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Nonstabilizerness, or quantum magic resource, presents a valuable resource in quantum error correction
and computation. We study the dynamics of locally injected nonstabilizerness in unitary Clifford circuits,
where the total nonstabilizerness is conserved. However, the absence of physical observables quantifying
nonstabilizerness precludes a direct microscopic or hydrodynamic description of its local distribution and
dynamics. Using insights from stabilizer quantum error correcting codes, we rigorously show that the
spatial distribution of nonstabilizerness can be inferred from a canonical representation of low-magic states,
dubbed the bipartite magic gauge. Moreover, we propose two operationally relevant magic length scales.
We numerically establish that, at early times, both length scales grow ballistically at distinct velocities set
by the entanglement velocity, after which nonstabilizerness delocalizes. Our Letter sheds light on the
spatiotemporal structure of quantum resources and complexity in many-body dynamics, opening up
avenues for investigating their transport properties and further connections with quantum error correction.
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Building scalable quantum computers hinges on the
ability to protect logical information from being corrupted.
To protect this information, one encodes it via a quantum
error correcting (QEC) code [1–7]; however, using certain
QEC codes limits the logical operations implementable
transversally, i.e., with physically local operations [8–10].
To perform universal quantum computation, one needs to
augment QEC codes with special states. For example,
magic states are required for stabilizer codes [11]. These
states contain a quantum resource, dubbed nonstabilizer-
ness (NS) or “magic,” that can make the classical simu-
lation of quantum systems hard [12–15].
Magic and other quantum resources such as entangle-

ment, non-Gaussianity, etc., not only play a crucial role in
building practical quantum devices [13–23], but also have
profound implications on quantum many-body dynamics.
Signatures of quantum chaos emergewhen injectingNS into
Clifford dynamics [24,25], which alters the entanglement
spectral distribution from Poisson to Wigner-Dyson (com-
monly associated with integrable and chaotic dynamics,
respectively) [24]. Generalized notions of quantum

thermalization require NS [26–36] because ensembles of
magic-free (stabilizer) states form quantum state k designs
only with k ≤ 3 [35–38]. Magic resource has also been used
in studying a variety of aspects of quantum many-body
systems, including (symmetry-protected) topological order
[39–41], ground and critical states [42–48], conformal field
theories [49–52], quantum scars [53–55], monitored and
noisy dynamics [56–66], and quantum chaos [67–71].
Unlike the accumulation of entanglement [72–75] or of

NS [56,76–78] in ergodic quantum systems, the spreading
of NS under dynamics that conserves it remains largely
unexplored, raising an important question: how does
locally injected magic resource spread? Answering this
may be relevant practically for the optimal allocation of
classical and quantum simulation resources, and physically
for unveiling the local mechanisms behind quantum phe-
nomena such as generalized thermalization.
Here we study how magic resource, injected via a single

local unitary in a short-range entangled state, spreads under
random local Clifford unitary evolution—a model of scram-
bling quantum many-body dynamics. While Clifford
dynamics conserves the total amount of NS, it creates
entanglement and spreads operators, thereby spreading
the initially localized magic resource. Our focus is precisely
on the spatiotemporal distribution of this resource.
We identify two magic length scales (MLS), which are

the sizes of (i) the smallest contiguous region from which
magic resource can be extracted or destroyed, and (ii) the
region outside of which operations cannot reduce the NS
(Fig. 1). A key perspective in identifying these length scales
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is that the time-evolved state encodes a single logical qubit
through a dynamically generated stabilizer QEC code. This
enables a mapping of the spatial structure of magic resource
to that of the code’s logical operators.
We rigorously prove in Theorem 1 the existence of a

gauge of logical operators and stabilizers which reveals the
spatial structure of magic resource, for any bipartition of the
system. This provides an efficient classical algorithm to
exactly compute the NS in any subsystem, regardless of the
amount of entanglement present. Conversely, exactly com-
puting NS in typical (especially volume-law entangled)
states would be exponentially costly in (sub)system size.
Using our approach, we numerically find that, at early
times, the two MLS spread ballistically at rates given by the
entanglement velocity (vE) and twice thereof (2vE), respec-
tively. Once these MLS reach their maximal values, magic
resource delocalizes, i.e., it becomes extractable from any
≈L=2 qubits, while the QEC code approaches a random
½½L; 1�� stabilizer code.
Quantum circuit setup—We consider the dynamics of

magic resource in unitary quantum circuits with L qubits
and depth t, cf. Fig. 1. Each Clifford gate is chosen either as
the identity gate or from a uniform distribution over the
two-qubit Clifford group [79] with probability p∈ ½0; 1�
and 1 − p, respectively. Such identity-doped circuits admit,
upon averaging, parametrically tunable butterfly vBðpÞ and
entanglement vEðpÞ velocities [80,81],

vBðpÞ ¼
3

5

1 − p
1þ p

; vEðpÞ ≈
logð1 − vBÞ þ logð1þ vBÞ
logð1 − vBÞ − logð1þ vBÞ

:

ð1Þ

Applying a magic-injecting non-Clifford gate on a stabi-
lizer state dynamically generates a stabilizer quantum error
correcting code [56]. For simplicity, we consider a pure
short-range entangled stabilizer state ρ0 ¼ jψ0ihψ0j and
apply a Tj gate on qubit j, localizing the NS at this site.
Because Tj ¼ α1þ βZj, this adds NS if Zj anticommutes
with at least one stabilizer of ρ0. We can always choose the
generators of the stabilizer group Sðjψ0iÞ such that
Sðjψ0iÞ ¼ hs1;Gi, where G ¼ hg2;…; gLi, with ½T; gi� ¼
0 ∀ i and fZj; s1g ¼ 0 [79]. Thus, ρ ¼ Tρ0T† is

ρ ¼ jψihψ j ¼ 1

2L

�
1þ Z̄ − Ȳffiffiffi

2
p

�YL
i¼2

ð1þ giÞ; ð2Þ

where we used Ts1T† ¼ ðs1 þ is1ZjÞ=
ffiffiffi
2

p
and defined X̄ ≔

Zj; Z̄ ≔ s1 and Ȳ ≔ iX̄ Z̄. jψi encodes one logical qubit in
L physical qubits via a stabilizer QEC code [4,88] with
stabilizer group G and logical operators X̄; Ȳ, and Z̄ [56].
For concreteness, we here take jψ0i ¼ ⊗L=2

i¼1 jΦþi2i−1;2i
defined from Bell states jΦþiij ¼ ðj0i0ji þ j1i1jiÞ=

ffiffiffi
2

p
,

locally inject NS by applying a non-Clifford gate

T ∼ e−iπZ=8 on qubit L=2, and evolve the state using an
identity-doped Clifford circuit.
Quantifying magic resource—There exist multiple quan-

tifiers of nonstabilizerness in a state ρ. In our setup, the
presence of magic resource is essentially encoded in the
structure of Eq. (2) [see also Eq. (5)]. For illustration
purposes, we focus on two commonly used quantifiers: the
second stabilizer Rényi entropy (SRE) [89] and the robust-
ness of magic (ROM) [90]. While SRE is not a faithful
magic measure for mixed states, since it can be nonzero for
classical mixture of stabilizer states [e.g., ρλ ¼ λj0ih0j þ
ð1 − λÞj1ih1j for any λ∈ ð0; 1Þ; λ ≠ 1=2], we include it for
comparison convenience. Conversely, ROM is a faithful
magic measure even for mixed states. Since ROM is also a
magic monotone, it is particularly well suited to quantify-
ing NS in subsystems in our setup or, more generally, in
setups with mixed initial states.
The second SRE for pure states is M2ðρÞ ≔

S2ðΞðρÞÞ − L, with Pauli spectrum ΞðρÞ ≔ fTr½ρP�2=2Lg
for a basis of L-qubit Pauli operators fPg [91] and Rényi-2
entropy S2. For mixed states, the Pauli spectrum needs to be
normalized [89], corresponding to subtracting the Rényi-2
entropy of ρ, which leads to the mixed-state SRE

M̃2ðρÞ ≔ M2ðρÞ − S2ðρÞ ¼ −log2

P
PTr½Pρ�4P
PTr½Pρ�2

: ð3Þ

The ROM of an L-qubit state ρ is [90]

RðρÞ ≔ min
fxig

�X
i

jxij
����ρ ¼

X
i

xiσi;
X
i

xi ¼ 1

�
; ð4Þ

where the decomposition is over all pure L-qubit stabilizer
states σi. For pure, mixed, and convex combinations (i.e.,

FIG. 1. Magic resource spreading in a T-doped random Clifford
circuit with L qubits, time t, and a brickwall of random two-qubit
Clifford gates (gray). Magic resource is locally injected by a T
gate acting on a short-range entangled stabilizer state with the two
central qubits in a Bell pair. The typical size of the smallest
contiguous region where nonstabilizerness can be extracted (red
ellipse) spreads at the entanglement velocity vE (red cone). The
union of the smallest mutually independent such intervals (blue
and red ellipses) indicates the region outside of which operations
cannot reduce the nonstabilizerness (blue cone), which spreads at
2vE. For comparison, operators spread at the butterfly velocity vB
(black dashed cone).
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xi > 0 in the optimal decomposition) of stabilizer states,
the ROM is RðρÞ ¼ 1, whereas for nonstabilizer states it
satisfies RðρÞ > 1 [90]. Conversely, while M̃2ðρÞ ¼ 0 for
pure stabilizer states, M̃2ðρÞ > 0 does not imply that ρ is a
nonstabilizer state if ρ is mixed.
To quantify how magic resource is distributed across the

system, we compute the SRE and ROM for various
subsystems by tracing out their respective complements.
If such a subsystem has the same amount of magic resource
as the full system, we say that these are “contained” within
the extent of the subsystem; otherwise, the size of the
subsystem needs to be increased until it holds the full
amount of nonstabilizerness.
Operational definitions of magic resource—We next

define two operational notions of nonstabilizerness linked
to locality. We focus on a subsystem A ⊂ ½L� ≔ f1;…; Lg
and pure states with a single global unit of nonstabilizer-
ness; see Supplemental Material [81] for generalizations.
Our first operational definition is unitarily extractable

magic resource. Considering an ancilla qubit C initialized
as j0iC, we say magic resource is unitarily extractable from
A if there exists a Clifford unitary U ¼ 1B ⊗ UAC such
that Ujψi ⊗ j0iC ¼ jψ 0iAB ⊗ jψ 0iC, with magic state
Rðjψ 0iCÞ > 1. In our setup, it suffices to focus on jψ 0iC ¼
jTiC with magic state jTi ¼ ðj0i þ eðiπ=4Þj1iÞ= ffiffiffi

2
p

. As we
show in [81], NS can be extracted from A iff ρA has a full
magic unit, i.e., RðρAÞ > 1. Moreover, by Theorem 1, this
is equivalent to all logicals being reducible to A [81].
Altogether, these equivalent notions of extractable magic
resource correspond to NS (and logical information) being
concentratable in A. Here we excluded extracting NS to C
via measurements since these can teleport it—e.g., by
measuring Pauli operators, which are not logicals, in a
region B that contains NS, we can move this NS to its
complement A, even if A contained no NS.
Instead, measurements lead to our second operational

definition, dubbed projectively destroyable magic re-
source. We say magic resource is destroyable in a sub-
system A if there exists a Pauli operator fully supported in A
which, if measured, collapses jψi to a stabilizer state [92].
All possible Paulis that can destroy these are the logicals,
and one can efficiently [inOðL3Þ time] determine if there is
any logical whose support can be reduced to A [93].
Nonetheless, in this Letter, we mainly focus on unitary
extraction to avoid subtleties stemming from the telepor-
tation of magic resource via measurements.
Computing the precise spatial structure of magic re-

source requires analyzing all possible subsystems A. This is
generically hard because there are 2L choices, requiring
expðLÞ runs. This challenge arises regardless of how
hard it is to determine if a single subsystem contains
nonstabilizerness. To quantify the key features of this
spatial structure, we hence focus on subsystems that are
contiguous intervals [94]. This choice enables us to resolve
the magic structure efficiently and points toward two

relevant magic length scales, sharpening our view on the
spatiotemporal structure of magic resource besides the
broad structure already captured by the causal set and
“causal cone of magic” proposed in Ref. [56].
Magic length scales—The spatial structure of magic

resource is captured by the set of mutually irreducible
intervals where this can be extracted. Multiple intervals
may arise since the logical information of a QECC may be
altered by physically acting on distinct qubit sets, as
reflected in the freedom of choosing the generators [97].
Consider two magic-extractable subsystems A1 and A0

1 with
A1 contained in A0

1 (i.e., A1 ⊂ A0
1). Since NS is extractable

from A1 alone, A0
1 is redundant. Let another magic-

extractable subsystem A2 be contained in A0
1 (A2 ⊂ A0

1)
but independent from A1 (A1⊄A2 and A2⊄A1): by the same
logic, A2 is more precise than A0

1; however, it is equally
relevant as A1 as they are mutually irreducible.
We collect these minimal linear magic intervals (MLMI)

in the set IðρÞ ¼ fA1;…; Akg (Fig. 2). MLMIs must
mutually overlap: suppose there exist two nonoverlapping
MLMI A1 and A2, where NS is extractable. By definition,
one can extract the nonstabilizerness with local operations
on A2 only; however, by the same definition, any operations
on the complement of A1, which includes A2, cannot reduce
the magic resource in A1. Hence, we arrive at a contra-
diction. To obtain these subsystems in practice, one first
finds all magic-extractable contiguous intervals, then
applies the above logic recursively.
The first magic length scale is the typical lengthltyp of the

MLMIs (Fig. 2). To quantify the spreading of magic
resource, we consider how ltyp grows. For illustration
purposes, we introduce a related quantity: we define the
linear magic length (LML) lðtÞ as the length of the shortest
left-right symmetric and centered (on the injection site)
interval where NS is extractable. The LML grows within the
geometric light cone of the non-Clifford gate, unlike ltyp,
which can inherit subtleties from entanglement already
present in the state [81]. Moreover, the growth rate of
lðtÞ is consistent with that ofltypðtÞ [81]. The second length
scale is the width of the union of the MLMIs (Fig. 2), which
we call the full linear extent of magic (FLEOM) and denote
by W ≔ widthð∪A∈ I AÞ. Physically, local operations such
as measurements, unitaries, decoherence, etc., applied out-
side of ∪A∈ I A cannot reduce the total NS in the system.
We can compute these two MLS efficiently, i.e., with

poly(L) classical resources. For contiguous subsystems, the

FIG. 2. Magic length scales: typical magic length ltyp and full
linear extent of magicW, defined in terms of mutually irreducible
and minimal-length contiguous subsystems fAigki¼1 where non-
stabilizerness is extractable from jψi.
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computational hardness comes from assessing a subsys-
tem’s nonstabilizerness. In Supplemental Material [81], we
provide efficient algorithms for computing both the
subsystem magic M̃2ðρAÞ;RðρAÞ, and Pauli spectrum
ΞðρAÞ exactly. While the latter might naïvely have an
exponential ∼4jAj cost [89], the following construction
significantly reduces the cost by exposing the local struc-
ture of operators in Eq. (2).
Bipartite magic gauge—We introduce a gauge of stabi-

lizer generators and logical operators of ρ for any biparti-
tion, which enables the classical computation of the ROM
and Pauli spectrum, and thus SRE, in OðL3Þ time. We dub
this the bipartite magic gauge (BMG). We rigorously show
its existence and provide an algorithm for its construction in
[81], assuming one knows the stabilizers of ρ. This is our
first key analytical result.
Theorem 1—Let jψi be a pure L-qubit state with one unit

of nonstabilizerness (i.e., one unitarily extractable magic
state), and encoding one logical qubit, where ρ ¼ jψihψ j ¼
ð1=2LÞ½1þ ðZ̄ − Ȳ=

ffiffiffi
2

p Þ�QL
j¼2ð1þ gjÞ with logical oper-

ators σ̄ and stabilizer group G ¼ hg2;…; gLi. For any
bipartition into subsystem A and its complement B, there
exists a bipartite magic gauge, i.e., a choice of logical
operators and stabilizer generators such that

ρ ¼
�
1
2
þ Z̄ − Ȳ

2
ffiffiffi
2

p
�YnA

i¼1

1þ ai
2

YnB
j¼1

1þ bj
2

Ym
k¼1

1þ hk
2

ð5Þ

with L − 1 ¼ nA þ nB þm, where the support of stabiliz-
ers ai, bj, and hk can(not) be reduced to AðB), BðA), and
neither A nor B, respectively. Furthermore, using the
reducibility of the logicals Z̄ and Ȳ, we can compute the
magic resource of subsystem A, as summarized in Table I.

To guide our intuition for the various cases in Table I, it is
useful to consider our second rigorous result—Lemma 1,
proven in the End Matter-on the spatial structure of
logicals. The magic resource of a subsystem A depends
on whether logical operators, which enter in ρ, survive the
tracing TrB½·�; how many stabilizers survive is unimportant

since their contribution to M̃2 fromM2 is canceled by that
of the entanglement 2-Rényi entropy S2 [cf. Eq. (3)], and
also for RðρAÞ. It is crucial to determine if these logicals
can be chosen to be fully supported on A, and this is where
Lemma 1 comes into play.
Lemma 1—For any stabilizer code encoding one logical

qubit in the pure state of L qubits, and a bipartition into
subsystemsA andB ¼ ½L�nA, it is true that either (i) all three
logicals X̄; Ȳ; Z̄ are reducible to A, or (ii) all three are
reducible toB, or (iii) only one logical can be supported only
onA orB, while the other two are supported on bothA andB.
A few comments are in order. First, the states jψi

considered in Theorem 1 extend beyond unitary circuits
[Fig. 1] to monitored Cliffordþ T circuits, provided mea-
surements do not remove the magic resource. Second, the
logicals Z̄; Ȳ and prefactors a� ¼ �1=

ffiffiffi
2

p
are generic [98];

the phenomenology holds for other local non-Clifford gates,
with RðρAÞ > 1 indicating the presence of nonstabilizer-
ness. Third, while Theorem 1 considers jψi with a single
magic unit, or ½½L; 1�� stabilizer codes, we anticipate that it
can be extended to states with multiple (k ≥ 1) magic units,
corresponding to ½½L; k�� stabilizer codes.
Phenomenology of magic resource spreading—Here we

report numerical results on the growth of LML and FLEOM
and heuristically argue their early time growth rates.
Focusing on random Clifford circuits with open

boundary conditions (BC) at doping rate p and extractable
NS for FLEOM and LML, we find that, for early times, both
WðtÞ and lðtÞ grow ballistically at rates vW and vl,
respectively (Fig. 3). While LML saturates to
lðt → ∞Þ ≃ L=2, the ballistic growth of FLEOM slows
down at intermediate times [99], only to later saturate at
Wðt → ∞Þ ¼ L. Throughout the entire p range, the p
dependence of the early-time velocities agrees remarkably
well with that of the entanglement velocity vEðpÞ [Eq. (1)],
suggesting that vWðpÞ ≃ 2vEðpÞ and vlðpÞ ≃ vEðpÞ
[Fig. 3 inset]. This agreement is further established in [81]
using results on doped dual-unitary circuits and periodic BC.
Magic resource spreading at ∂tW=2 ≃ 2vE can be

faster than the geometric light cone with vLC ¼ 1, but
does this violate causality? No. Magic resource spreading

TABLE I. Reducibility of logicals Z̄; Y to a subsystem and the subsystem magic resource. All possible cases (iÞ–ðv) are discussed in
the proof of Theorem 1. The columns labeled “X red.” indicate whether the support of a logical σ̄ can be reduced to be fully contained in
subsystem X; ✓ (✗) indicates yes (no). M̃2ðρAÞ andRðρAÞ are the stabilizer two-Rényi entropy and robustness of magic of ρA [Eqs. (3)
and (4)], respectively.

Case (i) (ii) (iii) (iv) (v)

Quantity A red. B red. A red. B red. A red. B red. A red. B red. A red. B red.

Support of Z̄ ✓ ✗ ✗ ✓ ✗ ✗ ✓ ✓ ✗ ✗
Support of Ȳ ✓ ✗ ✗ ✓ ✗ ✗ ✗ ✗ ✓ ✓
SRE M̃2ðρAÞ log2ð4=3Þ 0 0 log2ð6=5Þ log2ð6=5Þ
ROM RðρAÞ

ffiffiffi
2

p
1 1 1 1
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is influenced by both entanglement growth and operator
spreading, giving rise to an upper bound ½WðtÞ −
Wð0Þ�=2t ≤ 3vLC [81]. To shed light on this interplay
(see Supplemental Material [81] for details), it is instructive
to consider UTjψi ¼ ðUTU†ÞUjψi, for Clifford unitary U
and short-range entangled jψi. While UTU† spreads at the
butterfly velocity vB, entanglement builds up in Ujψi at
rate vE, and both contribute to nonstabilizerness spreading.
What is nontrivial is how the structure of the operator
UTU† interacts with that of the entanglement in Ujψi.
That vl ≈ vE can be understood through the dynamics of

purity. To link purity to magic resource, a key observation
is that if ρA ¼ ð1A=dAÞ is maximally mixed, then sub-
system A cannot host NS. For random circuits where
entanglement grows ballistically, vE corresponds to the
decay rate of the circuit-averaged subsystem purity

PðρAðtÞÞ ¼ Tr½ρ2AðtÞ� [73,74]. The decay PðρAðtÞÞ ∝
e−vEt implies that, starting from a product state, at time t
any ρA with A contiguous and jAj≲ 2vEt (jAj≳ 2vEt) is
(not) maximally mixed with high probability; hence, lðtÞ ≳
2vEtwith high probability. Conversely, for A to host NS, by
counting the logicals in ΞðρAÞ, Amust be in the causal cone
set by entanglement and operator spreading and satisfy
jAj≳ 2vEt [81]. Focusing on symmetric-centered intervals,
there hence exists with high probability a subsystem Aϵ

supporting at least one logical, with jAϵj ¼ ð1þ ϵÞ2vEt
for some 0 < ϵ ≪ 1, and thus, lðtÞ ¼ jAϵj ⇒ ∂tl ¼
2vEð1þ ϵÞ ≃ 2vE. Beyond the scope of this heuristic
argument, an interesting open problem is to find the scaling
of ϵ with system size L. We lastly remark on a similarity
between the growth of LML and that of entanglement in a
stabilizer state. There, vE characterizes the rate at which
each stabilizer generator grows when imposing a collective
constraint—the “clipped gauge” [73]. In our setup, vl
characterizes the rate at which both logical generators grow
under the constraint that the interval containing them is
both minimal and centered. Remarkably, despite these
different constraints, the growth rates vl and vE agree
exceptionally well.
A way to understand the growth rate vW ≃ 2vE at early

times is as follows. Consider the left- and rightmost
MLMIs. Assuming these two MLMIs have typical sizes
ltypðtÞ, then WðtÞ ≲ 2ltypðtÞ by the mutual-overlap con-
dition. Because the circuit dynamics is otherwise structure-
less, it is reasonable to expect that there is no other
mechanism constraining the spreading of MLMIs. One
might naively anticipate an Oð1Þ overlap between the left-
and rightmost MLMIs; however, due to operator fronts
broadening (see Supplemental Material [81] for a depic-
tion) [74,100], we instead expect an Oð ffiffi

t
p Þ overlap. We

numerically confirm, as detailed in [81], that the left- and
rightmost MLMIs indeed overlap on ∼t0.45 qubits at early
times. Altogether, since ltypðtÞ ≃ 2vEt, we thus expect to
leading order WðtÞ ≃ 2ltypðtÞ, which implies WðtÞ ≃ 4vEt.

Magic resource delocalizes at late times—After a
saturation time tsat ∼OðLÞ, the FLEOM reaches the full
system size, indicating that nonstabilizerness delocalizes
(Fig. 3). Physically, in this regime, the full amount of
nonstabilizerness can be unitarily extracted from any (i.e.,
not necessarily contiguous) subsystem with ≳L=2 qubits
[see Fig. 5(a)]. In other words, nonstabilizerness no longer
has a notion of locality since the spatial proximity of qubits
becomes irrelevant, and an extensive number of qubits
≳L=2 is needed to distill a magic state. In contrast, to
unitarily extract a magic state at earlier times, subsystems
with at least ≈ltypðtÞ qubits are needed, and these sub-
systems typically overlap with or are contained within the
FLEOM’s light cone. Note that the LML saturates before
the FLEOM and approaches lðt → ∞Þ ≃ L=2 [Fig. 3]. In
the End Matter, by considering the dynamical QECC, we
argue that, at late times, this code approaches a random
½½L; 1�� stabilizer code, which is known to saturate the so-
called quantum Singleton bound [4,101], thereby explain-
ing the saturation value lðt → ∞Þ ≃ L=2. By using a proxy
for the quantum channel capacity of a channel that erases a
finite fraction of randomly chosen qubits [102–104], we
also numerically show that nonstabilizerness can be uni-
tarily extracted from any ≳L=2 qubits.
Discussion and outlook—We have shown, for pure states

with one magic unit and using insights from QECC, how to
find the spatiotemporal structure of magic resource.
Specifically, we proved the existence of a bipartite magic
gauge and, based on it, developed algorithms to exactly
compute subsystem nonstabilizerness efficiently. We pro-
posed two length scales that are operationally relevant to
magic distillation protocols. We reported numerical evi-
dence for a ballistic growth of these length scales in random
Clifford circuits, followed by magic delocalization at late
times.
Moving forward, while we provided analytical bounds and

heuristic arguments for the typical magic velocities, it would
be desirable to understand more rigorously the underlying
physical mechanisms, e.g., through coarse-grained models

FIG. 3. Growth of magic length scales over time in random
Clifford circuits for L ¼ 102 and identity doping rate p ¼ 0. Blue
(orange) circles show FLEOM (LML). At early times, both MLS
grow ballistically at fitted rates 2vW and 2vl, respectively (dashed
lines). Inset: p dependence of vW and vl compared to the
entanglement velocity vEðpÞ. Data averaged over 2 × 103 circuit
realizations, negligible error bars not shown.
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and hydrodynamical descriptions of nonstabilizerness spread-
ing. It would also be interesting to generalize Theorem 1 to
states with multiple units of magic, and extend the associated
algorithm (see also Refs. [105,106]). To this end, we note
that our operational definitions extend to such states, cf.
Supplemental Material [81]. Using these to examine “inter-
action effects” between spatially separated magic sources in
monitored and open quantum dynamics would be appealing
[56,57,107]. More generally, exploring how quantum resour-
ces (including NS, non-Gaussianity, and coherence) spread
may clarify how complexity builds up in quantummany-body
systems [108–110], how these systems deeply thermalize
[26–32,34–36], and how logical information is causally
organized in the spacetime of dynamical QEC codes [111].

Note added—While finalizing this manuscript, we
became aware of an independent work by Maity and
Hamazaki [112], which studies the spreading of local
magic resource under Clifford dynamics. While they use
a different approach and focus on distinct spatiotemporal
structures, our results are consistent where they overlap:
certain magic length scales grow ballistically until non-
stabilizerness delocalizes at late times.

Acknowledgments—M. B. thanks Benjamin Béri and
Campbell McLauchlan for insightful discussions and col-
laboration on related work. J. Y. acknowledges helpful
discussions with Philippe Suchsland, Xhek Turkeshi, and
Sagar Vijay. This work was supported by EPSRC Ph.D.
Studentship 2606484 and UKRI FLF Grant No. MR/
Z000297/1. P.W. C. and J. Y. acknowledge support from
the Max Planck Society.

Data availability—The data that support the findings of
this article are not publicly available. The data are available
from the authors upon reasonable request.

[1] P. W. Shor, Phys. Rev. A 52, R2493 (1995).
[2] A. R. Calderbank and P.W. Shor, Phys. Rev. A 54, 1098

(1996).
[3] A. M. Steane, Phys. Rev. Lett. 77, 793 (1996).
[4] D. Gottesman, arXiv:quant-ph/9705052.
[5] S. B. Bravyi and A. Y. Kitaev, arXiv:quant-ph/9811052.
[6] D. Gottesman, A. Kitaev, and J. Preskill, Phys. Rev. A 64,

012310 (2001).
[7] N. P. Breuckmann and J. N. Eberhardt, PRX Quantum 2,

040101 (2021).
[8] B. Eastin and E. Knill, Phys. Rev. Lett. 102, 110502

(2009).
[9] B. Zeng, A. Cross, and I. L. Chuang, arXiv:0706.1382.

[10] S. Bravyi andR.König, Phys. Rev. Lett. 110, 170503 (2013).
[11] S. Bravyi and A. Kitaev, Phys. Rev. A 71, 022316 (2005).
[12] R. P. Feynman, Int. J. Theor. Phys. 21, 467 (1982).
[13] S. Bravyi, G. Smith, and J. A. Smolin, Phys. Rev. X 6,

021043 (2016).

[14] S. Bravyi and D. Gosset, Phys. Rev. Lett. 116, 250501
(2016).

[15] S. Bravyi, D. Browne, P. Calpin, E. Campbell, D. Gosset,
and M. Howard, Quantum 3, 181 (2019).

[16] N. Schuch, M. M. Wolf, F. Verstraete, and J. I. Cirac, Phys.
Rev. Lett. 100, 030504 (2008).

[17] G. Vidal, Phys. Rev. Lett. 91, 147902 (2003).
[18] G. Vidal, Phys. Rev. Lett. 93, 040502 (2004).
[19] I. L. Markov and Y. Shi, SIAM J. Comput. 38, 963 (2008).
[20] S. Aaronson and A. Arkhipov, in Proceedings of the Forty-

Third Annual ACM Symposium on Theory of Computing,
STOC ’11 (2011), pp. 333–342, 10.1145/1993636.1993
682.

[21] M. Oszmaniec, N. Dangniam, Mauro E. Morales, and Z.
Zimborás, PRX Quantum 3, 020328 (2022).

[22] B. Dias and R. König, Quantum 8, 1350 (2024).
[23] B. Dias and R. König, Phys. Rev. A 110, 042402 (2024).
[24] S. Zhou, Z.-C. Yang, A. Hamma, and C. Chamon, SciPost

Phys. 9, 087 (2020).
[25] L. Leone, S. F. E. Oliviero, Y. Zhou, and A. Hamma,

Quantum 5, 453 (2021).
[26] J. S. Cotler, D. K. Mark, H.-Y. Huang, F. Hernández, J.

Choi, A. L. Shaw, M. Endres, and S. Choi, PRX Quantum
4, 010311 (2023).

[27] J. Choi et al., Nature (London) 613, 468 (2023).
[28] W.W. Ho and S. Choi, Phys. Rev. Lett. 128, 060601

(2022).
[29] P. W. Claeys and A. Lamacraft, Quantum 6, 738 (2022).
[30] M. Ippoliti and W.W. Ho, PRX Quantum 4, 030322

(2023).
[31] C. Liu, Q. C. Huang, and W.W. Ho, Phys. Rev. Lett. 133,

260401 (2024).
[32] C. Vairogs and B. Yan, Phys. Rev. Res. 7, L022069 (2025).
[33] M. Fava, J. Kurchan, and S. Pappalardi, Phys. Rev. X 15,

011031 (2025).
[34] C. Liu, M. Ippoliti, and W.W. Ho, Phys. Rev. Lett. 136,

100404 (2026).
[35] M. Bejan, B. Béri, and M. McGinley, Phys. Rev. Lett. 135,

020401 (2025).
[36] H. Lóio, G. Lami, L. Leone, M. McGinley, X. Turkeshi,

and J. D. Nardis, arXiv:2510.13950.
[37] Z. Webb, Quantum Inf. Comput. 16, 1379 (2016.
[38] H. Zhu, R. Kueng, M. Grassl, and D. Gross, arXiv:1609

.08172.
[39] Z.-W. Liu and A. Winter, PRX Quantum 3, 020333 (2022).
[40] T. D. Ellison, K. Kato, Z.-W. Liu, and T. H. Hsieh,

Quantum 5, 612 (2021).
[41] F. Wei and Z.-W. Liu, arXiv:2503.04566.
[42] P. S. Tarabunga, E. Tirrito, T. Chanda, and M. Dalmonte,

PRX Quantum 4, 040317 (2023).
[43] P. S. Tarabunga and C. Castelnovo, Quantum 8, 1347

(2024).
[44] M. Collura, J. D. Nardis, V. Alba, and G. Lami, Quantum

10, 2036 (2026).
[45] D. A. Korbany, M. J. Gullans, and L. Piroli, Phys. Rev.

Lett. 135, 160404 (2025).
[46] G. C. Santra, J. Mildenberger, E. Ballini, A. Bottarelli,

M. M. Wauters, and P. Hauke, arXiv:2510.07385.
[47] P. R. N. Falcão, P. Sierant, J. Zakrzewski, and E. Tirrito,

Phys. Rev. Lett. 135, 240404 (2025).

PHYSICAL REVIEW LETTERS 137, 180402 (2026)

180402-6

https://doi.org/10.1103/PhysRevA.52.R2493
https://doi.org/10.1103/PhysRevA.54.1098
https://doi.org/10.1103/PhysRevA.54.1098
https://doi.org/10.1103/PhysRevLett.77.793
https://arXiv.org/abs/quant-ph/9705052
https://arXiv.org/abs/quant-ph/9811052
https://doi.org/10.1103/PhysRevA.64.012310
https://doi.org/10.1103/PhysRevA.64.012310
https://doi.org/10.1103/PRXQuantum.2.040101
https://doi.org/10.1103/PRXQuantum.2.040101
https://doi.org/10.1103/PhysRevLett.102.110502
https://doi.org/10.1103/PhysRevLett.102.110502
https://arXiv.org/abs/0706.1382
https://doi.org/10.1103/PhysRevLett.110.170503
https://doi.org/10.1103/PhysRevA.71.022316
https://doi.org/10.1007/BF02650179
https://doi.org/10.1103/PhysRevX.6.021043
https://doi.org/10.1103/PhysRevX.6.021043
https://doi.org/10.1103/PhysRevLett.116.250501
https://doi.org/10.1103/PhysRevLett.116.250501
https://doi.org/10.22331/q-2019-09-02-181
https://doi.org/10.1103/PhysRevLett.100.030504
https://doi.org/10.1103/PhysRevLett.100.030504
https://doi.org/10.1103/PhysRevLett.91.147902
https://doi.org/10.1103/PhysRevLett.93.040502
https://doi.org/10.1137/050644756
https://doi.org/10.1145/1993636.1993682
https://doi.org/10.1145/1993636.1993682
https://doi.org/10.1103/PRXQuantum.3.020328
https://doi.org/10.22331/q-2024-05-21-1350
https://doi.org/10.1103/PhysRevA.110.042402
https://doi.org/10.21468/SciPostPhys.9.6.087
https://doi.org/10.21468/SciPostPhys.9.6.087
https://doi.org/10.22331/q-2021-05-04-453
https://doi.org/10.1103/PRXQuantum.4.010311
https://doi.org/10.1103/PRXQuantum.4.010311
https://doi.org/10.1038/s41586-022-05442-1
https://doi.org/10.1103/PhysRevLett.128.060601
https://doi.org/10.1103/PhysRevLett.128.060601
https://doi.org/10.22331/q-2022-06-15-738
https://doi.org/10.1103/PRXQuantum.4.030322
https://doi.org/10.1103/PRXQuantum.4.030322
https://doi.org/10.1103/PhysRevLett.133.260401
https://doi.org/10.1103/PhysRevLett.133.260401
https://doi.org/10.1103/3ttm-vhdt
https://doi.org/10.1103/PhysRevX.15.011031
https://doi.org/10.1103/PhysRevX.15.011031
https://doi.org/10.1103/mjgs-y2z9
https://doi.org/10.1103/mjgs-y2z9
https://doi.org/10.1103/v8kp-39ry
https://doi.org/10.1103/v8kp-39ry
https://arXiv.org/abs/2510.13950
https://doi.org/10.26421/QIC16.15-16-8
https://arXiv.org/abs/1609.08172
https://arXiv.org/abs/1609.08172
https://doi.org/10.1103/PRXQuantum.3.020333
https://doi.org/10.22331/q-2021-12-28-612
https://arXiv.org/abs/2503.04566
https://doi.org/10.1103/PRXQuantum.4.040317
https://doi.org/10.22331/q-2024-05-14-1347
https://doi.org/10.22331/q-2024-05-14-1347
https://doi.org/10.22331/q-2026-03-23-2036
https://doi.org/10.22331/q-2026-03-23-2036
https://doi.org/10.1103/1hlj-h6t9
https://doi.org/10.1103/1hlj-h6t9
https://arXiv.org/abs/2510.07385
https://doi.org/10.1103/xfp5-hhs4


[48] Salvatore F. E. Oliviero, L. Leone, and A. Hamma, Phys.
Rev. A 106, 042426 (2022).

[49] C. D. White, C. J. Cao, and B. Swingle, Phys. Rev. B 103,
075145 (2021).

[50] C. Cao, G. Cheng, A. Hamma, L. Leone, W. Munizzi, and
S. F. E. Oliviero, PRX Quantum 6, 040375 (2025).

[51] M. Frau, P. S. Tarabunga, M. Collura, E. Tirrito, and M.
Dalmonte, SciPost Phys. 18, 165 (2025).

[52] M. Hoshino, M. Oshikawa, and Y. Ashida, Phys. Rev. X
16, 011037 (2026).

[53] R. Smith, Z. Papić, and A. Hallam, Phys. Rev. B 111,
245148 (2025).

[54] J. Hartse, L. Fidkowski, and N. Mueller, Phys. Rev. Lett.
135, 060402 (2025).

[55] A. Sil and S. S. Roy, Phys. Rev. B 114, 024312 (2026).
[56] M. Bejan, C. McLauchlan, and B. Béri, PRX Quantum 5,

030332 (2024).
[57] G. E. Fux, E. Tirrito, M. Dalmonte, and R. Fazio, Phys.

Rev. Res. 6, L042030 (2024).
[58] E. Tirrito, L. Lumia, A. Paviglianiti, G. Lami, A. Silva, X.

Turkeshi, and M. Collura, arXiv:2507.07179.
[59] F. B. Trigueros and J. A. M. Guzmán, Phys. Rev. Lett. 136,

240602 (2026).
[60] A. Scocco, W.-K. Mok, L. Aolita, M. Collura, and T. Haug,

Phys. Rev. Res. 8, 013217 (2026).
[61] P. S.TarabungaandE.Tirrito, npjQuantumInf.11, 166 (2025).
[62] A. Gu, Salvatore F. Oliviero, and L. Leone, PRX Quantum

6, 020324 (2025).
[63] C. Wang, Z.-C. Yang, T. Zhou, and X. Chen, arXiv:2507.

10688.
[64] Y. Zhang and Y. Gu, npj Quantum Inf. 12, 87 (2026).
[65] Y. Zhang, S. Vijay, Y. Gu, and Y. Bao, PRX Quantum 7,

010344 (2026).
[66] Z.-Y. Hou, C. Cao, and Z.-C. Yang, npj Quantum Inf. 12,

113 (2026).
[67] A. Russomanno, G. Passarelli, D. Rossini, and P.

Lucignano, Phys. Rev. B 112, 064312 (2025).
[68] G. Passarelli, P. Lucignano, D. Rossini, and A.

Russomanno, Quantum 9, 1653 (2025).
[69] G. C. Santra, A. Windey, S. Bandyopadhyay, A.

Legramandi, and P. Hauke, arXiv:2505.09707.
[70] T. Rakovszky, S. Gopalakrishnan, S. A. Parameswaran,

and F. Pollmann, Phys. Rev. B 100, 125115 (2019).
[71] N. D. Varikuti, S. Bandyopadhyay, and P. Hauke, Quantum

10, 2017 (2026).
[72] M. Mezei and D. Stanford, J. High Energy Phys. 05 (2017)

065.
[73] A. Nahum, J. Ruhman, S. Vijay, and J. Haah, Phys. Rev. X

7, 031016 (2017).
[74] C. W. von Keyserlingk, T. Rakovszky, F. Pollmann, and

S. L. Sondhi, Phys. Rev. X 8, 021013 (2018).
[75] B. Bertini, P. Kos, and T. Prosen, Phys. Rev. X 9, 021033

(2019).
[76] X. Turkeshi, E. Tirrito, and P. Sierant, Nat. Commun. 16,

2575 (2025).
[77] E. Tirrito, X. Turkeshi, and P. Sierant, arXiv:2412.10229.
[78] E. Tirrito, P. S. Tarabunga, D. S. Bhakuni, M. Dalmonte, P.

Sierant, and X. Turkeshi, arXiv:2506.12133.

[79] M. A. Nielsen and I. L. Chuang, Quantum Computation
and Quantum Information: 10th Anniversary Edition
(Cambridge University Press, Cambridge, England,
2010).

[80] J. Yao and P.W. Claeys, Phys. Rev. Res. 6, 043077 (2024).
[81] See Supplemental Material at http://link.aps.org/suppleme

ntal/10.1103/tzn2-h5nk for the proofs of Theorem 1 (in-
cluding a BMG algorithm), equivalent and extended
operational definitions of magic resources, and locality
bounds on the LML; a discussion of the interplay between
entanglement growth and operator spreading, and a review
of their corresponding velocities in identity-doped Clifford
circuits; a connection between the shape of the Pauli
spectrum and the SRE; additional numerical results on
the typical MLMI length, identity-doped dual-unitary
Clifford circuits, the overlap of MLMIs, and system size
independence of the spreading rates. Includes
Refs. [56,73,74,80,82–87].

[82] S. Bravyi, D. Fattal, and D. Gottesman, J. Math. Phys.
(N.Y.) 47, 062106 (2006).

[83] K. M. R. Audenaert and M. B. Plenio, New J. Phys. 7, 170
(2005).

[84] G. M. Sommers, D. A. Huse, and M. J. Gullans, PRX
Quantum 4, 030313 (2023).

[85] V. Khemani, A. Vishwanath, and D. A. Huse, Phys. Rev. X
8, 031057 (2018).

[86] B. Bertini, P. W. Claeys, and T. Prosen, Rev. Mod. Phys.
98, 025001 (2026).

[87] G. E. Crooks, Gates states and circuits, https://threeplusone
.com/pubs/on-gates.pdf (2020).

[88] D. Gottesman, arXiv:quant-ph/9807006.
[89] L. Leone, S. F. E. Oliviero, and A. Hamma, Phys. Rev.

Lett. 128, 050402 (2022).
[90] M. Howard and E. Campbell, Phys. Rev. Lett. 118, 090501

(2017).
[91] The Pauli spectrum is defined in terms of a basis of L-qubit

Pauli operators. Such a basis is formed by all Hermitian
Pauli strings P with phase þ1.

[92] This notion of magic is relevant to active quantum error
correction and monitored quantum dynamics, where a key
question related to the complexity of classically simulating
the dynamics is which measurements reduce the amount of
magic in a state [56].

[93] C. K. Koç and S. N. Arachchige, J. Parallel Distrib.
Comput. 13, 118 (1991).

[94] Focusing on contiguous systems also naturally leads to
interesting connections between magic length scales for
projectively destroyable magic resource and the linear and
contiguous code distances of QECC [95,96].

[95] S. Bravyi and B. Terhal, New J. Phys. 11, 043029 (2009).
[96] M. J. Gullans and D. A. Huse, Phys. Rev. X 10, 041020

(2020).
[97] Here, by generators, we mean both the logical and

stabilizer generators of, for example, ρ from Eq. (2).
[98] We can relabel the logicals X̄; Ȳ, and Z̄ as needed, provided
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End Matter

Appendix A: Proof of Lemma 1—Here we prove one of
our key technical results, Lemma 1, which exposes the
spatial structure of both logicals and stabilizer generators
of jψi. The proof of our other key technical result,
Theorem 1, follows from this lemma and is found in [81].
Let the stabilizer group of our code be G ¼ hg2;…; gLi,

where gi are the stabilizer generators. The logical operators
of this code are nontrivial Hermitian Pauli operators σ̄ that
commute with all generators ½σ̄; g� ¼ 0 ∀ g∈G and are not
elements of �G. Thus, a logical operator σ̄ is in one of the
three cosets X̄G; ȲG, and Z̄G (up to a sign).
It is useful to represent the code and its logical operators

through a pure stabilizer state jΦABRi on an enlarged
system with an additional reference qubit R [113]. We
depict this in Fig. 4, where for illustration purposes we take
subsystems A and B as contiguous regions; however, our
proof holds for any bipartition with B ¼ ½L�nA. The
stabilizer group of jΦABRi is defined as S ≔
hX̄XR; Z̄ZR; g2;…; gLi, which also contains −ȲYR.

Using this mapping, we shall determine whether logical
operators σ̄ of the code can be fully supported on a
subsystem (A or B). To illustrate this, note that any
logical σ̄ corresponds to a stabilizer of jΦABRi
which has nontrivial support on the reference qubit R,
whereas any stabilizer g∈G of jψi is represented
by a stabilizer of jΦABRi with trivial support on R.
Hence, to determine the spatial structure of the logicals,
it suffices to work with the corresponding stabilizers
of jΦABRi.
jΦABRi is locally Clifford unitarily (LCU) equivalent,

i.e., with CliffordU ≡UA ⊗ UB ⊗ UR, to a tensor product
of tripartite GHZ states, EPR (Bell) pairs, and single-qubit
states [82]. Here, since k ¼ jRj ¼ 1, there can be at most
one GHZ state jGHZabRi ¼ 1ffiffi

2
p ðj0a0b0Ri þ j1a1b1RiÞ for

some qubits a∈A, b∈B; jGHZabRi has stabilizers in
hXaXbXR; ZaZb; ZbZRi. The EPR pairs can be between
any two subsystems out of A, B, and R, and are defined as
jΦþ

iji ¼ 1ffiffi
2

p ðj0i0ji þ j1i1jiÞ for qubits i and j, with stabi-

lizers in hXiXj; ZiZji. Since the reference qubit R is
maximally entangled with the subsystem AB for jΦABRi
and U is local, these remain entangled, and thus, after the
LCU, subsystem R must be involved in either a GHZ state
or an EPR pair. Hence, we can choose exactly two
generators of UjΦABRi that are supported on R with the
operators XR and ZR; these are not necessarily UX̄XRU†

and UZ̄ZRU† since, when choosing these two generators,
we might need to multiply Uσ̄σRU† by some UgU† for
g∈G and we can also choose σ ¼ Y.
Next, focusing on UjΦABRi, we proceed into three cases

depending on which entangled state R belongs to: (i) jΦþ
aRi

for qubit a∈A, (ii) jΦþ
bRi for b∈B, or (iii) jGHZabRi for

a∈A and b∈B. We take UR ¼ 1R for simplicity, but our

FIG. 4. Representation of a ½½n; k�� stabilizer code with n qubits
and k logical qubits as a pure stabilizer state jΦABRi on an
enlarged system ABR, with n ¼ jABj and k ¼ jRj. jΦABRi is the
Choi state of the isometry Vencoding. The spatial structure of the
logical operators, for any subsystem A and its complement B, can
be inferred from the spatial structure of the stabilizers of jΦABRi,
as discussed in the proof of Lemma 1.
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conclusions hold for any Clifford gate UR (this can only
permute how we label our logicals).
Case (i). Since the stabilizers of jΦþ

aRi are in
hXaXR; ZaZRi, we can choose the representatives of the
logical operators (encoded in UjΦABRi) to be X̄0 ¼ Xa and
Z̄0 ¼ Za, thus, Ȳ 0 ¼ Ya. Reverting the LCU transformation
UjΦABRi ↦ U†UjΦABRi ¼ jΦABRi, we find that the repre-
sentatives of the logical operators of our initial stabilizer code
(encoded in jΦABRi) can be taken σ̄ ¼ U†σ̄0U for σ̄0 ∈
fXa; Ya; Zag. Hence, since U is local, for each coset σ̄G,
there exist representative logical operators σ̄ that are simulta-
neously fully supported on subsystem A, i.e., σ̄jB ¼ 1B.
Case (ii). This is analogous to case (i), with A replaced

by B, and we find that there exist representative logical
operators σ̄ that are fully supported on subsystem B.
Case (iii). Here, the two logical generators representa-

tives X̄0XR and Z̄0ZR, i.e., the generators of UjΦABRi
supported on R, must be chosen from the stabilizer group
of the GHZ state hXaXbXR; ZaZb; ZbZRi. Thus, we can
take without loss of generality X̄0 ¼ XaXb and Z̄0 ¼ Za (or
Z̄0 ¼ Zb), leading to Ȳ 0 ¼ YaXb (or Ȳ 0 ¼ XaYb). Then,
because U is local, reverting the LCU does not change
whether a logical σ̄ ¼ U†σ̄0U is supported on subsystem A,
or B, or both. Hence, two logicals (here, X̄ and Ȳ) are
supported on both A and B, while the third (here, Z̄) can be
chosen to be supported only on either A or B; moving the
third logical from A to B and vice versa can be done by
multiplying it by a stabilizer g∈G (here, ZaZb). This
concludes our proof. ▪

Appendix B: Details on magic resource delocalization
at late times—By focusing on QEC aspects of the
dynamically generated stabilizer code, we here show that
this code approaches a random ½½L; 1�� stabilizer code at
late times, which in turn implies that one can unitarily

distill a magic state from any subsystem with ≳L=2
qubits, and thus that magic resource delocalizes.
To show this, we consider a subsystem B with a finite

fraction f ¼ jBj=L of qubits chosen at random, and ask if
magic can be unitarily extracted from its complement
A ≔ ½L�nB, as depicted in Fig. 5(a). By Lemma 1, this
question is equivalent to asking if the logical information of
the code can be transmitted through a quantum channel
N B ¼ EB ∘U, with a Clifford unitary U and an error
channel EB, chosen as either tracing out or measuring in
a complete stabilizer basis of B. To answer the latter
question, we use a proxy C̃ðN B½ρ�Þ for the single-copy
channel capacity [102–104], with C̃ ¼ 1ð0Þ if the logical
qubit is (not) preserved.
We can evaluate the single-copy channel capacity proxy

C̃ through the coherent information IcðΨARÞ by using the
construction from the proof of Lemma 1 [Fig. 4]. Let Φ be
the stabilizer state on ABR that encodesUρU†. Acting with
the error channel EB yields Ψ ¼ EB ⊗ 1AR½Φ�. The logical
information (or equivalently, magic resource) is preserved
if the mutual information between subsytem A and the
ancilla R satisfies IΨðA;RÞ ¼ 2 [113], where IΨðX; YÞ ¼
SðΨXÞ þ SðΨYÞ − SðΨXYÞ with von Neumann entangle-
ment entropy S. By a simple calculation, we can recast this
condition in terms of the coherent information IcðΨARÞ ¼
SðΨAÞ − SðΨARÞ as IcðΨARÞ ¼ 1; conversely, IcðΨARÞ ¼ 0
if the logical information is lost.
Numerically, we focus on a single circuit (code) reali-

zation with fixed f, sample N sets B of fL qubits, and thus
estimate C̃ðN BÞ at different evolution times. (We checked
multiple code realizations, finding similar results.) Random
stabilizer codes are known to saturate the quantum
Singleton bound [4,101], which is a bound on the code
distance: for f ≲ 0.5, their logical information is preserved
asymptotically (L → ∞), whereas for f > 0.5, it is highly
likely lost due to the No Cloning theorem [4]. We find that,

(a) (b)

FIG. 5. (a) Quantum circuit setup for unitarily extracting the magic resource from subsystem A of state jψi onto an ancilla qubit C into
a magic state jTiC using a Clifford unitaryU. The complementary subsystem B contains a finite fraction f of randomly chosen qubits. At
late times, the extraction succeeds with high probability for any A with jAj≳ L=2. (b) Channel capacity proxy C̃ of the channel that
traces out fL ¼ jBj randomly chosen qubits after evolution up to time t under a random brickwork Clifford circuit with identity doping
p ¼ 0.1 (circles) and a global random Clifford (crosses). For t ≳ tsat, C̃ ¼ Oð1Þ for f ≤ 0.5 indicating the preservation of magic
resource; for f ≳ 0.5, C̃ quickly drops to zero and magic resource is lost (see inset). Data averaged over 104 realizations of B for a single
random circuit instance, negligible error bars not shown.
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at t > tsat, the channel capacity proxy C̃ðN BÞ ¼ 1 for
f ≲ 0.48, finite up to f ≃ 0.5, and then drops to zero for
f > 0.5, as expected from the quantum Singleton bound
[Fig. 5(b)]. Comparing our results with global random

Clifford gates, which generate random stabilizer codes, we
find excellent agreement, further supporting the approach
of the dynamical code to a random ½½L; 1�� stabilizer code
and the delocalization of magic resource at late times.

PHYSICAL REVIEW LETTERS 137, 180402 (2026)

180402-10


	Spreading of Magic Resource under Unitary Clifford Dynamics
	Quantum circuit setup
	Quantifying magic resource
	Operational definitions of magic resource
	Magic length scales
	Bipartite magic gauge
	Phenomenology of magic resource spreading
	Magic resource delocalizes at late times
	Discussion and outlook
	Note added
	Acknowledgments
	Data availability
	References
	Appendix A: Proof of Lemma 1
	Appendix B: Details on magic resource delocalization at late times


