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Understanding whether primordial black holes form during strong first-order phase transition (FOPT) is
a crucial open question in cosmology. We address this using a fully covariant formalism to study
cosmological perturbations, highlighting previously overlooked gauge dependencies. We show that non-
covariant treatments can overestimate primordial black holes and scalar-induced gravitational waves. Once
gauge dependencies are accounted for, both signals are strongly suppressed, with direct implications for the
FOPT interpretation of the Pulsar Timing Array signal.
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Introduction—The Universe in the primordial epochs is
expected to possess a higher degree of symmetry than today
[1]. As the Universe cools, these symmetries may be broken
through first-order phase transitions (FOPTs), a generic
feature of many early-Universe scenarios, during which
bubbles of the new vacuum nucleate and expand, converting
the old vacuum energy into heat and bulk fluid motion (see
Ref. [2] for a review). If the energy stored in the bubbles
constitutes a large fraction of the total universe energy,
FOPTs have been shown to leave sizable imprints on the
spacetime metric, in terms of gravitational waves [3,4],
primordial black holes (PBHs) [5-30], and curvature per-
turbations [20,31-37]. These curvature perturbations can
source scalar-induced gravitational waves (SIGWs), studied
in this context in [20] and more generally in [38—49].

Since cosmological perturbations generally exhibit gauge
dependence [50], reliable predictions for these late-time
observables require a covariant treatment of perturbations
and their evolution. Such a treatment is required to assess
whether FOPTs can produce observable PBHs and SIGWs, a
question of central importance when evaluating the FOPT
interpretation of the pulsar timing array signal [14,20,51].

In this Letter, we derive the statistical properties of
cosmological perturbations produced during a strong
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first-order phase transition, with a particular emphasis on
the gauge choice and the calculation of gauge-invariant
quantities. We evaluate the abundance of PBHs and the
spectrum of SIGWs using the most appropriate quantities
for each: the density contrast in the comoving gauge 5(€)
for the former, to match the convention used to report the
threshold for collapse in numerical simulations, while the
gauge-invariant curvature perturbation R for the latter.

Covariant linear perturbations from FOPTs—We model
the nucleation rate by

F — Hieﬂ(t_tn)’ (1)

where H,, is the Hubble factor (H = a(r)/a, with a being
the scale factor) at t = ¢,,, defined as the nucleation time.
Adopting a relativistic bag equation of state, the energy and
pressure density decompose as
p=pr+py.  P=pr/3-pv, (2)
where R and V stand for radiation and vacuum components,
respectively. We consider the supercooled limit for which
the latent heat AV is larger than the radiation energy density
just before nucleation @ = AV /pp > 1. At the background
level, the radiation and vacuum energy density obeys the
continuity equation
PR +4Hpg = —py', with py=FAV, (3)
and the Friedmann equation 3M7 H?> = pg + py. The prime
denotes the derivative with respect to the conformal time #
related to the cosmic time 7 by 5(1,) = n(t,) + [/ di/a(7),
and we defined ‘H = aH. The remaining fraction of false
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vacuum F(t) is given by

F@ﬂWP%ﬁ%WMW%[ﬁj}(@

where we assumed bubble walls to expand at the speed of
light v,, ~ 1.

Due to the stochastic nature of bubble nucleation, the
stress-energy tensor 7% acquires fluctuations, assumed to be
statistically isotropic, T9 = p 4 p, T = —(p + p)6; +
Zj»,and T = (p + p)v', where v’ = dx'/dtisthe coordinate
velocity. In the following, we use 6 = §p/p. At the linear
level, the 10 degrees of freedom of the symmetric 4 x 4
space-time metric g,, decomposes into four scalars, four
vectors and two tensors. Keeping only the scalars (A, B, C,
E), the spacetime metric reads

ds? = a2 [(1 + 24)dy? — 20,Bdxidy

(0-208, 20, 8)as0],

where 0,0, E = (0;0; — $6;;V?)E. In the absence of aniso-
tropic stress, scalar metric perturbations contain only one
physical degree of freedom. The apparent redundancy in their
description is known as “gauge dependence” [50]. To extract
physical predictions, one must fix the coordinate freedom by
choosing a gauge. The assumption of isotropy, Zj. =0,
imposes one constraint, leaving two additional scalar gauge
degrees of freedom to fix. A common choice is the spatially
flat gauge (F), defined by C = E = 0, in which we denote the
density contrast by 8). Linearized Einstein equations in
Fourier space lead to [52]

S]((F), + 37’[(6% - w)SE(F) = (1 + w)sz)k - 37_(Sp,nad.k’ (6)

where Xy (¢) denotes the Fourier transform of X(x, t). The
quantities @ = p/p and ¢2 = p’/p’ are the equation of state
and speed of sound, respectively. The quantity J,, ;.4 i the
nonadiabatic pressure perturbation

S _ 5p_nad ’

p.nad = with 5pnad = 5p(F> _ C?ép(F)’ (7)

which is gauge-invariant in spite of the superscript () on the
right hand-side. Using Eq. (2), Eq. (7) becomes

1 -3¢ 4
; 5 pslF) — SAvsF®), (8)

5[) nad —

where 6FF) = FIF) — F with F(F) Epg/F)/AV. The quan-
tity V in Eq. (6) is the gauge-invariant scalar velocity V =
v + E' with 9;(v) = &;;0/. Einstein equation along 0i gives

2 HO+@
V__3(1+a)) H ®)

where @ is the gauge-invariant Newtonian potential [50].
A combination of Einstein equations along 00 and ij gives

D 4+ 3(1 + 2YHD| + [3(c2 — o)H? + 2k Dy

= %Hzgp.nadfk- (10)

The initial conditions for the system Egs. (6) and (10) are
B0)=0. & (0)=0. B 0)=0. (11)

where we have neglected the primordial curvature perturba-
tions (i.e., generated during inflation), which we assume to be
small at these scales. For more details on cosmological
perturbation theory, we refer the reader to Supplemental
Material (SM) [52] or Refs. [62-66].

In the spatially flat gauge, constant-time hypersurfaces
are unperturbed ds?|,_ ., = —a*dx*. This is particularly
convenient since by plugging Eq. (8) into Eq. (6), we get a
perturbation equation

AL + 4O, =~ + PRk, (12)
which coincides with the background equation in Eq. (3) in
the super-Hubble limit k£ < H. Hence, in the spatially flat
gauge and in the super-Hubble limit, different patches
evolve as distinct FLRW universes [67], and we can
identify

7(F)

FU LRW)

~ F (F
k<ZHF" ’ (13)

where FFLRW) js the false vacuum fraction in a flat FLRW
universe. Notice that such equality does not hold in other

gauges. The code deltaPT developed in Ref. [20] calculates

the false vacuum fraction F QEQRWRR, t) averaged over a

ball of radius R, in a flat FLRW universe. In this Letter, we
rely on the approximation [68]

F]((FLRW) () =V FgSéRW)

(R=k11), (14)
with V = 4zR3/3. The factor V ensures that Fourier
transforms carry the usual volume dimension. Due to
Eq. (14), it follows that Xy (1) = VX, (R =k7',1) for
any perturbations X derived in this Letter. This approxi-
mation should become exact in the super-Hubble limit k£ <«
‘H when gradient terms are negligible. We now denote
perturbations by X = X, /V ~ X,.,(R = k7).

In practice, the evolution of perturbations can be derived
as follows: from Eqs. (13) and (14), and deltaPT, we calculate
OpPnaa In Eq. (8), then we solve the closed system of
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FIG. 1. Time evolution of the comoving curvature perturbation

R, and the density contrast in the spatially-flat 5*) and comoving
8(©) gauge during a FOPT. We show perturbations X averaged
over a comoving volume 4zk=3/3. We also report the non-
adiabatic pressure dp,,q peaking close to Hubble crossing epoch
‘H = k. For presentation purposes we assume f3/H = 4 and show
the wave number k = 0.9k,,, where we identify k,, as the
maximal H. j = 1 indicates the time of first bubble nucleation,
which is slightly delayed with respect to average (orange vs black
dashed line).

equations in (6) and (10) to determine @ and 5F); see SM
[52] for more details. Another common choice of coor-
dinate is the comoving gauge (C), in which the fluid
velocity perturbation vanishes (v + B =0,E = 0). The
density contrast in the comoving gauge can be derived
using the transformation rules

8 =6 +3(1 + w)R, (15)

where R is the comoving curvature perturbation given by
the gauge-invariant expression [50]

543w 29/
=0 — = b . 1
R =3 T3 an (16)

The transformation rule in Eq. (15) follows from the
textbook relationship ¢ = R — 6(9)/3(1 + w) [65] where
¢ =-6/3(1 4 w) is the curvature perturbation on uni-
form-density hypersurfaces; see SM for details [52].
Building on this framework, our public GitHub release
deltaPT 2.0 [69] extends deltaPT [20] to compute the covariant
cosmological perturbations analyzed in this Letter. We
show the time evolution of ), §€), R, and &p,,q in
Fig. 1, for a single realization of the bubble nucleation
dynamics within a ball of radius R = k~! operated with
deltaPT 2.0 [69]. We derive the perturbations statistics by
making N, = 10° realizations of random bubble nucle-
ation histories and storing the Hubble-crossing values of
the perturbations in a histogram [70]. In Fig. 2, we show the
resulting probability density function (PDF) of the density

10°
: J (C)  —Simulations }
1 (F) ----Fit function —
| 5 .
o r \ ----- Gaussian = 1
= r \ = 1
< 103 — . 9
a1 3% g ;{0'9’2“&* =
E 10‘6:‘: Z ,B/H_:4 i i
A r: S, 3 1
K Dl 1
9oF : >
107 1= T feer 211 |
12L K H L
10 -1 0 1 2 3 4 5 6
Density contrast 6§VXg)(R =k

FIG. 2. Probability distribution of the density contrast in the
comoving (blue) and spatially-flat (red) gauges, obtained from
solving cosmological perturbations equations for Ng, = 10°
distinct random nucleation histories inside a patch of comoving
volume 47k=3/3. The dashed lines show the best fits using the
distribution in Eq. (24). The dotted lines shows the best fits using
a Gaussian distribution. We choose k = 0.9k,,,,, where k., is the
scale entering at percolation. The colored boxes indicate the
collapse condition in the comoving (blue) and spatially flat (red)
gauges. We cut the box from below at the indicative amplitude for
a stellar mass PBH.

contrast. The variance of the density contrast in the
spatially-flat and comoving gauges, as well as the comov-
ing curvature perturbation are shown in Fig. 3.
Primordial black hole formation—Once the density
contrast in a Hubble patch exceeds a threshold, it collapses
into a PBH [71-75]. Numerical relativity simulations [76]
define the collapse threshold in terms of the compaction
function evaluated at Hubble crossing ¢y [77,78]. At this
epoch, it reduces to the density contrast averaged over a

—
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FIG. 3. Variance of the perturbations X averaged over a ball of
comoving radius k™', 0% = (X5,,(R = k™', 1)), evaluated at
Hubble crossing epoch ty. We show the comoving curvature
perturbation R (red), the density contrast in the spatially flat 5*)
(blue) and comoving gauge 5(€) (yellow), and the nonadiabatic
pressure perturbation J), ,,q (green).
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Hubble-scale region, 8,,,(R = k™', 17) [79,80], which in
our notation corresponds to §(k ~ H). As we have seen, the
latter is gauge dependent; see also Ref. [81]. Recent
simulations have relied on the comoving gauge; see e.g.,
Ref. [79]. This gauge is advantageous since the 00
component of Einstein’s equations reduces to Poisson’s
equation

3
AD = 5HZ(S<C>. (17)
In this gauge, a patch collapses into a PBH if [76,79,80]

8Ok ~H) 2 5. €[0.40,0.67), (18)

with the exact value depending on the curvature real space
profile [82]. These simulations assume adiabatic evolution
from super-Hubble scales [76,79,80]. In our scenario,
nonadiabatic effects are present but decay rapidly after
percolation (see Fig. 1), and we therefore adopt the
standard collapse criterion evaluated at k = H.

We proceed to estimate the abundance of primordial
black holes. Denoting P(5(€)) as the PDF for 5() at k = H,
the PBH mass fraction at formation reads

puton) = [~ a5 (%C)))Pwm (19)

C) k

In the first line of Eq. (19), the PBH mass M is related to
8(©) through the critical scaling law [83-86]

M(5©) = KM, (8© — s, (20)

with y = 0.36, K ~ 3, and M; = 4zM,/H, representing
the mass within the Hubble sphere when scale k reenters,
H; = k/a. Using that PBHs redshift like matter, we obtain
the DM abundance composed of PBH fppy

s foma( A (). o

where T, is the temperature at Hubble crossing.
Approximating the spectrum to a nearly monochromatic
distribution close to k ~ k.., one parametrically finds

Sepu ~ (%%) <(}7ka\/> (22)

where the Hubble crossing temperature is related to the
Hubble mass as

106.75\ /2 (GeV 2
TR () R b
k

and g, is the number of relativistic degrees of freedom.

As shown in blue in Fig. 2, the distribution P(5(°)), here
plotted for k = 0.9k, is negatively skewed with an
extended tail in the negative range and an exponential
suppression of large overdensities, reflecting the exponen-
tially low probability of forming late-blooming patches
[12]. As in Refs. [20,87], the fit (with €, 6 > 0)

€ 2 .
P(8) e exp 5 (6—p) - o) (1 =€) (24)

accurately describes the data (see SM [52]).

Due to the negative non-Gaussianity (NG), even for a
completion rate as low as 8/H = 4, P(6()) drops sharply
around 8(€) ~0.1 and is strongly suppressed above the

optimistic PBH threshold 6. > 0.4 in Eq. (18). We found
similar results for f/H = 2, just above the no-completion
boundary. We conclude that within the framework consid-
ered here, slow FOPTs do not appear to yield PBHs in
observable amounts. The PDF for 6(7) in the spatially flat
gauge, shown in red in Fig. 2, is broader but still heavily

skewed, and with the collapse threshold shifted to
s ~ 106 (25)

following from Eqgs. (15) and (17) with k = H, @ = 1/3,
and @' ~ 0 [88], the conclusion remains unchanged. Note
that our analysis neglects nonlinear corrections to the
density-curvature relation, which would slightly reduce
the variance of 5(€) further [89,90].

Induced gravitational waves—We now focus on the GW
spectrum from FOPT, seizing the relevance of SIGWs from
curvature perturbations. The GW abundance today can be
written as

1.7 x 1073
Qaw(k) = —7—— |Qpcw (k. Ti) + Qsiow (k. T) |,
g (1) | |
(26)

where Qpgw and Qggw are the spectrum of primary GWs
(PGWs) and SIGWs. Primary GW are produced from
bubble collision and relativistic shells. Assuming that the
latter remain thin and conserve their energy after collision,
their GW spectrum is approximated by the broken power-
law bulk flow formula [91-93]

H\2 (a+Db)f'f}

Q ~0.06( — S , (27
o =006(5) LR s ). (o)
with f, = 0.8(8/H)(H/2x),a = 0.9, b = 2.1, and Sy(f)
imposing a > behavior for f < H/2x. SIGWs are given by
[38-49]
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FIG. 4. SIGW contribution to the GWs from FOPT. The solid
line reports the total Qgy, while the dotted line the subdominant
SIGWs, which includes the (negligible) NG corrections.

31 () Po. 9

where the power spectrum induced at second-order from
curvature perturbations is

Palln) (27368 (k + k') = 16"22 / (zﬂ

XJAy(k,p,ﬂ)Js(k .q.1)
X <7~?'p7ék—p7~?'q7’ék’—q> N (29)

QSIGW(k ’7)

having defined

Js(k,p,n) = Q(k,p)I(k,p,7n) (30)

as the product of the polarization tensor contracted with the
loop momenta Q,(k,p) = e (k)p; pj» and the kernel
function I(k,p,n) being the convolution of source and
Green function; see e.g., Ref. [94] and references therein
for the explicit expressions. The overline denotes a time
average over oscillations [95] and s labels the two GW
polarizations. We take the Gaussian limit in which only
disconnected contractions contribute to the four-point
function in (29). We extract the curvature power spectrum,
(RKR(K)) = (27)385) (k + K')(222/k*)Pr(k), from
the variance of the volume-averaged curvature perturbation
c% shown in Fig. 3 by inverting the formula

k= (Rig) = [ FIWCRPPR(). (D)

where W(k,R) is the Fourier-transform of the top-hat
window function. Using Pg(k) xk* we obtain
Pr(k =R™")~20%/3n. Figure 4 shows the resulting
GW spectra for various /H. We conclude that SIGWs
are never strong enough to form a secondary peak in the
total spectrum and at most affect the far-IR tail due to the
logarithmic scaling Qqgw(k < k,) o« k3(1 4+ Aln?(k/k))

[96]. In the SuM [52], we show that non-Gaussianities,
quantified by the skewness (R?) [97—114], have negligible
contributions to the SIGW signal.

Discussion and implications of our results—In this
Letter we have employed a covariant formalism to study
cosmological perturbations originating from a FOPT, with
implications for PBHs and SIGWs. Upon modeling bubble
dynamics on a FLRW background, previous works have
implicitly chosen the spatially flat gauge (F). However, the
values of the density contrast at the PBH formation
threshold 6. € [0.4,0.67] and its relation to the comovmg
curvature perturbation at Hubble crossing R ~ —95(C) /4
[115]—widely quoted in the PBH literature—are valid in
the comoving gauge (C). At Hubble crossing, the density
contrast in the spatially flat and comoving gauges are
related by 6(F) ~ 106(©); see Eq. (25). Misidentifying these
two gauges leads to an underestimation of the PBH collapse
threshold by a factor of 10, leading to a dramatic over-
estimation of the PBH abundance. The same gauge con-
fusion overestimates the comoving curvature perturbation
‘R by a factor 10 and therefore overestimates SIGWs by a
factor of 10*. Additionally, we identified a factor of 2/3x
between the variance of the spatially averaged R and its
power spectrum; see below Eq. (31), further suppressing
SIGWs by a factor of 20, leading to lower SIGWs
amplitude with respect to Ref. [20] by a factor 2 x 10°.

Let us now discuss the implication of the fact that PBH
and SIGW production from FOPTs appear to be far smaller
than previously thought. First, this implies it would be
harder to use PBHs to search for evidence of strong FOPTs
having taken place in the primordial universe. Second, this
result has important implications for the FOPT interpreta-
tion of the PTA signal: the loudest region of the posterior is
not necessarily excluded by PBH overproduction con-
straints, particularly those from LIGO-Virgo-KAGRA
[14,20,51], and FOPTs with a reheating temperature above
a GeV might not explain the PTA signal [20].

Limitations and future directions—We have neglected
gravitational effects on nucleation rates [116] and on the
expansion of bubbles [33,37], as well as the gradient energy
of bubble walls [11,19,26]. The actual distribution of
radiation converted from the vacuum energy is also
important in understanding perturbations on small scales
k Z H [117,118]. While asphericities have a small impact
on the threshold for PBH collapse in the standard scenario
[119], it is not yet clear whether the same conclusion
applies in the present case. Future work should incorporate
these effects and perform full numerical simulations
tracking non-linear curvature perturbations and non-adia-
batic pressure effects to refine PBH formation criteria.
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