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Condensates, Crystals, and Renormalons in the Gross-Neveu Model at Finite Density
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We study the O(2N) symmetric Gross-Neveu model at finite density in the presence of a U(1) chemical
potential 4 for a generic number a < N — 2 of fermion fields. By combining perturbative quantum field theory,
semiclassical large N, and Bethe ansatz techniques, we show that at finite N two new dynamically generated
scales A, and A_ appear in the theory, governing the mass gap of neutral and charged fermions, respectively.
Above a certain threshold value for /i, a-fermion bound states condense and form an inhomogeneous
configuration, which at infinite N is a crystal spontaneously breaking translations. At large /4, this crystal has
mean A, and spatial oscillations of amplitude A.. The two scales also control the nonperturbative corrections to
the free energy, resolving a puzzle concerning fractional-power renormalons and predicting new ones.
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In quantum field theory (QFT), strong coupling phe-
nomena—such as spontaneous symmetry breaking and
dynamically generated mass scales—can often be traced
back to nonperturbative effects at weak coupling.
Renormalons are a subtle class of such effects, expected
to originate from condensates [1-3]. In turn, the conden-
sates are proportional to dynamically generated scales,
indicating that perturbative techniques can anticipate cer-
tain strongly coupled dynamics.

A remarkably fruitful playground for studying these
effects is the O(2N) Gross-Neveu (GN) model: a theory
of N massless Dirac fermions in two spacetime dimensions
(2D) coupled via four-fermion interactions [4]. This theory
is, notably, a toy version of 4D quantum chromodynamics
(QCD) and has diverse applications in condensed matter
physics, including conducting polymers [5] and inhomo-
geneous superconductors [6]. The model is asymptotically
free, and undergoes dynamical mass generation in the
infrared (IR) which leads to a gapped phase and spontaneous
breaking of a Z, chiral symmetry. The theory is integrable
and its spectrum, which contains kinks and bound states of
fermions, as well as its complete S matrix, are known for any
N [7,8]. The tractability of the model prompted a study of the
theory at finite density, where the Lagrangian reads
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Here y/ are 2D Dirac fermions, y# are 2D gamma matrices,
and h is the common U(1) particle-number chemical
potential for the first a < N — 2 fermions.

Thanks to a line of research dating back to Refs. [9,10],
the relative free energy AF = F(h) — F(0) can be com-
puted with Bethe ansatz techniques. In this way one finds
the exact relation between the mass gap m of the theory
(at h = 0) and the dynamically generated scale A in the MS
scheme, which at one loop is

A~ he 0P, (2)

More recently, thanks to Refs. [11,12], a systematic weak-
coupling expansion of the free energy became possible,
revealing the resurgent properties of the expansion as well
as its connection with renormalons [12—15]. If renormalons
originate from condensates, the nonperturbative terms
should follow the schematic form (up to possible log g
terms) Y, ((A/h)"*g**, where A is the classical dimension
of the condensing operator. In the case a = 1 of the GN
model, instead, Ref. [14] surprisingly found that renorma-
lons appear as powers of (A/h)™N=1/(N=2) which does not
fit that pattern for any operator.

In this Letter we combine three different techniques—
i.e., perturbative expansion, the semiclassical large N limit,
and integrability—to attain a compelling picture of the IR
physics of the Gross-Neveu model for generic values of a
and &, and confirm the expected relation between renor-
malons and condensates. We achieve this by identifying in
the model two new dynamically generated scales that
govern the nonperturbative sectors:
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Indeed, we show that the nonperturbative terms in the free-
energy transseries

AZmAZn
31 3 NN 5 b togg
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(4)

reproduce the exotic renormalons of Ref. [14] by identify-
ing them with A, and predict new ones associated with A..
Here k,,, and p,,, are nonnegative integers. Notice that
Eq. (4) is a transseries since for every m, n, p the series is
asymptotic in k and only makes sense after Borel resum-
mation (see, e.g., Refs. [16—18]). The two new scales arise
naturally in the perturbation theory of Eq. (1) when 4 > A:
A, is the scale where the perturbative interactions between
light neutral-fermion excitations blow up, while A, is the
scale where interactions between light charged-fermion
excitations close to the Fermi surface blow up. More
generally, we demonstrate that the perturbative expansion
around different points in momentum space can hide subtle
dynamically generated scales related to renormalon effects
whenever large logs develop.

To further unveil the physics behind those scales, we
turn to large N, generalizing the methods employed in
Refs. [19-21]. In the regime /i > A the Hubbard—
Stratonovich field o(x) = —g* Y%, %/ (x)y/ (x) forms an
inhomogeneous time-independent crystal-like condensate,
which at leading order is

(o(x)) = A, + Agsin(2hx!). (5)

Here A, and A, govern the amplitudes of the constant part and
of spatial oscillations. On the other hand, the very same scales
also control the dispersion relations of light modes around
Eq. (5), with A, equal to the mass gap of the neutral fermions
and %AC equal to the mass gap of the charged fermions.

We show that inhomogeneous condensates also appear at
finite s, forming crystals of a-fermion bound states. As h
decreases the lattice spacing grows, until at some critical
value the condensate describes a single bound state, as in
Ref. [22]. Such inhomogeneous condensates were already
discovered for a = N (also with temperature 7'), where they
form out of kink-antikink bound states. The phase diagram
was shown to include a crystal phase with a spatially
modulated order parameter at low 7" and sufficiently large &
[19-21] (see also Refs. [23—25] for numerical lattice results
at finite NV, and Ref. [26] for a more recent analysis at 7 = 0
using Bethe ansatz techniques). Inhomogeneous phases
were also discovered in related models [27-29].

Finally, we use integrability to derive Eq. (4) at finite N.
The Bethe ansatz makes use of the known exact spectrum
of the theory, which includes bound states of » fermions in
antisymmetric representations of O(2N) with mass

. nr . T
= <r<N-
m, msm<2N_2>/sm<2N_2>, 1<r<N-=-2, (6)

as well as of the S-matrix between them. We are able to
confirm that A, and A, govern the mass gap of the neutral
and charged fermions also at finite N, in total agreement
with the semiclassical analysis. Besides, we observe that in
this phase the GN model exhibits a massless mode for all
values of a, and is thus gapless. At infinite N this mode is
the Goldstone boson for broken translations (the phonon)
in the crystal phase, as discussed in Ref. [26] in the case
a = N. At finite N, quantum corrections are expected to
melt the crystal, as strict order is forbidden [30,31]. Yet,
gapless excitations persist and give rise to a quasi-long-
range ordered phase.

More details on the spectrum, the phase diagram, and
further results at finite N will be presented in a forthcoming
paper [32].

Perturbation theory—Dynamically generated scales
arise where perturbation theory breaks down, which can
be signaled by the appearance of large logs. At large
momenta, such logs are canceled by the ultraviolet (UV)
one-loop f function of ¢, and the theory is asymptotically
free. This UV S function seems to imply a breakdown at the
scale A, which is indeed the case when i = 0. But with
nonzero h, other scales might emerge as we approach some
finite momenta, as we will show. At nonvanishing chemical
potential the fermion propagator is

W) =0 () - O)

where a, f are spinor indices, while h; = h for charged
fermions, /#; = O for the neutral ones. The position-space
propagator is time ordered, dictating that the contour for p°
in loop integrals can be Wick rotated to Euclidean
momentum p? = —ip? without intersecting any pole.
When h; = 0, this is the Feynman ie prescription. The
one-loop correction to the propagator is independent of the
external momentum, and does not affect the running of g.

Let T = (pa(q/2)wy(q/2)wr-(q/2)lws-(q/2)]) be
the (amputated) four-point correlator with all incoming
momenta. For brevity, we assume that i # j and both
species are charged or both neutral. At one-loop there
are three diagrams that contribute to the amplitude [33],
see Fig. 1. All fermion loops in these diagrams contribute
through an integral of the form

d’p i i
/ @B h B —f+ bt (®)
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FIG. 1. One-loop diagrams that contribute to I". Vertices are
slightly separated to track spinor contractions.

which we regulate using a cutoff M on the spatial
momentum only: [d?p — [M dp' [dp®. After Wick
rotation we can close the contour for p? and pick up the
appropriate poles, and then perform the p' integration.
Including the tree-level contribution and a counterterm J,
for the (yy)? interaction, we obtain

= _g4A<hi)(}/Zcﬂ€y5 + eaﬂy;é) =+ eaﬂeyﬁ[ig2
+ 8, = 26*((N = a)B(0) + aB(h) — B(h,))].  (9)

where y* = y'y? = (} ) is the chiral gamma matrix, € the
antisymmetric tensor, and

l q+ ! q9+9-
A(h) 4”10g<6~1_>, B(h) 4ﬂlog<4MZ>, (10)
with g2 = (2h %+ q;)? + ¢3. There are three points where
the amplitude could blow up: when ¢ = (¢;,¢,) — (0,0)
due to light neutral fermions running in the loop, and when
q = qF = (+2h,0) due to light charged fermions running
in the loop [34].

Starting from weak coupling in the UV, as we approach
those points, we determine the scales that control at what
distance perturbation theory breaks down.

In order to approach the first point, ¢ — 0, we fix the
amplitude involving two neutral species r and s, and
parametrize ¢ = pfi using a unit vector A = (n, n,). The
counterterm &, is then set by demanding that

Tis(uit) = ig°€qpes. (11)

At scales p<h we find 5,=[N-a-1)/2ng"
log(u?/4M?). The B function f = dg’>/dlogu can now
be computed as usual using the Callan-Symanzik equation,
which after standard manipulations gives, at one-loop level

0, N-a-1,

P=ng, = —¢" (as¢~0). (12)
Consequently, the theory becomes strongly coupled around
the scale A, < A defined in Eq. (3). Note that this is the
same result we would have gotten by adding a mass term
of order & for a number a of fermions in the UV Lagrangian
(1) in the absence of a chemical potential.

In order to approach the Fermi surface, say at ¢ — g7,
we choose to define the coupling using an amplitude that
involves two charged species, m and n, and parametrize
g = qf + un. The counterterm can only be used to fix a

single spinor component of the amplitude, and we choose
the one that determines the particle-hole scattering near the
Fermi surface:

L _(qf +pn) = igPe_je,_ = —ig’. (13)
Again we set the counterterm and find the one-loop S
function. The latter in the regime y < h simplifies to

=——y (as g = q7). (14)

2n
leading to the scale A, << A in Eq. (3).

To make sure that A, is indeed the correct dynamically
generated scale, we need to show that perturbation theory
does not break down before at a higher scale, i.e., verify
that all other components of the amplitude are under control
as long as g < 1 [35]. For example, by resumming a family
of diagrams where we concatenate the loops in Fig. 1 one
after the other, we find

= —ig2(1 +4ig?A(q) + (4iPA(q))? + )

—ig2
= - < 15
1+ £log <—(4h+”7}22+”"§) 1
which remains small as long as g < 1. The same holds for
all other components, confirming our result.

Summarizing, perturbation theory produces two new
scales: A, associated with neutral fermions; A, associated
with charged fermions, which appears when the momentum
is near 2h, and thus it hints at spatial oscillations on a scale
of 1/(2h).

Large N—A large N analysis reveals the physics behind
the two nonperturbative scales: a crystal phase with
inhomogeneous condensates. To show it, we introduce a
Hubbard-Stratonovich scalar field o(x) (as in Ref. [4]) and
integrate the fermions out. After Wick rotation, we obtain
the Euclidean action

2
% = —yTrlog D, — (1 — y)Trlog Dy + / dzx%, (16)
where D), = y°(dg + 6 — y°h) and A = Ng* is the ’t Hooft
coupling. We take N — co and a — oo while keeping the
ratio y = a/N fixed. The resulting equation of motion for &
can be written in terms of Green’s functions (i.e., the
fermion propagators):

o(x

) (D} (5. 0)) + (1= (D (e 0)) (17
where the trace is now over the spinor indices only. When
h = 0, the solution is given by the constant ¢ = A. With the
chemical potential turned on, one finds a number of
homogeneous solutions that depends on 4. However, like
in Ref. [25], at sufficiently high / the leading homogeneous
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solution becomes unstable and an inhomogeneous solution
is preferred instead [32].

To find the inhomogeneous solution, like in Refs. [36-38],
we use the time-independent ansatz

ox)=A (msn(b)sn(fc)sn(fc +b)+ M) . (18)

sn(b)

where ¥ = Ax! is arescaled spatial component, and sn, cn,
and dn are the Jacobi elliptic functions with implicit
parameter m. The equations of motion are solved by
diagonalizing the operator D, with this ansatz as in
Ref. [38]. This fixes two of the parameters {A, m, b} in
terms of the third one, and choosing the dominant saddle
fixes the latter in terms of /4. The general equations, their
detailed derivation and solutions, and a comparison of the
free energies are presented in Ref. [32]. In the high-density
regime i > A, the leading-order solution is

A2 AN

where K is the complete elliptic integral of the first kind.
The eigenvalue densities of D, and D, can be viewed as

the dispersion relations for charged and neutral fermion

excitations, respectively, on top of the background o:

dp _ @|l@* —s+1—E(m)/K(m)|
do /(@& — s+ 1)(@* — s + m)(@* - s)

with s = sn=2(b), E the complete elliptic integral of the
second kind, and @ = w/A. An example of dispersion
relation is given in Fig. 2, and it mirrors the ones emerging
from Peierls instability in 1D conductors. This spectrum
has three gaps: one at the bottom of the lower band between
0 and Av's—1, corresponding to the gap for neutral
fermions; one from Ay/s —m to the Fermi surface at A,
corresponding to the gap for charged holes; one from 4 to
A+/s, corresponding to the gap for charged fermions. In the
large & limit the latter two become identical, which is
evidence for an effective relativistic dispersion near the
Fermi surface. The gaps match with the large N limit of the
scales in Eq. (3):

, (20)

-0.6 -0.4 -0.2

FIG. 2. The two-band structure of w(p) in the Brillouin zone
obtained from Eq. (20) for y = 2/3 and & = 0.85A (dashed line).

AVs — 1~ (2h) T5ATS & A,
A(Vs = Vs =m) ~ (21)' TN R A (1)

The profile of o(x) in the large % limit simplifies to
Eq. (5). Thus we identify the two scales with parameters of
the crystal phase: A, replaces A as the constant part of the
condensate, while A, modulates the periodic oscillations
with frequency 24 as anticipated by the perturbative result
near the Fermi surface. In the limit y — 1, the scale A,
becomes the band gap for fermions identified in Ref. [26].

As we decrease £, the period of the lattice grows and the
density lessens. At the critical value

oy
h, = 2SL<2)A, (22)
y

the parameters of the solution are
m=1 A= Atanh(h) = Asin <%y> (23)

and the condensate ¢(x) becomes a single localized bound
state of a particles, exactly as described in Ref. [22] (see
Ref. [32] for more details). The critical value h, corre-
sponds to the mass-to-charge ratio derived from Eq. (6) (at
large N, m = A), and marks the second order [39] phase
transition to the homogeneous phase ¢ = A. This confirms
that the vacuum is a crystal of a-particle bound states,
which plays an important role in the integrability analysis.
We compare the low-density clearly separated crystal with
the high-density sinusoidal curve in Fig. 3.

Integrability—Bethe ansatz techniques can be used to
identify the two scales even for finite N. Since the particle
with the smallest mass-to-charge ratio is the rank-a bound
state with polarization aligned with the charge, at 7 =0
these particles start to populate the vacuum as soon as the
chemical potential is larger than that ratio. The ground state
is characterized by the equation [9]

e(0) - /_ * K€ = 0)e(0)dC = ah —m, cosh(6).  (24)

B

—'llO —‘5 0 é 1l0
FIG. 3. The profile of o(x) for y = 1/2, for very low density
(h = 1.0001A,, in red), medium density (2 = 0.95A, in purple)
and high density (h = 1.3A, in blue). The dotted line is the single

bound state from Ref. [22]. Note how the high-density approxi-
mation (5) extends up to values of & = A.
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FIG. 4. The sequence L; in Eq. (30) for N =5 and a = 2, for
charged fermions and holes (in blue, with Richardson transform
[43] in orange) and neutral fermions (in green, with Richardson

transform in red). The dashed and dotted lines correspond to
(2N —2)/a and (N —1)/(N —a — 1), respectively.

Here € is the energy distribution in rapidity space, while B
is the Fermi rapidity that satisfies the boundary condition
€(+B) = 0. Lastly, K,(0) = (1/2xi)oylog S,(0), with S,
the S matrix of two bound states scattering, which is known
exactly and is found, e.g., in Ref. [40]. The free energy is
calculated directly:

m, [B

AF(h) = ¢(0) cosh(8)do, (25)

2 -B
valid for & above the condensation threshold.

At large h we have B o log(h/A). This allows an
expansion in powers of 1/B through Volin’s method
[11,12] supplemented, through Wiener—Hopf analysis, with
nonperturbative terms proportional to powers of A/h,
leading to the full transseries of the free energy [14,15]
(see Ref. [41] for a review). A key result of this analysis is
that nonperturbative effects in the free energy are propor-
tional to h?(A/h)?*k with the &,’s given by the positive real
poles of G(—i&)/G(if). Here G is the Wiener-Hopf
decomposition of the Fourier transform of the kernel: an
analytic function in the upper half-plane such that
1-K(w)=(G(w)G(—w))~". For the integral equation (24),
it is given by

%F(l _2%?2>F<%_%)

ﬁr(%_%)r(l_y(/%) ,

where 7, = x log x and
b=1+10g2N =2)+ &, + a1 —En-1- (27)

Inspecting Eq. (26), one finds two families of poles:

N-1 N-1
=2k-1)——, " =2k——, 28
f=@k-N g =% (28)

with k € N. These poles lead to the nonperturbative effects

in Eq. (4). The exact coefficients a%;"] and ¢ therein can be

determined analytically following a generalization of the
procedure outlined in Ref. [14]. While at certain values of
N and a some &, and &, might overlap creating a double
pole, in the cases where this does not happen we have
kipn = Pmn =0 and Eq. (4) simplifies. For the specific
case a =1, A, does not appear because the residues

(26)

dp/dw

2.2 1

q
2.0 9
180 3
1.6 ”

14

12 ;
7

1.0 cmmeome- -

0.8 : i : W
0.0 0.5 1.0 1.5 20

r,.m

FIG. 5. Plot of dp/dw for N =102, a = 68, h = 1.5 A. The
points are the numerical solution of Eq. (29) for charged fermions
(in blue), charged holes (in cyan), and neutral fermions (in red).
The dashed line is Eq. (20).

associated with & vanish, and (A,)F are the “new renor-
malons” in Ref. [14]. It would be interesting to understand
whether Eq. (4) can be reproduced with condensates as in
Ref. [42] supplemented with Eq. (5).

From the Bethe ansatz we can also extract the mass gaps
at finite N by considering probe particles on top of the
ground state. A probe that creates a single b-particle bound
state has an energy distribution €, that satisfies

B
()= | Kun(=0)elO)d =quh=mycosh(6).  (29)
where g,, = min(a, b) is the charge carried by the particle
under the chemical potential and K, (0) is obtained from
the scattering of an a and a b bound states (see Ref. [40]).
A charged fermion probe corresponds to simply adding a
fermion (b = 1), while a charged hole removes a particle
from a background bound state (b = a —1). Lastly, a
neutral fermion binds to one of the background baryons
forming a larger bound state (b = a + 1). The value of €,, at
zero rapidity is proportional to the gap. We test its scaling
with & by evaluating sequences such as

8
L,=1 —%log(m_léb(ﬁ =0;h = e3m)). (30)

As exemplified in Fig. 4, we numerically find that for the
neutral fermions the sequence converges (up to 1/k
corrections) to (N —1)/(N—a—1), while for charged
fermions and holes it converges to (2N — 2)/a, reproduc-
ing the scales A, and A, respectively.

One can also extract the dispersion relations for each
type of probe. For neutral fermions, charged fermions and
charged holes, at large N they reproduce the exact result
Eq. (20), as shown in Fig. 5. Near the Fermi surface, both at
large and finite N, we find from Eq. (24) that excitations of
the background itself are gapless, similarly to what was
found in the case a = N in Ref. [26].

In conclusion, the Gross-Neveu model is a perfect arena
where connections between perturbative and nonperturba-
tive effects, including renormalons and condensates, can be
explicitly studied, thanks to large N and integrability
techniques. In particular, we showcased how the analysis
of large logs in perturbation theory in momentum space can
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reveal new dynamically generated scales. Especially in-
triguing are the crystal-like phases arising when chemical
potentials are turned on. They display a gapless mode that at
infinite NV is interpreted as the Goldstone mode for broken
translations (phonon) and that persists at finite N. Similar
phenomena are likely to occur in other 2D integrable models,
such as the principal chiral model, and perhaps even in four-
dimensional QCD (see, e.g., Section 7 of Ref. [44]).
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