310/ATMP.2022.v26.n2.a5
https://doi.org/10.1007/s00220-021-03969-4
https://doi.org/10.1007/s00220-021-03969-4
https://doi.org/10.1103/PhysRevLett.134.161601
http://link.aps.org/supplemental/10.1103/v72s-rv7y
http://link.aps.org/supplemental/10.1103/v72s-rv7y
http://link.aps.org/supplemental/10.1103/v72s-rv7y
http://link.aps.org/supplemental/10.1103/v72s-rv7y
http://link.aps.org/supplemental/10.1103/v72s-rv7y
https://doi.org/10.4310/MRL.1998.v5.n4.a7
https://arXiv.org/abs/math/0103059
https://doi.org/10.1007/JHEP08(2019)135
https://doi.org/10.1007/JHEP05(2024)185
https://doi.org/10.1007/JHEP03(2024)090
https://doi.org/10.1007/JHEP04(2025)200
https://doi.org/10.1007/JHEP04(2025)200
https://doi.org/10.1007/JHEP02(2024)089


[35] L. F. Alday, M. Nocchi, C. Virally, and X. Zhou, On the
Regge behaviour of the AdS Virasoro-Shapiro Amplitude,
J. High Energy Phys. 04 (2025) 064.

[36] X. Fa, B. Wang, D. Wu, and E. Y. Yuan (to be published).
[37] L. F. Alday, G. Giribet, and T. Hansen, On the AdS3

Virasoro-Shapiro amplitude, J. High Energy Phys. 03
(2025) 002.

[38] S. M. Chester and D.-l. Zhong, The AdS3 × S3 Virasoro-
Shapiro amplitude with RR flux, Phys. Rev. Lett. 134,
151602 (2025).

[39] S. M. Chester, T. Hansen, and D.-l. Zhong, The type IIA
Virasoro-Shapiro amplitude in AdS4 × CP3 from ABJM
theory, J. High Energy Phys. 05 (2025) 040.

[40] L. F. Alday, S. M. Chester, T. Hansen, and D.-l. Zhong, The
AdS Veneziano amplitude at small curvature, J. High
Energy Phys. 05 (2024) 322.

[41] L. F. Alday and T. Hansen, Single-valuedness of the AdS
Veneziano amplitude, J. High Energy Phys. 08 (2024) 108.

[42] L. F. Alday and A. Bissi, Loop corrections to supergravity
on AdS5 × S5, Phys. Rev. Lett. 119, 171601 (2017).

[43] F. Aprile, J. M. Drummond, P. Heslop, and H. Paul,
Quantum gravity from conformal field theory, J. High
Energy Phys. 01 (2018) 035.

[44] F. Aprile, J. M. Drummond, P. Heslop, and H. Paul, Loop
corrections for Kaluza-Klein AdS amplitudes, J. High
Energy Phys. 05 (2018) 056.

[45] L. F. Alday, On genus-one string amplitudes on AdS5 × S5,
J. High Energy Phys. 04 (2021) 005.

[46] F. Aprile, J. Drummond, P. Heslop, and H. Paul, One-loop
amplitudes in AdS5 × S5 supergravity from N ¼ 4 SYM at
strong coupling, J. High Energy Phys. 03 (2020) 190.

[47] L. F. Alday and X. Zhou, Simplicity of AdS supergravity at
one loop, J. High Energy Phys. 09 (2020) 008.

[48] L. F. Alday, S. M. Chester, and T. Hansen, Modular invari-
ant holographic correlators for N ¼ 4 SYM with general
gauge group, J. High Energy Phys. 12 (2021) 159.

[49] Z. Huang, B. Wang, and E. Y. Yuan, All next-to-next-to-
extremal one-loop correlators of AdS supergluons and
supergravitons, Phys. Rev. Lett. 134, 051601 (2025).

PHYSICAL REVIEW LETTERS 135, 041603 (2025)

041603-7

https://doi.org/10.1007/JHEP04(2025)064
https://doi.org/10.1007/JHEP03(2025)002
https://doi.org/10.1007/JHEP03(2025)002
https://doi.org/10.1103/PhysRevLett.134.151602
https://doi.org/10.1103/PhysRevLett.134.151602
https://doi.org/10.1007/JHEP05(2025)040
https://doi.org/10.1007/JHEP05(2024)322
https://doi.org/10.1007/JHEP05(2024)322
https://doi.org/10.1007/JHEP08(2024)108
https://doi.org/10.1103/PhysRevLett.119.171601
https://doi.org/10.1007/JHEP01(2018)035
https://doi.org/10.1007/JHEP01(2018)035
https://doi.org/10.1007/JHEP05(2018)056
https://doi.org/10.1007/JHEP05(2018)056
https://doi.org/10.1007/JHEP04(2021)005
https://doi.org/10.1007/JHEP03(2020)190
https://doi.org/10.1007/JHEP09(2020)008
https://doi.org/10.1007/JHEP12(2021)159
https://doi.org/10.1103/PhysRevLett.134.051601

	Kaluza-Klein AdS Virasoro-Shapiro Amplitude near Flat Space
	Introduction
	The correlators
	The AdS&times;S formalism
	World-sheet correlator
	Results
	Low-energy expansion
	Discussion
	Acknowledgments
	Data availability
	References


