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Moiré materials provide exciting platforms for studying the interplay of strong electronic correlation and
large magnetic flux effects. We study the lightly doped Hofstadter-Hubbard model on a triangular lattice
through the large-scale density matrix renormalization group and determinantal quantum Monte Carlo
simulations. We find strong evidence for a robust chiral superconducting (SC) phase with dominant power-
law pairing correlations and a quantized spin Chern number. The SC phase emerges at very weak
interaction and grows stronger at intermediate interaction strengths (U) for a wide range of hole doping. We
also discuss the possible distinct nature of the normal state in different U regimes. Our Letter provides
theoretical insights into the emergence of topological superconductivity from doping topological Chern

bands or magnetic-flux-induced chiral spin liquid states of Moiré materials.
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Introduction—Understanding the mechanism of uncon-
ventional superconductivity (SC) in doped Mott insulators
is a central topic in condensed matter physics [1,2]. Ever
since Anderson’s proposal of the resonating valence bond
state as the undoped parent state of high-temperature SC in
cuprates [3], quantum spin liquid and high-T. SC have
been naturally connected [4-9]. A particular class of
quantum spin liquid that breaks time-reversal symmetry
(TRS) and exhibits chiral edge modes is the chiral spin liquid
(CSL) [10], which was predicted to give rise to d + id-wave
chiral SC through the condensation of fractional quasipar-
ticles, known as anyon superconductivity [11-13].

Two-dimensional spin systems on geometric frustrated
lattices are promising hosts for the CSL [14]. Numerical
studies have established its existence in both the spin-1/2
kagome antiferromagnet [15-18] and the half filled tri-
angular-lattice Hubbard model near the metal-insulator
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transition [19-22]. However, non-SC charge density wave
(CDW) [23] or chiral metal phases [24] have been reported
by hole doping of the CSLs based on density matrix
renormalization group (DMRG) studies of ladder systems.
Meanwhile, numerical simulations have identified d + id-
wave SC besides topologically trivial nematic d-wave SC
after doping the CSL or nearby magnetically ordered
phases on a triangular-lattice system with TRS-breaking
three-spin chiral interactions [25,26]. Interestingly, d + id-
wave SC also appears when doping the antiferromagnetic
phase of the triangular-lattice J; — J, model through spon-
taneous TRS breaking [27] in a narrow parameter window.
These observations demonstrate the competing orders in
doped CSL and the rich interplay between geometrical
frustration, hole dynamics, and spin fluctuations [28,29].
Experimentally, candidate materials for spin liquid are
rare [30,31], and the route from spin liquid to unconven-
tional SC remains illusive. Recently, the twisted transition
metal dichalcogenide moiré system has emerged as a highly
tunable platform for exploring strong correlation effects on
a triangular lattice [32,33]. Particularly, the large moiré
lattice constants make a large magnetic flux per unit cell
accessible with currently available laboratory fields. Under
a magnetic field, this system can be described by the
Hubbard-Hofstadter model with spin or pseudospin SU(2)
symmetry [34], which features strong correlation, non-
trivial band topology, TRS breaking, and frustration. At
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FIG. 1. Model and phase diagram. (a) The Hofstadter-Hubbard
model on a triangular lattice. Each triangle is inserted /2 flux for
both spins. The arrow denotes the positive direction of 7;; in the
Hamiltonian. The green rectangular denotes the unit cell.
(b) Cooper pair binding energy E, = E(N, + 2,0) + E(N,,0) —
2E(N,+1,1/2) and spin excitation gap AE, = E(N,, 1) —
E(N,,0) at different Us, obtained at N =36x6 and § =
1/12 through DMRG. Here E(n, S¥') is the ground-state energy
for the electron number n and total spin S''. (c) Phase diagram of
the doped 6-leg Hubbard-Hofstadter model. Black dots represent
the parameter points where DMRG calculations are performed. A
topological SC (TSC) phase with spin Chern number C; = 2
emerges after doping both IQH and CSL phases. A half filling
phase diagram is also shown for comparison at the bottom.

half filling, a CSL phase has been found between the
integer quantum Hall (IQH) phase at weak coupling and the
120° Néel ordered phase at strong coupling limit [34,35].
The binding between a pair of electrons has been numeri-
cally confirmed at half filling over a wide range of coupling
strength on both sides of the IQH-CSL critical point [36]. It
is argued through parton mean-field theory that topological
SC emerges after doping near the topological quantum
criticality associated with the closing of the charge gap
while the spin gap remains open [36] (this argument may be
generalized to fractional fillings [37]). However, direct
numerical evidence for SC at finite doping remains lacking.
This naturally leads to open questions such as whether the
chiral SC survives competing orders at finite doping and
what its topological nature is from doping either the IQH or
CSL phases. Answering these questions will constitute a
significant step toward establishing the mechanism of
anyon superconductivity near topological criticality in
realistic strongly correlated systems.

In this Letter, we address these questions through two
unbiased and controlled numerical simulation methods.
Through large-scale DMRG simulations [38] of the lightly
doped triangular-lattice Hubbard-Hofstadter model with
one-quarter flux quantum per triangle plaquette, we
observe chiral SC over a broad range of the coupling
strength U [Fig. 1(c)], corresponding to parent states
ranging from IQH to CSL phases. The chiral SC is

characterized by quasi-long-range pairing correlations
and a quantized spin Chern number C; = 2 with possibly
coexisting subdominant CDW. From a finite-temperature
perspective, we apply a determinantal quantum Monte Carlo
algorithm (DQMC) [39,40] to this model and find that SC
pairing fluctuations become increasingly dominant as the
temperature is lowered.

The Hamiltonian of the triangular-lattice Hubbard-
Hofstadter model has the form

H = —ZZZ ZTU(CLCJ'O. -
o (xy)

where 6 = + labels spins and 7;; = +1 or —1 if j to i
follows or is opposite to the arrows in Fig. 1. This chosen
gauge is called the imaginary Cg, gauge, and the
Hamiltonian is symmetric under z/3 bare rotation around
O in Fig. 1. We choose ¢ = 1 as the energy unit. The hole
doping level is denoted by 6, rendering the total electron
number N, = N(1 —§). For DMRG, we consider a tri-
angular lattice on a cylinder with N = L, x L, sites and
impose the periodic (open) boundary condition in the y (x)
direction [see Fig. 1(a)]. In the main text, we focus on L, =
6 and present additional results for L, =3, 4, 8 in
Supplemental Material [41]. The simulations enforce both
charge-conservation U(1) and spin-SU(2) symmetries [42],
and retain up to M = 16000 SU(2) Schmidt states (bond
dimension) for large L, =6 systems, resulting in a
truncation error ¢ = 5.0 x 107%. For DQMC, we simulate
the triangular lattice with periodic boundary conditions
along both directions (torus geometry), using a 6 x 6
system size in the main text, with results for the smaller
4 x 4 and larger 8 x 8 systems in Supplemental Material
[41], showing qualitatively consistent conclusions.
Quantum phase diagram—To systematically identify the
phase diagram across a range of doping and interaction
strengths, we first perform a comprehensive set of DMRG
simulations. In Fig. 2(a), we show the electron density
profiles corresponding to doping the IQH phase at U = 8
and the CSL phase near (U = 14) and far from (U = 20)
criticality, respectively. In all three cases, there are charge
stripes with a period of 4 sites along the x direction,
corresponding to two holes per stripe, but the CDW
amplitude is much weaker in the doped IQH phase. The
phase structure of the nearest-neighbor pairing in Fig. 2(b)
demonstrates that SC order is antisymmetric under mag-
netic translations along both e, and ¢;, [41], corresponding
to one of the four one-dimensional irreducible representa-
tions of the magnetic translational group when the flux per
unit cell is 7 [43,44]. The pairing order gains —z/3 phase
under the Cg magnetic rotation, which takes its bare form
when the center of rotation is O. In Figs. 2(c) and 2(d), we
show the dominant spin singlet pair-pair correlations

Paﬁ( r) = (A} (xo,yo)Aﬁ(xO + r,y)) with the pairing order
( ) ( (x,y) Tcxy)+e i_c(xy)¢CX}+e )/f

C;r'acia) + UZ”WM,
i
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FIG. 2. Properties of the TSC phase based on DMRG simu-
lations at M = 14000. (a) Rung-averaged electron density
profiles n(x) = Zf;l(n(x.y).? + 1)/ Ly for N=36x6 at
various Us and § = 1/12. (b) The phase pattern of pairing on
different bonds in the chiral SC phase represented by U = 14 and
6 = 1/12. The phase of the SC order on a bond « at r with respect
to that of the reference bond along e, at ry= (13,1):
arg[(A},(rg) A, (r))] = arg[(A,(r))] — arg[(A,(ry))] are shown.
(c) Pair-pair correlations P,z(r) and single-particle Green’s
function G(r) = 3, (¢5(x0, y0)¢s(xo + 7, yo) for various Us
and 6 =1/12 and N =36 x 6. (d) A similar plot for 6 = 1/8
and N =32 x 6.

where a=a, b, ¢ and (x,y) denotes the location
xe, + ye,. For both doping levels § =1/12 and 1/8,
the pairing correlations are strong and decay slowly with
distances for U from 8 to 14, but they are suppressed by one
order of magnitude for U =20 at § = 1/8, indicating
weakened SC for very strong U. The isotropy of the chiral
SC order is demonstrated by P,, = P, ~ P,.. The pair-
pair correlations are much stronger than the amplitude
squared of the single-particle Green’s function |G(r)|? at
longer distances, demonstrating the charge-2e mode as the
origin of SC. Consistently, the electrons show strong
binding (E, < 0) while the spin gap is finite (AE, > 0)
[Fig. 1(b)]. The corresponding phase diagram is presented
in Fig. 1(c) with the chiral SC phase present for a wide
range of U and doping levels.

On the other hand, for smaller U (i.e., U <3), SC
becomes too weak to be distinguished from a possible
metallic phase, as indicated by the absence of clearly
dominant correlations (see Fig. S11 in Supplemental
Material [41]), though a perturbative analysis suggests that
an instability toward superconductivity may still emerge in
the weak-coupling limit [41]. Taken together, the suppres-
sion of SC at both small and large U indicates that SC is

x(p)2) =

more robust at intermediate interaction strength, approx-
imately near the topological criticality of the undoped
parent system [36].

Dominant pairing correlations—Two representative
points corresponding to doping the IQH (U = 8) and
CSL (U = 14) states are characterized in Fig. 3 for systems
size N = 48 x 6 at doping level § = 1/12. The magnitude
of pairing correlations at longer distances | P, (r)| increases
gradually as the DMRG bond dimension increases from
M = 8000 to 16 000. Because the DMRG represents the
ground state in the matrix product form [45] with finite
bond dimensions, the scaling to M — oo is needed to
identify the true nature of long-distance correlations for
wide cylinders. Using a second-order polynomial fitting of
1/M, we find that the extrapolated | Py, (r)| shows a power-
law decay with distance |P,,(r)| ~r~Ksc, with the
Luttinger exponent Kgc = 0.70, and 0.95 for U = 8 and
14, respectively. Similar results are obtained for correla-
tions with other bonds and for a smaller size N = 36 x 6.
Ksc < 1 indicates strong divergent SC susceptibility in the
zero-temperature limit when L, — oo [46]. Similarly,
quasi-long-range CDW orders are observed through the
density-density  correlations  D(r) = (7y, vty 1r.y,) =
(Py yo) (g 7y, ) ~ r~Keow with a larger Luttinger exponent
(Kcpw = 1.58 and 1.74 for U = 8 and 14, respectively),
indicating the dominance of SC order. As shown in the inset
of Fig. 3(d), the Luttinger exponent for SC decreases with
the cylinder width according to K¢ « 1/L,, for L, = 3-6,
suggesting long-range SC in the two-dimensional
(2D) limit [47]. In contrast, Kcpw decreases much more
slowly—or even nonmonotonically—with increasing L,,
which prevents a reliable extrapolation based on our results
for L, < 6 and leaves open the question of whether CDW
coexists with SC in the 2D limit [48].

As a complement to the DMRG simulations, which
detect the orders of ground state through equal-time
correlation functions, the unequal-time correlation function
BT .0 (z=p/2)0(z =0))/N measured in
DQMC provides a dynamic perspective on low-temper-
ature order by probing the corresponding low-energy
bosonic fluctuations within an energy window of order
kgT [41]. Specifically, as shown in Fig. S13 in
Supplemental Material [41], the pairing phase pattern at
temperature T = t/4 for intermediate interaction strength

=8 can be extracted by (7,Al(xg.vo.7=p/2)x
Aﬁ(xo + 7. Yo + 1y, 7 = 0)), and is in excellent agreement
with that 1dent1ﬁed by DMRG. At the same temperature,
the pattern becomes disrupted at significantly smaller U or
at half filling, as shown in Fig. S14 in Supplemental
Material [41]. Once the pairing phase pattern is determined,
the unequal-time paiiing susceptibility x(B/2) can be
defined by taking O =3, A, (x.y)e (), where
the sum runs over all inequivalent bonds (x,y,a) with
their corresponding phase factors 6,(x, y). As illustrated in
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FIG. 3. CDW and SC correlation functions for doping the IQH

(U = 8) and CSL (U = 14) states from DMRG simulations. (a),
(b) The scalings and power-law fittings of pair-pair correlation
Py, (r) and density-density correlation D(r) for U =8 and
6 =1/12. (¢),(d) Similar plots for U = 14. The second-order
extrapolation to infinite M is applied. The results for N = 48 x 6
and N = 36 x 6 are consistent. The inset of (d) shows the system
width dependence of the Luttinger exponents of CDW and SC
using data given in Table I in Supplemental Material [41].

Fig. 4(a), y(f/2) increases rapidly with decreasing temper-
ature at finite doping 6 # 0, indicating that pairing fluctua-
tions are increasingly transferred into the low-energy
window bounded by the thermal scale kz7. In contrast,
for 6 =0, this enhancement is absent, suggesting that
pairing fluctuations remain irrelevant in the undoped case,
as theoretically expected. Upon extrapolating the data to
lower temperatures, we define a characteristic temperature
T, as the point where y(#/2) diverges, signaling the pro-
liferation of low-energy pairing modes (cf. Supplemental
Material Fig. S15 [41]). This T, serves as an alternative
temperature scale for SC, physically analogous to the standard
critical temperature defined by the divergence of the static
(zero-frequency) susceptibility. The dependence of the esti-
mated 7. on doping and interaction strength is summarized in
Fig. 4(b). Notably, the dome-like doping dependence of 7.,
which vanishes at zero doping, suggests that SC fluctuations
are intimately connected to the nature of the undoped state.
Moreover, in the DQMC-accessible range U < 8, which
already approaches the intermediate-coupling regime near
the DMRG-identified critical point at half filling [35], T
increases with U, indicating enhanced pairing correlations.
Quantized spin Chern number—To characterize the
topological nature of the TSC state, we perform the flux
insertion through the cylinder in the U(1) x U(1) DMRG
simulations [Fig. 5(a)] [16,49]. Specifically, we impose the

0.6
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4~ 6=0.0833
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FIG. 4. Pairing susceptibility enhancement and estimation of 7.
from DQMC simulations. (a) Temperature dependence of pairing
susceptibility y(z = f/2) for U/t =8. (b) Superconducting
characteristic temperature 7. estimated by linearly extrapolating
x~'(r = B/2) to zero. Simulation lattice size is 6 x 6.

spin-dependent boundary condition &, ; 1) 5 = &(x1),,€"*"

and measure the accumulated spins AQ = (ny — n ¢)|gp near
the right edge while adiabatically increasing 6 from 0
to 2z [Fig. 5(b)]. Similarly, a spin-independent boundary
condition &,z 11y, = &(x1),€" is used to calculate the

accumulated charges AQ. = (ny +n ¢)|gf near the right
edge. The spin Chern number is given by Cy, = AQ (0 =
0 — 27) and has a well-quantized value of 2 in the TSC phase
[Fig.5(c)], similar to other TSC states in doped triangular Mott
insulators without considering the orbital effect of complex
hopping [26,27]. In contrast, the charge Chern number C, =
AQ.(0r = 0 — 2x) vanishes (or is nearly zero) in the TSC
phase but remains finite in the smaller U regime (U < 2),
possibly consistent with chiral metal behavior in our finite size
systems. The TSC state is further characterized by the nonzero
spin chiral order (y) = (S; - (S; x S;)) (i, j, k are the sites of
the elementary triangle plaquettes) (see Supplemental
Material for details [41]).

Summary and discussion—To summarize, through
ground-state DMRG and finite-temperature DQMC simu-
lations of the triangular Hofstadter-Hubbard model, we
identify a single chiral TSC phase with spin Chern number
2 and long-range spin chiral order across a wide range of
interaction strength corresponding to doping both the IQH
and CSL phases. Our results thus support the possibility of
experimentally realizing TSC in the twisted transition metal
dichalcogenide Moiré systems. The strongest electron
binding is observed near the topological critical point
between IQH and CSL. The quasi-long-range TSC is the
dominant order and is significantly strengthened as the
cylinder width increases. The SC order gains —z/3 phase
under the magnetic Cg rotation and is antisymmetric under
unit magnetic translations.

In the future, it would be particularly interesting to study
the normal state properties in more detail in order to
distinguish between different pairing mechanisms. Our
Letter demonstrates a single zero-temperature TSC phase
over a wide range of interaction strengths [Fig. 1(c)], which
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FIG. 5. Topological characterization of the TSC phase through

flux insertion in DMRG simulations. (a) Real-space configura-
tion of the spin magnetization after adiabatically inserting a
quantized flux 0 = 2z. The area of the circle is proportional to
the amplitude of 2(S_(r)). The red (blue) color represents the
positive (negative) value. (b) The net spin (charge) transferred
AQ, . from the left edge to the right one after adiabatically
threading spin-dependent (-independent) flux 6y with steps of
z/4. (c) Spin and charge Chern numbers C,. = AQ, .(0F =
0 — 2x) at different U and §. The obtained results are well
converged with a U(1) bond dimension m = 10 000.

may be attributed to topological criticality, which coher-
ently softens a charge-2e bosonic mode and thereby
energetically stitches the two sides together [36].
However, the normal states for 7 > 7. may be quite
distinct in different interaction ranges. In the small-U
regime, the momentum-space electron distribution n(k)
of the doped system exhibits a sharp jump (Figs. 6(a), 6(c),
and S12 in the Supplemental Material [41]), and second-
order perturbative processes via interband transitions
[41,50] provide a natural pairing route—basically similar
to the Fermi surface instability induced by attractive
channels in conventional metals. Therefore, an essentially
Fermi-liquid metal with a nonquantized Hall response
[51,52] is expected for T > T.. On the other hand, as U
increases, the sharp jump of n(k) is significantly smeared
out [Figs. 6(b) and 6(c)], electronic correlations become
dominant, and the TSC appears to emerge directly from a
doped CSL. This crossover is supported by the evolution of
the ratio between the bare (bubble) susceptibility—con-
structed from single-particle Green’s functions in the
DQMC simulations—and the fully renormalized suscep-
tibility, as shown in Supplemental Material [41] (Fig. S18).
While this ratio remains close to unity at weak coupling, it
is strongly suppressed at large U, extrapolating to zero even
at finite temperature, signaling that the pairing channel is
driven by strong correlation effects. These qualitative
differences in the nature of the normal state also imply
clear and experimentally accessible diagnostics. For exam-
ple, they can be distinguished by single-particle spectros-
copy such as angle-resolved photoemission spectroscopy

(@) n(k),U =8 (b) n(k),U = 14 (©)
3g 38
a6 36
)
= 34 —-U=38
84 = - U=14
32 32
3 3
K K

FIG. 6. Momentum-space electron density distribution n(k) =
1/chell Ez jcenl 4:1 Zﬂ<cjaucjaa>eik<Ri_Rj) from DMRG simu-
lations for (a) U = 8 and (b) U = 14, respectively, where N is
the number of 2 x 2 magnetic unit cells, a labels the sites within
the cell, and R, ; label the centers of the unit cells. The first
magnetic Br1lloum zone is shown by the dashed black line. The
accessible wave vectors corresponding to the middle Ny =
12 x 3 cells (to exclude edge effects) of the cylinder are marked
by black dots, and the pseudocolor plot is created using bilinear
interpolations. (c) This shows explicitly n(k) along the selected
momentum path marked by the red dotted line in (a) and (b).
Parameters: N =48 x 6 and 6 = 1/12.

above T., which directly probe whether coherent quasi-
particles survive at low energies, which is expected in a
weak coupling scenario but not in a doped strongly
correlated parent state. Similarly, magnetic vortex cores,
where the normal state physics is locally exposed, may host
fractionalized excitations inherited from the parent chiral
spin liquid. Future studies should probe the view of this
normal state as a compressible anyon fluid [53-55], with an
eye to experimentally measurable signatures. Our results
may be a starting point for this endeavor.
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